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Abstract 

 This study explores open shell biradical and polyradical molecular compounds based on 

extended multireference (MR) methods (MR-configuration interaction with singles and doubles 

(CISD) and MR-averaged quadratic coupled cluster (AQCC) approach) using the numbers of 

unpaired densities NU. These results were used to guide the analysis of the fractional occupation 

number weighted density (FOD) calculated within the finite temperature (FT) density functional 

theory (DFT) approach. As critical test examples, the dissociation of carbon-carbon (CC) single, 

double and triple bonds, and a benchmark set of polycyclic aromatic hydrocarbons (PAHs) has 

been chosen. By examining single, double, and triple bond dissociations, we demonstrate the 

utility and accuracy but also limitations of the FOD analysis for describing these dissociation 

processes. In significant extension of previous work (Phys Chem Chem Phys 25: 27380-27393) 

the assessment of FOD applications for different classes of DFT functionals was performed 

examining the range-separated functionals ωB97XD, ωB97M-V, CAM-B3LYP, LC-ωPBE, and 

MN12-SX, the hybrid (M06-2X) functional and the double hybrid (B2P-LYP) functional. In all 

cases, strong correlations between NFOD and NU values are found. The major task was to develop 

a new linear regression formula for range-separated functionals allowing a convenient 

determination of the optimal electronic temperature Tel for the FT-DFT calculation. We also 

established an optimal temperature for the semi-empirical extended tight-binding GFN2-xTB 

method. These findings significantly broaden the applicability of FOD analysis across various 

DFT functionals and semi-empirical methods. 
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1 INTRODUCTION 

The aim of this study is to provide guidance for DFT calculations in difficult situations 

arising from multireference conditions, i.e. in cases where several configurations become quasi-

degenerate in a wavefunction-based calculation. As important examples, the properties of long 

CC bonds [1-8], bond dissociation and biradical character of molecules raise interesting 

questions concerning the use of appropriate methodology and analysis. Because of the open shell 

structures encountered in such cases, usage of multireference (MR) approaches is considered as 

most appropriate [9]. However, respective methods are computationally demanding, and finite 

temperature density functional theory approaches have been proven to be useful to efficiently 

address even such difficult situations [10-16]. Thereby, the occupation of low-lying virtual 

orbitals opens a way to address the afore mentioned biradical character of a molecule. Several 

descriptors are being used for the characterization of open shell character based on natural orbital 

occupations like unpaired electron densities [17-19], indices separating dynamic and 

nondynamic electron correlation [20, 21] or other indices to define external electron numbers 

[22]. Another interesting approach is based on the fractional occupation number weighted 

density (FOD) analysis [23], which offers a useful chemical approach to provide concrete insight 

into the biradical properties based on DFT calculations. This method can be considered as 

simplified adoption of Chai's thermally-assisted-occupation density functional theory (TAO-

DFT) [14-16]. In TAO-DFT, a fictitious temperature of the reference system generates fractional 

orbital occupations via the Fermi–Dirac distribution. Furthermore, it was shown that the static 

correlation is closely related to the entropy contribution. Neglecting the fictitious-temperature-

dependent energy functionals leads to the finite-temperature DFT method (FT-DFT in the 

following) in the context of the FOD. In FOD calculations the electronic temperature Tel enters 

as a parameter. Originally, a pragmatic empirical formula based on a linear relationship with the 

amount of exact Fock exchange had been suggested [23]. Recently, this formula for the Tel 

values has been revised by comparison with the effective numbers of unpaired electrons (NU) 

based on MR averaged quadratic coupled cluster (MR-AQCC) [9, 24] calculations, which 

resulted in excellent agreement between NU and the fractional occupation numbers, NFOD [10]. In 

this work the optimized regression formula for Tel (cf. Eq. (5)(5) below) was applied to a few 

selected hybrid functionals, namely TPSS [25], B3LYP [26, 27], and M05-2X [28]. However, its 

applicability to other classes of density functional approximations such as to range-separated and 
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double-hybrid functionals has not yet been shown. Another important question is the 

applicability of the FOD analysis to semiempirical methodologies that do not incorporate exact 

Fock exchange, such as the extended tight-binding (xTB) method [29]. E.g. GFN2-xTB [30] has 

become quite popular due to its balance of computational efficiency, robustness and reasonable 

accuracy thus making it suitable for large systems including extended organic molecules, smaller 

proteins, and cluster structures. Although it is possible to perform the FOD analysis with GFN2-

xTB, there is currently no recommendation available for determining Tel for this method. 

In this work, we aim to address two questions in relation to the use of the FOD 

approach. One refers to the robustness of the DFT/FT-DFT/FOD approach under severe bi- and 

polyradical conditions. The other one is the extension of the Tel optimization to the above-

mentioned additional classes of DFT functionals. The first question will be addressed by 

studying carbon-carbon (CC) bond dissociation of single, double and triple bonds (see Figure 1 

for structures of all compounds investigated in this work). To study single CC bond dissociation, 

we selected ethane (1) and 9,9’-(ethene-1,1-diyl)bis(9H-fluorene) (2) as a recent interesting 

example [31] investigated in the challenging quest for long CC single bonds. For double and 

triple CC bond dissociation, we chose ethylene (3) and acetylene (4), respectively. MR-AQCC 

reference potential energy curves (PECs) and the evolution of NU values along these curves will 

be determined to be used for the evaluation of FOD calculations based on restricted (R)DFT and 

unrestricted (U)DFT approaches. This experience will then be applied to the discussion of the 

chemically interesting structure 2.  

The diversification of functionals for determining optimized Tel values for FOD 

calculations beyond the scope of previous work [10] is the second goal. For this, the range-

separated class of DFT functionals such as the popular ωB97XD [32, 33], ωB97M-V [34], 

CAM-B3LYP [35], LC-ωPBE [36], and MN12-SX [37] approaches will be considered. 

Additionally, the double hybrid functional B2P-LYP [38] and the popular hybrid functional 

M06-2X [39] complete this list. As test compounds the following 22 polycyclic aromatic 

hydrocarbons (PAHs) with singlet ground states from that work, shown in Figure 1, will be used 

to correlate the NU values calculated previously with MR-AQCC [10] and the number of “hot” 

electrons (NFOD values) calculate for the above list of DFT functionals. The singlet ground state 

PAHs from our previous work include the acenes 5 to 8, trans-diindenoacenes (9-13), cis-

diindenoacenes (14-18), zethrenes (19-21), fluoroanthene (22), acenaphthylene (23), CH2-
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terminated Chichibabin’s hydrocarbon (24), 2,6-anthraquinodimethane (25), and bis-periazulene 

(26). The results to be presented below will show not only an excellent correlation between NFOD 

and NU values but, after the rescaling of Tel also a very good agreement in actual numbers. 

 

Figure 1. Benchmark structures for the study of the density of unpaired electrons at MR-QCC 
level in comparison with the FOD analysis using a set of different DFT functionals. 
 

2 COMPUTATIONAL DETAILS 

 The PECs for relaxed displacement along the CC bonds for the molecules ethane, 

ethylene, and acetylene as well as their polyradical character were computed at different 

computational levels. As reference, the MR-AQCC method was used with the following 

construction of the reference space. The orbitals for these three molecules were computed by a 

multiconfiguration self-consistent field (MCSCF) calculation using different selections of 

wavefunctions. The simplest one is based on the perfect-pairing multiconfigurational (PPMC) 

expansion. This approach is a multiconfiguration self-consistent field method, where the many-

electron wavefunction is constructed in the framework of the family of generalized valence bond 
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– restricted configuration interaction (GVB-RCI) methods [40-43]. PPMC is a direct product 

wavefunction, in which each pair of electrons is occupying a bonding/antibonding orbital pair 

allowing only double excitations within each pair. In the case of ethane, the wavefunction is 

constructed from each bonding and antibonding pair of the CC bond and six C-H bonds. The two 

1s core orbitals are restricted to double occupation. This method allows for a smooth dissociation 

of ethane into the two CH3 radical fragments. To allow for correct bond dissociation for the PEC 

of ethylene, the GVB-RCI wavefunction was employed, as it is a generalization of the PPMC 

wavefunction allowing for all possible open-shell configurations with all possible spin couplings 

[40-43]. Acetylene is an even more complicated case as it requires also electron redistribution as 

will be shown in the Results section. In this case, a full valence complete active space using ten 

electrons and ten orbitals (CAS(10,10)) was used. This calculation was performed in D2h 

symmetry, where acetylene was oriented along the z axis, with five electronic states in the singlet 

Ag averaged to investigate avoided crossings within the ground state symmetry. Dynamic 

electronic correlation was included using the MR-AQCC method [24] for ethane and ethylene. 

MR-AQCC is a variational approach based on single- and double excitations containing 

additionally size-consistency contributions. In the case of acetylene, five electronic states were 

included at the MR-CISD level. As reference wavefunctions the just-mentioned respective 

PPMC, GVB-RCI and CAS(10,10) wavefunctions were used derived from the respective 

multiconfiguration self-consistent field (MCSCF) calculations. In the acetylene case, state-

averaging over five states (SA5) was performed.  

The polyradical nature was assessed using the MR-AQCC reference approach by means 

of NU values and the corresponding unpaired electron density [17, 18] using the nonlinear 

formula developed by Head-Gordon [19]: 

  22

1

2
N

U i i
i

N n n


   (1) 

Here, N is the number of natural orbitals (NOs), and 𝑛௜ is the occupation of the ith NO. This 

approach emphasizes the orbitals with occupations close to one, while suppressing contributions 

near 0 and 2. All NU values for PAHs 5 to 26 used in the correlation analysis were obtained from 

the previous publication [10]. In that study, the singlet ground states of PAHs were calculated 

using the MR-AQCC method and the 6-311G(d) [44, 45] basis set. The orbitals for those MR-
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AQCC calculations were computed at the CASSCF level, averaging over two states (SA2), the 

lowest singlet and triplet, utilizing a CAS(8,8) reference space. 

 The DFT calculations of the relaxed dissociation curves and the zero-point energy (ZPE) 

correction were performed with the functional B3LYP for structures 1 to 4, since this functional 

has been found reliable for predicting the structures of Kubo et al [1]. For structures 5-26, 

geometries have been computed with TPSS and the def2-TZVP [46, 47] basis set. They are 

available in the SI of Ref. [10].  For the calculation of FOD values at the TPSS geometry the 

hybrid M06-2X, the double hybrid functional B2P-LYP and the range separated functionals 

CAM-B3LYP, ωB97XD, LC-ωPBE, MN12-SX, and ωB97M-V were used. A triplet 

instability [48, 49] analysis was performed for all structures. In case of an instability found, 

unrestricted (U)DFT calculations were performed as well. In the DFT context, the polyradical 

character is assessed using the FOD analysis [23] (FOD, ρFOD) which is performed by means of 

the FT-DFT approach [14-16] and controls the occupation of the virtual orbitals by adjusting the 

electronic temperature (Tel). In this method, the fractional orbital density is defined as 

       2FOD
1 2

N

i i
i

r f r      (2) 

where 𝛿ଵ and 𝛿ଶ are constants chosen to be unity if the level is lower than the Fermi energy, EF, 

or 0 and -1, respectively, when the level is higher than EF. The i’s are molecular spin orbitals, 

the sum is taken over all orbitals N. The fi values are obtained from the Fermi-Dirac distribution 

with fractional orbital occupation numbers as 

 𝑓௜ ൌ
1

𝑒ሺఌ೔ିாಷሻ/௞்೐೗ ൅ 1
 (3) 

 

with 𝜀௜ representing the orbital energy. For GGA, meta-GGA and hybrid DFT functionals, the 

electronic temperature Tel, is taken as a parameter with its value based on the percentage of non-

local Fock exchange admixture ax in the functional. According to the equation suggested in Ref. 

[23], Tel is given as el 20000 K 5000 KxT a   , or in an improved equation as 𝑇௘௟ ൌ 10762 𝐾 ∙

𝑎௫ ൅ 6140 𝐾 [10]. In the present work, a new electronic temperature is proposed for range 

separated functionals, increasing the temperature in steps of 1000 K and refining in steps of 200 

K. The NFOD value is calculated as 

 𝑁ிை஽ ൌ ෍ሺ𝛿ଵ െ 𝛿ଶ𝑓௜ሻ
ே

௜ୀଵ

 (4) 
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The NFOD values were also evaluated using the semiempirical Extended Tight-Binding (xTB) 

methodology [29]. In this work, the NFOD values for structures 5-26 were evaluated using GFN2-

xTB [30] parametrization. The correlation between these GNF2-xTB NFOD values and MR-

AQCC NU values was used to determine the optimal electronic temperature for this method as 

well, increasing the temperature in steps of 1000 K and refining in steps of 200 K. 

Geometry optimizations, stability analysis and FT-DFT calculations were performed with the 

TURBOMOLE 7.5 program [50, 51]. FOD analysis for FT-DFT calculation was performed 

using the foden/Turbomole program [23]. FOD calculations are available also via the ORCA 

program package [52, 53]. All PPMC, GVB-RCI, and MR-AQCC calculations were performed 

using the COLUMBUS [54-56] program suite. Extended tight-binding calculations including 

FOD analysis were performed through the xtb software (version 6.3.3).  

 

3 RESULTS AND DISCUSSIONS 

3.1. Single CC bond dissociation 

 The analysis of the evolution of diradical character of CC bond dissociation in ethane 

sheds light on compounds like tris(9-fluorenylidene)methane introduced by Kubo et al [1], which 

have been synthesized in the quest for long CC bonds. This section explores FOD calculations 

for bond dissociation in ethane and a model structure, 9,9’-(ethene-1,1-diyl)bis(9H-fluorene) for 

Kubo’s structures [31].  

The evolution of NU values and the PEC for relaxed displacement of the CC bond in 

ethane is shown in Figure 2 for the MR-AQCC(PPMC) reference approach. In the dissociation 

limit, NU assumes the value 2.0 e, indicating that the CC bond is completely broken and the 

combination of the two CH3 radical fragments constitutes a diradical system. Near the 

equilibrium geometry, the NU value is practically zero. In this geometry, the calculated carbon-

carbon distance, dC-C,eq., is 1.532 Å, while the experimental value is 1.531±0.002 Å [57]. Figure 

2Figure 2 shows that the diradical character for the dissociation of the CC bond starts to increase 

rapidly beyond a CC distance of about 2 Å. At around 4 Å, the CC bond is almost completely 

dissociated, with the number of unpaired electrons converging to 2 e. The dissociation energy 

without ZPE correction (De) is 93.9 kcal/mol. The calculated dissociation energy D0 (including 

ZPE correction) is 84.4 kcal/mol, which agrees quite well with the experimental value of 

88.1±2.1 kcal/mol (via heats of formation) [58]. For comparison, from the GVB calculations by 
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Dunning et al. [59] a De value of 80.9 kcal/mol is reported using an aug-cc-pVQZ basis set. This 

value is significantly smaller than our De result using the MR-AQCC(PPMC) showing the 

importance of including dynamic electron correlation. 

 

Figure 2. Potential energy curve (energies in relation to the minimum geometry) for relaxed 
displacement along the CC bond in ethane and NU values calculated with MR-AQCC(PPMC). 
 

 The critical region of CC bond stretching occurs between 2 - 4 Å. Figure 3Figure 3 shows 

the evolution of the NO occupations with dC-C in this region. At around 2 Å, the highest occupied 

NO (HONO) and lowest unoccupied NO (LUNO) have standard closed-shell occupations of two 

and zero, respectively. As the CC distance increases, HONO-LUNO occupations increasingly 

deviate from these values. Near the dissociation region, around 4 Å, the HONO and LUNO 

occupations are close to 1 e, indicating a strong correlation between the bonding and antibonding 

orbital pair. 
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Figure 3. Natural orbitals occupation as a function of the CC bond distance for ethane calculated 
with MR-AQCC(PPMC). 
 

 The evolution of the corresponding total unpaired density with the CC displacement for 

ethane is displayed in Figure 4Figure 4. The unpaired density initially increases with dC-C; after a 

distance dC-C of ~3 Å, the shape of the unpaired density no longer changes except to decrease the 

overlap between the two radical centers. The shape of the unpaired density initially resembles a 

hybrid sp3 orbital at each carbon oriented along the CC bond. The dissociation process finally 

leads to the unpaired density of two CH3 radicals.  

 

Figure 4.  Unpaired density for ethane calculated with MR-AQCC (isovalue 0.003 𝑒 ⋅ Åିଷ). 
 

The DFT potential energy curves for relaxed CC dissociation of ethane and the FT-DFT 

corresponding NFOD values are shown in Figure 5Figure 5 for RDFT and UDFT calculations. 

Stability analysis was performed for all calculated geometries, and the RDFT method was found 

to be unstable for structures with dC-C ≥ 2.53 Å. In these cases, UDFT and FT-UDFT calculations 

were also performed. The UDFT method, compared to RDFT, correctly describes the behavior of 

the dissociation energy, which converges to 96.5 kcal/mol, in good agreement with the MR-

AQCC result. As expected, the RDFT method does not give the correct dissociation limit. The 

favorable dissociation properties of the UDFT method result from spin polarization, where the 

alpha and beta orbitals become localized in different parts of the molecule, as shown in Figure 6. 

In this figure, at a CC distance of 2.53 Å, both RDFT and UDFT methods show delocalized 

alpha and beta orbitals around both fragments. However, at 5.53 Å, the RDFT orbitals remain 

delocalized, while the UDFT method localizes the alpha orbitals in one fragment and the beta 

orbitals in the other. At the same time the RDFT HOMO-LUMO gap decreases significantly in 
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contrast to the UDFT case. This localization is crucial for accurately describing the dissociation 

process and the resulting radical species, as it allows the method to capture the static electron 

correlation and the correct electronic structure of the dissociated fragments. However, Figure 

5Figure 5 also shows that the NFOD values computed with FT-UDFT remain around ~0.2 e for 

the entire dissociation process and do not reach the limit of 2 e expected for the biradical system. 

On the other hand, the NFOD values are well described with the FT-RDFT method, reaching ~2 e 

in the dissociation region.  

 

 

Figure 5. Potential energy curve for relaxed displacement (in relation to the minimum geometry) 
and FOD number (Tel of 9000 K) for the CC bond in the ethane molecule calculated with the 
B3LYP functional. 
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Figure 6. HOMO-LUMO orbitals of ethane molecule calculated with B3LYP functional 
(isovalue 0.1 𝑒 ⋅ Åିଷ, Tel = 9000 K in FT-DFT methods). 
 

 The reason for this difference between RDFT and UDFT concerning NFOD values lies in 

the different evolution of the HOMO-LUMO (H-L) gaps to cope with the static electron 

correlation. Figure S1 shows that this gap remains large both for UDFT and FT-UDFT and 

respective occupation numbers fLUMO remain small (Table S1), leading to the unphysically small 

NFOD values. RDFT cannot provide the correct dissociation limit but reduces the H-L gap toward 

zero (Figure S1) leading to the correct fi occupations (Table S1). Unfortunately, both goals, 

correct energy dissociation and correct biradical character cannot be achieved in this case. 

The diradical nature of the long CC bond in structure 2 is tested through bond elongation, 

as was performed for ethane. Figure 7 shows the potential energy curves for relaxed 

displacement relative to the initial geometry and the FOD numbers for the CC bond in this 

structure using the B3LYP functional. The structure at the minimum geometry has C2v symmetry 

[31]. As has been shown previously [31], upon stretching the CC bond to around 2.3 Å within 

C2v symmetry, the potential energy curve bifurcates, resulting in a new, more stable C2 geometry 

with twisted fluorene groups. The NFOD values for the C2 structure show a rapid increase from 

~1.6 e to 2.0 e, indicating the breaking of the CC bond due to reduced overlap between the 

carbon orbitals. With C2v symmetry, the NFOD increase is almost linear until reaching 2 e at 2.7 

Å. The energy bifurcation and emergence of two distinct structures suggest the existence of a CC 
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bond until 2.2 Å, with a subsequent break occurring between 2.2-2.3 Å. Unlike what was found 

for ethane, NFOD values obtained from both FT-RDFT and FT-UDFT methods remain practically 

the same for both C2v and C2 structures, implying convergence of FT-UDFT to the FT-RDFT 

solution. This can be seen explicitly from the MO plots and orbital energies for C2 (Figures S2 

and S3) and for C2v (Figures S4 and S5) structures, which are identical for FT-RDFT and FT-

UDFT for short and long distances.  

 

Figure 7. Potential energy curve for relaxed displacement (in relation to the minimum geometry) 
and FOD number (Tel of 9000K) for CC bond to structure 2 calculated at the UB3LYP level. 
 

 Figure S6 shows the MO diagram for structure 2 in C2 symmetry. The UDFT H-L gap is 

smaller than in ethane (ethane at dissociation limit: 4.6 eV vs. structure 2: 1.9 eV). Therefore, the 

electronic temperature is high enough to occupy the LUMO, leading to the FT-RDFT solution. 

The same behavior is seen for structure 2 in C2v symmetry (Figure S7). It is concluded that a 

small enough H-L gap in the original UDFT calculation can lead to a correct description of NFOD 

values in FT-UDFT calculations.  

 

3.2. CC double bond dissociation 

 Figure 8 illustrates the evolution of NU values and the potential energy curve for the 

relaxed displacement of the CC double bond in ethylene using the MR-AQCC(GVB-RCI) 

approach. In the dissociation limit, the NU value converges to 4.0 e, indicating that the radical 
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fragment CH2 possesses two unpaired electrons, thus making the triplet state the ground state of 

this molecular radical fragment, in agreement with earlier results by Staemmler [60] and Brooks 

and Schaefer [61]. The corresponding dissociation energy De at the MR-AQCC(GVB-RCI) level 

is 171.8 kcal∙mol-1; D0 is 161.65 kcal∙mol-1, in good agreement with  the experimental value of 

163.0 kcal∙mol-1 [62]. The De value using the GVB method given in Ref. [59] is 150.5 kcal/mol, 

again significantly underestimating the actual value. The analysis of the evolution of natural 

orbital (NO) occupations for ethylene is presented in Figure S8 in the SI. At the dissociation 

limit, the occupation of four NOs goes to 1 e, indicating the bond dissociation of both bonds. 

However, the occupation of the HONO and LUNO π orbitals approaches 1 e somewhat before 

the occupation of HONO-1 and LUNO+1  orbitals (Figure S9). This suggests that the π bond 

undergoes dissociation a bit before the σ bond. This phenomenon is attributed to the smaller 

lateral overlap of the atomic π orbitals, which is less efficient than the overlap of the CC sp2 

atomic orbitals. 

 

Figure 8. Potential energy curve for relaxed displacement (in relation to the minimum geometry) 
along the CC bond in ethylene and NU values calculated with the MR-AQCC(GVB-RCI) 
method.  
 

 The DFT potential energy curves for relaxed CC dissociation of ethylene and the 

corresponding FT-DFT NFOD values are shown in Figure 9. The UDFT method describes a 

smooth dissociation, while the RDFT shows a discontinuity around 3.5 Å. The FT-UDFT NFOD 

values converge to 0.43 e FT-UDFT level, a value which is similar to the ethane result and is 

much too small. The asymptotic FT-RDFT NFOD value is 2.30 e, a value which also falls short of 

the correct value of 4 e.  
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Figure 9. Potential energy curve for relaxed displacement (in relation to the minimum geometry) 
and FOD number (Tel of 9000 K) for the CC double bond in the ethylene molecule calculated 
with the B3LYP functional. 
 

3.3. CC triple bond dissociation 

 The dissociation of acetylene along the CC triple bond produces two methylidyne 

radicals [61], each with a 2  doublet ground state with an orbital configuration 1222321πx
1 

and an equivalent one for the πy component. The GVB-RCI method restricts the construction of 

the total wavefunction using pairs of bonding and anti-bonding orbitals, forcing electrons to 

remain in the (g,u)2, (πxg,πxu)2 and (πyg,πyu)2 electron pairs without the possibility of electron 

rearrangement, dissociating to the high-spin fragments. To allow for a correct dissociation, a 

valence MR-CISD(SA5-CAS(10,10)) was chosen and in total five electronic states were 

calculated to investigate avoided crossings (Figure S10). Figure 10 illustrates the MR-CISD 

ground state potential energy curve for acetylene and the evolution of NU values. As expected, 

the NU values increase up to approximately 5 e when the CC bond distance reaches 2.5 Å, 

correlating with dissociation into 4Σ states. Around 2.5 Å, there is an avoided crossing among the 

1¹Ag, 2¹Ag, and 3¹Ag states (Figure S10). Beyond this point, the NU values fall to around 2 e due 

to the avoided crossing, which alters the ground state character to achieve the dissociation into 
2Π states of CH. The De value at MR-CISD level is 228.4 kcal/mol; with MR-CISD+P De is 

218.8 kcal/mol and D0 is 211.0 kcal/mol, the latter to be compared with the experimental value 

of 228.7±0.5 kcal/mol (via heat of formation) [63]. The GVB result of Ref. [59] (De = 212.5 

kcal/mol) is again somewhat too low. 
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Figure 10. Potential energy curve for relaxed displacement (in relation to the minimum 
geometry) along the CC bond in acetylene and NU values calculated with the MR-CISD(SA5-
CAS(10,10)) method. 
 

Figure 11 shows the DFT potential energy curve for relaxed CC dissociation of acetylene 

and the corresponding FT-DFT NFOD values. Similar to ethane and ethylene, the UDFT method 

describes a smooth dissociation curve up to approximately 3 Å. At this distance, there is a small 

discontinuity, which comes from a sudden change in the orbital occupation. The dissociation 

limit is found at 232.5 kcal/mol without ZPE and 224.8 kcal/mol with ZPE correction, in good 

agreement with the experimental values of 228.7±0.5 kcal/mol [63]. In contrast, the RDFT 

method tends to dissociate to a much higher dissociation energy limit. However, at 3 Å, the 

RDFT energy curve also shows a sudden step-down showing convergence to the dissociation 

limit 280.1 kcal/mol, higher than the UDFT value. This unusual step behavior can be explained 

by analyzing the molecular orbitals of structures at 3.0 and 3.1 Å, where the abrupt change 

occurs. In the RDFT case, the σg and σu orbitals, initially HOMO-2 and LUMO at a CC bond 

distance of 3 Å (Figure S11), become HOMO-1 and HOMO-2 at a CC bond distance of 3.1 Å, 

resulting in four electrons in σg and σu and two in πyu. A similar behavior is observed for UDFT 

(Figure S12). Regarding FT-DFT NFOD values, both methods converge to 2 e. However, the FT-

RDFT method shows a rearrangement between 2-2.5 Å, while FT-UDFT starts to converge to 2 

e only around 2.5 Å. 
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Figure 11. Potential energy curve for relaxed displacement (in relation to the minimum 
geometry) and FOD number (Tel of 9000 K) for the CC triple bond in the acetylene molecule 
calculated with the B3LYP functional. 
 

3.4. Parameterization of Tel for range-separated and double hybrid functionals  

 Following the procedures adopted in the previous work [10], regression analysis was 

conducted for the following range-separated functionals ωB97XD, ωB97M-V, CAM-B3LYP, 

LC-ωPBE, and MN12-SX and the double hybrid functional B2PLYP to assess the overall 

agreement between the MR-AQCC NU and FT-RDFT NFOD values and to adjust Tel used for the 

FOD calculations. In the case of B2PLYP, only the DFT part has been considered for the FOD 

calculation but an extension to orbital-optimized double hybrids is already envisaged in our 

laboratories. Furthermore, the popular functional M06-2X has been added in addition to the 

previously considered M05-2X. The re-optimized regression formula for Tel in dependence of the 

Hartree-Fock exchange x developed in the previous work [10] is given as follows:  

 𝑇௘௟ ൌ 10762 𝐾 ൈ 𝑎௫ ൅ 6140 𝐾 (5) 
Table S2 presents the ax values for all functionals analyzed here. Starting with the hybrid 

functional M06-2X, Figure S13 shows the regression plot between MR-AQCC NU and FT-RDFT 

NFOD values for structures 5-26 using the re-optimized Tel of 11900 K. In this figure, the 

regression data with the slope being 1.07 and R2 being 0.98 are very good, which further 

supports the previously developed rule for defining Tel (Eq. (5)(5)) for hybrid functionals. Figure 

S14 demonstrates the good result of Eq. (5)(5)  to Tel of the DFT portion of the double hybrid 

functional B2P-LYP, which has a slope of 1.03 and R2 of 0.98.  

Next, the important class of range-separated functionals is being investigated. The 

example of the ωB97XD functional shown in Figure 12a demonstrates that Tel value of 8530 K 
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computed according to Eq. (5)(5) from the regression formula for exact Fock exchange is much 

too low. Further investigations on the other range-separated functionals (CAM-B3LYP, LC-

PBE, MN12-SX, B97M-V) confirmed the finding (Figures S15a-S18a) that the previous 

temperature adjustment was not effective for this class of functionals. Therefore, a new Tel was 

derived for these functionals. Figure 12b shows the newly determined Fermi temperature for the 

ωB97XD functional. The R² value increased significantly from 0.89 to 0.98, while the slopes 

improved from 0.32 to 0.99. Similar good improvements were found for the remaining range-

separated functionals (Figures S15b-S18b). The range separated functionals split the Coulomb 

operator into short-range (SR) and long-range (LR) parts, according to the equation [64, 65]: 

 
1

𝑟ଵଶ
ൌ

1 െ ሾ𝛼 ൅ 𝛽 ∙ erf ሺ𝜔𝑟ଵଶሻሿ
𝑟ଵଶ

൅
𝛼 ൅ 𝛽 ∙ erf ሺ𝜔𝑟ଵଶሻ

𝑟ଵଶ
 

(6) 

In this equation, the first term represents the SR part, while the second term represents the LR 

part. Here, 𝜔 is the range separation parameter, α represents the percentage of HF exchange in 

the short-range limit (a), and 𝛼+𝛽 is the corresponding percentage in the long-range limit. Linear 

correlation of the adjusted Tel for range-separated functionals was performed against the 

parameters , α+β and  (Figures S19-S21). These figures show that an acceptable correlation of 

Tel exist only for the parameter . Tel depends on the  parameter, with an R² value of 1.00, 

following the equation: 

 
𝑇௘௟ ൌ 6650 𝐾 ൈ 𝛽 ൅ 9010 𝐾 

(7) 
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Figure 12. Comparison between MR-AQCC NU values and FT-RDFT NFOD numbers with 
ωB97XD density functional for structures with singlet ground electronic state (5-26, Figure 1) 
using the (a) Tel of Eq. (5)(5) of 8530 K and (b) improved-present Tel of 14000 K. 
 

The semiempirical GFN2-xTB method, which has been investigated as last example, 

does not include non-local Fock exchange admixture ax. Therefore, the previously adjusted 

equation for Tel in terms of ax does not apply to GFN2-xTB. As a result, a new Tel was developed 

specifically for this methodology. The optimal temperature for this method was found to be 5200 

K. Figure 13 shows the good correlation with MR-AQCC NU values for structures 5-26.  
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Figure 13. Comparison between MR-AQCC NU values and FT-RDFT NFOD numbers with 
GNF2-xTB method for structures with singlet ground electronic state (5-26, Figure 1) using the 
improved-present Tel of 5200 K. 
 

4 CONCLUSION 

 In this work, we have considered two areas of multireference situations, one arising from 

bond dissociation and the other from PAH biradical character. We discuss as a major tool to 

characterize such processes the FOD analysis, which allows the occupation of low-lying virtual 

orbitals of a DFT calculation by means of an elevated electronic Fermi temperature Tel. Inspired 

by the search for long covalent CC single bonds, we have chosen this case as one starting point 

and extended it by investigation of CC double and triple bonds, using ethylene and acetylene, 

respectively, as examples. The remarkable biradical properties of PAHs formed the second 

application field.  

 Assessment of the validity of DFT calculations in these fields is not recommended 

without independent verification. For that purpose, the MR-AQCC and MR-CISD methods have 

been selected, which take the open-shell character into account by design. The unpaired densities 

are the direct counterpart of the FODs. Many factors work very well at the DFT level. However, 

there is an interesting caveat. For the energetics of dissociation processes, usually UDFT has to 

be employed. UDFT manages the static electron correlation problem (quasi degeneracies 

mentioned above) by symmetry breaking of molecular orbitals. As a consequence, HOMO-

LUMO gaps can remain large, which does not allow sufficient occupation of the LUMO at the 
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FT-DFT level. Consequently, the FOD values remain unphysically low. This behavior has been 

observed for ethane and ethylene. On the other hand, RDFT (which gives a wrong dissociation 

behavior) reacts on the dissociation by decreasing the HOMO-LUMO gap of delocalized 

orbitals, leading to essentially correct FOD values. Thus, as these examples show, it will not 

always be possible to obtain the correct simultaneous description of FOD open shell character 

and potential energy dissociation curves. However, it seems that most of the cases investigated 

here are not critical so that UDFT calculations are often achieving both mentioned goals at the 

same time. 

 The second task of this work was dedicated to a practical, but nevertheless important 

problem: the determination of the adequate Fermi temperature Tel for different functionals. The 

hybrid (M06-2X) and double hybrid (B2P-LYP) functionals tested in this work showed good 

correlation between NFOD and NU values when using the improved Tel from previous studies [10]. 

For range-separated functionals, a new adjustment had to be made, correlating Tel with the 

parameter β, which represents the difference between the percentage of HF exchange in the long-

range limit and the short-range limit. A new linear regression between Tel and β is proposed. For 

the semi-empirical GFN2-xTB method, our findings suggest an optimal temperature of 5200 K.  

At this point, it should also be pointed out again that the partial summation over occupied and 

virtual orbitals (referred to as pseudo-occupied and pseudo-virtual in Ref. [66]) is performed 

separately in the FOD method. However, the two values agree numerically very well within two 

decimal places (see SI, Table S3 for examples), which is consistent with the conclusions of Ref. 

[66], i.e., in principle one could also consider only the occupied orbitals in the summation and 

then multiply the values by two. This perfectly reflects the symmetric nature of particles and 

holes and is also confirmed by effective numbers of unpaired electrons based on MR-AQCC, 

albeit slightly less precisely (see SI, Table S3). 

 In summary, we have shown that the FOD analysis provides a versatile and useful tool to 

quickly assess the open shell character of organic compounds by means of FT-DFT calculations 

using several types of functionals. The comparison with reference MR-AQCC results allowed us 

to determine the electronic temperature in an unambiguous way. The FOD calculations can be 

performed routinely based on available FT-DFT calculations. In our investigations we found 

only a few cases of complete bond dissociation where the FT-UDFT version did not work, but 

RDFT gave the correct results. 
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