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ABSTRACT

Nanocrystalline silicon can have unique thermal transport and mechanical properties governed by its constituent grain microstructure. Here,
we use phonon ray-tracing and molecular dynamics simulations to demonstrate the largely tunable thermomechanical behaviors with varying
grain sizes (a0) and aspect ratios (n). Our work shows that, by selectively increasing the grain size along the heat transfer direction while keep-
ing the grain area constant, the in-plane lattice thermal conductivity (kx) increases more significantly than the cross-plane lattice thermal con-
ductivity (ky) due to anisotropic phonon–grain boundary scattering. While kx generally increases with increasing n, a critical value exists for
n at which kx reaches its maximum. Beyond this transition point, further increases in n result in a decrease in kx due to substantial scattering
of low-frequency phonons with anisotropic grain boundaries. Moreover, we observe reductions in the elastic and shear modulus with decreas-
ing grain size, and this lattice softening leads to significant reductions in phonon group velocity and thermal conductivity. By considering
both thermal and mechanical size effects, we identify two distinct regimes of thermal transport, in which anisotropic phonon–grain boundary
scattering becomes more appreciable at low temperatures and lattice softening becomes more pronounced at high temperatures. Through
phonon spectral analysis, we attribute the significant thermal conductivity anisotropy in nanograined silicon to grain boundary scattering of
low-frequency phonons and the softening-driven thermal conductivity reduction to Umklapp scattering of high-frequency phonons. These
findings offer insights into the manipulation of thermomechanical properties of nanocrystalline silicon via microstructure engineering, carry-
ing profound implications for the development of future nanomaterials.

VC 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (http://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0185911

Nanostructuring has become a powerful approach to reducing sili-
con’s intrinsic high thermal conductivity. Experimental investigations on
polysilicon1,2 and Si nanoporous structures3–6 have demonstrated signifi-
cant reductions in thermal conductivity due to phonon ballistic thermal
transport5 and thermally dead volume.6 Unlike nanowires,7–9 nano-
meshes,10,11 and nanoribbons,6,12 where phonon-boundary scatterings
strongly depend on simple geometric parameters, such as diameters, our
understanding of phonon–grain boundary scattering, particularly its
frequency-dependent characteristics, remains incomplete. Early stud-
ies13–15 used the average grain size as a mean free path (MFP) or a gray
(frequency-independent) model; however, experimental data1,16 and
atomistic simulation17 revealed a sharp decrease in phonon transmission
probability at higher frequencies.18 Another crucial factor in these studies
is the treatment of phonons crossing the grain boundary interfaces.
While most theoretical studies on polysilicon have relied onMonte Carlo
ray-tracing (MCRT) simulations with the assumption of diffuse reflection

or transmission at grain boundaries,2,19 Hua and Minnich20 defined a
specularity parameter for both reflected and transmitted phonons, and
Chakraborty et al.21 considered a completely specular transmission. Since
only Hua and Minnich validated their modeling with one experimental
dataset, further investigation is needed to compare the different phonon
treatments. Moreover, MCRT simulations are computationally expensive
and usually contain geometric scales smaller than the average mean free
path;22 therefore, there has been no research on the impacts of grain
boundary orientation and anisotropy. Nevertheless, recent developments
in nanocomposite materials, such as nanograined diamond films with tri-
angular hierarchical grains and nanowire-based pallets with greatly elon-
gated grains,23,24 have motivated us to develop analytical and numerical
models to study the thermomechanical properties inherent in these
intriguing grain structures.

While the reduction of thermal conductivity in nanostructures is
often attributed to a reduced mean free path arising from boundary
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scattering, reducing the grain size to the nanoscale can significantly
impact both mechanical and thermal transport behaviors. In general,
the strength of polycrystalline metals increases as grain size
decreases,25 peaking around 20–30nm.26–28 Beyond this critical size,
materials exhibit softening due to a transition from dislocation-
mediated plasticity to grain-boundary-mediated deformation.29

Studies have also demonstrated the dependence of microhardness and
elastic modulus on the grain size of nanocrystalline silicon.30–32

Molecular dynamic (MD) simulations have further underscored the
role of grain boundaries in polysilicon, highlighting their potential as
preferential sites for high-pressure phase transformations.33

Nevertheless, the elastic behavior of a material is closely linked to its
thermal transport properties. Studies have shown that lattice softening
leads to an additional reduction in thermal conductivity, stemming
from a decreased phonon group velocity.34,35 In principle, the change
in the speed of sound (Vs ¼

ffiffiffiffiffiffiffiffi

E=q
p

, where E is the Young’s modulus
and q is the density), directly proportional to

ffiffiffi

E
p

in the continuum
limit, can serve as an estimate for the change in average phonon group
velocity35 (i.e., �v3g / V3

s / E3=2; see supplementary material Note 1).
In the case of nanocrystalline silicon, the lattice stiffness, and thus the
thermal conductivity, can be tailored by controlling the average grain
size of nanoparticles that undergo consolidation via spark plasma sin-
tering (SPS).36 Moreover, tuning the lattice stiffness can exert a more
significant impact on lattice thermal conductivity than micro-/
nanostructural scattering, especially at high temperatures.35

In this study, we use 2D heat-flux-driven Monte Carlo ray tracing
to investigate phonon–grain boundary scattering in nanograined sili-
con. We first validate our semi-numerical model against experimental
data.1 We then examine the impact of grain anisotropy on phonon–
grain boundary scattering mean free paths (KGB) in nanograined sili-
con with homogenous grain structures and evaluate their contribution
to temperature-dependent thermal conductivity and thermal anisot-
ropy. On the other hand, we perform 3D atomistic simulations, using
the large-scale atomic/molecular massively parallel simulator
(LAMMPS), to study the mechanical behaviors of nanograined silicon
with heterogeneous grain structures resembling those in natural and

synthetic materials. We investigate the mechanical size effect and the
influence of grain anisotropy on elastic and shear moduli and deter-
mine the critical grain size at which lattice softening occurs (i.e., when
the elastic properties deviate from the bulk properties). Considering
the weak grain boundary activities in the micro-elastic stage and that
both homogenous grain structures in MCRT simulations and hetero-
geneous grain structures in MD simulations (see Fig. 1) share the same
degree of gain anisotropy, we reasonably assume that grain heteroge-
neity has a negligible impact on elastic and shear moduli. Therefore,
by incorporating the simulated moduli and their relationship to the
average speed of sound, we modify the Born–von Karman (BvK) dis-
persion relation for bulk silicon to account for the effect of lattice soft-
ening on the thermal conductivity of nanograined silicon. This work
advances our understanding of thermal transport across various tem-
perature and size regimes and provides a valuable guide for grain
structure engineering.

The lattice thermal conductivity can be calculated using the
kinetic theory,

kL ¼
1

3

X

pol:

ð

CvvgKeffdx; (1)

where x is the phonon angular frequency, Cv is the spectral volumetric
heat capacity, vg is the phonon group velocity, Keff is the effective
mean free path, and the summation runs over all phonon polariza-
tions. We use the triply degenerate isotropic BvK sine-type disper-
sion37 and Matthiessen’s rule: K�1

eff ¼ K
�1
B þ K�1

I þ K�1
U to combine

boundary, impurity, and Umklapp scatterings, respectively [see sup-
plementary material Note 2 for more details regarding the Boltzmann
transport equation (BTE) model]. Although silicon’s dispersion rela-
tions are not isotropic, studies38,39 have shown that the Born von
Karman (BvK) model, where the longitudinal acoustic (LA) and two
transverse acoustic (TA) branches are lumped into one effective
branch, adequately describes phonon transport in bulk and nanostruc-
tured silicon. Moreover, KI and KU have been well studied for sili-
con,38–41 and the greatest challenge is in determining the mean free
path for grain boundary scattering ðKGB). While there exist several

FIG. 1. Schematics of the simulated nanograined silicon geometry. (a) Ray-tracing simulation domain illustrating a possible phonon trajectory and various phonons interactions
with grain boundaries and system domain boundaries (see supplementary material Note 3 for more details of the transmission algorithm). (b) Molecular dynamic simulation
domain displaying the applied tensile and shear stresses. In the MD simulation domain, random grain boundary misalignments are introduced for mechanical stability at grain
boundary junctions, resulting in a heterogeneous grain structure resembling those in natural and synthetic materials. This grain heterogeneity has little impact on the elastic and
shear moduli due to weak grain boundary activities in the micro-elastic stage.37 Therefore, MD simulations should yield similar results if a homogenous structure is simulated.
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analytical and simulation models for KGB of nanocrystalline silicon
with uniform grain structure,1,13,20 KGB is generally unknown for
anisotropic grain structures. To rigorously determine the frequency-
dependent KGB for these structures, we combine MCRT simulations
with an atomistic correlation for grain boundary transmission.

One of the unique advantages of MCRT is its capability to
account for multi-dimensional phonon-boundary scattering, enabling
us to analyze the impact of anisotropic grain boundaries on KGB and
investigate thermal anisotropy in materials. Here, we choose 2D ray
tracing simulation since we are interested in thermal transport in later-
ally confined systems, where boundary scattering phenomena on the
top and bottom surface boundaries are less relevant compared to those
along the heat transfer direction [see Fig. 1(a)]. While there is no fun-
damental difference between 2D and 3D ray tracing simulations, the
2D analysis significantly reduces the computational load (see supple-
mentary material Note 3 for more details on the 2D vs 3D MCRT
framework). Our group has used 2D MCRT simulations to evaluate
KB of nanoporous materials with various shapes and distributions,42

as well as nanocomposite materials with these shapes being inclusions
of metallic materials.43 In this study, we use MCRT simulations to
evaluate KGB as a function of grain boundary transmission probability
(sGB). For each grain structure, we computed KGB for ten different sGB
values and obtained a nonlinear fitting form in terms of sGB,

KGB sGBð Þ ¼
A1s

A2

GB

1� sGB
; (2)

where A1 and A2 are two fitting parameters that depend on the grain
size (a0) and aspect ratio (n), respectively (see Table I for the fitting
parameters for various grain structures; also see supplementary mate-
rial Note 4 and Fig. S4 for the convergence and fitting of KGB). We
then combine this fitting function with a frequency-dependent atomis-
tic expression for grain transmission probability1,20 [Eq. (3)] to yield a
frequency-dependent KGB xð Þ,

sGB xð Þ ¼ 1

cRT
x

x0

� �

þ 1

; (3)

where cRT ¼ 3
4
� 1
ab

is a lumped fitting parameter comprised of an
empirical constant a and a numerical constant b. The former accounts
for grain boundary transmission or the grain boundary quality in a
material.1 In silicon materials, a native SiO2 layer (typically around
1nm thick44) usually forms on the outermost surface of each agglom-
erate when exposed to the atmosphere, resulting in oxidized grain
boundaries. This leads to a smaller a or a larger cRT , and consequently,
a lower thermal conductivity. The latter depends on the choice of dis-
persion relations1 and is approximately 0.707. This frequency-
dependent model is qualitatively consistent with atomistic Green’s
function calculations.45,46 sGB approaches one as x goes to zero, align-
ing with the expectation that long wavelength phonons remain unaf-
fected by atomistic disorder at a grain boundary.20 To validate our
model, we compare KGB xð Þ obtained from MCRT simulations with
the semi-empirical model from Wang et al.,1 expressed as
KGB ¼ aDavgðbx0=xÞ, where Davg is the average grain size/diameter
and x0 is the cutoff frequency. The fitting yields a cRT value of 1.13
(see supplementary material Note 5 and Fig. S5.1), and the calculated
thermal conductivities are consistent with the experimental data
shown in Fig. 5(a).

Extreme grain elongations or high grain aspect ratios in nano-
grained silicon can be achieved by utilizing nanowires as precursors
for pallets, where alignment can be established through techniques
such as flow47 and magnetic alignments48 or nanowire combing.49 To
investigate the impacts of grain anisotropy onKGB, lattice thermal con-
ductivity, and thermal anisotropy, we studied anisotropic grain struc-
tures with a fixed grain area of 10 000nm2 and varied n from 1/256 to
256. As shown in Figs. 2(a) and 2(b), KGB monotonically increases
with sGB and decreases withx. This behavior confirms that long wave-
length phonons (low frequency) are unaffected by atomistic disorder
at a grain boundary.20WhileKGB generally increases with n, the curves
flatten for n � 8, resulting in an inverse trend at high sGB for these
high-n structures. This inverse trend can be justified mathematically
by a decrease in the fitting parameter, A2, of Eq. (2). The inverse trend
is also evident in Fig. 2(b), where KGB at low frequency decreases as n
exceeds 8. Figure 2(c) illustrates the relative contribution of each scat-
tering mechanism over a wide temperature range. Clearly, Keff is

TABLE I. KGB fitting parameters and interfacial densities for various grain structures.
The aspect ratio (n) characterizes the degree of grain anisotropy of the simulated
unit cells; it is defined in such a way that the grain area, a20, remains constant, where
a0 denotes the effective grain size. The interfacial density (/) is calculated by divid-
ing the perimeter of the grain by its area, / ¼ 2� ½ a0 �

ffiffiffi

n
p� �

þ a0=
ffiffiffi

n
p� �

�=a20,
and the interfacial density along the heat flux direction (/x ) is defined as the recipro-
cal of the horizontal grain size, /x ¼ 1= a0 �

ffiffiffi

n
p� �

. The color code is consistent
with that of Fig. 2 and Figs. 3(a) and 3(c).

n A1 (nm) A2 / (lm�1) /x (lm
�1) Configurations

256 48.3 0.388 321.3 0.6

128 56.7 0.386 228.0 0.9

64 63.4 0.382 162.5 1.3

32 69.5 0.357 116.7 1.8

16 74.7 0.442 85.0 2.5

8 78.2 0.552 63.6 3.5

4 79.7 0.781 50.0 5.0

2 70.1 0.850 42.4 7.1

1 57.7 0.885 40.0 10.0

1/2 45.8 0.932 42.4 14.1

1/4 34.7 0.978 50.0 20.0

1/8 25.1 0.962 63.6 28.3

1/16 18.2 0.988 85.0 40.0

1/32 13.1 0.981 116.7 56.6

1/64 9.3 0.992 162.5 80.0

1/128 6.6 0.995 228.0 113.1

1/256 4.8 1.000 321.3 160.0
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dominated by grain boundary scattering at low temperatures (i.e.,
T � hD, where hD denotes the Debye temperature) and by Umklapp
scattering at high temperatures (T � hD).

Figure 3(a) illustrates the temperature-dependent kx of nano-
grained silicon with a constant grain area of 10 000 nm2 and varying n.
For n < 1, kx decreases with decreasing n due to an increase in interfa-
cial density along the heat flux direction, /x (i.e., more vertical grain
boundary lines, also see Table I). These vertical grain boundaries serve
as obstacles that scatter phonons, resulting in a shorter KGB.
Conversely, for n > 1, an optimal n exists that maximizes kx . A grain
structure with n ¼ 16 yields the highest kx at a temperature near 150K.
Beyond this transition point, kx decreases with increasing n due to a
reduced mean free path between horizontal grain boundary lines that
limits the transmission of low-frequency (long wavelength) phonons.
This also confirms the inverse trend ofKGB discussed previously.

To investigate the effect of grain anisotropy on thermal anisot-
ropy, the cross-plane lattice thermal conductivity (ky) must be evalu-
ated. Given two sets of grain structures with n > 1 and n < 1, both
incrementing by a power of two, a grain geometry with n ¼ 1=2 corre-
sponds to a 90	 rotation from a grain geometry with n ¼ 2. Hence, kx
for a grain geometry with n ¼ 1=2 serves as ky for a grain geometry
with n ¼ 2. We define the thermal anisotropy ratio (TAR) as the ratio

of kx=ky to quantify the degree of thermal anisotropy. As shown in
Fig. 3(d), the TARmonotonically increases with n; even at high tempera-
tures. However, the increase in TAR for high-n structures becomes less
pronounced at high temperatures, primarily due to the dominance of
Umklapp scattering over grain boundary scattering at high temperatures.

To investigate the mechanical behaviors and elastic anisotropy of
nanograined silicon, we conducted MD simulations on three aniso-
tropic grain structures. These structures possess the same grain area
(a20) or effective grain size (a0) but have aspect ratios of 2, 1, and 1/2,
respectively. Starting with these initial structures, we scaled them to
yield structures with varying a0 and applied uniaxial tension and shear
stress to determine the moduli (see supplementary material Note 6 for
details on the strain rate and time step). It is worth mentioning that we
introduced a small degree of grain heterogeneity to ensure mechanical
stability at the grain boundary junctions, but the designed grain het-
erogeneity has a negligible impact on the moduli due to the weak grain
boundary activities observed during micro-elastic deformation.
Instead, the moduli are significantly affected by a0 and n.

As illustrated in Figs. 4(d) and 4(h), both the elastic modulus (E)
and shear modulus (G) decrease as a20 or a0 decreases. These rapid
reductions can be attributed to an increase in the grain boundary den-
sity or the volume percentage of grain boundary atoms. In contrast to

FIG. 2. Phonon mean free paths in nano-
grained silicon with a constant grain area
of 10 000 nm2. KGB as a function of (a)
grain boundary transmission probability,
sGB , (b) phonon frequency, x, and (c)
accumulated inverse mean free paths,
1=Kih i, as a function of temperature.
1=Kih i is computed by integrating
1=KiðxÞ from 0 to x0 over the frequency,
where the subscript i denotes the type of
scattering mechanism. The solid lines rep-
resent the accumulated inverse Keff given
by Matthiessen’s rule.
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the regularly packed atoms within grain interiors, grain boundary
atoms exhibit disordered arrangements that weaken their interatomic
bonding and lead to material softening. Furthermore, we observe a
strong dependence of E on n. A grain structure with n ¼ 2 exhibits the
highest E across all a0, while that with n ¼ 1=2 yields the lowest E. In
the elastic regime, when nanograined silicon experiences tension,
atoms are purely stretched along the loading direction. The designed
grain anisotropy alters the grain boundary distribution along the load-
ing direction, affecting both the stretchability and E. Nevertheless, the
fact that the loading direction does not perfectly align with the shear
direction diminishes the effect of grain anisotropy on shear deforma-
tion. Hence, there is no apparent correlation between G and n.

While reducing the grain size effectively decreases the thermal
conductivity through boundary scatterings, the effect of lattice soften-
ing on the phonon group velocity needs to be addressed when the
effective grain size falls below a critical limit. To account for this, we
modify the BvK dispersion relation by introducing a lattice softening
factor, Fs; into the isotropic approximation,34

x ¼ 2

p
FsVbulkq0sin

pq

2q0

� �

: (4)

Here, Fs is defined as the ratio of the softened speed of sound to the
bulk speed of sound (i.e., Fs ¼ Vsoftened=Vbulk), q is the wavevector, and
q0 is the cutoff wavevector set by the atomic number density. In this
study, we determine the average softened speed of sound, using the fol-
lowing expression:35,51

3

V3
softened

¼ 1

V3
L

þ 2

V3
T

; (5)

where VL ¼
ffiffiffiffiffiffiffiffiffiffiffiffi

C11=q
p

and VT ¼
ffiffiffiffiffiffiffiffiffiffiffiffi

C44=q
p

represent the longitudinal
and transverse speeds of sound, respectively. C11 and C44 are the ele-
ments of the elastic matrix, and q is the density (see supplementary
material Note 7 for more details on the elastic matrix and the deriva-
tion of speeds of sound for elastic waves in cubic crystals). The C44 ele-
ment coincides with the shear modulus (G), and C11 is the ratio of a
uniaxial stress to the corresponding longitudinal strain when the lateral
expansion/contraction is impeded. For nanomaterials, which possess
large surface ratios, we approximate VL 


ffiffiffiffiffiffiffiffi

E=q
p

using the Young’s
modulus or the elastic modulus (E) because it is effective in quantify-
ing the elastic constants of nanomaterials with free boundary condi-
tions. It is noted that, with the free lateral boundary condition, E has a
smaller value than C11 due to Poisson’s effect, which could result in a

FIG. 3. (a) Temperature-dependent lattice
thermal conductivity of nanograined silicon
with varying grain aspect ratios. (b) kx as
a function of grain aspect ratio. (c)
Thermal anisotropy ratio (TAR) as a func-
tion of temperature and (d) grain aspect
ratio, respectively.
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TABLE II. Elastic moduli, shear moduli, softened speeds of sound, and lattice softening factors for nanograined silicon with aspect ratios (n) of 1, 2, and 1=2 and grain areas (a20)
ranging from 16 nm2 to 1024 nm2. (We use q ¼ 2328 kg=m3 for bulk silicon.).

Grain area, a20
(effective grain size, a0)

16 nm2

(4 nm)
64 nm2

(8 nm)
144 nm2

(12 nm)
256 nm2

(16 nm)
576 nm2

(24 nm)
1024 nm2

(32 nm)

n ¼ 1

E (GPa) 93.24 104.87 108.86 111.09 112.69 113.83

G (GPa) 30.83 36.44 38.96 40.66 42.06 43.17

Vsoftened (m/s) 4042 4384 4527 4619 4694 4751

Fs 0.664 0.721 0.744 0.759 0.772 0.781

n ¼ 2

E (GPa) 95.27 106.96 111.81 112.89 115.05 115.91

G (GPa) 30.42 36.74 38.92 40.85 42.19 43.19

Vsoftened(m/s) 4021 4404 4531 4633 4705 4757

Fs 0.661 0.724 0.745 0.762 0.773 0.782

n ¼ 1=2

E (GPa) 91.63 103.22 107.19 109.66 111.56 112.74

G (GPa) 31.20 36.63 38.81 40.46 42.24 43.10

Vsoftened(m/s) 4060 4391 4516 4606 4700 4745

Fs 0.667 0.722 0.742 0.757 0.773 0.780

FIG. 4. Tension and shear responses of nanograined silicon. Strain–stress behaviors of nanograined silicon with (a) and (e) n ¼ 2, (b) and (f) n ¼ 1, and (c) and (g) n ¼ 1=2.
(d) Elastic modulus and (h) shear modulus as a function of grain size for the corresponding nanograined structures. The dotted lines indicate the reported E and G values for
bulk silicon.50
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smaller value for the longitudinal velocity VL, leading to a reduced lat-
tice softening factor Fs or an overestimation of lattice softening behav-
ior. Table II shows the elastic moduli, shear moduli, softened speeds of
sound, and lattice softening factors for the same nanograined struc-
tures presented in Fig. 4.

Figure 5(a) shows the temperature-dependent lattice thermal
conductivity of nanograined silicon with n ¼ 1 and varying a0. As a0
increases, the solid lines gradually converge toward the dash lines
because the elastic properties of nanograined silicon approach those of
bulk silicon, rendering the softening effect negligible. Based on the
extrapolated data from MD simulations, we determined this critical a0
to be approximately 125 to 140 nm (see supplementary material Note
8 and Fig. S8). Therefore, for nanograined silicon with an a0 smaller
than 140 nm, it is important to consider lattice softening and its impact
on the size-dependent thermal conductivity.

In general, the lattice softening effect has a more pronounced
impact on reducing thermal conductivity in materials with smaller
grain sizes and at higher temperatures. For instance, nanograined sili-
con with an a0 of 4 nm experiences a roughly 50% reduction in kL at
temperatures above 150K. While lattice softening decreases high-
temperature thermal conductivity, it increases low-temperature ther-
mal conductivity. As shown in Fig. 5(b), this increase is less than 5% at
temperatures lower than 50K. This “hardening” effect can potentially
be attributed to the competing influences of an increased volumetric
heat capacity (Cv / v�3

g ) and a reduced effective mean free path
(Keff ¼ vgseff / v1g ) resulting from a softened group velocity (see sup-
plementary material Note 9 and Fig. S9 for more details).

In summary, controlling the grain size and aspect ratio in nano-
structures is crucial for achieving optimal thermal conductivity reduc-
tion and thermomechanical anisotropy. Our study of nanograined
silicon with varying a0 and n reveals two distinct regimes of thermal
transport: (1) anisotropic phonon–grain boundary scattering becomes
more prominent at low temperatures, with low-frequency phonons
predominantly contributing to the substantial thermal conductivity
anisotropy, and (2) lattice softening becomes more appreciable at high
temperatures, with high-frequency phonons being responsible for the
softening-driven thermal conductivity reduction. The guidelines pre-
sented here, harnessing phonon–grain boundary scattering and lattice
softening, underscore the importance of microstructure engineering in

tailoring the thermomechanical properties of nanomaterials. These
findings hold meaningful implications for multifunctional materials in
applications such as thermoelectric cooling, power generation, and
thermal management.

See the supplementary material for more details on: (1) the pho-
non/lattice softening effect and its implication on the lattice thermal
conductivity; (2) the Boltzmann transport equation (BTE) model for
thermal conductivity; (3) the Mote Carlo Ray Tracing framework and
algorithm; (4) the convergence and fitting of mean free path for grain
boundary scattering; (5) the model validation; (6) molecular dynamics
simulations; (7) elastic matrix and elastic waves in cubic crystals; (8)
determining the critical grain size for lattice softening; and (9) implica-
tions of softened/reduced group velocity on thermal conductivity.
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