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Abstract
Localized molecular devices are a powerful tool for engineering complex information-processing
circuits and molecular robots. Their practical advantages include speed and scalability of interactions
between components tethered near to each other on an underlying nanostructure, and the ability to
restrict interactions between more distant components. The latter is a critical feature that must
be factored into computational tools for the design and simulation of localized molecular devices:
unlike in solution-phase systems, the geometries of molecular interactions must be accounted for
when attempting to determine the network of possible reactions in a tethered molecular system.
This work aims to address that challenge by integrating, for the first time, automated approaches to
analysis of molecular geometry with reaction enumeration algorithms for DNA strand displacement
reaction networks that can be applied to tethered molecular systems. By adapting a simple approach
to solving the biophysical constraints inherent in molecular interactions to be applicable to tethered
systems, we produce a localized reaction enumeration system that enhances previous approaches to
reaction enumeration in tethered system by not requiring users to explicitly specify the subsets of
components that are capable of interacting. This greatly simplifies the user’s task and could also be
used as the basis of future systems for automated placement or routing of signal-transmission and
logical processing in molecular devices. We apply this system to several published example systems
from the literature, including both tethered molecular logic systems and molecular robots.
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1 Introduction

Recent advances in DNA nanotechnology, in particular the advent of DNA origami [23],
have enabled spatially organized molecular systems to be designed and built to perform
sophisticated tasks at the nanoscale using components tethered at particular locations on
DNA origami tile surface. Notable examples have included cargo sorting robots [29] and
signal transmission lines and Boolean logic circuits [6, 4, 5]. Both of these examples were
implemented using toehold-mediated DNA strand displacement reactions [35, 26]. In addition
to the practical applications of directed motion of cargo across the surface, such tethered
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1:2 Geometric Enumeration of Localized Reactions

Figure 1 Geometric reaction enumeration for systems involving tethered components. (a) Example
of di�using input strands and fuel hairpins interacting with localized components of a DNA logic
circuit that are tethered to a DNA origami tile [6]. (b) Example of a fully localized DNA nanorobot
walking between multiple track locations, all tethered to a DNA origami tile [28]. (c) Workflow for
calculating whether to admit a candidate reaction based on molecular geometry.

systems have partical advantages for molecular computing, including enhanced computational
speed, given the fast kinetic rates of localized interactions, and scalability, given the ability
to reuse identical sequences to construct similar components in di�erent parts of a spatially
organized circuit. Furthermore, a larger DNA nanostructure could be used as a carrier to
deliver multiple components from a multi-part diagnostic or therapeutic molecular circuit,
attached to that one nanostructure, to targeted cells or tissues for biomedical applications.
This could avoid potential issues with mismatched stoichiometries caused by ine�cient
delivery or reduced cellular uptake of some components. Therefore, there is a significant
practical advantage for ongoing experimental research into localized molecular devices.

Designing localized molecular devices is, in some ways, a more complex task than
engineering an equivalent solution-phase circuit. In particular, when molecular components
are tethered to a nanostructure, their physical location is constrained and this restricts their
ability to interact with other tethered components. This is in contrast to solution-phase
systems, where the standard assumption is that geometry is unimportant and components
may di�use such that they encounter each other in whatever relative orientation is required
for a reaction to take place. Thus, not only are there sequence design problems to solve
but also geometric constraints that must be accounted for in the system design. As in all
experimental pursuits, computational modeling and simulation o�ers a powerful method to
easily prototype candidate designs and iterate on them more rapidly than would be possible
in a purely expreimental design cycle. Therefore, developing computational algorithms and
tools for modeling and analyzing the behavior of complex tethered molecular systems is an
important area of research. A key area of such computational tools is reaction enumeration,
which is the process of automating the generation of a kinetic model of a system’s behavior
from a structural description of its components. Geometric enumeration allows designs to be
represented as a concise structural description which can then be automatically compiled
into the corresponding kinetic model, thus avoiding error-prone manual conversion processes.
The contribution of this paper is to apply, for the first time, reaction enumeration techniques
that account for geometry to tethered molecular systems, as outlined in Figure 1.

In previous work [12], we tackled the problem of enumerating reactions to generate
chemical reaction networks (CRNs) for solution-phase circuits, checking the geometric
plausibility of product structures by using a structure sampling algorithm as a constraint
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solver. We have also previously used structure sampling to generate candidate structures that
were used to estimate the rates of reactions between tethered structures [13]. Crucially, those
structures were relatively simple and had only a single tether location for each structure.
Extending that previous work, here we report a more advanced tool that can be applied
to arbitrary, multi-tethered DNA strand displacement components attached to the surface
of a DNA origami tile, which are more complex to sample. Our system automatically, and
without further user input beyond the tether locations, accounts for the geometry of the
molecular structures and enumerates the possible reactions between the structures that could
be tethered at multiple locations.

2 Geometric Reaction Enumeration for Tethered Molecular Devices

Our approach is inspired by previous work in which we used the strand graph representation
of nucleic acid secondary structures [22] and defined a general-purpose framework for reaction
enumeration that used a check for geometric plausibility of product structures to integrate
geometric considerations directly into the reaction enumerator [12]. Here we extend that
work to produce a reaction enumeration algorithm applicable to tethered molecular systems.
This requires us to modify the syntax of the strand graph model, and the constraint solving
procedure, to accommodate tethers. Thanks to the generality of our geometric reaction
enumeration framework, the changes to the main algorithm are relatively straightforward.

2.1 Strand Graph Representations of Tethered Molecular Species
In solution phase circuits, all molecular components di�use freely in the solution and these
species can be represented as connected strand graphs [22], as all the strands in the species
are connected via explicitly modeled bonds between domains. When modeling tethered
circuits, however, components may be connected implicitly by both being connected to the
same underlying DNA tile nanostructure, which we do not model explicitly. Therefore, we
also need to include a representation of which DNA strands are attached to which tiles, and
at what location, as part of the input language.

As in previous work, we use the “process calculus” representation of strand graphs as
our input language. Building on the syntax introduced previously [22, 12], tethered strands
are specified using angle brackets and, along with the list of domains that make up the
sequence of that strand. We add “tether(x,y)” at either the beginning or end of the domain
sequence, to mean that the strand is tethered to a tile at either the 5’ or 3’ end, respectively.
Here, (x,y) are real numbers that represent the coordinates of the tether location on the
underlying 2D tile surface. The coordinate system is arbitrary and we simply assume that
all tethers on a single tile adhere to a common coordinate system for specifying their tether
locations. Although, in practice, a single strand might have multiple tethers representing a
loop out of the surface of the tile, here we assume that each strand can have only one tether.

To specify which components are bound to which tile, we must generalize the notion of a
species by specifying two types: free species and tile species. Free species are those di�using
freely in the solution; they are not tethered and are simply represented as a fully-connected
strand graph that cannot contain any tethers. In the process calculus syntax, species are
combined using the | “vertical bar” parallel composition operator. Tile species, on the other
hand, represent a two-dimensional addressable substrate, such as a DNA origami tile, which
may incorporate multiple distinct components attached to the tile at di�erent locations.
Each tile species is delimited by [[ and ]] symbols and the species within are encoded using
the standard process calculus syntax for single strands and the same parallel composition
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Figure 2 Examples of tethered strand graph representations of species before and after a partially-
localized hairpin chain reaction [6] has taken place. (a) The initial state of this example system
includes two hairpins tethered to a DNA origami tile at coordinates (0, 0) and (10.88, 0), along with
freely di�using input, fuel hairpin, and reporter complex species. The right-hand side shows strand
graph representations of the individual species (connected components), with tethered species shown
in the box. Individual sites are colored to match the corresponding domains in the image on the
left and edges are solid for bonds between long domains and broken for edges between toehold
domains. A process calculus representation of the system is shown, with pieces of syntax color-coded
to match the background color of the corresponding strand in the strand graph representation. (b)
Similar representation of the final state of this system; note in particular that some strands that
were previously free are now tethered to the tile because they are bound to the tethered hairpins.

operator. As there can be multiple tethered species on each tile, tile species objects must
therefore store these tethered species as a list of individual strand graph objects, each of
which must be a fully connected individual strand graph and each of which must contain
at least one tether specification. This is illustrated in Figure 2, which shows the process
calculus representation, and connected strand graphs for the individual species, in a simple
localized hairpin reaction [6].

2.2 A Geometric Reaction Enumeration Algorithm for Tethered Systems
In addition to modifying the syntax of strand graphs to accommodate tether specifications,
we must also modify the reaction enumeration algorithm from our previous work [12] to
account for the fact that some components are attached to tiles. Experimental work has
shown that components attached to di�erent tile species can in fact interact with each other,
however, this undesirable interaction can be reduced by lowering the concentrations of the
tiles [6]. Here, therefore, we do not allow components attached to di�erent tiles to interact
with each other. Thus, we had to modify the pre-existing reaction enumeration algorithm
with these two di�erent classes of species (free species and tile species) and enforce the
constraint that while two free species may interact and a free species may interact with a tile
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Si œ S Si æ GÕ S
Õ = S \ {Si} fi tethered(GÕ)

[[S ]] ∆ [[SÕ ]] + free(GÕ)
(TileOne)

Si, Sj œ S i ”= j (Si || Sj) æ GÕ S
Õ = S \ {Si, Sj} fi tethered(GÕ)

[[S ]] ∆ [[SÕ ]] + free(GÕ)
(TileTwo)

Si œ S (Si || S) æ GÕ S
Õ = S \ {Si} fi tethered(GÕ)

[[S ]] + S ∆ [[SÕ ]] + free(GÕ)
(TileFree)

(S || SÕ) æ GÕ tethered(GÕ) = ?
S + SÕ ∆ free(GÕ)

(FreeFree)

Figure 3 Inference rules defining a geometrically-aware transition relation (∆) between collections
of strand graph species, including tile species with tethered components. These rules build on
our previously reported æ rules for geometrically aware reaction enumeration on strand graphs
of free species [12], which are reproduced as Figure A.1 in the Appendix for convenience and
which incorporate a plausible predicate to encode geometric plausibility. The rules presented here
implement a CRN semantics [22] for systems that may contain both free and tethered species, where
we write S for finite collections of fully connected strand graphs, each of which represents a single
molecular species. The syntax [[S ]] represents a tile species containing species S, each of which
must be tethered; we assume that other species are freely di�using. We write S || SÕ for the strand
graph resulting from the parallel composition of S and SÕ. We write tethered(G) and free(G) for the
connected components of a strand graph G that represent tethered and free species, that is, those
species which do or do not include a tether specification, respectively. Rule (TileOne) identifies
a single species tethered to the same tile that may react. Similarly, rule (TileTwo) encodes a
reaction between two species tethered to the same tile. Rule (TileFree) identifies a free species
that may react with a species tethered to a tile, and rule (FreeFree) lifts the standard rules for
reactions involing two free species into the ∆ relation. All reactions involving at least one tile
species may produce new tethered species, and possibly some free species also. In the case of rule
(FreeFree), we note that the tethered(GÕ) = ? premise is vacuously true since a tethered species
cannot spontaneously emerge from a reaction between two free species. These rules form the basis
of our localized geometric reaction enumerator.

species, two separate tile species cannot interact. This means there are three possible kinds
of binding interaction that our reaction enumerator may identify: (i) interactions between
two free species, (ii) interactions between a free species and a species tethered to a tile, and
(iii) interactions between two components tethered to the same tile. In the latter case, the
enumerator must check for binding interactions between all pairs of species attached to that
tile, and each such interaction then becomes a unimolecular reaction whose reactant is the
entire species due to the fast timescale of localized reactions. These may be unimolecular
(e.g., toehold unbinding, strand displacement, or branch migration) or bimolecular (e.g.,
binding) from the perspective of the components attached to the tile. However, these are
all considered as unimolecular interactions from the perspective of an observer of the whole
system, due to the fast timescale of the localized reactions. The sole reactant of such reactions
is the initial tile species, and such reactions will produce a new tile species and may also
produce free species, e.g., if a strand unbinds or is displaced from the tile surface.

The inference rules that formally specify these interactions build on those from our
previous work [12], which are reproduced in Figure A.1 in the Appendix. The new rules are
presented in Figure 3 and serve as the basis for our geometric reaction enumeration algorithm.
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Figure 4 Region graph formation and structure sampling for tethered systems. (a) For a candidate
localized toehold-binding reaction in a hairpin chain reaction system [6], the region graph is formed
for the putative product structure, following the scheme from our previous work [12] with the
addition of tether information. (b) Example of structure sampling across the tethered region graph
from part (a). At each step, tile constraints are checked to ensure the structure does not “pass
through” the tile. Angle constraints at nicks are checked when both sides of a double-stranded nick
are sampled. Distance constraints need only be checked explicitly for regions that are “skipped”
because a coordinate has already been generated for both ends when it is selected for processing.

This follows a standard recursive scheme [14] that checks for possible reactions between
known species in a queue, adds them to the CRN, and identifies new species produced which
are then added to the queue for be checked for further possible interactions. The requirement
for constraints imposed by molecular geometry to be satisfied is encoded in the plausible
predicate. The implementation of this predicate to account for constraints arising from
tethering of components onto tile surfaces, a novel component of this work, is outlined below.

2.3 Geometric Constraints for Tethered Systems

Each candidate structure to be tested for geometric plausibility is converted into a set of
geometric constraints that represents the possible geometry of the structure. When all
constraints in this set of constraints are simultaneously satisfiable, the structure is deemed
to be geometrically plausible. Building on previous work [12], these strand graphs are
translated to undirected region graphs by condensing the domain-based representation,
including information on tether coordinates, as illustrated in Figure 4(a) for a candidate
localized hairpin reaction [6]. The vertices of this region graph represent the locations on
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the structure for which we must determine the physical coordinates: the junctions between
double-stranded and single-stranded DNA, and nicks between double-stranded regions, and
strand termini. The biophysical model that we use is deliberately simple: double-stranded
DNA is modeled as rigid rods and single-stranded DNA is modeled as an infinitely flexible
polymer chain. As outlined below, in some tests we restrict the flexibility of nicks. Unless
stated otherwise below, we assume the length per nucleotide to be 0.68 nm in a single-stranded
region and 0.34 nm in a double-stranded region, following previous standard practice from
the literature [10, 7]. Under this biophysical model, we must check satisfaction of several
kinds of geometric constraint derived from the tethered region graph:

Domain length constraints: as in our previous work [12], the key constraints arise
from the lengths of domains. As outlined below, constraints arising from hybridization
between complementary domains will be dealt with implicitly, as will many domain length
constraints. For rigid double-stranded domains, the length will be fixed; for flexible
single-stranded domains, it must fall between zero and the maximum length.
Tether and tile constraints: A tether anchors one end of a domain at a fixed location on the
tile surface. We assume that the tile surface lies in the z = 0 plane in a coordinate system
defined by the tile itself, and all components are tethered on the same side of the tile
surface and protrude in the positive z side. Tethers on a strand are constrained to specific
x and y coordinates, with z = 0. Non-tethered positions on a strand are constrained to
have a non-negative z coordinate, which ensures that no part of the tethered structure
may “pass through” the tile surface.
Angle constraints at nicks: Nicks between double-stranded regions give the structure some
degree of flexibility, but not as much as for a fully single-stranded region. As discussed
below, this can lead to some reactions being identified that one might not expect and
which are arguably unphysical, as they require extreme flexibility at the nick. In some
tests, therefore, we limit the range of angles through which a nick may bend, given
previous work on the flexibility of nicks [6], by allowing the maximum angle permitted
between nicked domains to be tuned. The angles are the angle of deviation „ between
the regions where they meet at the nick: this is computed from the directionality vectors
v1 and v2 of the two regions, as „ = cos≠1((v1 · v2)/(|v1||v2|)).

2.4 Structure Sampling for Tethered Geometric Constaints
After generating constraints, we attempt to find a possible candidate solution using a
randomized structure sampling approach built upon that described in our previous work [12],
in which we randomly generate structures that satisfy many of the constraints by construction,
and then check whether the remaining constraints are satisfied. Figure 4(b) presents an
example structure sampling run over a tethered region graph. This illustrates the major
change to the structure sampling algorithm developed in this work, which is the choice
of where to start sampling the structures of components attached to a tile species. We
generalized the pre-existing algorithm by defining a “starting vertex set”, which in the
non-tethered case is just one of the vertices with a maximal degree, chosen at random and
assigned the origin coordinates (0, 0, 0). In the tethered case, however, we assign the starting
vertex set to be the set of tethered vertices, each of which is assigned the corresponding
tether coordinate, and choose one at random to be the starting vertex. The rationale for
using the tethers as the starting points is that their coordinates are fixed, so it is preferable
to start sampling from these coordinates and move away from them rather than fixing some
other point as the origin, as it is highly unlikely that the sampled structure will end up being
close enough to one of the tethers for the tether constraints to be satisfied. Intuitively, the
tile acts as an implicit loop which imposes geometric constraints on the attached components.
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We proceed by dividing the regions into unprocessed sets of double-stranded and single-
stranded regions and begin by sampling a directionality vector and length for a region chosen
at random, following the heuristic that single-stranded regions are only processed when there
are no double-stranded regions remaining to be processed. If a coordinate has already been
sampled for the node at the far end of a candidate region then it is “skipped”: these are
the regions for which the constraints must be checked explicitly at the end of the sampling
process, when all nodes from the region graph have a sample coordinate. If a sampled
double-stranded region forms a nick, the angle of deviation at the nick is checked against
any upper limit that has been set. Lengths were fixed for double-stranded regions and
chosen from a worm-like chain distribution between zero and the maximum possible lengthfor
single-stranded regions. Angles of deviation were sampled from uniform distributions over 3D
polar coordinate angles, adjusted as needed for the spherical correction, with the exception
of angles at nicks which were sampled from an empirical distribution of nicked angles derived
from oxDNA simulations carried out by Chatterjee et al. [6]. If a maximum value for angles
at nicks has been set, we check the nicked angles and reject the structure if any nicked
angle constraints are not satisfied. The permissible angle of deviation at nicks can be tuned
to enable a greater fraction of structures to be accepted, at the risk of permitting some
unrealistic structures to be allowed. If the sampled structure satisfies all the constraints, we
have found a geometrically plausible structure. If not, the randomized algorithm tries again
until a predetermined number of trials is reached (typically 1000), at which point we infer
that the structure is likely to be geometrically implausible. In the latter case, and thus our
reaction enumerator does not add the reaction to the network.

3 Results

We implemented a prototype of the algorithm presented in Section 2 above using the Python
programming language and demonstrated its capabilities on several example systems from
the literature. Code for our prototype system is available online under an open source license
from https://github.com/matthewlakin/LocalizedEnumerator.

3.1 Localized Hairpin Chain Reaction Example
We first used our system to generate a kinetic model of the cascade of localized hairpin
chain reactions that was experimentally realized by Chatterjee et al. [6]. In that work, where
they used cascades of strand displacement reactions to build signal transmission lines and
studied the e�ect of the spatial organization of components on circuit performance. Some of
the hairpins were attached to a DNA origami surface, while others were freely di�using in
solution and served as “fuels”. We verified that our system could successfully enumerate the
viable reactions in this system, based on considerations of molecular geometry.

We tested our tethered implementation on the corresponding set of localized reactions, in
which every other hairpin is tethered to the surface, while the intervening “fuel” hairpins
are freely di�using in solution. We used 10.88 nm as the distance between tethered hairpins
and found that our system could enumerate the same set of reactions as was experimentally
observed by Chatterjee et al., as illustrated in Figure 5(a). The output for these species and
reactions as generated by our prototype tool can be found in Figure A.2 in the Appendix.
In a preliminary quantitative analysis, the default conditions used our in our tests (1000
sampling attempts, nicked angle constraint of 105¶) produced this set of reactions around
17% of the time, and decreasing the maximum nicked angle to 90¶ saw this increase to around
29%. (Quantitative aspects of algorithm performance are discussed further below.) When
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Figure 5 Results from using our system to model the localized strand displacement casacde of
Chatterjee et al. [6]. (a) Enumerated CRN reactions for a two-hairpin system, visualized via a
redrawing of the state space produced with a single copy of each species present. (b) Example of
an interaction between a closed hairpin and the fuel hairpin that is disallowed due to geometric
constraints on the looped toehold in the tethered hairpin. (c) Example of a reaction that can be
enumerated when nick angle constraints are not enforced: the opened hairpin folds back on itself in
an arguably unphysical manner. Such reactions can be ruled out via an appropriate upper limit on
the angle of deviation „ that is permitted at nicks.

we increased the inter-tether distance to 21.76 nm we found that, at this larger spacing, our
geometric enumerator predicted that the tethered species would not interact after the fuel had
bound to the first hairpin. Encouragingly, this result was consistent across all quantitative
tests. Experimental work using the 21.76 nm inter-tether distance, found a significantly lower
output signal, indicating little or no reactivity [6], which agreed with the results from our
model. Crucially, these reactions were enumerated without any user-required specification of
the possible interactions, beyond the tether coordinates provided as part of the structural
design. Previous modeling work [15, 6] required the user to manually specify which tethered
hairpins may interact, which introduced non-declarative, non-structural elements into the
model specification.

In addition to enumerating the hairpin-opening reactions, our simplified geometric ruleset
avoided leaks that might be caused by binding of a complementary toehold with the looped
toehold sequestered in a closed hairpin. Importantly, this was achieved solely based on the
violation of geometric constraints introduced by the looping of the toehold, rather than via
rule side-conditions specially introduced to prevent binding into a loop, as in earliers work
on strand graph reaction semantics [22]. An example of this kind of reaction is illustrated in
Figure 5(b); this would correspond to the binding of the toehold domain fˆú from the fuel
hairpin binding to the complementary looped toehold fˆ in the unopened localized hairpin.

As indicated above, in addition to the designed reaction pathway, our system also
generated some unusual intermediate structures that led to a chain of side reactions. These
intermediate structures were formed because the angle between some of the nicked structures
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Figure 6 Outline of key walking reaction from the cargo-sorting robot system of Thubagere et
al. [28]. The robot consists of a single strand with two foot domains (ft1ˆ and ft2ˆ) connected by
a leg domain. Track locations consist of complementary foot domains (alternating ft1ˆú and ft2ˆú,
as outlined in the main text) and a complementary leg domain. The robot moves between track
locations via fully reversible toehold-mediated strand displacement reactions, as illustrated above.
Here, the robot is presented with additional arm and hand (hndˆ) domains for cargo handling, and is
shown transporting a cargo strand that is hybridized via these domains. Cargo pickup and drop-o�
occurs via similar strand displacement reactions involving these domains, not shown here [28].

made them flexible enough to bend back through almost 180¶ and undergo strand displacement
reactions with themselves, such as the example shown in Figure 5(c). While permitted by
our simplified biophysical model, such reactions are highly unlikely in reality, given that
nicks are not infinitely flexible, and are arguably unphysical, given steric e�ects. Preliminary
quantitative analysis suggests that the prevalence of such reactions depends on the angle
constraints imposed by the biophysical model as well as the number of sampling attempts
permitted. A more permissive biophysical model, with more attempts permitted to find
a solution, enables more structures and reactions to be enumerated. Thus, we were able
to automatically generate appropriate models with minimal user input beyond the initial
structural specification, although more work on the constraint solving algorithm may improve
the reliabiltiy of the outputs, as discussed below.

3.2 Cargo Sorting Robot Example

Transporting cargo against a di�usion gradient is common in biological systems. DNA-based
molecular robots that can perform such tasks have been built using a variety of reaction
frameworks, including enzyme-driven reactions [3], deoxyribozymes [30, 19], and DNA strand
displacement reactions. Notably, Thubagere et al. [28] designed and built a simple molecular
robot that performs a random walk on a two-dimensional DNA origami tile. If the robot
strand encounters a cargo strand, the robot may pick up the cargo before continuing the
random walk. If the robot encounters a goal location, the cargo may be dropped o� at that
location. The locomotion, cargo pick-up, and cargo drop-o� processes are all carried out by
toehold-mediated strand displacement reactions on a surface, making them ideally suited
to analysis using our geometric reaction enumerator. We used our system to analyze the
e�ects of geometric constraints imposed by the distances between track locations and domain
lengths on the robot’s random walk as well as the picking-up and dropping-o� of any cargo.
We show that our system can automatically determine the possible paths a robot can take
by essentially enumerating the possible state space of surface-bound reactions; we note that
simulations were carried out by Thubagere et al. [28] using a manually derived model.
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Figure 6 illustrates the robot, which is a single strand of DNA with two toeholds serving
as foot domains and one long domain serving as the leg. We modeled robots with two
distinct foot domains (ft1ˆ and ft2ˆ), to reduce the frequency of track-skipping behavior in
which the robot could interact with multiple nearby tracks, not just the closest one. Track-
skipping significantly increases the number of possible states due to transient toehold-binding
interactions, making the enumeration slower and the results more di�cult to interpret.
Figure 6 also illustrates the reactions that implement the robot’s random walk. To step from
one track to another, the free foot domain of the robot first binds to the complementary foot
domain of another track strand. The complementary leg domains of the two track strands
then compete to bind to the leg domain of the robot in a branch migration reaction. When
this process fully displaces the robot from the previous track strand, the previously bound
foot domain can dissociate, completing the translocation of the robot from the first track
location to the second. The ability of the robot to interact with di�erent track locations at
once is geometrically constrained, thus making it an ideal test of our geometric constraint
solver. In addition, because the robot is designed to be bound to at most two tethers at a
time, so structure sampling is a very tractable way to carry out the analysis. We studied
both simple linear and diagonally o�set tracks, with a 6 nm distance between track locations.

In contrast with our biophysical model outlined above, Thubagere et al. [28] assumed the
length per nucleotide of single-stranded DNA to be 0.43 nm. To demonstrate the geometric
analysis capabilities of our system, we used it to enumerate reactions for the molecular robot
system using both biophysical models. Using a track containing five locations 6 nm apart,
we found more possible states for a length of 0.68 nm per nucleotide then for 0.43 nm. This
is not surprising as, when the length per nucleotide is greater, domains of a given length
are longer with respect to the fixed length between track locations, so the strands can reach
further to find and interact with a complementary domain. Figure A.3 in the Appendix
compares CRNs generated for a random walk on a track with five sites for both the nucleotide
lengths. For consistency with Thubagere et al.’s work [28], we assumed a length of 0.43 nm
per single-stranded nucleotide in the rest of our reaction enumeration experiments on the
molecular robot system.

We then used our geometric reaction enumerator to analyze the possible reactions arising
from the robot’s random walk in more detail. Figure 7 presents aCRN enumerated for a
robot walking across two tracks to a sink state, as shown in the inset of that Figure. The
sink state includes an additional complementary toehold that binds to both foot domains
of the robot and sequesters it permanently attached to the sink state track, meaning there
will be no further reactions. Since all components in this system are tethered to the same
surface, all reactions will be unimolecular reactions involving tile species and there will be
a single copy of a single tile species present at any one time. Thus, the resulting CRN in
this case coincides precisely with the state space of the system. Each species in Figure 7 is
annotated with location of the robot in each state, determined via the coordinates of the
tethers to which it is connected.

Initially, the robot is attached to the track at location (0, 0), corresponding to the tile
species sp_0. Then, the free foot domain of the robot binds to the complementary foot
domain of one of the tracks: either one of the other tracks with a complementary toehold,
either at (6, 0) (the neighboring track where we intend the robot to step next), or (18, 0) (the
sink state). Note that the (12, 0) track is not an option because it binds to the other foot
domain. Any interaction with the sink state track is only transient, however, because while
that track is close enough for the robot’s foot domain to bind to the sink state (sp_1), the
tracks are not close enough for the subsequent strand displacement reaction that would be
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Figure 7 CRN resulting from enumeration of molecular robot reactions walking across a series of
four track locations arranged linearly (track layout illustrated in inset). Each species corresponds to
a state of the tile species, which are annotated with the tether locations to which the robot strand
is connected. Red colored arrows represent the irreversible reaction when the robot completes its
final step into the sink state. Species are annotated to describe the reactions occurring at each step;
note in particular the multiple pathways into the sink state, as this translocation required branch
migration across several domains.

required for the robot to transfer completely to the sink state track. Thus, the reaction that
moves from sp_0 to sp_1 is reversible, and no further reactions possible in that branch of
the CRN. Such transient toehold binding interactions are likely undesirable in the kinetic
model, and it is interesting that our model enumerates a number of these. This suggests that,
if our model is accurate, the walking behavior of these robots may be somewhat complex. In
principle, our prototype reaction enumerator could be modified to remove such “unproductive”
toehold binding reactions, as has been done in previous work on reaction enumeration in
simpler strand displacement systems [17].

The other possible reaction for species sp_0 is for the unbound foot domain to bind to
the adjacent track location at (6, 0); this initiates the desired pathway of reactions that leads
to the robot to be fully transferred to this location (sp_4). Having moved to the second
track location, species sp_5 through sp_7 are a linear sequence corresponding to the robot
moving to the third location. All of these reactions are reversible, meaning that we are really
seeing a random walk, as expected. After species sp_8, however, the states branch as the
robot is now close enough that it can interact with the sink state track location. Because our
compiler does not condense fast reactions into a single step, as has been done in previous
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work [1, 17], there are multiple possible strand displacement pathways that the system can
follow to reach the final state, species sp_12, where the robot is fully and irrevocably bound
to the sink state track. This is because there are two domains that must be displaced and
each of these is enumerated as a separate strand displacement reaction in our system. While
simple, this example demonstrates that our geometric reaction enumeration system can be
used to analyze the behavior of surface-bound molecular robotics systems that function using
DNA strand displacement reactions.

We also used our system for the robot’s random walk on a more complex track, which
consists of two sets of track locations, spaced 6 nm apart and o�set diagonally into a hexagonal
lattice pattern. This increased the total number of track locations, which, as expected, led to
an increase in the number of enumerated reactions, including transient side-reactions. This
state transition diagram is presented in Figure A.4 in the Appendix. Removing unproductive
toehold binding reactions should help to reduce the number of possible side-reactions but, in
general, this example serves to illustrate the complex nature of localized interactions and the
need for careful circuit design to manage this complexity, which might not be apparent from
experimental observations.

To model cargo pickup and drop-o� reactions, we designed a simplified track (Figure 8,
inset) to minimize the number of possible cross-reactions and thus simplify the analysis. The
robot and cargo components were as illustrated in Figure 6. The robot’s initial position is at
the origin and the cargo was placed at a distance far enough away that the robot can only
interact with the cargo strand when the robot is at the initial position. The cargo drop-o�
(goal) location was placed similarly at the far end of a short track, at (25, 0), such that the
cargo drop-o� reactions can only occur when the robot is at the far end of the track. (In fact,
tests showed that the robot can drop o� cargo at a goal positioned as far away as (32.8, 0).)

Figure 8 presents a CRN enumerated for this system, annotated with the robot and
cargo positions in each species and with a number of distinct macro-states identified. These
macro-states can clearly be identified within the resulting CRN. Species sp_0 is the initial
state, and in the top right of Figure 8 we observe a reversible set of states corresponding
to an initial random walk of the robot back and forth along the track, without having first
picked up the cargo. The left-hand branch via species sp_1 represents the robot picking
up the cargo, which is completed via the irreversible reaction from species sp_1 to species
sp_2: once the cargo has been picked up from its initial position, it cannot be put back down
except at the goal location. There is then a similar random walk along the track, but this
time with the cargo attached to the robot. The blue-outlined macrostate corresponds to the
robot attempting to drop o� the cargo at the goal. The cargo drop-o� reaction is irreversible,
requiring strand displacement across two domains sequentially; it thus causes branching in
the state graph, as in our model the robot may interact with other tracks while the drop-o�
reaction is only partially completed. The branching is made worse in this case by the fact
that the longer robot and cargo may also undergo unproductive, transient toehold-binding
interactions with other strands in the system, similar to those discussed above. However,
there is a cut through the graph of irreversible reactions leading to the red-outlined sink
macrostate, in which the cargo has been irreversibly dropped o� at the goal and the robot
goes back to a random walk between the tracks, without the cargo which is now attached to
the goal. This CRN thus recapitulates the expected behavior of the cargo-sorting molecular
robot system and demonstrates that our system is capable of automated analysis of such
surface-bound nanoscale molecular robotics systems.
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Figure 8 CRN resulting from enumeration of the molecular robot picking up cargo, walking on a
track, and dropping the cargo o� at a goal location (track layout illustrated in inset). Each species
corresponds to a state of the tile species, which are annotated with the tether locations to which the
robot and cargo strands are connected. Red colored arrows represent irreversible reactions; species
and macrostates are annotated as appropriate to illustrate the behaviors of the robot.

4 Related Work

The work outlined here builds on our own previous work on geometrically-aware enumeration
of DNA strand displacement reactions [12] and localized DNA reaction systems [13, 16].
Some of Lakin’s early work in this area [15] was integrated into the Visual DSD reaction
enumerator system [18, 17, 27] and was used to model the localized hairpin reaction system
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experimentally demonstrated by Chatterjee et al. [6], which we also study here. The key
di�erence between that work and the system reported here is that the earlier versions required
the user to manually specify, via a system of “tags”, which tethers could interact with each
other and at what rate. The advantage of the approach outlined here is that no information
beyond the structural model of the system is required to enumerate reactions while accounting
for geometric constraints.

Other related work on computational approaches to reaction enumeration in DNA strand
displacement systems includes the Peppercorn reaction enumerator [1] and Nuskell compiler
pipeline [2], both developed by the Winfree group. In addition, our work is inspired by
previous approaches to automated analysis of localized molecular circuits and walkers [7, 8],
and by earlier work on physics-based modeling of molecular robotics systems [24]. Other
approaches to model such systems have included coarse-grained models [20] such as oxDNA [9].
Finally, other related work on localized systems beyond the systems explicitly modeled in
this paper [6, 28] have included similar work on localized DNA hairpin circuits [4, 5] as well
as other kinds of molecular robots [11, 32, 19]; the latter could be modeled using enumerator
extensions that incorporate non-DNA-based chemical reactions into DSD models, similar to
those previously developed for the Visual DSD system [33].

5 Discussion

In conclusion, we modeled DNA nanodevices tethered to tiles by implementing a localized
variant of our geometric reaction enumerator for solution-phase circuits [12]. We developed
new syntax and semantics for tethered components and species representing DNA tiles in
our implementation and modified our structure sampling approach to sample starting from
the tether coordinates in an attempt to find a geometrically plausible structure. This tool
that can be used to model systems in silico to rapidly rule out designs that may lead to
undesirable reactions, based in particular on their molecular geometry.

We demonstrated this system by first modeling the hairpin chain reaction signal transmis-
sion line reported by Chatterjee et al [6] and found results consistent with their epxerimental
work, with hairpins able to interact when positioned at a 10.88 nm distance but not at
21.76 nm. Interestingly, our model identified some apparently unlikely reactions that seem-
ingly arise due to excessive flexibility at nicks between double-stranded regions, which allow
the structures to bend far enough to interact with themselves and thus trigger unexpected
interactions. Our preliminary quantitative analysis found that the prevalence of such reac-
tions is dependent on the permissiveness of the biophysical model with regard to flexibility
at nicks, which permits a greater range of structures, some of which may be unphysical
in reality. It also depends on the number of sampling attempts permitted, as allowing
more attempts make it more likely that such structures will be found during any given
sampling run. However, at the 21.76 nm spacing, no such reactions were enumerated. This
indicates that our algorithm appears to be sound in the sense that it does not identify any
impossible reactions. Nevertheless, work remains to understand the behavioral tradeo�s
in the system and to tune the algorithm to maximize its reliability when faced with such
structures that are technically feasible but unlikely to be sampled and arguably unphysical.
Potential new approaches to address this issue include attempting to convert unsuccessful
sampling attempts into satisfying structures, as outlined below.

We also demonstrated that our system could model more sophisticated systems like the
cargo-sorting robot system of Thubagere et al. [28]. Our analysis showed that enumerating
even a small number of tracks could lead to an explosion of reactions, though these could
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in principle be filtered out, for example, by merging fast reactions to eliminate short-lived
intermediate species from the model altogether based on the separation of timescales. This
has been done in previous work [1, 17] and was not done here only because re-implementing
such algorithms is not the core of the work reported here. Our analysis also identified
the possibility of track-jumping behavior, whereby robots may interact with components
that are not directly adjacent to their current track location. Because of our alternating
toehold domains on the tracks and robot, these interactions are typically just transient and
“unproductive” toehold-binding reactions. Nevertheless, these species exist in the model and
thus contribute to a combinatorial explosion in the number of possible states as the number
of tracks increases, which complicates interpretation of the resulting CRN. In addition, we
could automatically filter out some of these toehold-only interactions as in previous work [17],
although it may not be as straightforward to determine which reactions are unproductive in
the more general strand graph-based model than in simpler systems [17].

We deliberately simplified our biophysical model so that structures can be converted to
constraint problems that can be solved using relatively straightforward algorithms. Inspired
by our previous work on geometric reaction enumeration [12], we used a structure sampling
approach to solve the constraints [13]. Importantly, as the complexity of the structure
increases, more sampling trials may be required to find a satisfying set of coordinates,
because each pair of tethers creates a loop in the structure (with the tile surface implicitly
completing the loop) that imposes constraints that must all be satisfied. This was reflected
in our preliminary quantitative analysis, in which some unlikely structures would be found
in some attempts but not in others. In particular, finding a valid sampling that satisfies the
whole structure becomes less likely as the number of tethers increases. In the initial work
presented here, we fixed a seed for reproducibility of results; our preliminary quantitative
analysis used a larger set of seeds to produce some initial statistics on system behavior.
Building on this work, an important future direction will be to optimize the system for
e�cient constraint-solving on larger structures containing multiple tethers, to increase the
probability of finding a solution if one exists and to increase the reliability of the system
across di�erent sampling attempts. For example, we could prune parts of the graph that
do not impact plausibility, such as those that do not contain loops. Alternatively, we could
decompose the graph into smaller subgraph, try to sample them separately, and then attempt
to compose the solutions to assemble a satisfying set of coordinates for the whole graph.
Finally, as mentioned above, rather than simply abandoning unsuccessful sampling attempts,
we could instead use them as a starting point for other optimization algorithms, such as the
distance matrix completion algorithm [31], to try to improve them to produce a satisfying set
of coordinates for the structure. This approach is promising because our structure sampling
algorithm ensures that the majority of the constraints in the system are already satisfied by
construction, and should reduce the variability in the results obtained from our system.

A key issue not addressed by the work presented here is the estimation of rate constants
for localized reactions. This is a challenging problem; experimental work enabled the
estimation of localized rate constants for the hairpin system studied here [6], using the
local concentration approach to relate localized reaction kinetics to those measured in bulk
solution [10, 7]. Thubagere et al. [28] also estimated rate constants for their molecular robot
system. We previously used the local concentration approach to automate the estimation of
the local concentration for a localized toehold binding reaction [13], and anticipate that this,
or a similar approach, could be integrated with our reaction enumerator in future work to
automate the generation of realistic kinetic models for localized systems, perhaps based on a
statistical analysis of the proportion of successful sampling attempts.
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We have assumed that the underlying nanostucture is a two-dimensional tile surface.
This could be generalized to model a three-dimensional nanostructure, such as a wireframe
shape [36], however, care would need to be taken to ensure that additional steric constraints
imposed by the three-dimensional nanostructure do not prevent the enumerated reactions
occurring. This might be achieved by explicitly modeling the underlying nanostructure and
solving additional constraints to verify that a trajectory of plausible structures exists to
connect the initial and final states involved in a reaction. In addition, our model does not
allow components from two di�erent tiles to interact with each other; this might be modified,
as experimental work has shown that components attached to ttiles can cross-react [6], while
others have demonstrated programmable assembly and disassembly of DNA nanostructures
[34, 21]. The latter typically involve reactions attached onto the edges of the tile, which
might be accommodated in a more general version of the system presented here. This would
require a syntax for components attached to the edge of a tile and a semantics for reactions
in which two tiles are combined into one or a single tile is broken apart.

Finally, an important development of this work would be to use a more detailed biophysical
model as the basis of our structural analysis. The accuracy of the model could be enhanced
by considering the physical size of the DNA duplex, the twist of the two strands, and
more accurate physical parameters based on DNA structural studies. Constraints on such
structures might be solved by integrating more detailed structural models such as the oxDNA
coarse-grained molecular dynamics system [25, 9], which could be used to parameterize more
abstract domain-level kinetic models. Thus, the work reported here could serve as the basis
for future multiscale modeling of DNA-based molecular systems.
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A Appendix

G = (V, length, color , A, toehold, E) a œ A \ E a fl sites(E) = ?
GÕ = (V, length, color , A, toehold, (E fi {a})) plausible(GÕ)

G æ GÕ (Bind)

G = (V, length, color , A, toehold, E)
a = {s1, s2} œ E toehold(a) ¬ sameSpecies(s1, s2, GÕ)
GÕ = (V, length, color , A, toehold, (E \ {a})) plausible(GÕ)

G æ GÕ (Unbind)

G = (V, length, color , A, toehold, E) e = {s, sÕ} œ E
a = {s, sÕÕ} œ A \ E sÕÕ ”œ sites(E) sameSpecies(s, sÕÕ, G)

GÕ = (V, length, color , A, toehold, ((E \ {e}) fi {a})) plausible(GÕ)
G æ GÕ (Migrate3)

G = (V, length, color , A, toehold, E) e1 = {3pr(s4), s1} œ E
e2 = {3pr(s1), s2} œ E e3 = {3pr(s2), s3} œ E e4 = {3pr(s3), s4} œ E

a1 = {3pr(s1), s4} œ A a2 = {3pr(s3), s2} œ A
GÕ = (V, length, color , A, toehold, ((E \ {e2, e4}) fi {a1, a2})) plausible(GÕ)

G æ GÕ (Migrate4)

Figure A.1 Inference rules defining a geometrically-aware transition relation (æ) between strand
graphs; reproduced from previous work [12] for convenience. The plausible predicate defines the
interface to a geometric constraint solver, implemented here by a randomized structure sampling
algorithm, which determines if the reaction is permitted by geometry based on the geometric
plausibility of the candidate product structure.
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Figure A.2 Part 1 of 2. Caption on following page.
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Figure A.2 Part 2 of 2. Example listing of reactions enumerated for the hairpin chain reaction
system of Chatterjee et al. [6]. Images generated by our prototype implementation have been
manually combined in a more space-e�cient manner. Species in boxes are tile species, with tether
coordinates indicated. Rate constants omitted as the estimation of kinetic rates is not the focus of
this work.
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Figure A.3 CRNs generated for random walk of the molecular robot system of Thubagere et
al. [28] on a linear track of five locations spaced 6 nm apart, comparing the results obtained when
the length per nucleotide for single-stranded DNA is assumed to be either (a) 0.43 nm or (b) 0.68 nm.
Red arrows indicate irreversible reactions leading into the sink state where the robot is irreversibly
bound to the final track site. With a larger distance assumed per nucleotide, we observe more
reactions for a given track size, which makes sense because the “longer” robot strands can reach
further to interact with non-adjacent track sites.
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Figure A.4 CRN generated for random walk of the molecular robot system of Thubagere et
al. [28] on a hexagonal lattice track of locations 6 nm apart (track design illustrated in inset). Red
arrows indicate irreversible reactions leading into the sink state where the robot is irreversibly bound
to the final track site. As the number of tracks and complexity of the system increases, we see a
corresponding increase in the number of possible transient side-reactions.


