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ABSTRACT
Interface free energy is a fundamental material parameter needed to predict the nucleation and growth of new phases. The high cost of exper-
imentally determining this parameter makes it an ideal target for calculation through a physically informed simulation. Direct determination
of interface free energy has many challenges, especially for solid–solid transformations. Indirect determination of the interface free energy
from the nucleation data has been done in the case of solidification. However, a slow on molecular dynamics (MD) simulation time scale
atomic diffusion makes this method not applicable to the case of nucleation from the solid phase when precipitate composition is different
from that in matrix. To address this challenge, we outline the development of a new technique for determining the critical nucleus size from
an MD simulation using a recently developed method to accelerate solid-state diffusion. The accuracy of our approach for the Ni–Al system
for Ni3Al (γ′) precipitates in a Ni–Al (γ) matrix is demonstrated well within experimental accuracy and greatly improves upon previous
computational methods [Herrnring et al., Acta Mater. 215(8), 117053 (2021)].

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0217993

I. INTRODUCTION

The precipitation of a second phase can significantly affect a
wide variety of material properties, including mechanical to opti-
cal, electrical, and beyond. Precise heat treatments can be used to
produce materials with finely tuned and optimized properties for
nearly any task. In practice, however, heat treatments for precipita-
tion are often not used to their full potential because of the inherent
difficulty in accurately predicting a precipitation response, often
requiring expensive experimentation and trial/error to design treat-
ments. While a variety of methods exist to predict and model the
precipitation behavior, such as phase-field and Kampmann–Wagner
Numerical (KWN) modeling,1 the practical application of these
methods to heat treatment design is severely hindered by their

extreme dependence on the interface free energy between the pre-
cipitate and its parent phase, a value that is notoriously difficult
to measure experimentally. KWN modeling, for example, is based
on the classical nucleation theory (CNT), where the equation for
nucleation rate contains a cubic interface free energy term inside
of an exponential function. Due to the nature of precipitation reac-
tions, any variation in nucleation rate compounds over the course
of the heat treatment, meaning that even minute differences in the
interface free energy value can cause many orders of magnitude
differences in the number of predicted particles.

Considering the enormous difficulty of direct measuring the
interface free energy experimentally, atomistic computer simulation
is an attractive alternative method of obtaining this quantity. Two
points should be immediately made: First, the interface free energy
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depends on temperature, and, therefore, the calculations should
be performed at the temperature of interest. Second, the interface
profile fluctuates at any finite temperature and these inherent fluc-
tuations cannot be ignored, as they contribute significantly to the
interfacial free energy.2–4 These two points efficiently rule out the
possibility of determining interface free energy using the T = 0
small simulation cells typical in ab initio calculations, necessitating
instead larger scale molecular dynamics (MD) or Monte Carlo (MC)
atomistic simulations. Therefore, employing a classical semiempiri-
cal potential or a machine learning (ML) potential is required. Such
potentials have been developed for decades, and the best of them are
capable of accurately reproducing mechanical and defect properties.
In the case of simulating an interface between two phases, the main
requirement is a good reproduction of chemical partitioning behav-
ior, which is almost never included in the potential development
procedure. This can be a serious problem for the determination of
the interface energy.

There are several ways of determining the interface free energy
through atomistic simulations. In the cleaving method proposed in
Refs. 5 and 6, this is accomplished by determining the reversible
work required to transform separate bulk simulation cells con-
taining one of the co-existing phases into a single simulation cell
containing both phases and the interface. In the capillarity fluctu-
ation method (CFM) proposed in Ref. 2, the interface free energy is
determined from the analysis of fluctuations of the interface profile.
Finally, the interface free energy can be determined using the seeding
method from the critical nucleus size employing classical nucle-
ation theory.7–10 All these approaches were primarily developed for
solid–liquid interfaces, and application to solid–solid interfaces has
been limited. In most cases, a newly growing phase has a compo-
sition different from that of the parent phase, and, therefore, the
growth is controlled by atomic diffusion. In the case of solid–liquid
interfaces, this diffusion proceeds in a liquid phase and is fast enough
to be captured in an MD simulation. Atomic diffusion in crystal
phases ismuch slower than that in liquids and can be barely observed
during an MD simulation, which prevents obtaining any reasonable
statistics about the interface properties.

The recently developed MD-based kinetic Monte Carlo
approach11 (referred below as kMC/MD) enables simulations to
overcome the slow diffusion problem. In this approach, theMD sim-
ulation used to model atomic motion is interrupted to perform MC
swaps. The difference between this method and the more conven-
tional MC/MD method implemented in the LAMMPS (Large-scale
Atomic/Molecular Massively Parallel Simulator) package12 is that
the swaps in the kMC/MD approach11 are allowed only with neigh-
bor atoms, which are automatically determined using the Voronoi
tessellation. This nearest-neighbor sampling restricts the available
sampled ensemble to only include states that are kinetically avail-
able to the system through a physically based diffusion pathway. For
example, suppose that a precipitate has a large second element con-
centration than does the matrix and the interface advances toward
the matrix. Then, the matrix at this point should be depleted by the
second element. In the case of standardMC/MD, the second element
concentration can be easily restored because atoms can be taken
from any place in the simulation cell. In the case of kMC/MD, the
second element atoms can come only from the vicinity of this point
making such fluctuation less probably. Therefore, the interface pro-
file fluctuations will be higher in the case of standardMC/MD, which

will translate into an underestimated value of the interface stiffness
and interface energy itself.2

While in principle the kMC/MD method can be formulated
to mimic the real kinetics of a process under consideration, this is
not necessary to get an equilibrium property such as interface free
energy. Therefore, it can be used in combination with any of the
three methods to obtain the interface free energy mentioned above.
In the present study, the seeding method was selected.

This new kMC/MD hybrid simulation technique was applied
to study precipitation of the L12 Ni3Al compound (γ′ phase) from
a Ni-based fcc solution (γ phase). This choice of system was moti-
vated by two factors. First, a semiempirical potential employed in the
determination of the interface free energy should correctly repro-
duce the alloy element partitioning. Recently, we have developed a
Ni–Al Finnis–Sinclair13 (FS) type interatomic potential for the Ni-
rich part of the Ni–Al phase diagram.14 This potential provides very
good agreement with experimental data for the element partition-
ing between the γ and γ′ phases. Second, our choice was motivated
by the fact that the Ni-based superalloys are widely used as creep
resistant materials for high temperature applications. Therefore, the
Ni–Al system, which is the basis for these alloys, has been intensively
studied, and there are experimental data on the γ–γ′ interface free
energy. These data were used in the present study to evaluate the reli-
ability of the simulation results. However, we emphasize that there
were no fitting parameters in our simulation to adjust the obtained
results to the experimental data.

The rest of this paper is organized as follows. First, we outline
the assumptions inherent in incorporating CNT to an MD sim-
ulation. The details for the calculation of the volumetric driving
force necessary to link the MD simulation to higher-scale simula-
tion are described. Next, we illustrate a new method for identifying
precipitate phases. The full hybrid kMC/MD simulation procedure
of precipitation is described, followed by joining the two methods
together for the determination of the interface free energy. A final
discussion of the scientifically relevant findings follows along with
an outline of the primary conclusions and relevance to future efforts
in materials development.

II. SIMULATION PROCEDURE
A. Main assumptions

The seeding method is based on the CNT equation relating the
interface free energy, σ, to the change in the free energy associated
with the formation of the critical nucleus, ΔG∗,

σ =
3
2s
∣Δμ∣ρ2/3N∗1/3, (1)

where Δμ is the change in the bulk free energy associated with the
phase transformation, ρ is the atomic density, N∗ is the number of
atoms in the critical nucleus, and s is the shape factor equal to the
ratio of the nucleus area to its volume in the power of 2/3.10 We
note that Eq. (1) is derived in the assumption that the shape factor
does not depend on N, which is weaker than the assumption about
the spherical nucleus shape. We also note that the same assumption
leads to the following expression for the nucleation rate:

J = J0e−∣Δμ∣N
∗/2kBT , (2)
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where J0 is the kinetic prefactor and kBT is the thermal factor.
We note that this kinetic prefactor, J0, is needed to determine the
nucleation rate from Eq. (2). However, it is not needed to deter-
mine the critical nucleus size, N∗, because by definition the critical
nucleus size is determined at J = 0. The interface free energy is not
present in Eq. (2) and, hence, is not needed to get the nucleation
rate. A derivation of this equation can be found from Sun et al.10
Instead, determination of the nucleation rate requires only the crit-
ical nucleus size, N∗, which can be obtained from an atomistic
simulation. The interface free energy can then be calculated from
the value of N∗ using Eq. (1), assuming that the shape factor is close
to that of a sphere.

B. Volumetric driving force
Another quantity needed to obtain the nucleation rate is Δμ.

In principle, it can also be obtained through atomistic simula-
tions. However, unlike the interface free energy, this quantity can
be relatively easily and reliably obtained experimentally using the
CALPHAD approach. In the present study, we used CALPHAD and
KWNmodeling inside of the Kawin software package.16 Thermody-
namic data for describing the Ni–Al phase behavior were taken from
DFT-derived database information for the Al–Co–Cr–Ni system.17
At 1000 K and 13% Al, the change in bulk free energy associated
with the precipitation of Ni3Al was calculated to be 205.10 J/mol, or
29.94 MJ/m3.

C. Precipitate phase identification
To measure the change in the size of the precipitates during

nucleation and growth, the matrix and precipitate phases must be
clearly distinguished. In the case of Ni-rich Ni–Al alloys, we needed
an algorithm that would distinguish between the Al solution in the
fcc Ni and the L12 phase. Note that the underlying crystalline lattice
of the L12 phase is also fcc, but unlike the γ phase, the L12 phase
contains two sublattices: the Ni sublattice and the Al sublattice. An
additional complexity comes from the fact that, when in contact with
a Ni-rich γ phase at T = 1000 K, the equilibrium composition of the
γ′ phase is 24.7% Al (for the employed semiempirical potential18)
such that some Ni atoms reside on the Al sublattice.

As a test bed, we created a simulation cell containing 256 000
Ni atoms occupying an fcc lattice. Next, 13.5% of Ni atoms were
substituted by Al atoms. A concentration of 13.5% was chosen as
an initial starting point to provide a small driving force for precip-
itation with ∼1% excess Al in the matrix phase. Finally, we inserted
L12 spheres with radii ranging from 7 to 17 Å in the center of the
simulation cell (see Fig. 1). First, we tested the polyhedral tem-
plate matching method incorporated into the OVITO package.15
Figure 1(b) shows that this method identifies toomany small regions
of L12, because it only considers the arrangement of the first near-
est neighbors for structural identification. An examination of Fig. 1
also shows that this identification algorithm systematically underes-
timates the nucleus sizes, because the Ni atoms on the interface are
always assigned to the γ phase.

To improve the identification of the L12 precipitates, we devel-
oped a method that considers the concentration of species in a range
of neighbor shells. For each neighbor shell, the local concentration
of atoms in that shell is considered and matched to a target range. If
values lie within the accepted range, the central particle is assigned
the appropriate phase identifier. The identification of γ′ L12 was con-
ducted by first considering the Al atoms. The first neighbor shell
(within 3 Å) was required to have no more than one Al atom, while
the second neighbor shell (from 3 to 4 Å) was required to have 3 or
more Al atoms, which is 50% of the equilibrium phase composition
in fully periodic L12. The third neighbor shell (from 4 to 4.63 Å) was
restricted to have no more than two Al atoms, and the fourth neigh-
bor shell (from 4.63 to 5.27Å) was required to have more than three
Al atoms. Setting a reduced number of Al atoms in the second and
fourth shells and non-zero numbers of Al atoms in the first and third
shells allows for identifying Al atoms on the “surface” of an L12 pre-
cipitate. The cutoff numbers of Al atoms in each shell were chosen
to fit to the known precipitate behavior as demonstrated in Fig. 2
(see the supplementary material for additional details). After the
precipitate Al atoms were identified, Ni atoms were selected based
on the number of Al precipitate atoms in their neighbor shells. The
first neighbor shell was required to have two or more Al precipitate
neighbors, and the second neighbor shell was required to have no Al
precipitate atoms. The third neighbor shell could have any number
of Al precipitate atoms, and the fourth shell was required to have no

FIG. 1. Comparison of different precipitate identification methods. Panel (a) shows atoms belonging to the inserted L12 precipitate. Panel (b) shows atoms that were identified
as the L12 atoms by the polyhedral template matching method (implemented in OVITO) removing single-atom clusters. Panel (c) shows atoms that were identified as the L12
atoms by the neighbor shell concentration method developed in the present study. Ni atoms are shown in red, and Al atoms are shown in blue. Visualized by OVITO.15
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FIG. 2. Number of atoms assigned to initial L12 precipitates.

Al precipitate atoms. Figure 1(c) demonstrates a clear improvement
in phase identification capability by the implementation of the new
algorithm. Not only does our algorithm reduce the extraneous sites
identified by the PTM, but it also properly identifies the Ni atoms
close to the precipitate, which should be considered part of the L12
phase. This assists in more accurate calculation of the number of
total precipitate atoms, especially for smaller precipitate sizes.

D. kMC/MD simulation
The simulation cell contained 40 × 40 × 40 fcc unit cells. As

constructed, the simulation cell contained only Ni atoms. Next, the
Al atoms were randomly introduced by the substitution of the Ni
atoms such that the Al concentration was equal to a preset value.
The simulation cell was then divided into the main part (matrix)
and source/sink region as shown in Fig. 3. The Al concentration in
the source/sink region was kept constant during the kMC/MD sim-
ulation to provide a constant bulk driving force, discussed below.
Finally, a central spherical precipitate region was initialized with Al
atoms in an L12 configuration to form the initial γ′ precipitate (see
Fig. 3).

FIG. 3. Depiction of the simulation setup for constant-driving force precipitation.
The outer region (blue) indicates a source/sink where concentration is held fixed
surrounding an inner matrix region (red) of a supersaturated solid solution and a
central precipitate seed (green).

All kMC/MD simulations were performed using LAMMPS.
The MD simulation was performed using the NPT ensemble set to
T = 1000 K and zero pressure, with fully periodic boundary con-
ditions and a time step of 2 fs. The kMC algorithm attempted MC
swaps of 1% Al atoms every 50 MD steps. These parameters affect
the kinetics of the precipitate growth/shrinking, but their choice
should not affect the interface free energy, which was the goal of
the present atomistic study. Therefore, this choice of parameters was
simply related to getting a maximum effective diffusion rate while
maintaining acceptableMD conditions. This choice allowed us to get
the largest amount of precipitate size change in the shortest amount
of simulated MD time. The MC temperature was set equal to the
thermostat temperature.

To provide a constant driving force of Al atoms, the number of
Al atoms in the source/sink region was adjusted every 50 000 time
steps. If the current concentration of the Al atoms in the matrix was
lower than the preset concentration, Al atoms were added into the
source/sink region by turning a given number of randomly chosen
Ni atoms into Al atoms by the following equation:

Nsw = Nss(X0 − X), (3)

where Nsw is the number of atoms to be swapped, Nss is the number
of total atoms in the source/sink region, X0 is the target concentra-
tion, andX is the current concentration of Al atoms in the sink. If the
concentration of Al atoms was higher than the preset concentration,
Al atoms were removed by the reverse procedure.

E. Calculation of interface free energy
The critical nucleus size was determined by tracking the change

in the precipitate size for initial precipitates of multiple sizes. The
initial testing was conducted at 1000 K with an Al matrix con-
centration of 13.5%, providing an excess Al concentration of ∼1%
(see Fig. 4). Under these conditions, the initial precipitates always

FIG. 4. Number of atoms in the largest precipitate vs number of KMC swaps
attempted per Al atom for a Ni3Al precipitate in an Ni–Al matrix with 13.5% Al.
The colors indicate different initial precipitate radii in angstroms. A radius of 0 is for
no seeded precipitate.
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FIG. 5. Number of atoms in the largest precipitate vs number of KMC swaps
attempted per Al atom for a Ni3Al precipitate in an Ni–Al matrix with 13% Al. The
colors indicate different initial precipitate radii in angstroms. A radius of 0 is for no
seeded precipitate.

grew even when its radius was 7 Å, which is the smallest possi-
ble nucleus size that can be identified due to the non-continuous
nature of atomic arrangements. To verify these results, a simula-
tion was conducted with no initial precipitate. Simulations with an
initial precipitate of 7 Å and with no initial precipitate grew in
the same manner when considering a matrix composition of 13.5%
Al, with the 7 Å initial precipitate shrinking and being replaced
by precipitates growing independently out of the matrix. Figure 4
demonstrates that the precipitate growth in this systemmirrored the
growth seen in the system with the 7 Å initial precipitate. Because

precipitates under 7 Å grew, the critical nucleus size for these con-
ditions must be less than 7 Å and thus cannot be measured in our
simulation.

To reduce the driving force for the precipitation and increase
the corresponding critical radius size, we set up the Al concentra-
tion in the matrix to be 13%. This allowed for precipitates of small
but measurable sizes to shrink, while larger precipitates grew (see
Fig. 5). Nuclei with initial radii between 10 and 12 Å exhibited little
change in precipitate size before subsequent growth or shrinkage for
the first 400 KMC swaps per Al. This is a characteristic of precip-
itates near the critical nucleus size. Averaging the nuclei sizes over
this range gave a critical nucleus size of 587 atoms. The variance
in critical nuclei size is partially due to the discrete nature of the
ordered γ′ precipitate. To have distinctly different precipitate nuclei,
a new plane of L12 containing Al atoms must be added to the initial
structure. If the external plane only contains Ni atoms, there is no
discernible difference in the precipitate size between slightly larger
and smaller precipitates. Likewise, once the 10 and 11 Å precipi-
tates shrink, new precipitates with sizes <200 atoms similar to the
0 and 7 Å simulations are present in the system at a given snapshot,
although the individual lifetime of such precipitates is short, since
these precipitates are subcritical. The large difference in size between
these subcritical nuclei and the critical nucleus size demonstrates the
necessity of seeding the simulation with an initial precipitate.

Having identified a critical nucleus size, we determine the inter-
facial free energy for the system using Eq. (1) by incorporating a
volumetric driving force calculated from CALPHAD. The result-
ing interfacial energy value is 17.4 mJ/m2 at 1000 K and a matrix
composition of 13% Al.

The analysis of experimental results performed by Ardel19 give
an interface free energy value of 18.2 ± 3.5 mJ/m2. Thus, our value
is within 5% of this experimental value and well within the reported
error.

FIG. 6. Evolution of phase fraction (a), average radius (b), and precipitate number density (c) for 13% Al treated at 1000 K. The blue shaded regions indicate the standard
deviation bounds for experimental values from Ardell. The values used for interfacial energy are 12.0 mJ/m2 (Mishin4), 18.2 ± 3.5 mJ/m2 (Ardell19), and 17.4 mJ/m2 (this
work).
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III. DISCUSSION
In the earlier work by Mishin,4 the interfacial free energy of

the Ni–Al γ/γ′ interface along the (100) interface was determined
using the CFM. To efficiently equilibrate the solid–solid system at
a range of temperatures, a Monte Carlo approach was used. This
approach resulted in an interfacial energy value to be 12.9 mJ/m2

at T = 1000 K, which is 34% smaller than the experimental value.
Our value is significantly closer to the experimental value. There
can be several reasons for this improvement. First, the semiempirical
potential employed in the present study much better reproduces the
element partitioning between the γ and γ′ phases than the potential
employed in Ref. 4. Second, the CFM gives the stiffness value rather
than the interface free energy itself. To get the interface free energy,
it was assumed in Ref. 4 that its second derivative is negligible, which
is not well justified.

To illustrate the significant impact that even small variations
in interface energy can have on precipitation modeling, a series of
KWN simulations were performed using Kawin using a range of
interfacial energy values from this work and the literature. A 100 h
heat treatment of a 13% Al sample at 1000 K was modeled using
this work’s calculated interface energy of 17.4 mJ/m2, the inter-
face energy obtained by Mishin4 (12.0 mJ/m2), and the temperature
dependent interface energy (18.2 ± 3.5 mJ/m2) obtained by Ardell.19
The results of these simulations can be seen in Fig. 6. It is imme-
diately apparent that even values within the range of the error bar
provided by Ardell can have a massive impact on the predicted pre-
cipitation behavior, with energies at the upper and lower ends of the
range at times resulting in a 10× increase in precipitate quantity or
4× increase in precipitate phase fraction. Our value is close enough
to Ardell’s that the precipitation behavior is mostly mirrored, but
still at times exhibits meaningful differences, particularly in precipi-
tate number density andmatrix composition. For some applications,
a difference of 0.1% concentration or a 30% increase in the number
of precipitates would have a significant impact.

This highlights two issues endemic to precipitation modeling:
that even a minor uncertainty in interface energy can have signifi-
cant impacts on the precipitation behavior, and that minor changes
in physical properties (that are themselves hard to measure) can
result in very different calculated interface energies. By offering a
means to calculate interface energies directly from atomic potentials,
our method sidesteps both issues, allowing for an accurate interface
energy to be obtained.

IV. CONCLUSIONS
An accurate calculation of critical nucleus size has been demon-

strated using the hybrid kMC/MD simulation. Using this new
approach, critical nuclei sizes can be determined more readily for
systems of interest, provided that an accurate interatomic poten-
tial is available. When combined with CALPHAD predictions of the
volumetric free energy, the determination of interfacial free energy
purely from computational models enables more accurate precipita-
tion models to be developed in systems for which experimental data
are not readily available. This is critical for keymaterials systems and
manufacturing techniques where precipitation occurs too rapidly to
be readily measured in experiment. Likewise, the use of computa-
tional models to evaluate changes in interfacial free energy provides

an invaluable tool for improving our understanding and prediction
of precipitation behavior.

SUPPLEMENTARY MATERIAL

The supplementary material includes the details of the precipi-
tate identification algorithm summarized by Fig. 2 in the main text.
The supplementary material also contains a figure with the results of
precipitation calculations at 1000 K and 14% excess Al in the FCC
matrix.
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