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The dynamics of interacting wakes is explored using a suite of analytical tools to
understand variations in the wake-shedding instability as a function of wake spacing. We
use three tools in tandem — wavelet transforms, spectral proper orthogonal decomposition,
and complex network analysis — to further investigate the dynamical behavior of a three-
wake system as compared to a single-wake system. The use of wavelet decompositions
allows for a measure of the intermittency in the coherent dynamics of the flow, where the
three-wake system displays significantly more intermittency than the single-wake system.
The level of intermittency in wake shedding of each individual wake is strongly dependent
on the spacing between the wakes, where the dynamics of the central wake are most
sensitive to the spacing. Spectral proper orthogonal decomposition and complex network
analysis are used together to identify the modal dynamics of the flow as well as the
wavemaker regions that drive the oscillations. Analysis shows that the two outer wakes
display stronger oscillations than the central wake for most spacings, except where the
wakes are strongly merged at the closest spacing. Additionally, the coherence and
connectedness of the shear layer oscillations are greater in the three-wake cases, according
to the network analysis, as compared to the single-wake configuration.

I. Nomenclature

= adjacency matrix

= weighted closeness centrality

= bluff body diameter

= number of spatial locations in the flow field
= number of time instances in the velocity data
Pearson correlation coefficient

= cut-off correlation coefficient

= least-costly path

= location index

location index

time index

velocity

bluff-body spacing

downstream coordinate

= cross-stream coordinate
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II. Introduction

Bluff bodies are found in a variety of applications, including boat masts, chimney stacks, and jet engine
augmenters [1,2]. In these cases, and many others, the systems are built in multiple bluff-body configurations,
rather than a standalone bluff body. Side-by-side bluff-body structures encompass several generic flow features
including flow separation, interference between shear layers, vortex impingement, recirculation, and interacting
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vortex streets [2]. Such features have important implications in engineering design. For example, vortex shedding
may result in a large pressure fluctuation on downstream structures as a result of shed vortices impinging on these
structures. The resulting pressure fluctuations in turn cause acoustic noise and resonance, the latter of which can
result in structural failure [3]. Thus, it is important to understand the phenomenon of multiple-bluff body flows to
mitigate the any potential consequences such as structural failure. The goal of this work is to study the dynamics
that result from the interaction between the shear layers and wakes of adjacent bluff bodies.

A bluff body flow field consists of three regions. The first is the boundary layer, which is the region of slow-
moving flow that develops along the surface of the bluff body. At some point, the boundary layer separates from
the bluff body, where the separation point is a function of both the bluff body shape and the velocity of the flow
[4-6]. The separation of the boundary layer has two effects: a recirculation zone forms downstream of the bluff
body and shear layers (or separated boundary layers) form on either side of the recirculation zone [1,7,8]. Many
of the controlling dynamics in these downstream regions of the flow are the result of hydrodynamic instability
rather than turbulent motion [9-12]. Bluff-body flows display two main instabilities: the Kelvin-Helmholtz
instability and the Benard von Karman instability. The Kelvin-Helmholtz (KH) instability arises in the shear
layers. This convective instability results in the formation of large-scale coherent structures that are associated
with the inviscid instability of the mean velocity profile. Meanwhile, the Benard von Karman (BVK) instability
is a global instability in the wake that results in asymmetric vortex shedding [1,7]. The BVK instability is driven
by regions of absolute instability, known as “wavemakers,” which sustain fluctuations and feed waves into the
region downstream of the body [13].

The present study is focused on the coherent instability dynamics of bluff-body flows, which include
instabilities in both the shear layer and wake structures of the flow. Several studies on shear layers and wakes
used linear stability analysis to understand how disturbances affect the stability of these flows [14—18] Yu et al.
[19] used linear stability analysis on a vortex sheet model to study the effects of densities on wakes and jets. The
work concluded that absolute instability in these flows is caused by the interaction of two mixing layers.
Furthermore, it was concluded that density variation in wakes correlated with the suppression of the von Karman
vortex street, while such variation in the jets lead to self-excited oscillations throughout the entire flow field.
Juniper and coworkers used linear stability analysis to study the effects of confinement on jets and wakes [20—
22], revealing that confinement changes the length of any existing recirculation zones, brings shear layers closer
to the boundary layer and makes the flow more locally unstable. In addition to analytical methods, experimental
studies of the flow around a single bluff body have improved our understanding of the dynamics of wakes and
shear layers [5,8,23]. Prasad and Williamson [24] found that, not only is the shear layer instability inherently two-
dimensional, but that the shear layers also exhibit intermittency. They concluded that a “resonance” observed in
the wake in a Reynolds numbers range below that expected shear layer instability was the result of wake-shear
layer interaction. Many other studies have shown similar results, as reviewed by Williamson [8]. The dynamics
of wake flows have significant impacts on the behavior of flames in reacting systems, where bluff bodies are
frequently used for flame stabilization [25]. Work by Emerson and coworkers [26—28] showed the strong
connection between the global instability in the wake and the density ratio of the flame.

The dynamics of multi-element flows are fundamentally different than single-element flows, although much
of the multi-element flow literature that exists focuses on jets [27,28]. Previous studies of multi-element flows
have suggested that the dynamics of the flow field are correlated to the spacing between bluff body centers, w,
which are typically normalized by bluff body diameter, D [3]. Many of these studies focus on systems with two
bluff bodies. Alam et al. [2], for example, studied the dynamics of the flow behind two side-by-side square
cylinders; these results are more thoroughly reviewed by Meehan et al. [29]. Zhou and Alam [3] also provide a
summary of the systems used to study bluff body wakes. The time-averaged structure of the multi-wake flow is
largely tied to the extent that the recirculation zones behind the bluff bodies can interact. For small spacings (w/D
< 1.3), the recirculation zones interact strongly and form a large recirculation zone, even if some fluid is allowed
to pass through. For intermediate spacings (1.3 <w/D < 3), a bias exists in the wake structure that is characterized
by one large wake and one small wake. It is also in this region that “flip-flopping” behavior is seen, characterized
by the gap flow deflecting from one side of the gap flow to another intermittently [30]. Carini et al. [31] studied
this behavior using direct numerical simulation and concluded that the flip-flopping behavior is the result of an
instability of the in-phase synchronized vortex shedding between the cylinder wakes.

A limited number of studies consider the dynamics of systems with more than two bluff bodies. Sumner et
al. [32] studied the flow field for configurations of two and three side-by-side circular cylinders in a flow.
Regarding the three-body configuration, Sumner found that small spacings yielded either single bluff body vortex
shedding behavior or a biased asymmetric vortex shedding behavior, similar to what was seen in two body flows.
For intermediate spacings, the flow experienced biasing like what is seen with two body systems. Interestingly,
the biasing in this system was symmetric. Zheng and Alam [33] sought to use direct numerical simulation to
classify the behavior of three body flow into regimes in a manner similar to Alam et al. [2]. Sebastian et al. [28]
studied the effects of spacing on the dynamics of multi-element flows with both odd and even numbers of wakes
using linear stability analysis. The results concluded that the dynamics of the interacting wakes are connected to
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the spacing between the bluff bodies as well as the number of bodies in the system. Thus, it is not adequate to
draw conclusions about the flow field dynamics of systems with three or more bluff bodies from the findings of
dual-bluff body flow studies.

The current study follows previous work on the same three-body configuration used by Meehan et al. [29]
and Dare et al. [34]. Meehan et al. [29] explored the intermittency of large-scale coherent structures in three
interacting bluff body flows. A proper orthogonal decomposition (POD) was used to decompose the flow field
into its highest energy modes. A Hilbert transform identified the relative instantaneous phase between oscillation
in each wake and statistical analysis was used to categorized them into different regimes. The study found that the
dynamics of the interacting wakes were somewhat predictable for large and small spacings. In fact, they closely
mimicked the findings from dual wake literature. Dare et al. [34] clarified the dynamics seen in the data set
collected by Meehan et al. with the use of a cluster-based reduced order modeling (CROM) technique. In this
methodology, velocity snapshots are organized into groups based on their flow fields using a k-means clustering
algorithm. A transition matrix is then determined by calculating the likelihood of transition between each of the
states, identifying the most likely transition from one cluster to the next. The study found that there were two main
oscillatory patterns in the multi-wake cases, where switching between them was driven by changes in the vortex
shedding of the inner shear layers near the recirculation zone. This finding indicates the recirculation zone may
be a region that is sensitive to perturbations or changes in the base flow structure.

While the previous work done indicated significant switching behaviors between different oscillation states
in multi-wake systems, the tools used did not provide sufficient information about the dynamics of the wake. POD
struggles to capture the dynamics of unstable flow fields in their entirety due because relies on spatial correlations
only [35]. Therefore, it does not provide any information as to how a flow field will evolve over time or use
temporal correlation as a basis for determining mode energy. However, new decomposition methods have been
developed to provide further insight. Filtering the flow field using wavelets prior to the use of POD has proven to
be successful in detecting dynamics that were not able to be detected using POD alone [36]. Karmarkar et al. [37]
used wavelets to filter velocity data from a bluff body stabilized flames prior to decomposing the field in order to
identify the impact of turbulence on coherent motions. Another method, spectral proper orthogonal decomposition
(SPOD), correlates in both time and space by performing a fast Fourier transform (FFT) on the data prior to
decomposition [35].

In addition to SPOD, another method used in this study is complex network theory, which has recently been
used to study turbulent flows and combustion instability. Network measures provide more insight into the flow
by quantifying the relationship between parameters, such as velocity fluctuations, throughout the flow field.
Hashimoto et al. [38] and Kasthuri et al. [39] used measures from complex network theory to study the
spatiotemporal dynamics of combustion instability in a model combustor. Both studies were successful in using
network measures to characterize the transition to combustion instability in their experimental configurations.
Meanwhile, Krishnan et al. [40] used complex network analysis to identify regions that are receptive to
disturbances in a bluff-body stabilized combustor with a backward-facing step. They were able to mitigate
combustion instability by placing microinjection systems in the regions with high network connectivity. The
studies mentioned contribute to the understanding of unstable and turbulent flows by using network measures to
quantify how disturbances travel throughout the flow field. In addition, work by Karmarkar et al. [41] used
network measures in combination with SPOD to understand the interactions between a global instability and a
thermoacoustic instability in swirling flames. These toolsets have the potential to provide more insight into
systems with complex, intermittent modal behaviors.

The goal of this work is to study how the source of oscillations in non-reacting multi-wake flows vary with
bluff-body spacing by analyzing the data collected in the work of Meehan et al. [29] with a combination of
wavelets, SPOD, and complex network analysis. The combination of these tools provides new insight into the
intermittency of the oscillations and the regions of the flow that drive the oscillations.

III. Experimental overview

A. Experimental facility

Data were collected in a multiple-wake system previously described by Meehan et al. [29]; a brief overview
of the system is provided here. The experiment is shown in Figure 1; it consists of a rectangular duct with two
honeycomb flow straighteners and a perforated plate. Three bluff bodies with diameter, D, are located downstream
of these flow preparation elements and are attached to tracks, allowing for continual variation of the center-to-
center distance between the bluff bodies, w. Each bluff body is a stainless steel, triangular prism; the three sides
have equal lengths of 0.75 inches (19.05 mm) and the bluff body has a span of 4 inches (101.6 mm). The bluff
bodies are fixed to the experiment with clamps on either end of the span. Near the edge of the experiment, two
plates are affixed to the top of the duct to provide a clean outer boundary condition for the flow; initial
measurements found high levels of unsteadiness and large-scale vortical entrainment on the edge of the rectangular
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duct if these plates were not present. The plates were positioned the same distance away from the outer edge of
wakes 1 and 3 (shown in Figure 1a) as in between the inner edges of the bluff bodies.

B. Diagnostics

High-speed PIV is used to obtain axial (x-direction) and transverse (y-direction) velocity data. The laser
(Quantronix Hawk-Duo 532 nm Nd:YAG dual cavity laser) outputs light with a wavelength of 532 nm and with
a total pulse energy of 10 mJ at 4 kHz, with a pulse width of 190 ns. The beam passes through a collection of
sheet-forming optics to form a diverging sheet on top of the experiment. The laser sheet illuminates the aluminum
oxide tracer particles, approximately 0.5-2.0 um in diameter. A Photron FASTCAM®© SAS at full 1024x1024
resolution fitted with a CarlZeiss Makro-Planar® 100 mm lens and 14 mm extension tube records images and
velocity data through a 532 nm band pass filter. The resulting spatial resolution is 0.129 mm.

PIV calculations were performed using DaVis 8.3 from LaVision®. For each case, 5001 images are acquired
at a data acquisition rate of 4 kHz. The raw seeded images are first preprocessed using a five-frame sliding
minimum filter. The vector fields are calculated by using a multi-pass algorithm where the first pass is performed
with an interrogation window size of 64x64 and 50% overlap while the final two passes are performed with a
16x16 window size with 50% overlap. This results in a vector resolution of 1.0 mm. Post-processing of vectors in
DaVis includes a universal outlier detection scheme with a 3x median filter. This ensures removal of groups with
less than 5 vectors and vectors with a residual greater than 2. It also ensures re-insertion of vectors with a residual
less than 3. The average number of vectors replaced per dataset range from 5% to less than 7% and the percent
first choice vectors are between 88% and 93% for the datasets analyzed in this paper. This processing results in
an average PIV uncertainty of approximately 10-15% of the bulk flow velocity and an RMS PIV uncertainty of
9-13% of the bulk flow velocity in the regions of interest for this study.

After the data was acquired, a very small subset of the data just above the top plates and bluff bodies was
found to be corrupt. Due to the global nature of the analyses discussed below and the requirement of equal time
steps, it was necessary to correct these spurious data points. To do so, a short time series was extracted for each
spatial location and feed through a simple outlier detection algorithm based on the root-mean-square (RMS) of
the velocity magnitude. The RMS provides a robust means for outlier detection for this situation because the
corrupt data appears as extraordinarily large relative velocity magnitude; generally, the velocity magnitude in
these regions should be |u| < 0.5 m/s, but the spurious data points were |u| = 5 m/s. Once identified, one-
dimensional cubic spline interpolation using the three previous and three following instances in time was
performed to replace the existing corrupt data.
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Figure 1. Schematic (a) and drawing (b) of experimental configuration (front plate removed to show flow
conditioning).

C. Data analysis

Time domain analysis was first used to quantify the intermittency in the coherent wake dynamics. Following
the work of Karmarkar et al. [37], we used wavelet transforms to quantify the coherent velocity oscillations in a
variety of locations throughout the flow field. To apply these transforms, a 5x5 interrogation window was selected
in a region of high velocity oscillation amplitude that was identified from the SPOD modes, discussed next. The
velocity signal over this area was then averaged spatially to prevent spurious results from the use of data from just
one interrogation window. From there, the wavelet transform is performed using the cwf function in MATLAB®
with the ‘bump’ wavelet option. To quantify intermittency, we calculate an intermittency factor (/F) following
the methodology of Karmarkar et al. [41] and Prasad and Williamson [24]. First, we used the wavelet transform
to identify the appropriate frequency range for analysis; in a wake-shedding situation, we expect these oscillations
to be at Strouhal numbers near St = 0.2-0.3. The signal used for the analysis is chosen from this frequency band.
Second, we choose a threshold value for the signal. Values that exceeded this threshold are considered coherent
in time, as represented by 7. This coherent time is then divided by the total time of the signal, or

Tc
IF=% (1)
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where T is the total time of the signal in seconds.

Two sensitivity studies were performed on the single wake case to understand the effects of frequency band
size and threshold on the calculation of the intermittency factor. The results are displayed in Figure 2. In Figure
2(a), a bandwidth of varying width is chosen around the peak frequency of 47 Hz. The trend in /F values is non-
monotonic with bandwidth and is dependent on the behavior of the frequency spectra. As we increase the range
of frequencies, more coherent and incoherent oscillations are captured, resulting in a non-monotonic trend that
depends highly on the data set in question. Based on this analysis, the frequency ranges selected for each case in
this data set are presented in Table 1. These were chosen to capture the most coherent behavior around the center
frequency without capturing too much noise.

Next, the sensitivity of the /F to the threshold value above which the signal is determined to be coherent is
plotted in Figure 2(b) as a function of downstream distance. The points in space where the /F" was calculated
correspond to regions of high coherent oscillation from the SPOD results, discussed later. The results show that
the magnitude of the /F' is dependent on the threshold value, but that the trend in /F’ with downstream distance is
consistent for a large range of thresholds. For example, setting the threshold to 20% of the peak signal value
implies that most of the signal is coherent and leads to intermittency factor values close to 1 for all downstream
distances. At the other extreme, considering 80% of the signal to be incoherent removes coherent time from the
data. As a result, the intermittency factor is very low throughout the plot and even decreases for x/D values greater
than 4.5 rather than approaching an asymptotic value. Trends in IF with downstream distance are similar for
threshold values of 40%-70%, and so we select a value of 50% of the peak signal value for analysis in this paper.
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Figure 2. Trends in intermittency factor of the single wake with a) bandwidth of the wavelet filter and
b) threshold of the intermittency factor calculation.

Table 1. Frequency bands selected for calculation of IF at all wake spacings.

w/D Frequency Band (Hz)
1.68 12-42
1.94 33-64
2.20 43-70
247 36-90
2.73 36-55
2.99 35-48

Spectral proper orthogonal decomposition, following Towne et al. [30], is used to identify the spectrally
coherent oscillations in the flow field. SPOD is an extension of proper orthogonal decomposition (POD) [31], a
data-driven modal decomposition that yields energy-ordered modes that can be used to extract coherent structures
from a flow field. SPOD builds on this foundation by applying POD to flow snapshots determined at a given
frequency by dividing the time-series data into ensembles and applying a Fourier transform. The resultant
calculation provides the eigenvalue spectrum of the cross-spectral density between flow oscillations in space at a
given frequency rather than the full-time correlation. This process yields optimal spatial modes analogous to those
from snapshot POD but that are also frequency-resolved and can therefore be interpreted as representative of
coherent flow oscillations at the oscillation frequency considered.

To complement the results from SPOD, we also apply a complex network analysis to identify wavemaker
regions of the flow. Wavemakers are regions in the flow that nonlinearly feedback flow oscillations, resulting in
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a region of self-excited oscillatory driving [32]. Wavemakers can be readily identified through structural stability
analysis [33], but this is often difficult in highly complex flow fields. It is also sometimes difficult to conduct this
analysis from experimental data, as the inflow conditions to the flow field, in this case the region upstream of the
bluff body, may be important for capturing the dynamics of the flow yet are not typically measured in an
experiment. As such, this complex network analysis provides similar insight in realistic experimental data without
the drawbacks of using analytical tools on incomplete datasets.

The current method follows that of Krishnan et al. [34], who applied complex network analysis to identify
shear layer instability in flow around an axisymmetric bluff body in a combustor that displayed velocity-coupled
thermoacoustic instability. By using the complex network analysis, they could identify the wavemaker regions
and modify the geometry near these regions to suppress the receptivity of the shear layer. The method relies on
calculation of an undirected weighted spatial correlation network from the data; in this work, we use the velocity
data as the input to the network. Each interrogation window of the velocity data is a node in the network and the
strength of the connection between two nodes, i and j, is calculated using a Pearson correlation coefficient, Rij, as
in Equation 2.

> (a2 =) -1)
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In this definition, the velocity component of choice, u, is summed over the time index, n. Additionally, the
number of samples, &, is 4000, and the bar over u indicates a time-average over the length of the data series. This
correlation matrix is then used to calculate an adjacency matrix, 4;, which defines the connectivity between nodes
and is defined in Equation 3. Here, R, is an adjacency threshold that is set to 0.5, although similar results are
obtained at higher thresholds as well.
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Using this method, the adjacency matrix for two nodes, 7 and j, describes the magnitude of the correlation
between velocity fluctuations at the two nodes and can be interpreted as the strength of the connection between
these nodes. The final parameter that is calculated in this method is the weighted closeness centrality (WCC) of
each node in the flow field, as defined in Equation 4,

M

c=3 2°

J=Lj=i (4)

where dj is the least-costly path to traverse from location i to location j through locations 4, £, ... 7, s, that connect
i and j, as in Equation 5.
y
1o 1 1|
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\ TR “hk “= g ( 5)

Dijkstra's algorithm [35] is used to calculate the minimization in Equation 5 over all possible paths between
locations i and j as given by 4;,. In this analysis, we use this weighted closeness centrality parameter to interpret
the data. The WCC has a high magnitude at a particular location when it is connected to a large number of other
locations through low-cost paths, where the cost of the path is determined by how closely velocity oscillations
between two connected locations are correlated. As such, the WCC provides a direct measure of how closely flow
oscillations at a given location are correlated with oscillations at all other points in the flow. If a particular region
has very high values of WCC, it is the result of strong coupling between the flow in that region and elsewhere,
which is essentially the definition of a wavemaker region.

THIS WORK HAS BEEN PUBLICALLY RELEASED



IV. Results

A. Test matrix

Seven different bluff-body configurations were used in this study: six cases with three bluff bodies and one
case with a single bluff body, the latter being considered the single element “unit flow” to establish a baseline for
the interacting cases and ensure our data is consistent with other experiments. For this investigation, the center-
to-center spacing w was increased in 5 mm increments, a resolution that was deemed sufficient based off previous
experimental investigations. Table 2 outlines the seven test cases along with their corresponding w/D values. The
Reynolds number of the flow based on bluff-body diameter is 4,000; explanation of this choice of flow condition
is discussed extensively in Meehan et al. [29].

Table 2. Test matrix with bluff-body spacings in mm.

Spacing [mm] | 32 37 42 47 52 57 single wake
w/D 1.68 1.94 2.20 2.47 2.73 2.99 n/a

B. Time-averaged flow fields

The time-averaged flow profiles for the entire test matrix are shown in Figure 2. The flow profile of the single
wake is representative of a standard wake profile. A recirculation zone is located downstream of the bluff body
as a result of flow separation and the scale of the recirculation zone length is on the order of the bluff-body
diameter. In the multiple-wake cases, recirculation zones are present downstream of each of the bluff bodies,
although a bias in the flow direction is present in the multiple-wake cases as a result of the outer flow boundary
conditions. The inward bias of the three-wake case was also noted by Sumner et al. [32].

Single w/D = 1.68 w/D =1.94

I \ | :.{\;‘; il 4

Figure 2. Time-averaged axial velocity with streamlines.

C. Single-wake analysis

The single-wake case provides a baseline for the multi-wake dynamics and also a platform for testing the
utility of the new analysis tools on wake oscillations. Figure 3a shows the eigenvalue spectra obtained from the
use of SPOD. As SPOD is an energy-based decomposition, the results are plotted with the most energetic mode
(Mode 1) marked in red and the remaining modes descend in order of decreasing energy. The first mode peaks at
47 Hz, yielding a Strouhal number of St = 0.28. This Strouhal number is consistent with the that of the BVK
instability. Furthermore, the energy of the peak of the first mode is much greater than the energy of the peaks in
lower energy modes (note the logarithmic scale on the y-axis). The lower-energy modes do not contain any

discernable peaks, and so only mode shapes from Mode 1 are analyzed.
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Figure 3. Results of the single-wake analysis, including a) SPOD modal energy spectrum, b) time-
averaged flow field, ¢) mode shape of Mode 1 at 47 Hz from SPOD, and d) WCC from network analysis.

Figure 3c-d shows the time-averaged axial velocity, the transverse velocity mode shape of the first mode at
47 Hz obtained from SPOD, and the spatial distribution of the WCC. Recall that the WCC is a measure of the
connectivity between the node and other parts of the region. As such, the value of the WCC is high in regions
where the SPOD exhibits high amplitudes of oscillation as long as those oscillations are correlated in time and
close in space to surrounding motions. The SPOD mode shape shows significant coherent oscillations with
downstream distance in the wake, representative of the asymmetric vortex shedding of the BVK instability. The
distribution of WCC reflects that of the SPOD mode shape. There are regions of high WCC that align with the
regions of high oscillation amplitude in the SPOD mode shape at x/D=2, 3, 4.5, and 6.5. Additionally, there are
two regions of high WCC on either side of the wake from about x/D = 2 — 4. These are the shear layers, as can be
seen in the velocity gradients at the edge of the wake structure in Figure 3b. The results of the WCC, when
interpreted together with the SPOD, identify the source of the oscillation at the base of the recirculation zone (x/D
~ 1.5) and the regions of high temporal coherence in the wake oscillation region. Further, it shows that the shear
layer is oscillating in response to the wake oscillations. The strength of the shear layer oscillations is not as high
as in the wake oscillations, as evidenced by the fact that they are missing from the Mode 1 in the SPOD.

Figure 4a shows the wavelet transform of the transverse velocity signal at the high-oscillation region at a
downstream distance of approximately x/D = 3 for the single-wake case. Despite the strong peak in the SPOD
eigenvalue spectrum, there is some temporal intermittency in the strength and frequency of vortex shedding at
this location. This location is roughly one bluff body diameter away from the wave maker region, as exhibited in
Figure 3b-c. Figure 4b shows the intermittency factor of the transverse velocity oscillations at each of the coherent
regions in the SPOD mode as a function of downstream distance using a threshold of 50%. Initially, the
intermittency factor is 0.6 near x/D = 2, which is a region that corresponds to the end of the recirculation zone, as
indicated by the time-averaged axial velocity plotted on the same graph. An intermittency factor of 0.6 implies
that the flow is coherent for 60% of the time, a value that increases with downstream distance. The intermittency
factor value asymptotes towards 1 at x/D = 6.5.
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Figure 4. Results from the single-wake analysis, including a) wavelet transform of transverse velocity
fluctuation at x/D = 3 and b) intermittency factor of oscillation as a function of downstream distance
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D. Multiple-wake analysis

Figure 5 shows the energy spectra from SPOD for all the spacings of the three-wake configuration. With the
addition of two more bluff bodies, the magnitude of the energy of the first mode decreases by an order of
magnitude as compared to the single-wake case. In fact, the smallest spacing (Figure 5a) peaks at the lowest
energy out of all the cases, including the single wake case. The peak energy increases as spacing increases,
potentially indicating that the wakes begin to regain their “unit flow” behavior as the spacing increases and the
level of interaction decreases. Additionally, the shape of the peak at the dominant shedding frequency is generally
broader than that in the first mode of the single wake case; the lower energy modes are broader in shape as well.
Spectral broadening in the peak is an indication of frequency jitter in the coherent oscillations in the flow field. In
contrast to the single-wake case, many of the lower modes have spectrally-narrow content for several of the
spacings, including Modes 2-4. As will be discussed next, these modes contain dynamically important flow
features.
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Figure 5. SPOD eigenvalue spectra for x/D = a) 1.68, b) 1.94, ¢) 2.20, d) 2.47, e) 2.73 f) 2.99

Figure 6 shows the transverse mode shapes from SPOD for Modes 1-3 at the peak shedding frequency for
each of the multi-wake cases. In all cases except the closest spacing (w/D = 1.68), three distinct wakes are visible.
The field of view is the same as in the time-averaged images in Error! Reference source not found., where only
half of the outer two wakes is shown. For w/D = 1.68 (Figure 6a-c), the three wakes merge into one oscillating
structure, as evidenced by large region of oscillation in the middle of the frame in Figure 6(a) and (b). The
dynamics of individual wakes are much more evident at larger spacings. For the w/D = 1.94 spacing (Figure 6d-
f), each mode predominantly contains the oscillations from one wake only; Mode 1 shows the left wake, Mode 2
the center wake, and Mode 3 the right wake. Based on the eigenvalue spectrum for this case in Figure 5(b), these
are the only three modes with spectrally narrow content, and Mode 1 has a significantly higher amplitude than
Modes 2 or 3. Figure 6g-1 shows the mode shapes of the w/D = 2.20 case. This is the only spacing where
oscillations from all three wakes appear in the first three modes, which according to Figure 5(c), are the only three
modes with spectrally narrow content. In addition, w/D = 2.20 is the only case where the center wake oscillates
in the first mode. For w/D = 2.47 and 2.73 (Figure 6j-1 and Figure 6m-o, respectively), the dominant structures in
each wake are the same: the right wake for Mode 1, the left wake for Mode 2, and the center wake for Mode 3. In
both these cases, Mode 1 and 2 have similar energies in the eigenvalue spectra (Figure 5d-e), whereas Mode 3 is
significantly weaker. At the largest spacing, w/D = 2.99 (Figure 6p-r), two wakes are present in each mode: the
left and the right wake. They oscillate strongly and oscillate out of phase in Mode 1. This corresponds to a strong
peak in the first mode energy in the eigenvalue spectra (Figure 5f).

Table 3 organizes the dominant wake structures for each spacing for the first three modes; the closest spacing
is not included in the table as the dynamics of the three wakes are not separable. The first wake of interest in these
cases is the center wake. Apart from w/D = 2.20, where all three wakes appear in all three modes, the center wake
does not appear the first mode. In these cases, the center wake appears only once in Mode 2 for w/D = 1.94 and
2.99 and in Mode 3 for w/D = 2.47 and 2.73. Oscillations in the right and left wakes are generally stronger than
that of the center wake, although neither wake is dominant across the entire w/D parameter space.
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Figure 6. SPOD modes 1-3 at the peak frequency of 47 Hz for (a-c) x/D = 1.68, (d-f) x/D = 1.94, (g-i)
x/D =2.20, (j-1) x/D = 2.47, (m-0) x/D = 2.73, (p-r) x/D = 2.99.
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Table 3. Dominant wake structures in each mode.

w/D Mode 1 Mode 2 Mode 3

1.94 Left Center Right

2.20 Left, Right, Center Left, Right, Center Left, Right, Center
2.47 Right Left Center

2.73 Right Left Center

2.99 Left, Right Left, Right, Center Left, Right

There are two reasons why the energy of a particular oscillation, like the center wake, could be lower in a
SPOD analysis. The first reason is that the oscillation is continuous but of lower amplitude. The second reason is
that the oscillation is more intermittent, such that oscillation occurs over a shorter total time in the time series. To
understand both these effects, the /F (Figure 7a) and the RMS velocity (Figure 7b) is plotted as a function of wake
spacing for all three wakes; the RMS and /F are calculated at the second downstream region of high-intensity
oscillation from the SPOD modes shown in Figure 6, generally located near x/D = 3. Here, the single wake is
plotted as a center wake at w/D = 0 as a point of comparison. Additionally, only the center wake was plotted for
w/D = 1.68 because of the difficulty in distinguishing the left and the right wakes in the SPOD modes.
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Figure 7. a) IF and b) RMS velocity for the center, left, and right wakes as a function of bluff body
spacing w/D for the second region of oscillation.

The IF of the center wake is relatively high for both the single-wake case and the w/D = 1.68 case, where the
three wakes are merged into one structure. At larger spacings, the behavior of the center wake is highly variable
and non-monotonic in terms of both /F and RMS. In general, the right wake has a high IF relative to the other
wakes. The RMS of the left and right wake generally increase with increasing spacing until the final spacing,
where the RMS levels decrease slightly. The /F and RMS velocity oscillations of each wake do not always align
with the mode strength found in SPOD, detailed in Table 3, where the RMS and /F somewhat align, on net, with
the modal ordering for w/D = 2.20, 2.73, and 2.99, but do not for w/D = 1.94 and 2.47. For example, the
intermittency factor of the center wake drops sharply to less than 0.4 and the RMS increases by a smaller margin
at w/D = 1.94, the spacing where the center wake oscillation only appears in the second mode. At this same
spacing, the /Fs are significantly higher for the right and left wakes than the center wake, but the RMS velocity
oscillations are of similar magnitudes. As a result, one would expect the center mode to have a less dynamically
significant role than the SPOD ordering suggestions. In contrast, the /F' and RMS results for w/D = 2.73 align
more closely with the SPOD modal results. Here, the RMS velocities in the right and left wakes are higher than
the center wake, whereas the /F are similar. The ordering of the SPOD modes aligns with these results.

One of the reasons for the disagreement may be a result of the filtering operation in the calculation of /F from
the wavelet transform. Figure 8 shows the spectrograms obtained from the wavelet transforms for the left, center,
and right wakes for the w/D =2.73 case. As seen in Figure 8a, the velocity signal from the probe in the left wake
experiences bursts of high magnitude frequency content throughout the signal. Figure 7b shows that the RMS
velocity is the highest for the left wake throughout all the spacings and is also greater than the RMS velocity of
the right and center wakes. The /F for the wake at this point is below 0.8, so the signal spends more time coherent
than it does incoherent. In the right wake (Figure 8c), the spectrogram has similar amplitudes of oscillation as the
left wake when the right wake is oscillating, although contains fewer periods of strong oscillation than the left
wake. The RMS of this wake oscillation is lower than that of the left wake as a result. However, the intermittency
factor for this wake is 1, meaning that the signal is coherent the entire time given the threshold applied in this
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case. Finally, the center wake (Figure 8b) shows lower magnitude content for a greater range of frequencies over
the time signal. As a result, the RMS has dropped for this wake at this spacing and the intermittency factor implies
that the oscillation is relatively continuous (Figure 7a). The spectrogram shows that the center wake is more
subject to phase jitter, or fluctuations in frequency, than the left or the right wake. This phase jitter results in
oscillations at a broader range of frequencies, driving the increase in /F. These results show the sensitivity of the
results to choices in frequency bandwidth and threshold in the calculation of /F, but also highlight the complex
dynamics present in the center wake. This wake experiences higher levels of interaction with the adjacent wakes,
driving more variable behavior in both amplitude and frequency space as spacing between the wakes varies.

Frequency (kHz)
Frequency (kHz)

0 0.5 1 . 0.5
Time (secs) Time (secs) Time (secs)

Figure 8. Spectrogram resulting from the wavelet transform for the a) left, b) center, and c) right wake.

The final analysis performed in this study was the calculation of the WCC parameter. Figure 9 shows the WCC
parameter together with the time-averaged flow structure and the mode shape for Mode 1 at the peak frequency
from the SPOD analysis for each of the spacings. The time-averaged flow and Mode 1 shapes are repeated in this
figure to provide context for the regions of high WCC at each of the spacings. In general, the maximum value of
the WCC increases with increasing bluff body spacing. Furthermore, the regions with the greatest area values of
WCC (seen in Figure 91, 1, o, and r) are those that mirror the shape of Mode 1 (seen in Figure 9e, k, n, and q). The
WCC also displays measurable values in the regions that mirror the shape of Mode 2 and Mode 3, although not
as high as those in Mode 1. This similarity between the WCC and Mode 1 shape is indicative of the high level of
correlation between motions in the region with the highest amplitude coherent motion.

At the smallest spacing (w/D = 1.68, Figure 9a-c), significant magnitude of WCC is found in several regions
of the flow, including far downstream of the bluff bodies (x/D > 5), in the left and right wakes, and, most
interestingly, in the separation regions of the shear layers at the trailing edge of the bluff body. The shear layers
near the bluff also are highly connected to other regions of the flow, according to Figure 9¢, a phenomenon that
decreases in strength with increasing bluff body spacing. This finding is important, as it demonstrates the relative
dominance between the shear layer vs. wake instability in the flow at different spacings. In spacings where the
wakes do not interact as strongly, or in the single-wake case where there is no interaction at all, the wake mode is
able to dominate the level of coherent, connected motion. However, the high level of interaction at the closest
spacing disrupts the structure of the interact wakes and the shear layer instability amplitude is measurable. Some
level of WCC in the shear layer separation point is present in all multi-wake cases, although at varying magnitudes,
indicating the complexity of the interaction of the wake modes and possible interaction of the shear layer modes.
This same feature is completely missing from the single-wake case, indicating a change in the shear layer
dynamics in the presence of flow interaction.

Increasing the bluff body spacing to w/D = 1.94 (Figure 9d-f) decreases the magnitude of the shear layer
activity with respect to the rest of the flow field. The region with the highest value of WCC corresponds to the
left wake oscillation, also seen in Mode 1. The center and right wakes oscillate strongly in the second and third
mode, with weaker values of WCC in the corresponding regions of the flow. Similar to w/D = 1.68, w/D = 2.20
(Figure 9g-i) has a large value of WCC along the centerline near x/D = 4. The SPOD plot shows that this region
corresponds with the region of center wake oscillation. The left and the right wakes are present in Mode 1 of the
SPOD as well, although the strength of the WCC is weaker in those regions. The results at w/D = 2.47 (Figure 9j-
1) show only one wake oscillation in each of the first three SPOD modes. In the WCC plot (Figure 9j), the regions
of high WCC correspond to oscillations in the right and left wakes for the first and second mode of SPOD,
respectively. The center wake, according to Figure 9j, has a higher value of WCC that biases towards the right
wake. This finding is indicative that the WCC may identify dynamics that are not depicted in the high-energy
modes of SPOD but are still highly connected to other regions of the flow. Increasing the bluff body spacing to
w/D= 2.73 (Figure 9m-o) results in a similar WCC result as that from the w/D = 2.47 case, with a stronger WCC
in the right wake (present in Mode 1) and weaker WCC in the left wake (present in Mode 1). In the final spacing,
w/D =2.99, the left and the right wakes look like two single wake cases in both the SPOD and WCC analyses. In
addition to one large area of high WCC downstream of the left and right bluff bodies, these regions also have a
long and thin region of large WCC corresponding to the shear layers.
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Figure 9. Time-averaged velocity, SPOD Mode 1, WCC (left to right) for (a-c) w/D =1.68, (d-f) w/D =
1.94, (g-i) w/D = 2.20, (j-1) w/D = 2.47, (m-0) w/D = 2.73, (p-r) w/D = 2.99.
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V. Conclusions

The present work considers the dynamics of a three-wake system using a combination of analysis tools —
wavelet transforms, spectral proper orthogonal decomposition, and complex network analysis — to understand the
temporal and modal dynamics of this complex flow field. When applied to a single-wake flow, the tools provided
additional insight into a canonical flow behavior. The SPOD identified the BVK wake-shedding mode at a
frequency of 47 Hz or a Strouhal number of St = 0.28, which is within the predicted range from linear stability
theory. The wavelet analysis showed that the wake shedding displayed some intermittency in time, where the /F
was used to quantify this behavior. Sensitivity of the IF to choices of filter bandwidth and threshold were
discussed. The complex network analysis was used to calculate the weighted closeness centrality, which is a
measure of the coherence and connectedness of an oscillation in one point of the flow to all other points. The
WCC was high in the wavemaker region and the region of wake oscillation downstream.

The multi-wake case displayed highly intermittent dynamics. The closest spacing tested, w/D = 1.68, showed
significant merging of the three wakes and SPOD identified one merged structure of oscillation without a strong
peak in the eigenvalue spectrum. At larger spacings, the three wakes were not merged and displayed highly
intermittent dynamics, with the central wake showing the highest level of variability in its dynamics as the spacing
was varied. SPOD identified the shedding of individual wakes in various modes, all near 47 Hz, indicating a
variation in the energy content of the shedding between the three wakes. This mode ranking was compared to both
the /F and the RMS of the velocity oscillation in the wake, showing the sensitivity of the result to the calculation
of IF. Finally, the WCC showed strong oscillations in the shear layer separation region for the closest spacing,
whereas the shear layer region had a lower WCC for the wider spacing cases. In all three-wake cases, however,
the WCC parameter showed a distinction pattern in the shear layer separation region, whereas it was completely
absent in the single-wake case. This difference in the shear layer coherence and connectedness to the other
oscillations in the flow field will be investigated in future work. The result suggests a potentially more dynamically
important role of the shear layer as compared to the wake in the interacting-wake flow as compared to a single-
wake flow. Finally, the WCC magnitude was strong in the regions where wake shedding was strong as indicated
with Mode 1 of the SPOD analysis.

The results of this study suggest that there is significant interaction between wakes in multi-wake systems
and that both the shear layer and downstream wake-shedding region play important dynamical roles in this
interaction. Future work will make future use of these analysis tools to understand the dynamical significance and
potential causal relationship between oscillations in different parts of this complex flow.
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