
Full Terms & Conditions of access and use can be found at
https://www.tandfonline.com/action/journalInformation?journalCode=tnst20

Journal of Nuclear Science and Technology

ISSN: (Print) (Online) Journal homepage: www.tandfonline.com/journals/tnst20

Connection of four-dimensional Langevin model
and Hauser-Feshbach theory to describe statistical
decay of fission fragments

Kazuki Fujio, Shin Okumura, Chikako Ishizuka, Satoshi Chiba & Tatsuya
Katabuchi

To cite this article: Kazuki Fujio, Shin Okumura, Chikako Ishizuka, Satoshi Chiba & Tatsuya
Katabuchi (2024) Connection of four-dimensional Langevin model and Hauser-Feshbach
theory to describe statistical decay of fission fragments, Journal of Nuclear Science and
Technology, 61:1, 84-97, DOI: 10.1080/00223131.2023.2273470

To link to this article:  https://doi.org/10.1080/00223131.2023.2273470

© 2024 The Author(s). Published by Informa
UK Limited, trading as Taylor & Francis
Group.

Published online: 30 Nov 2023.

Submit your article to this journal 

Article views: 536

View related articles 

View Crossmark data

Citing articles: 2 View citing articles 

https://www.tandfonline.com/action/journalInformation?journalCode=tnst20
https://www.tandfonline.com/journals/tnst20?src=pdf
https://www.tandfonline.com/action/showCitFormats?doi=10.1080/00223131.2023.2273470
https://doi.org/10.1080/00223131.2023.2273470
https://www.tandfonline.com/action/authorSubmission?journalCode=tnst20&show=instructions&src=pdf
https://www.tandfonline.com/action/authorSubmission?journalCode=tnst20&show=instructions&src=pdf
https://www.tandfonline.com/doi/mlt/10.1080/00223131.2023.2273470?src=pdf
https://www.tandfonline.com/doi/mlt/10.1080/00223131.2023.2273470?src=pdf
http://crossmark.crossref.org/dialog/?doi=10.1080/00223131.2023.2273470&domain=pdf&date_stamp=30 Nov 2023
http://crossmark.crossref.org/dialog/?doi=10.1080/00223131.2023.2273470&domain=pdf&date_stamp=30 Nov 2023
https://www.tandfonline.com/doi/citedby/10.1080/00223131.2023.2273470?src=pdf
https://www.tandfonline.com/doi/citedby/10.1080/00223131.2023.2273470?src=pdf


Connection of four-dimensional Langevin model and Hauser-Feshbach theory 
to describe statistical decay of fission fragments
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Institute of Technology, Tokyo, Japan; bNAPC-Nuclear Data Section, International Atomic Energy Agency, Vienna International Centre, 
Vienna, Austria; cInstitute of Innovative Research, Tokyo Institute of Technology, Tokyo, Japan; dNAT Research Center, NAT Corporation, 
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ABSTRACT
We have developed a novel theoretical method to obtain independent fission product yields 
and prompt neutron observables by connecting mass and total kinetic energy (TKE) distribu
tions calculated by a four-dimensional Langevin dynamical model to a Hauser-Feshbach 
statistical decay model. In the Langevin calculations, mass distributions corresponding to the 
standard I and II modes were obtained separately and superposed to reproduce the fission 
fragment yield of spontaneous fission of 238;240;242Pu and thermal neutron-induced fission of 
239Pu. This was achieved by using different neck parameters for these two modes in the two- 
center shell model shape parametrization, and a systematics of the superposing ratio was 
obtained as a function of N � Zð Þ=A of the fissioning nuclei. The Hauser-Feshbach calculations 
were performed using a nuclear reaction code TALYS for 239Pu n; fð Þ reaction in the incident 
energy range from thermal up to 5 MeV, and the calculated prompt fission observables were 
compared with experimental and evaluated data. Although further improvements are needed 
for the most important nuclides, it turned out that the present methodology has the capability 
to prepare fission-related nuclear data for nuclides for which measurements are difficult.
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1. Introduction

Accurate evaluation of fission observables is essential 
for accurate design of nuclear reactors and for nuclear 
transmutation technology such as accelerator-driven 
systems [1]. In particular, the mass distribution of fis
sion products (after prompt neutron emission) and 
emitted neutrons from fission fragments (before 
prompt neutron emission) have been studied in detail 
experimentally and theoretically. The independent fis
sion product yield, namely, the isotopic distribution of 
fission products after prompt particle emissions, deter
mines the total amount of radioactive waste in spent 
nuclear fuel and affects disposal scenarios of radioactive 
waste [2]. The prompt neutron multiplicity, that is, the 
average number of emitted prompt neutrons, is impor
tant for evaluating the criticality of nuclear reactors, and 
the prompt fission neutron spectrum (PFNS) is also 
essential for criticality and analysis of burn-up charac
teristics [3]. For each fission observable, there are sev
eral theoretical efforts relying on empirical models [4– 
6] and models based on nuclear physics [7], respec
tively. Currently, approaches using Monte Carlo sam
plings, such as CGMF [8,9], FIFRELIN [10], FREYA 
[11,12], and GEF [13], or deterministic approaches, 

such as DSE [14], HF3D [15], PbP [16], and TALYS 
[17] have been developed to evaluate fission observables 
in a consistent manner since they are mutually 
correlated.

The fission reaction is a dynamical process caused 
by nuclear deformation and can be described by sev
eral different steps. In the case of neutron-induced 
fission, an excited compound nucleus undergoes 
shape deformation by a collective motion of its inter
nal nucleons. After surmounting multiple fission bar
riers, the compound nucleus forms a narrow neck. The 
compound nucleus is divided into two highly excited 
fission fragments by the scission of the neck, and more 
than a thousand types of fragments are produced 
stochastically. After scission, the fission fragments 
proceed to the prompt decay process to release their 
excitation energy. In the prompt decay process, the 
fragments are de-excited to their ground states or the 
isomeric states by emitting prompt neutrons and γ 
rays. Then β� decay takes place in neutron-rich inde
pendent fission products towards the final stable or 
long-lived cumulative fission products.

As described above, nuclear fission starts with 
nuclear deformation and involves several complex 
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physical processes which include the prompt decay and 
β�decay processes. Since the fission process consists of 
several different physical mechanisms, it is necessary to 
combine multiple theories to describe the entire pro
cess. For the process up to scission, approaches describ
ing the potential energy of a compound nucleus have 
been developed by using microscopic models [18–23] 
and macro-microscopic models [24–32]. The Langevin 
approach is one of the methods that can describe part of 
the fission process by using the macro-microscopic 
potential [24,26,28,29]. The Langevin equation is 
a stochastic differential equation of motion that 
describes Brownian motion of collective variables in 
a heat bath formed by nucleons, taking into account 
effects of a random force acting on macroscopic coor
dinates. In nuclear physics, the Langevin model simu
lates the fission process from nuclear deformation after 
forming a compound nucleus up to scission. In our 
four-dimensional Langevin model, we have succeeded 
in understanding mode transitions of the fission frag
ment yield and total kinetic energy (TKE) distribution 
over a wide mass range from actinide to superheavy 
nuclei [29,33,34]. However, we need more precise data 
for the width and peak positions of the mass distribu
tion for nuclear applications than our previous 
approach.

In this work, we have developed a new method to 
evaluate the prompt fission observables by connecting 
the four-dimensional Langevin model and the Hauser– 
Feshbach statistical decay model. This comprehensive 
approach enables the consistent calculation of the 
prompt fission observables based on nuclear physics. 
The fission fragment yields corresponding to the stan
dard I and II modes are calculated separately in the 
Langevin model and are superposed to reproduce the 
fission fragment yield of spontaneous fission of 
238;240;242Pu 238;240;242Pu sfð Þð Þ and thermal neutron- 
induced fission of 239Pu 239Pu nth; fð Þð Þ.

The obtained fission fragment yield and total 
kinetic energy (TKE) are employed as input for the 
Hauser-Feshbach statistical decay calculations in 
TALYS. The prompt fission observables of 
239Pu n; fð Þ are compared with reported data at inci
dent energies from thermal up to 5 MeV. We show 
a systematics of the superposing ratio in the fission 
fragment yield and discuss the reproduced trends and 
discrepancies in the calculation results.

In Section 2, we introduce the four-dimensional 
Langevin model, our approach by superposing two 
different fission modes, and how we prepare the 
input for the Hauser–Feshbach statistical decay calcu
lations. In Section 3, we show the fission fragment 
yields and TKEs obtained from the four-dimensional 
Langevin model and the prompt fission observables 
calculated in TALYS using the Langevin fission frag
ment data. Conclusions are given in Section 4.

2. Models and calculation method

2.1. Four-dimensional Langevin model

We employed the four-dimensional Langevin model 
[29,33,34] for simulating the deformation of 
a compound nucleus up to scission. The time evolu
tion of nuclear deformation is solved in the Langevin 
equation on the corresponding free energy with trans
port coefficients: 

where qμ : μ ¼ 1 � � � 4
� �

is a set of collective variables 
of nuclear shape, and pμ

� �
is the corresponding con

jugate momenta. We do not take the sum on μ in the 
last term of the second equation. The symbol Rν 
represents a stochastic force having a white-noise 
nature.

The time-dependent collective variables 
qμ

� �
¼ z0=R0; δ1; δ2; αf g and a neck parameter ε are 

represented in the two-center shell model (TCSM) 
[35]. Figure 1 shows a schematic potential of the 
TCSM and the nuclear shape as a function of an axis 
for nuclear elongation. The first variable z0=R0 repre
sents nuclear elongation normalized by the radius of 
the compound nucleus R0 ¼ 1:2A1=3, where A is the 
mass number of the compound nucleus. The second 
and third variables δi i ¼ 1; 2ð Þ correspond to the 
deformations of the outer tip of each right and left 
fragment. The fourth variable α denotes the mass 
asymmetry calculated as the relative difference of 
mass numbers of each fragment. The neck configura
tion is described by a parameter ε using the ratio of the 
intercept of two harmonic oscillators of the TCSM and 
that of a connecting function ε ¼ E=E0ð Þ, where E0 is 
the actual barrier height. The parameter ε affects the 
peak positions of the fission fragment yield and overall 
TKE. A large ε value results in a thin neck, forming 
fission fragments with a compact shape. 
Consequently, the peak position shifts towards 
A ¼ 134 due to the double magicity in heavy frag
ments. Given that Coulomb energy significantly influ
ences TKE, changes in ε also affect TKE. A large ε 
reduces the distance between fragments, leading to 
a high Coulomb energy. As a result, TKE increases.

The free energy F q; Tð Þ in Equation (1) is tem
perature-dependent and is calculated as 
F ¼ V � TS, where V is the nuclear potential 
energy, T is the nuclear temperature, and S is the 
entropy. We employed F q; Tð Þ instead of the 
potential energy to accurately calculate the 
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temperature dependence of the shell correction. 
The shell and pairing corrections to the free energy 
were determined in our previous work by 
a temperature-dependent calculation [36]. The sin
gle-particle energy is calculated in the finite-depth 
two-center Woods–Saxon potential with para
meters from Ref [37], and the TCSM shape was 
expanded by Cassini ovaloids. Regarding transport 
coefficients, we calculated a collective inertia tensor 
mμν under Werner-Wheeler approximation [38,39]. 
For a friction tensor γμν, we applied wall-and- 
window formula with a commonly accepted reduc
tion factor ks ¼ 0:27 [40–42]. As for the random 
force, the strength gμν of the random force con
nects to the friction tensor through the fluctuation- 
dissipation theorem at 1 MeV: 

The intrinsic temperature of the system T governs the 
strength of the shell effect, and T is connected to the 
intrinsic excitation energy Eint with the level density 
parameter a: 

where Ex is the input excitation energy and is treated 
as the sum of the neutron separation energy and the 
incident energy. In our model, the effective tempera
ture Teff

μ is introduced for collective variables as below: 

where ωμ is the local frequency of collective motion. 
At T ¼ 0; Teff

μ corresponds to the zero-point energy 
�hωμ=2, i.e., Teff

μ ¼ �hωμ=2. A larger value of �hω4 gives 
a wider width of the fission fragment yield and higher 
average TKE around A ¼ 120 � 130. For the value of 
parameters ε and �hωμ in this research, refer to 
Section 2.2.

In a recent microscopic approach, it is concluded 
that the collective motion is overdamped, so the iner
tia is irrelevant [21,22]. In the Langevin approach, 
however, we describe the collective motion in 
a different context. We start the calculation from 
a point close to the ground state, and the fluctuations 
lead the trajectories to pass over the saddle point so 
that we can obtain distributions of physical quantities, 
such as mass and TKE. We need the terms containing 
the inertia tensor so that our approach to be self- 
consistent to describe all these processes consistently. 
We hope that the relation between these two different 
views on the collective motion should be elucidated 
well in the future.

2.2. Superposition of two different fission modes

In our previous calculations, the width and peak posi
tions of the mass distribution were not well repro
duced because the model restricts to one neck 
parameter ε [43]. The neck parameter ε is a fixed 

Figure 1. The potential of the two-center shell model and the nuclear shape.
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parameter in the four-dimensional Langevin model 
due to the limitations of calculation time and 
resources. However, in the original concept of the 
TCSM, ε is also supposed to be one of the dynamic 
variables, and a distribution of ε should exist at the 
scission point. From the previous findings, it is known 
that the fission yields can be expressed in the super
position of several different fission modes. The fission 
modes are determined by the peak positions of the 
fission fragment yield, and the TKE and the peak 
positions differ accordingly in these modes. To incor
porate different fission modes in our Langevin model, 
we superposed two Langevin calculations. The classi
fication of fission modes was inspired by Brosa’s nota
tion [44], and this approach enabled us to express the 
variations in ε in the fission fragment yield and TKE.

Brosa et al. suggested a model on different fission 
paths: the superlong (SL), supershort (SS), standard 
I (ST1), and standard II (ST2) modes [44]. The SL and 
SS modes represent symmetric fission components 
and are distinguished by the nuclear shape. The SL 
mode gives smaller TKE due to the large deformation 
of fission fragments, whereas the SS mode produces 
larger TKE owing to the compact shape of fragments. 
The ST1 and ST2 modes are asymmetric fission com
ponents and are classified by the peak positions. For 
heavy fragments, the peak position of ST1 mode is 
located near A ¼ 134 due to the doubly magic shell, 
and its nuclear shape shows a spherical configuration 
in the ground state. The peak position of ST2 mode is 
in the vicinity of A ¼ 144 due to the deformed shell, 
and the shape exhibits deformed. By using this classi
fication, we developed a phenomenological approach 
to describe the fission fragment mass yield system
atically over a wide mass range.

Currently, few fissile isotopes exist in experimental 
and evaluated data for the fission observables before 
and after prompt decay. The fission fragment yields are 
reported for 238;240;242Pu sfð Þ and 239Pu nth; fð Þ from Ref 
[45]. For this reason, we decomposed the experimental 
fission fragment yields of 240Pu sfð Þ into two fission frag
ment yields corresponding to the ST1 and ST2 modes 
and calculated two modes separately by changing ε and 
�hωμ parameters in our Langevin model. As indicated in 
Section 2.1, the peak positions of the fission fragment 
yield and overall TKE are highly influenced by the para
meter ε, and the width of the yield and TKE ranging of 
A ¼ 120 � 130 are notably sensitive to the parameter 
�hω4. The parameters are determined to be ε ¼ 0:65 and 
�hωμ ¼ 2; 2; 2; 1ð Þ MeV for the ST1 mode and to be 
ε ¼ 0:25 and �hωμ ¼ 2; 2; 2; 2:7ð Þ MeV for the ST2 
mode. The neck parameter ε differs between the ST1 
and ST2 modes because ε reflects the characteristics of 
nuclear shape, and we confirmed the ST1 mode as 
a spherical shape and the ST2 mode as a deformed 
shape at peak positions in heavy fragments. The width 

of the fission fragment yield tends to be smaller for the 
ST1 mode than for the ST2 mode in the actinide nuclides. 
The symmetric components are included in the ST2 
mode in our Langevin calculations; therefore, we did 
not superpose the SL and SS modes separately and 
applied a damping function to the symmetric compo
nents of the SL mode at thermal energy. It must be noted 
the SL mode is associated with the ST2 mode since 
fragments in both modes are deformed. We summed 
up the calculated ST1 and ST2 modes using 
a superposing ratio ζ: 

where YST1 A; TKEð Þ and YST2 A; TKEð Þ are fission frag
ment yields of ST1 and ST2 modes. The same ε and �hωμ 

sets are used for 238;240;242Pu sfð Þ and 239Pu n; fð Þ, and we 
only adjusted ζ by using a least squares method to 
reproduce the peak positions of fission fragment yields.

2.3. Connection to the Hauser–Feshbach 
statistical decay calculations

We calculated the prompt decay process with the 
Hauser–Feshbach theory implemented in TALYS (ver
sion:1.96) [17] using the fission fragment yields Yff Að Þ

and average TKE TKEh i Að Þð Þ from our Langevin model. 
The necessary information for the prompt decay calcula
tion is not only Yff Að Þ and TKEh i Að Þ but also the charge 
distribution of mass distribution and TKE, the excitation 
energy distribution, and the spin-parity distribution of 
fission fragments. For the charge distribution, we 
employed Wahl’s Zp model 4; 5½ � for each fragment 
obtained from the Langevin calculations. The average 
total excitation energy and its dispersion for each frag
ment pair are calculated with the Q-value, TKEh i, and its 
dispersion from the Langevin model. The average excita
tion energy is distributed into each fission fragment 
based on an anisothermal parameter RT [15,46–49]; 
defined as a ratio of nuclear temperatures Tl;h of light 
and heavy fission fragments: 

where a Ul;h
� �

are the level density parameters, and Ul;h 
are the excitation energies corrected by the pairing ener
gies. The energy dependence of RT is introduced as in the 
previous research [49]:  

where RT0 and RT1 are model parameters, and we used 
RT0 ¼ 1:30 and RT1 ¼ �0:507 for the 239Pu n; fð Þ

reaction.

JOURNAL OF NUCLEAR SCIENCE AND TECHNOLOGY 87



The excitation energy and spin-parity distributions 
are calculated in TALYS. TALYS generates the excita
tion energy distribution of each fission fragment in the 
form of a Gaussian distribution by using the average 
excitation energy and its dispersion. The energy and 
its dispersion are prepared with the calculated 
Langevin results and the energy-dependent RT value. 
The spin-parity distribution is provided in the form of 
Fermi-gas model. The parameters in the spin-parity 
distribution are selected to reproduce the neutron 
multiplicity at thermal incident energy. For further 
details, please refer to the relevant reference [50].

3. Results and discussion

3.1. Fission fragment yield and average TKE 
obtained from four-dimensional Langevin model

We calculated the fission fragment yields Yff Að Þ and 
average TKEs TKEh i Að Þð Þ of both ST1 and ST2 modes 
separately in the Langevin model and superposed them 
by using a superposing ratio ζ. The upper part of Figure 2 
shows Yff Að Þ, and the lower part of Figure 2 represents 
TKEh i Að Þ for 238;240;242Pu sfð Þ. By adjusting ζ, the peak 

position of Yff Að Þ is successfully reproduced for 
238;240;242Pu sfð Þ. The calculated TKEh i Að Þ is also in 
agreement with experimental data. The results represent 
that the TKE of the ST1 mode is higher than that of the 
ST2 mode. TKE is calculated as the sum of Coulomb and 
kinetic energies at scission, as mentioned in Section 2.1. 
In the ST1 mode, the distance between fission fragments 
is small due to their spherical shape. As the distance 
between fragments decreases, the Coulomb energy 

increases, leading to a higher TKE. Consequently, the 
ST1 mode has a higher TKEh i Að Þ than the ST2 mode. 
Table 1 shows the calculated and experimental 
TKEh i Að Þ for Pu isotopes. The deviation between our 

results and the experimental data is approximately 2%, 
which indicates our approach can provide relatively 
accurate TKEh i simultaneously with Yff Að Þ.

Figure 3 represents the superposing ratio ζ of the ST1 
and ST2 modes as a function of N � Zð Þ=A of the 
fissioning nucleus. We can see that ζ is in proportion 
to N � Zð Þ=A for 238;240;242Pu sfð Þ. This result shows the 
amount of YST1 Að Þ increases linearly as N � Zð Þ=A 
increases. Assuming that the slope of ζ for neutron- 
induced fission is the same as that for spontaneous 
fission of Pu isotopes, the superposing approach 
might have the capability to calculate Yff Að Þ and TKE 
for neutron-induced fission of other nuclides.

We applied the same ε and �hωμ obtained as above to 
239Pu n; fð Þ ranging from thermal up to 5 MeV, and 
Figure 4 represents Yff Að Þ and TKEh i Að Þ for 
239Pu n; fð Þ at thermal energy and at 3 and 5 MeV of 
incident energies. The superposing ratio ζ is adjusted to 
reproduce the experimental fission fragment yield of 
239Pu nth; fð Þ, and the same ζ is employed for the other 
incident energies. The increase of Yff Að Þ in the sym
metric region with increasing incident energy is well 
reproduced. The peak position and the width of each 
fission fragment yield Yff Að Þ are generally in good 
agreement with the experimental data although the 
peak position is out by a few mass numbers and is 
overestimated in the vicinity of A ¼ 137; 140, especially 
at thermal incident energy. Regarding TKEh i Að Þ, it is 
seen that the calculation results successfully reproduce 

Figure 2. (Upper) the calculated fission fragment yields Yff Að Þ and (lower) the average TKEs TKEh i Að Þð Þ for 238;240;242Pu sfð Þ. The 
green-dotted lines show the calculated ST1 modes ε ¼ 0:65; �hωμ ¼ 2; 2; 2; 1ð Þ MeV

� �
, the blue dotted lines represent calculated 

ST2 modes ðε ¼ 0:25; �hωμ ¼ 2; 2; 2; 2:7ð Þ MeVÞ, and the black lines correspond to the superposed results of calculated ST1 and 
ST2 modes weighted by ζ.
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the experimental data in A � 130 while they are under
estimated around A ¼ 120 � 130. To improve the 
accuracy of TKEh i Að Þ, a large amount of fission frag
ment yield should be obtained from A ¼ 120 � 130 in 
the ST1 mode.

Figure 5 shows TKEh i Eð Þ as a function of incident 
neutron energy ranging from thermal up to 5 MeV. 
While the decreasing trend is reproduced in TKEh i Eð Þ

as the incident energy increases, the calculation indi
cates the underestimation of TKEh i Eð Þ at thermal 
energy especially. One of the reasons for the under
estimation in TKEh i Eð Þ is the underestimation of 
TKEh i Að Þ in A ¼ 120 � 130. Furthermore, there is 

a discrepancy between the experimental and calcu
lated results in the slope of TKEh i Eð Þ. The previous 
research reported that the average TKE in Langevin 
calculation decreases as increasing the excitation 
energy due to nuclear deformation [56]. Therefore, 
the decreasing slope of TKEh i Eð Þ in Langevin calcula
tions is primarily determined by the reduction of the 
average TKE due to nuclear deformation. On the other 
hand, there are some uncertainties in the experimental 
TKE because the experimental TKE is obtained after 

processed by theoretical or phenomenological proce
dures to correct the prompt decay process.

Moreover, the number of experimental TKE results 
is limited in actinide nuclei, and it remains incomple
tely understood how the average TKE decreases. We 
cannot conclude the reasons for the discrepancy of the 
decreasing slope between the calculated and experi
mental TKEh i Eð Þ. The investigation of TKE using the 
Langevin model will be conducted in the future.

3.2. Prompt fission neutron observables and 
independent fission product yield calculated in 
TALYS

By using the Hauser-Feshbach statistical decay calcu
lations implemented in TALYS, we investigated the 
fission neutron observables and the independent fis
sion product yield. Figure 6(a) shows the prompt fis
sion neutron multiplicity �vn Að Þ for 239Pu n; fð Þ as 
a function of mass number at the incident energies 
of thermal energy and 5 MeV. The calculated �vn Að Þ

reproduces successfully the known tendencies, while 

Figure 3. The superposing ratio ζ of the ST1 and ST2 modes as a function of N � Zð Þ=A for Pu isotopes. The dashed line represents 
a fitting function calculated from 238;240;242Pu sfð Þ.

Table 1. The calculated and experimental average TKE for 238;240;242Pu sfð Þ and 239Pu nth; fð Þ in MeV unit.

ε 
�hωμ MeV½ �

ST1 
0.65 

2; 2; 2; 1ð Þ

ST2 
0.25 

2; 2; 2; 2:7ð Þ Average TKE
238Pu sfð Þ Present ζ ¼ 0:098ð Þ 195.87 174.36 176.47

Demattè et al. [51] 176:4 � 0:3
Schillebeeckx et al. [45] 177:0 � 0:3

240Pu sfð Þ Present ζ ¼ 0:271ð Þ 194.79 173.44 179.23
Demattè et al. [51] 178:5 � 0:1
Schillebeeckx et al. [45] 179:4 � 0:1

239Pu nth; fð Þ Present ζ ¼ 0:153ð Þ 194:78 173:65 176.88
Wagemans et al. [52,53] 192 175
Schillebeeckx et al. [45] 177:93 � 0:01
Surin et al. [54] 177:7 � 0:1
Tsuchiya et al. [55] 176:2 � 1:4

242Pu sfð Þ Present ζ ¼ 0:482ð Þ 194.22 172.57 183.01
Demattè et al. [51] 180:5 � 0:1
Schillebeeckx et al. [45] 180:7 � 0:1
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the calculated results overestimate (underestimate) the 
experimental data in the light (heavy) fragments. At 
thermal energy, the calculated �vn Að Þ shows the saw- 
tooth shape as widely known in experimental results 
for actinide nuclei. Compared to �vn Að Þ at the incident 
energies of thermal energy and 5 MeV; �vn Að Þ increases 
mainly from the heavy fragments owing to the energy- 
dependent RT value. The trend of increasing �vn Að Þ

from heavy fragments has been reported for several 
actinide nuclei in Ref [57,58]. for experimental results 
and several computational approaches, such as GEF, 
PbP [59], FIFRELIN [60], and CGMF with time- 
dependent superfluid local density approximation 

(TDSLDA) results [21,22]. It must be noted that the 
saw-tooth shape and its energy dependence depend on 
how RT is parameterized [61].

Figure 6(b) shows �vn Eð Þ for 239Pu n; fð Þ as 
a function of the incident energy ranging from ther
mal up to 5 MeV, and the calculated �vn at thermal 
energy is tabulated with experimental and evaluated 
data in Table 2. The calculated �vn Eð Þ is in fairly good 
agreement with experimental and evaluated data ran
ging from thermal up to 5 MeV even though there is 
a discrepancy of 1% in the calculated and experimental 
TKE. There are several reasons why calculated �vn Eð Þ

reproduces the reported data: (1) The discrepancy of 

Figure 4. (Upper) the calculated fission fragment yields Yff Að Þ and (lower) the average TKEs TKEh i Að Þð Þ for 239Pu n; fð Þ. The green 
dotted lines exhibit the calculated ST1 modes ε ¼ 0:65; �hωμ ¼ 2; 2; 2; 1ð Þ MeV

� �
, the blue dotted lines represent calculated ST2 

modes ðε ¼ 0:25; �hωμ ¼ 2; 2; 2; 2:7ð Þ MeVÞ, and the black lines correspond to the superposed results of the calculated ST1 and 
ST2 modes weighted by ζ ¼ 0:153.

Figure 5. The average TKE TKEh i Eð Þð Þ as a function of incident energy for 239Pu n; fð Þ. The green dotted line represents the 
calculated ST1 mode, and the blue dotted line shows the calculated ST2 mode. The black line corresponds to the superposed result 
of the calculated ST1 and ST2 modes weighted by ζ ¼ 0:153.
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the TKE is approximately 1 MeV, and it is small 
compared to the threshold energy of the prompt neu
tron evaporation, that is, the neutron separation 
energy. (2) The excitation energy affects �vn Eð Þ, and 
other conditions also have an influence on it, such as 
the spin-parity distribution of fission fragments, the 
fission fragment yield, and the RT value. Various con
ditions overlapped, and the calculated result is in good 
agreement with the known data. (3) In our calculation, 
the overestimation and underestimation in �vn Að Þ can
cel out each other, consequently, �vn Eð Þ reproduces the 
reported data. In terms of the rate of increase in �vn Eð Þ, 
it almost reproduces that of experimental and evalu
ated data, while the rate is different between the range 

from 0 to 1 MeV and that from 1 to 5 MeV. As 
previously discussed in (2) above, it is crucial to 
acknowledge that the calculation conditions signifi
cantly impact �vn. The slope also changes in the balance 
of the conditions; thus, we need to take into account 
several input conditions more carefully.

Figure 7 shows the calculated prompt fission neu
tron spectrum (PFNS) in the laboratory frame, and the 
inset is that of a ratio to a Maxwellian spectrum. 
Although the calculated PFNS underestimates the 
evaluated data from 3 MeV up to 10 MeV, the calcu
lated one approximately reproduces the shape of the 
evaluated ones on a logarithmic scale. The PFNS is 
influenced by the spin-parity distributions of fission 
fragments [50,62], and it is known that the fission 
fragment yield also affects the tail of the PFNS [62]. 
It is necessary to determine the fission fragment yield 
and the spin-parity distribution while keeping the 
accuracy of other fission observables, such as the neu
tron multiplicity and the independent fission product 

Figure 6. (a) the neutron multiplicity �vn Að Þ as a function of mass number at thermal and 5 MeV and (b) �vn Eð Þ as a function of 
incident energy ranging from thermal up to 5 MeV for 239Pu n; fð Þ.

Table 2. The calculated neutron multiplicity �vn at thermal 
energy for 239Pu n; fð Þ.

Present ENDF-B/VIII.0 JENDL-5

2.874 2.870 2.870
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yield. We have not found the solution for it, and the 
investigation for the PFNS and other fission observa
bles is in progress.

Figure 8 represents the independent fission 
product yield Y Að Þ for 239Pu n; fð Þ at thermal 
energy. The accuracy of Y Að Þ has improved from 
the previous research [43] by employing two 
Langevin calculations of ST1 and ST2 modes. 
While the current approach partially reproduces 
fine structure in Y Að Þ, the peak positions are 
slightly out by a few mass numbers compared to 
the experimental and evaluated data. The calcu
lated Y Að Þ is overestimated in the vicinity of 
A ¼ 97 for the light fragment and A ¼ 141 for 

the heavy fragment. The overestimations in Y Að Þ

are derived from the overestimations in the fission 
fragment yield Yff Að Þ in the vicinity of 
A ¼ 137; 140. The calculation suggests that an 
accurate fission fragment yield Yff Að Þ is necessary 
to obtain an accurate independent fission product 
yield Y Að Þ.

Figure 9 illustrates the independent fission pro
duct yields Y Z; Að Þ at the thermal energy as func
tions of charge and mass numbers. Our 
investigation focused on specific isotopes and 
revealed a notable discrepancy in Pd isotopes com
pared to the evaluated data. This discrepancy arises 
from the fact that the determination of Yff Að Þ relies 

Figure 7. The calculated prompt fission neutron spectrum (PFNS) in the laboratory frame for 239Pu nth; fð Þ. The inset figure 
represents the PFNS as a ratio to a Maxwellian spectrum at T ¼ 1:32 MeV.

Figure 8. Comparison of the calculated independent fission product yield Y Að Þ with the experimental and evaluated data for 
239Pu nth; fð Þ.
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on a least squares method, and the small amount of 
Yff Að Þ in the symmetric region has not been 
adjusted to reproduce the known data. 
Consequently, these results emphasize the necessity 
of modifications within the symmetric region to 
enhance the accuracy of both Y Z; Að Þ and Yff Að Þ. 
For the other isotopes, the calculated Y Z; Að Þ exhi
bits good agreement with the evaluated data on the 
lighter side. However, we can see the overestima
tions in Y Z; Að Þ on the heavier side, that is, the 
neutron-rich side. To further investigate this phe
nomenon, we investigated the charge distribution 
of Y Z; Að Þ at specific mass numbers, namely A ¼

100; 103; 134, corresponding to the characteristic 
peaks in the evaluated Y Að Þ.

Figure 10 shows the calculated Y Z; Að Þ as a function 
of charge number Z at A ¼ 100; 103; 134. While each 
Y Z; Að Þ shows a decent agreement with reported data on 
the heavier charge number side, the results are over
estimated on the lighter charge number side. The lighter 
charge number side at the same A corresponds to neu
tron-rich fragments. We can conclude that Y Z; Að Þ cal
culated in our approach tends to overestimate Y Z; Að Þ

on the neutron-rich fragments by using the original 
Wahl’s Zp model for 239Pu nth; fð Þ. The neutron- 
richness of fission products exerts a significant influence 
on the neutron emission by β�decay, thus an accurate 
evaluation is necessary. It clarified the necessity of adjust
ing the width parameters of the charge distribution to be 
in good agreement with the evaluated data of Y Z; Að Þ.

Figure 9. The calculated independent fission product yield Y Z; Að Þ for several isotopes of 239Pu nth; fð Þ.
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4. Conclusions

In this study, we established a method to simulate 
the fission process after forming a compound 
nucleus up to the prompt decay by connecting the 
four-dimensional Langevin model and the Hauser- 
Feshbach decay model. We calculated the mass 
distributions of the standard I and II modes 

separately by using the four-dimensional Langevin 
model and superposed them to reproduce Yff Að Þ

data of 238;240;242Pu sfð Þ and 239Pu n; fð Þ. The stan
dard I and II modes were determined by employing 
different neck parameters ε within the two-center 
shell model shape parametrization and the zero- 
point energies �hωμ. A systematics of the 

Figure 10. Comparisons of the calculated independent fission product yield Y Z; Að Þ with the experimental and evaluated data at 
A ¼ 100; 103; 134 for 239Pu nth; fð Þ.
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superposing ratio ζ was found in 238;240;242Pu sfð Þ. In 
the systematics, ζ was proportional to N � Zð Þ=A of 
the fissioning nuclei, and it showed the capability 
to calculate Yff Að Þ and TKE for other nuclides. The 
superposition results reproduced the peak positions 
of Yff Að Þ for 238;240;242Pu sfð Þ and 239Pu n; fð Þ. The 
results also reproduced the incident energy depen
dence of Yff Að Þ and the decreasing trend in TKEh i

for 239Pu n; fð Þ. However, the Langevin calculations 
included discrepancies when compared to the 
known data, such as the overestimations of Yff Að Þ

and the underestimations of TKE. These discrepan
cies have significant impacts on the prompt fission 
observables. Therefore, further improvements are 
necessary for Yff Að Þ and TKE.

Regarding the prompt fission observables of 
239Pu n; fð Þ, it was found that the calculated neutron 
multiplicity �vn Að Þ reproduced the saw-tooth shape 
and the energy dependence in �vn Að Þ while the present 
result has discrepancies between the experimental 
results in light and heavy fragments. The calculated 
�vn Eð Þ was also in good agreement with experimental 
and evaluated data in the range of thermal up to 5 MeV 
by using the same RT value as Ref [49]. The calculated 
prompt fission neutron spectrum has a discrepancy 
between the evaluated data, and this discrepancy is 
considered correlated with the spin-parity distribution 
of fission fragments and Yff Að Þ. The independent fis
sion yield Y Að Þ showed the overestimations derived 
from Yff Að Þ. It was found that the accurate Yff Að Þ is 
necessary for the calculation of Y Að Þ. The calculated 
Y Z; Að Þ were compared with experimental and evalu
ated data, and slight overestimations were seen on the 
neutron-rich side. It was found that this is attributable 
to a problem of the charge distribution, which was too 
broad, obtained by Wahl’s Zp model.

Since the prompt fission observables are all corre
lated, it is difficult to determine the inputs, such as the 
Yff Að Þ, TKE, the spin-parity distribution, the energy 
partition, and the charge distribution. Further 
research is currently underway to evaluate the fission 
observables with high accuracy. Although challenges 
remain for the most important nuclides, our approach 
can be useful and accurate enough to provide evalu
ated data for other nuclides.
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