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SUMMARY

We introduce a pivot for exact selective inference with randomization. Not only does
our pivot lead to exact inference in Gaussian regression models, but it is also available in
closed form. We reduce this problem to inference for a bivariate truncated Gaussian vari-
able. By doing so, we give up some power that is achieved with approximate maximum
likelihood estimation in Panigrahi & Taylor (2023). Yet our pivot always produces nar-
rower confidence intervals than a closely related data-splitting procedure. We investigate
the trade-off between power and exact selective inference on simulated datasets and an HIV
drug resistance dataset.

Some key words: Data carving; Data splitting; Exact inference; Pivot; Post-selection inference; Randomization;
Selective inference.

1. Introduction

The polyhedral method of Lee et al. (2016) introduced confidence intervals for exact
selective inference in Gaussian regression models. This method provides valid inferences
for selected parameters by conditioning on the outcome of selection. A pivot is obtained
for each selected parameter from a truncated Gaussian distribution, provided the outcome
of selection can be described by linear constraints, also known as polyhedral constraints.
However, as shown by Kivaranovic & Leeb (2021), confidence intervals based on this pivot
can have infinite length in expectation.

Randomizing data at the time of selection and conditioning on the outcome of ran-
domized selection produces narrower confidence intervals than the polyhedral method.
Kivaranovic & Leeb (2024) formally established that some of these randomized procedures
guarantee intervals with bounded lengths. A stumbling block for subsequent inference, how-
ever, is the lack of a pivot in closed form after marginalizing over the added randomization
variables. For example, the pivot based on randomized response, as in Tian & Taylor (2018),
or on data carving, which involves holding out a random subsample during selection, as in
Fithian et al. (2017), cannot be directly computed.

Recent work by Panigrahi & Taylor (2023) bypassed this computational hurdle by
proposing an approximate Gaussian pivot through maximum likelihood estimation. The
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2 Snigdha Panigrahi, Kevin Fry AND Jonathan Taylor

Table 1. Coverage probability and average lengths of
intervals for the MLE and our proposed method

(a) Coverage (b) Length
t MLE (%) Exact (%) MLE Exact

0.5 86.09 89.94 20.83 27.14
0.75 86.69 90.02 20.86 26.94
1 85.56 90.30 21.09 27.44

approximate pivot is obtained by solving a convex optimization problem that yields the
selection-adjusted maximum likelihood estimator and observed Fisher information matrix.
The term we use for this approach is the MLE method. Although computationally appeal-
ing, this pivot may not provide adequate coverage if the approximation is inaccurate.
Moreover, it can be difficult to determine the reliability of the approximation in practi-
cal settings. Inaccuracies can arise when the dimensions of the problem are significantly
larger than the number of available samples. To provide an example, consider the case where
n = 500 independent and identically distributed samples are generated from a Gaussian
linear regression model with p = 1000 predictors, of which 25 are true signals with mag-
nitude of (2t log p)1/2 and the rest are noise. We conduct 500 rounds of simulations with t
taking values 0.5, 0.75 and 1. In all three scenarios, the coverage probability of the approx-
imate pivot produced by the MLE method is below the target level 0.90, as reported in
Table 1(a).

In this paper, we offer a new pivot for selective inference with randomization. We aim
at exact selective inference in closed form, without requiring a case-by-case treatment for
different models. In exchange, we give up some power that is achieved with the approximate
Gaussian pivot in Panigrahi & Taylor (2023). This trade-off between the coverage proba-
bilities and the averaged lengths of the intervals for both methods, MLE and our proposed
method Exact, can be seen in Table 1(a) and (b). Despite sacrificing some power, our pivot
produces more reliable inferences that roughly attain the target coverage probability 0.90 in
all three scenarios.

2. Background

2.1. Some preliminaries

We begin by defining notation that is used throughout the paper. Let [d] = {1, 2, . . . , d}
for d ∈ N. The symbol ej ∈ R

d is understood as a vector with 1 in the jth entry and 0
elsewhere. For η ∈ R

d and � ∈ R
d×d , ηj = eTj η is the jth entry of η, �j,k = eTj �ek is the

(j, k)th entry of � and �[j] is the jth row of �. For a given setD, the notation |D| represents
its cardinality.

We use φ(x; θ ,�) to denote the density function of a Gaussian variable with the mean
vector θ ∈ R

d and covariance matrix � ∈ R
d×d at x. In particular, when d = 1, θ = 0, � =

1, we let φ(x) be the density of a standard normal variable and let �(x) be its cumulative
distribution function. Denote by

TP[a,b](θ ,ϑ) = �

{
1
ϑ

(b− θ)

}
− �

{
1
ϑ

(a− θ)

}

the truncation probability that a univariate Gaussian variable with mean θ and variance ϑ2

lies in the interval [a, b], where a, b take values in the extended real set.
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Exact selective inference with randomization 3

For background on selective inference, we consider the standard setting of the lasso
regression with a fixed design matrix. Suppose that we have a vector of outcomes y ∼
N (μ, σ 2In) ∈ R

n for an unknown mean parameter μ and a matrix of p fixed features
X ∈ R

n×p. We observe w ∼ N (0p,	), a p-dimensional randomization variable that is drawn
independently of y. Consider solving

b̂ = argmin
b∈Rp

1
2
‖y− Xb‖22 + ε

2
‖b‖22 + λ‖b‖1 − wTb (1)

with regularization parameter λ ∈ R
+.

The selection algorithm in (1) gives a noisy version of the lasso, which is called the ran-
domized lasso in Tian et al. (2016). A small, fixed value of ε ∈ R

+ in the objective of the
randomized lasso simply ensures the existence of a solution. The variance of the Gaussian
randomization variable is a tuning parameter that is similar to the split proportion in data
splitting. It lets us control how much information we use to select a model versus how much
we use for inference. As an example, consider 	(τ 2) = τ 2Ip. If we increase the value of τ 2,
it means that we perform a noisier model selection, which reserves more information for
inference. Later in the paper, we discuss incorporating a Gaussian randomization scheme
that is related to data splitting.

After solving (1), we seek inference for a set of post-selection parameters. Here is a
common example. Let

E = {j ∈ [p] : |sign(b̂j)| = 1}.

Having observed the selected subset of features E = E , we infer for

βE = (XT
EXE)−1XT

Eμ ∈ R
|E|,

which is the best linear representation of μ using the selected subset of features XE . For
brevity, let cj = XE(XT

EXE)−1ej ∈ R
n for j ∈ [|E |]. This allows us to write each entry of βE

as

βE
j = cj

T
μ.

Note that βE
j depends on y and w through cj, which in turn depends on E .

2.2. Existing work

We begin by reviewing two existing methods that are closely related to our current pro-
posal. The firstmethod offers an exact pivot for selective inferencewhen solving the standard
version of lasso, without randomization. The secondmethod provides an approximate pivot
after solving the randomized lasso.

Both pivots are obtained from a conditional distribution of the outcome variable after
conditioning on a proper subset of the observed event. Conditioning on {E = E} is ideal
if we wanted inference for βE . However, the ideal event is usually complicated to describe
in terms of y and w, making the conditional distribution of y given {E = E} less amenable
to inferences. Therefore, conditioning on a subset of the selection event that has a simpler
description is a practical solution, which can ensure valid and feasible selective inference.
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4 Snigdha Panigrahi, Kevin Fry AND Jonathan Taylor

First we review the polyhedral method. Consider solving the standard lasso (Tibshirani,
1996), which involves setting ε = 0 and w = 0p in the objective of (1). We denote the set of
selected features as E0. We distinguish E0 from the selected set E, which is obtained from
solving the randomized lasso.

Having observed E0 = E0, fix cj0 = XE0(X
T
E0XE0)

−1ej ∈ R
n that leads to

β
E0
j = cj0

T
μ,

our parameters post selection. Let S0 ∈ R
|E0| be the vector of nonzero signs. Let β̂E0 denote

the least-squares estimator when we regress y against XE0 and let

�̂
j
0 =

(
I − cj0c

j
0
T

‖cj0‖22

)
y

be the projection of y onto the orthogonal complement of the subspace spanned by cj0.
Conditional on E0 = E0, S0 = S0 and the value of �̂

j
0, the polyhedral method of Lee

et al. (2016) gives an exact pivot by truncating a univariate Gaussian variable, with mean
β
E0
j and variance σ 2‖cj0‖22, to an interval [Hj

−,H
j
+]. The pivot takes the form

P j
Poly(β

E0
j ) =

∫ β̂
E0
j

−∞ φ{(σ‖cj0‖2)−1(x− β
E0
j )} · 1[Hj

−,H
j
+](x) dx∫ ∞

−∞ φ{(σ‖cj0‖2)−1(x− β
E0
j )} · 1[Hj

−,H
j
+](x) dx

, (2)

where the expressions for Hj
− and Hj

+ depend on E0, S0 and �̂
j
0.

Next, we turn to selective inference with the randomized lasso. The approximate MLE
method of Panigrahi & Taylor (2023) uses the likelihood of ywhen conditioned on {G = G},
where G = ∂ b̂ ‖b‖1 is the subgradient of the �1 penalty at the randomized lasso solution.
Similar to the polyhedral method, the conditioning event is a proper subset of the ideal
event {E = E}.

Let b̂E and ÎE denote the MLE and the observed Fisher information matrix in this
conditional likelihood. An approximate Gaussian pivot for βE

j is given by

P j
MLE(βE

j ) = �

{
1√

(ÎE)−1
j,j

(b̂Ej − βE
j )

}
.

Equivalently, confidence intervals for each component of βE are calculated by centring them
around the jth entry of theMLE, with the variance estimated by the corresponding diagonal
entry of the observed Fisher information matrix. However, the seemingly simple Gaussian
pivot involves computing the exact conditional likelihood function, which cannot be done
in closed form, hence making it difficult to compute the two estimators. To overcome this,
the approximate MLE method derives approximate values for b̂E and ÎE , which rely on a
consistent approximation to the exact conditional likelihood.

2.3. Toy example

We can now informally present the central idea of our paper using a toy example with two
features, i.e., p = 2. We solve (1) with ε = 0 and w ∼ N (02,	) ∈ R

2, where 	 = τ 2XTX .
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Exact selective inference with randomization 5

Say that we select the full model, i.e., E = {1, 2}, and that we focus on the first component
of the two-dimensional post-selection parameter

βE
1 = c1

T
μ.

Let β̂E be the least-squares estimator when regressing y against XE and let β̂E
1 be its first

component.
Introducing some additional notation, let O ∈ R

2 denote the nonzero randomized lasso
solution in this example. Let S = sign(O) be the corresponding sign vector, and let S be the
observed value of S. Recall that the existingMLEmethodmakes inferences after condition-
ing on the event {G = G}. Since G = S in this example, it is easy to see that this conditioning
event can be described as

{−diag(S)O < 02}. (3)

While the previously mentionedMLEmethod obtains an approximate Gaussian pivot with
this conditioning event, we can simplify the event by conditioning on some additional infor-
mation that reduces the conditioning event to an interval on the real line. This is the central
idea behind constructing an exact pivot in closed form.

In this specific toy example, we condition on

A = O2 − eT1(X
TX)−1e2

eT1(X
TX)−1e1

O1,

in addition to conditioning on the value of G. Because

O =
{

1
eT1(X

TX)−1e1
(XTX)−1e1

}
O1 +

(
0
A

)
,

the initial conditioning event in (3) simplifies to

{I1− � O1 � I1+}

after conditioning on A, where [I1−, I1+] is a fixed interval. Consequently, we can obtain an
exact pivot in closed form by computing the joint bivariate distribution of β̂E

1 and O1 when
truncated to the region R× [I1−, I1+]. We explain our choice for additional conditioning and
derive a bivariate truncated Gaussian distribution in the next section.

To conclude, the difference between our method and the polyhedral method is shown
in Fig. 1. For drawing selective inference, the polyhedral method truncates the Gaussian
distribution of β̂E

1 to the interval [H1−,H1+], while our method truncates the joint bivariate
distribution of β̂E

1 and O1 to R × [I1−, I1+].

2.4. Connections with other work

Several papers have demonstrated the effectiveness of the conditional approach for selec-
tive inference across various problems, as evidenced by Lee & Taylor (2014), Yang et al.
(2016), Suzumura et al. (2017), Charkhi & Claeskens (2018), Hyun et al. (2018), Zhao &
Panigrahi (2019), Chen & Bien (2020), Duy et al. (2020), Tanizaki et al. (2020) and Gao
et al. (2024). A significant focus of the current research in this field is on enhancing the
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6 Snigdha Panigrahi, Kevin Fry AND Jonathan Taylor

H_1 H�
�

I ��

I ��

O1

��

�

� ��

�

�

Fig. 1. Comparison with the polyhedral method.

power of earlier approaches. Before we discuss these improvements, it is worth noting that
two other approaches to selective inference have been studied in parallel.

The first is the simultaneous inference approach, which has been investigated by Berk
et al. (2013) and Bachoc et al. (2020). This approach is not customized to a particular selec-
tion method, but the downside is that the confidence intervals are relatively long and may
not permit easy calculations in some instances. The second approach is data splitting. This
method allows for valid selective inference when the available data can be split into two inde-
pendent sets. One set is used as training data for the selection process, while the other set is
held out as validation data for selective inference. Combined with the bootstrap in regres-
sionmodels, Rinaldo et al. (2019) conducted selective inference by splitting the sample space.
Recently, new forms of data splitting have been introduced by Leiner et al. (2023), Neufeld
et al. (2023) and Rasines & Young (2023), which split each observation into two parts to
construct a training set for selection and a validation set for selective inference. However,
these variants of data splitting lose power by discarding data used in selection. In our sim-
ulations, we confirm that inverting our pivot results in narrower confidence intervals than
two such forms of data splitting.

There are two main branches of the conditional approach that have improved power and
overcome the limitations of the polyhedral approach. The first branch of work involves
choosing a minimal conditioning set that can be achieved in some special settings. For ex-
ample, Liu et al. (2018) conditioned on strictly less information than the polyhedral method
when inference is based on a full linear model y ∼ N (Xβ, σ 2In). In the saturated model
y ∼ N (μ, σ 2In), Le Duy & Takeuchi (2022) applied parametric programming to avoid
conditioning on the signs of the lasso coefficients and Carrington & Fearnhead (2024) con-
ditioned on less information to provide inference for detected changepoints. The second
branch of work utilizes randomization variables at the time of selection to remedy a loss
in power. Some of these randomized procedures can be viewed as a more efficient alter-
native to data splitting and appear as data carving in existing literature (Fithian et al.,
2017; Schultheiss et al., 2021; Panigrahi, 2023). Randomization variables have been used to
deliver powerful Bayesian inference after model selection in papers by Panigrahi et al. (2021,
2023a,b). Our work falls into the latter category, where we provide a principled approach
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Exact selective inference with randomization 7

to choose a conditioning event and construct a pivot thereof that can work with different
Gaussian regression models after selection.

It is not a new idea to find a conditioning event that can lead to a bivariate truncated
distribution. In Kivaranovic & Leeb (2024), one such construction is noted, where noise is
added to a Gaussian response as proposed by Tian & Taylor (2018). This work achieved
an exact pivot by conditioning on the projection of the noisy response onto the orthogonal
complement of the subspace spanned by the direction vector of interest. However, in our
paper, we have employed a different randomization scheme, which involves adding noise
to the optimization objective. As demonstrated by Huang et al. (2023), this scheme has
the potential to be applied to a broad range of M-estimation problems, not just the least-
squares estimation problem. For example, while adding Gaussian noise to a binary response
in logistic regression might not be meaningful, adding noise to the loglikelihood case would
create a noisy estimation problem. Although our primary focus in this paper is on exact
selective inference, our pivot is likely to generalize and provide asymptotic inference in a
more comprehensive context. The concluding discussion in our paper includes a remark
on this.

3. Exact selective inference with the lasso

3.1. Conditioning event

We continue using the randomized lasso to explain our approach in the general Gaussian
regression setting.

Defining some notation, we denote byO ∈ R
|E| the active nonzero lasso solution, and by

S = sign(O) the associated sign vector. Throughout, we assume that the active components
of the lasso solution are stacked before its inactive components. The p-dimensional sub-
gradient of the �1 penalty at the randomized lasso solution is denoted by G = (S

U

)
, where

U ∈ R
p−|E| collects the components of the subgradient subvector in Ec. To represent the

realized values of the variables O, S and U , we use the symbols O, S and U , respectively.
At the randomized lasso solution, observe that

w = Py+QO + RU + T ,

where

P = −
[
XT
E

XT
Ec

]
, Q =

[
XT
EXE + εI|E|
XT
EcXE

]
, R =

[
0|E|,p−|E|
λIp−|E|

]
, T =

(
λS

0p−|E|

)
, (4)

and we have assumed that the active components are stacked before the inactive ones in our
matrices.

As demonstrated in the previous section, we first identify a conditioning event that will
guide us to a pivot for exact selective inference. Extending themethod by Panigrahi & Taylor
(2023), we condition on {G = G}, which can be described as {LO < M, U = U} for L =
−diag(S), M = 0|E|.

To reduce our conditioning event to an interval and obtain a closed-form pivot, we condi-
tion on somemore information. Proposition 1 below states this event, which is equivalent to
truncating a linear combination of O to a fixed interval. To present this result, we introduce
a few matrices that rely on the covariance of the randomization variables and the matrices
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8 Snigdha Panigrahi, Kevin Fry AND Jonathan Taylor

defined in (4). Let

� = (QT	−1Q)−1, Pj = 1

‖cj‖22
Pcj,

rj = QT	−1Pj ∈ R
|E|, Qj = 1

rjT�rj
�rj,

for j ∈ [|E |].
PROPOSITION 1. Define the variables

Ar
j = (I|E| −Qjrj

T
)O ∈ R

|E|.

For j ∈ [|E |], it holds that

{G = G, Arj = Arj} = {Ij− < rj
T
O < Ij+, U = U , Arj = Arj},

where

Ij− = max
k∈Sj−

{
1

LT
[k]Qj (Mk − LT

[k]A
rj)

}
, Ij+ = min

k∈Sj+

{
1

LT
[k]Qj (Mk − LT

[k]A
rj)

}

and

Sj− = {
k : LT

[k]�r
j < 0

}
, Sj+ = {

k : LT
[k]�r

j > 0
}
.

From the previous result, we observe that the conditioning event involves extra informa-
tion in the form of Ar

j
, representing linear combinations of the active lasso coefficients. We

motivate our choice of conditioning event later. In the next section, we obtain a pivot for
βE
j by conditioning on the event in Proposition 1.

3.2. Pivot

Let β̂E be the least-squares estimator obtained by regressing y on XE . Specifically, let
β̂E
j = (cj)Ty denote the jth entry of β̂E . Define �̂j as the projection of y onto the orthogonal

complement of the subspace spanned by cj.
Note that

μ = cj

‖cj‖22
cj

T
μ + P⊥

cj μ.

When inferring for cjTμ, the projection P⊥
cj μ includes nuisance parameters. To eliminate

these parameters, we follow a similar approach as Lee et al. (2016) and condition on �̂j.
This allows us to obtain a conditional density that involves only our parameter of interest,
βE
j . We can then use its cumulative distribution function to obtain a pivot.
To state our main result, we introduce the functions

�(y,U) = −PjT	−1(Py+ RU + T), �(y,U) = −�QT	−1(Py+ RU + T).
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Exact selective inference with randomization 9

THEOREM 1. Define the random variable

P j
Exact(β

E
j ) =

∫ β̂E
j

−∞ φ{(x− λjβE
j − ζ j)/σ j} · TP[Ij−,Ij+]{θ j(x),ϑ j} dx∫ ∞

−∞ φ{(x− λjβE
j − ζ j)/σ j} · TP[Ij−,Ij+]{θ j(x),ϑ j} dx

,

where the constants ϑ j, σ j, λj, ζ j and the univariate function θ j are computed as

(ϑ j)2 = rj
T
�rj, (σ j)2 =

{
1

σ 2‖cj‖22
+ Pj

T
	−1Pj − (ϑ j)2

}−1

,

λj = 1

σ 2‖cj‖22
(σ j)2, ζ j = (σ j)2 · {�(�̂j,U) − rj

T
�(�̂j,U)},

θ j(x) = rj
T
�(�̂j,U) − (ϑ j)2x.

Conditioned on the event in Proposition 1, P j
Exact(β

E
j ) is distributed as a Un(0, 1) variable.

Inverting the pivot in Theorem 1 gives a confidence interval for βE
j . At a predetermined

significance level α, a two-sided confidence interval for βE
j is equal to

(Ljα,U
j
α) =

{
b ∈ R : P j

Exact(b) ∈
[
α

2
, 1 − α

2

]}
.

A few comments are in order here.

Remark 1. The choice of the simple model y ∼ N (μ, σ 2In) ∈ R
n was made for ease of

presentation. However, our pivot can also be applied to other Gaussian regression models,
such as the model of Fithian et al. (2017) where y ∼ N (XEβE , σ 2In) or the full model of
Liu et al. (2018) where y ∼ N (Xβ, σ 2In). The only difference would be in the definition of
cj for each model, which depends on the post-selection parameters chosen for inference.

Remark 2. Liu et al. (2018) noted that the ideal conditioning event could vary across
differentmodels. In some special situations, such aswhen inferring for the selected regression
parameters in a full model y ∼ N (Xβ, σ 2In), conditioning on less information than the
polyhedral method is possible. However, in our method, the conditioning event based on the
outcome of the randomized selection algorithm is the same for different regression models.
Therefore, the construct of our pivot is consistent regardless of our modelling preferences.
In our empirical experiments, we demonstrate the performance of our pivot in the selected
and full models.

The construct of our pivot broadly applies to other common examples of selective infer-
ence. In the Supplementary Material we show how inference after a marginal screening of
correlations, or after selective reporting with bootstrapped data, can be easily carried out
with our pivot.

3.3. Pivot motivated by data carving

We instantiate our pivot using a Gaussian randomization scheme that can be seen related
to the data-carving proposal of Fithian et al. (2017). Data carving is similar to data splitting
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10 Snigdha Panigrahi, Kevin Fry AND Jonathan Taylor

in that it involves using a subset of the data for selection, but differs from data splitting in
that it uses the entire dataset for inference instead of relying solely on the held-out portion.

Suppose that we apply the lasso method to a subsample of size n1 drawn from a dataset
that contains n independent and identically distributed pairs of observations (yi, xi) ∈ R

p+1.
Then, the lasso on the subsample is asymptotically equivalent to solving a randomized lasso
with

w ∼ N(0p, τ 2E[x1xT
1]), (5)

where τ 2 = σ 2(n− n1)/n1. This result is formally stated in Panigrahi et al. (2021). We
provide some additional details in the Supplementary Material to offer insights into this
connection. This motivates us to solve

minimize
b∈Rp

1
2‖y− Xb‖22 + λ‖b‖1 − wTb (6)

with w drawn from a Gaussian distribution with mean 0p and covariance τ 2XTX , which is
the sample analog of the covariance matrix in (5). Recall that this was also the randomiza-
tion scheme in our toy example.

Using this particular form of Gaussian randomization, we can observe that the value of rj

is directly proportional to ej ∈ R
|E|. This means that our conditioning event is equivalent to

truncating the jth active lasso coefficient Oj to an interval on the real line, which is depicted
in Fig. 1. As a result, our pivot in Theorem 1 simplifies as follows.

COROLLARY 1. Suppose that 	 is defined according to (5). Then,

P j
Exact(β

E
j ) =

∫ β̂E
j

−∞ φ{(σ‖cj‖2)−1(x− βE
j )} · TP[Ij−,Ij+]{θ j(x),ϑ j} dx∫ ∞

−∞ φ{(σ‖cj‖2)−1(x− βE
j )} · TP[Ij−,Ij+]{θ j(x),ϑ j} dx

,

where

(ϑ j)2 = 1

τ 2‖cj‖22
and θ j : R → R is equal to

θ j(x) = 1

τ 2‖cj‖22
{λeTj (XT

EXE)−1S − x}.

Upon revisiting our toy example, we recall that the polyhedral method truncates the
Gaussian distribution of β̂E

j to the interval [Hj
−,H

j
+] for j ∈ {1, 2}. In contrast, our new

pivot replaces the indicator function 1[Hj
−,H

j
+](x) with the Gaussian probability

TP[Ij−,Ij+]{θ j(x),ϑ j}
in the integrand of (2).

Remark 3. Of course, solving (6) is not exactly the same as applying the lasso on a sub-
sample of size n1. If selection is carried out on a randomly selected subsample then our
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Exact selective inference with randomization 11

pivot would provide asymptotic selective inference rather than exact, due to the asymptotic
equivalence between the Gaussian randomization and selection on the subsample. Since
our current focus is on providing exact guarantees for selective inference, we defer a formal
proof of this to future work.

3.4. Choice of conditioning

We return to our conditioning event in Proposition 1.
Denote by

(Lj,Gα ,Uj,G
α ) (7)

the confidence interval for βE
j if we had based inference on the conditional distribution of

β̂E , given the event {G = G} as done by the MLE method. In principle, we can fix any
arbitrary vector η ∈ R

|E| and further condition on

Aη =
(
I − 1

ηT�η
�ηηT

)
O. (8)

By writing

O = �η

ηT�η
ηTO+ Aη,

our conditioning event simplifies to an interval as

{G = G, Aη = Aη} = {LO < M, U = U , Aη = Aη}
= {Iη

− < ηTO < Iη
+, U = U , Aη = Aη},

where Iη
− and Iη

+ now depend on L,M, � and Aη.
If we follow the same steps as before then we can obtain an exact pivot for βE

j by using
a truncated distribution that is supported on R × [Iη

−, I
η
+]. If we let η = rj, it leads to the

conditioning event in Proposition 1 and to the proposed pivot.
Now we address choosing η, which determines the additional conditioning information.

Consider a situation when selection has no impact, i.e., the truncated distribution is no
different from the usual distribution with no further adjustment for selection. Our specific
choice η = rj is motivated from the fact that no extra price is paid by conditioning on Ar

j

in the situation described above. In other words, the confidence intervals produced by our
pivot

{(Ljα,Uj
α) : j ∈ E}

narrow down to the intervals in (7) as selection has a diminishing impact. We formalize this
fact in the following proposition.

PROPOSITION 2. Let Aη be defined according to (8). Then, we have

var(β̂E
j | U = U , Arj = Arj , �̂j = g) = var(β̂E

j | U = U , �̂j = g)

= maximum
η

var(β̂E
j | U = U , Aη = Aη, �̂j = g).
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12 Snigdha Panigrahi, Kevin Fry AND Jonathan Taylor

There might be other ways to choose the direction η. One such option is to choose η in a
way that minimizes the variance of the bivariate truncated distribution that arises when we
condition on {G = G, Aη = Aη}. While this approach seems ideal, it is not straightforward
as the resulting optimization is not convex in η and may not be easily solvable.

Another option is to condition on all active lasso coefficients, except for the jth one, when
inferring the effect of the jth selected variable.However, this choice will not generalize well to
other models post selection. For example, if we add a new variable X∗ to the selected model
and fit it using the features E ∪ {X∗}, it is unclear what to condition on when inferring for
the effect of X∗ in this selected model.

In contrast, our approach to choosing η is simple yet principled, which applies broadly to
Gaussian linear models with our form of additive randomization introduced at the selection
step.

4. Simulations

4.1. Settings and modelling strategies

To evaluate how well our pivot performs, we use data generated from a sparse Gaussian
model given by

y = XE∗βE∗ + ε. (9)

Here, ε ∈ R
n is a vector of independent and identically distributed Gaussian errors with

mean 0 and variance σ 2 and E∗ ⊂ [p] is a sparse support set for β ∈ R
p.

We construct the feature matrix X by drawing n = 500 samples from a (p =
200)-dimensional Gaussian distribution N (0p,�) with �ij = 0.9|i−j|. Then, we simulate
y from the model in (9) with noise level σ 2 = 3 and |E∗| = 5.

We design twomain settings to study howourmethod compareswith previously proposed
procedures in selective inference. In our first setting, we vary the proportion of data used
for model selection, referred to as split proportion in our findings. We compare methods
that use roughly the same amount of information for feature selection as data splitting at
a prespecified value of split proportion. We elaborate on this further when we describe the
different methods under study. In the second setting, we vary the signal strength of the
nonzero entries of β to investigate how different methods compare under varying signal
regimes. Specifically, we set the magnitude of the nonzero entries for β as (2f log p)1/2. We
vary the fraction f in the set {0.50, 1, 1.5, 2, 3}, and number the corresponding settings as
signal regimes 1–5 in our plots.

In each setting, we consider two common modelling strategies.

1. Full Model: we model our response using the full set of features. In other words, we
model our response as

y ∼ N (Xβ, σ 2In).

We estimate the noise level in our data by using residuals based on a regression of y
against all p features.
In each round of simulation, we select a sparse set of features E = E . We then

consider inference for the selected coefficients in the full model. To be precise, our
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Exact selective inference with randomization 13

parameters, after selection, are

βE = (βj : j ∈ E)T ∈ R
|E|.

The vector βE contains entries of β that are present in the selected set E .
2. Selected Model: we model our response using the selected set of features E . That is,

we use the model

y ∼ N (XEβE , σ 2In).

In this case, we estimate the noise level by using the residuals based on a regression of
our response against the selected features.
We infer for the partial regression coefficients in the selected model

βE = (XT
EXE)−1XT

EXE∗βE∗ ∈ R
|E|,

which are obtained by projecting the true meanXE∗βE∗ onto the subspace spanned by
the selected features.

In both models, we adopt a plug-in approach to estimate the noise variance. We comment
on this approach below.

Remark 4. The work by Tian & Taylor (2018) supports the use of a plug-in estimator for
σ as long as it is a consistent estimator of the true noise variance before selection. While
we use the parametric form of the fitted model to obtain a plug-in estimator, the plug-in
approach can be more general in principle. For example, one can estimate the noise vari-
ance by using nonparametric function estimationmethods, which separates the task of error
estimation from the precise parametric modelling of our response.

Our reported findings are based on 500 rounds of simulations for each pair of setting and
modelling strategy.

4.2. Methods

We compare the following methods.

1. Exact: our proposed method to conduct exact selective inference with Gaussian
randomization after solving (1).

2. MLE: the approximate maximum likelihood method reviewed in § 2; this method con-
ducts selective inference with an approximate Gaussian pivot after selecting features
through (1).

3. Polyhedral+: this method, introduced by Liu et al. (2018), applies the standard
lasso algorithm for selecting features and then conducts inference for the selected
coefficients in the Full Model by conditioning on strictly less information than the
polyhedral method of Lee et al. (2016).

4. Split: this method is based on data splitting; we divide the training data into two inde-
pendent parts, using n1 samples for model selection with the standard lasso algorithm,
which is followed by using the remaining samples for valid selective inference.

5. UV: this method uses the UV decomposition proposed by Rasines & Young (2023),
where selection and inference are conducted on two independent datasets; for a ran-
domization variable w̃ ∼ N(0n, σ 2fIn), selection is conducted with the U-estimator
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14 Snigdha Panigrahi, Kevin Fry AND Jonathan Taylor

Y + w̃ as the train response and selective inference is conducted for the selected
parameters using the V -estimator Y − w̃/f as the test response.

The two methods Exact and MLE are constructed under the Gaussian randomization
scheme that was discussed in § 3.4. Specifically, we fix the randomization covariance as 	 =
τ 2XTX with

τ 2 = σ̂ 2 (n− n1)
n1

,

where σ̂ is the estimated noise level in our model. Both these methods are compared to
data splitting that uses n1 samples for feature selection. To implement the UV method, we
replace σ by its estimated value under our model and to ensure fair comparisons, we set
f = (n− n1)/n1 in our analysis. We report comparisons of our method with the UVmethod
across different signal regimes.

Remark 5. In our simulations, we choose not to use the polyhedralmethod fromLee et al.
(2016). This is because, on average across 500 simulations, the interval lengths it produces
are much longer than the other four methods we are using. In fact, the polyhedral method
returns infinitely long interval estimates in every setting, which is consistent with the findings
of Kivaranovic & Leeb (2021).

Remark 6. When considering the Full Model, we include a summary of the performance
of the Polyhedral+ method, as well as the Exact and MLE methods. The benefits of utiliz-
ing the entire dataset rather than dividing it into samples are significantly noticeable when
applying the Full Model. Therefore, we exclude the split-based methods from our summary
plots since they produce considerably longer intervals, on average, compared to the other
methods.

For the Selected Model, we compare the four randomized methods used in our simula-
tions. The Polyhedral+ method is designed to provide selective inference only under the Full
Model and does not apply to the Selected Model.

4.3. Findings

First, we evaluate the accuracy of feature selection by using

F1 score = true positives
true positives + (false positives + false negatives)/2

in our two main settings.
In Fig. 2(a), we vary the split proportion ρ = n1/n at a fixed strength of signals while

keeping the signal strength fixed. We use the randomized lasso method to conduct feature
selection withGaussian randomization that corresponds to the prespecified split proportion
ρ; Exact and MLE provide inference for the effects of the features selected with this ran-
domized version of the lasso. The standard implementation of the lasso, which is used by
Polyhedral+, applies feature selection on the entire dataset, and is represented in the plot as
Standard. The distribution of the F1 score for the Gaussian randomization scheme closely
resembles the randomization involved in the related Split procedure. As expected, the accu-
racy of selection increases with higher values of the split proportion, eventually matching
the accuracy attained by the standard method on the full data.
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Fig. 2. Accuracy based on the quality of feature selection.
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Fig. 3. Coverage rate of confidence intervals under signal regime 3.

In Fig. 2(b), we fix the split proportion at 0.80 and vary our signal regimes in the set 1–5.
Consistent with expectations, the accuracy of feature selection increases as we strengthen
the signals. Notably, all the methods used for feature selection perform almost equally well
at a split proportion of 0.80, which is consistent with the findings of Fig. 2(a).

Next, we compute the false coverage rate of the confidence intervals for differentmethods,
which is equal toFCR = {j ∈ E : βE

j �∈ CE
j }/max(|E |, 1). In Figs. 3 and 4, we plot the coverage

rates 1−FCR for 90% confidence intervals under the Full Model and Selected Model. The
averaged coverage rate, over all replications, is highlighted with a filled circle. The horizontal
dashed line at 0.90 depicts the target coverage rate for all the methods.

Exact achieves the desired rate of coverage, as do the previous methods of selective infer-
ence. This pattern remains consistent even as we change the split proportion or the strength
of signals in different signal regimes.

In Figs. 5 and 6, we investigate how the Exact confidence intervals compare in length
when we vary the split proportion and the strength of signals.

Under the Full Model, we observe that the interval lengths produced by Exact andMLE
are consistently less variable than those of Polyhedral+. This observation is also true if
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Fig. 4. Coverage rate of confidence intervals at fixed split proportion 0.80.
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Fig. 5. Length of confidence intervals under signal regime 3.

we focus attention on split proportion ρ = 0.80, at which the randomized methods are
comparable to Polyhedral+ in terms of the quality of feature selection.

Similar patterns are seen in Fig. 6 as we change the signal strengths under signal regimes
1–5. Under both models, our Exact method yields only nominally longer intervals than
MLE, but, consistently gives shorter intervals than the two split-based strategies Split and
UV. As previously mentioned, we only display the lengths of split-based methods for the
Selected Model, as they are much longer than the other methods when used under the
Full Model. The increasing cost of discarding data from the selection stage is evident from
Fig. 5(b).

5. Analysis of HIV drug resistance data

We apply our method to the HIV drug resistance data. This dataset, originally analysed
by Rhee et al. (2006), is publicly available on the Stanford HIV Database. The goal of the
analysis is to find associations between mutations of the HIV virus and drug resistance to
antiretroviral drugs. We extract a part of this dataset that focuses on the response to one
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Fig. 6. Length of confidence intervals at fixed split proportion 0.80.

particular drug, lamivudine (3TC), as has been described previously by Bi et al. (2020) and
Panigrahi et al. (2021). The predictive features in these data are 91 mutations that appeared
more than 10 times in the samples, and the response is a log-transformed value of the mea-
surement for drug resistance. Our dataset contains 633 sample observations for the response
and the set of 91 features.

We focus on three randomized procedures for interval estimation. To run our method,
we consider drawing a Gaussian randomization variable w ∼ N (0p,	), where ρ = n1/n =
0.8, and 	 is set as per (5). We implement the randomized lasso with the randomization
variable w. The randomized lasso selects a subset of 14 mutations. At the inference stage, we
use our exact pivot to construct confidence intervals for the selected regression coefficients.
For comparison, we construct approximate confidence intervals using MLE after the same
run of the randomized lasso. We also consider the intervals produced by Split based on
ρ = 0.8. That is, Split uses 80% of the data samples for selecting features, and this resulted
in selecting a subset of 17 features. The remaining 20% of the samples were reserved for
selective inference.

On average, we observe that the length of interval estimators based on the Exact method
is 3.76. This follows our simulated results, which showed that the Exact intervals are longer
than the MLE intervals, with an average length of 2.76. However, this longer length is a
necessary trade-off to achieve exact selective inference with our pivot. Despite this, our
intervals are still shorter than those produced by the Split procedure, which have an average
length of 6.58 in this instance. Figure 7 displays box plots for the interval lengths, which
clearly demonstrate this pattern.

6. Discussion

We conclude the paper with two remarks. Firstly, while exact selective inference has its
benefits, it also comes at a cost. By conditioning on additional information to obtain our
pivot, we sacrifice some power in comparison to approximate techniques developed in prior
work, such as Panigrahi et al. (2017) and Panigrahi & Taylor (2023). Further research is
required to investigate the cost in power for exact inference. Secondly, the pivot generated
from the randomization scheme used in the paper can also be applied to more general esti-
mation problems, including the class of M-estimation problems. We believe that the same
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Fig. 7. Lengths of interval estimators.

pivot could be used as long as the selection algorithm permits a linear representation in
optimization variables at the solution. For these problems, our pivot would provide asymp-
totic selective inferences instead of exact selective inferences, which would require a formal
theoretical justification and needs to be studied in future work.
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