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ABSTRACT

Very metal-poor stars that have [Fe/H] < —2 and that are enhanced in C relative to Fe ([C/Fe] > +0.7) but have no enhancement
of heavy elements ([Ba/Fe] < 0) are known as carbon-enhanced metal-poor (CEMP-no) stars. These stars are thought to be
produced from a gas that was polluted by the supernova (SN) ejecta of the very first generation (Population III) massive stars.
The very high enrichment of C (A(C) 2 6) observed in many of the CEMP-no stars is difficult to explain by current models of
SN explosions from massive Population III stars when a reasonable dilution of the SN ejecta, which is consistent with detailed
simulation of metal mixing in minihaloes, is adopted. We explore rapidly rotating Population III stars that undergo efficient
mixing and reach a quasi-chemically homogeneous (QCH) state. We find that QCH stars can eject large amounts of C in the
wind and that the resulting dilution of the wind ejecta in the interstellar medium can lead to a C enrichment of A(C) < 7.75. The
core of QCH stars can produce up to an order of magnitude of more C than non-rotating progenitors of similar mass and the
resulting SN can lead to a C enrichment of A(C) < 7. Our rapidly rotating massive Population III stars cover almost the entire
range of A(C) observed in CEMP-no stars and are a promising site for explaining the high C enhancement in the early Galaxy.
Our work indicates that a substantial fraction of Population III stars were likely rapid rotators.

Key words: nuclear reactions, nucleosynthesis, abundances — stars: abundances — stars: carbon — stars: massive — stars: Popula-
tion II1.

majority of CEMP stars are found to be either CEMP-s, CEMP-1/s

1 INTRODUCTION or CEMP-no stars. Although the origins of CEMP-s and CEMP-1/s

Very metal-poor (VMP) stars ([Fe/H] < —2) of mass <0.8 M, are
thought to be the fossil records of the nucleosynthesis in the earliest
generation of massive stars that were present in the early Galaxy. A
large fraction (~20 %) of VMP stars are found to be enhanced in C
relative to Fe ([C/Fe] > +0.7) and are referred to as carbon-enhanced
metal-poor (CEMP) stars (Beers & Christlieb 2005; Aoki et al. 2007)
with the frequency increasing rapidly with decreasing metallicity
below [Fe/H] < —2 (Lucatello et al. 2006; Lee et al. 2013; Yong et al.
2013; Placco et al. 2014). CEMP stars are found throughout the Milky
Way halo (Carollo et al. 2012) and in dwarf spheroidal and ultrafaint
dwarf galaxies (Norris et al. 2010; Lai et al. 2011; Skuladéttir et al.
2015; Susmitha, Koch & Sivarani 2017; Chiti et al. 2018). CEMP
stars are further classified into CEMP-s, CEMP-r/s, CEMP-r, and
CEMP-no stars based on the enrichment ([Ba/Fe]) and abundance
pattern ([Ba/Eu]) of heavy elements (Beers & Christlieb 2005). We
list the details of the classification of CEMP stars in Table 1. The
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stars are still being investigated, the most popular models to explain
the high C and heavy element enrichment involve mass transfer from
a low- or intermediate-mass binary companion. Thus, it is believed
that the observed surface abundance pattern of CEMP-s and CEMP-
1/s does not reflect the composition of the interstellar medium (ISM)
from which the stars were born. Whereas slow neutron capture (s-
process) in low-mass stars during the asymptotic giant branch (AGB)
phase can match the abundance pattern in CEMP-s stars (Bisterzo
et al. 2011), intermediate neutron capture (i-process) is required to
explain most of the CEMP-1/s stars (Hampel et al. 2016). The site
for i-process is still under debate, although several sites associated
with the end stages of low and intermediate stars have been proposed
(Fujimoto, Ikeda & Iben 2000; Campbell, Lugaro & Karakas 2010;
Herwig et al. 2011; Denissenkov et al. 2017). It is possible, however,
that some of the CEMP-s and CEMP-1/s stars formed directly from
the ISM polluted by early massive stars that underwent s- and i-
process (Frischknecht et al. 2016; Choplin et al. 2017b; Banerjee,
Qian & Heger 2018a,b; Banerjee, Heger & Qian 2019). In contrast,
CEMP-no stars, which have a low abundance of heavy elements

Published by Oxford University Press on behalf of Royal Astronomical Society. This is an Open Access article distributed under the terms of the Creative
Commons Attribution License (https://creativecommons.org/licenses/by/4.0/), which permits unrestricted reuse, distribution, and reproduction in any medium,

provided the original work is properly cited.

20z Joquisldes 0 Uo Jasn AYSIoAUN SIS UBBIYDIN A |¥6162.L/.9t1/E/9ZS/SI0IME/SEIUL/WOD"dNO"oIWSpEoE//:SARY WO, POpeojumMoq



4468  S. K. Jeena et al.

Table 1. Classification of CEMP stars according to Beers & Christlieb
(2005).

CEMP-r [C/Fe] > +0.7 and [Ba/Eu] < 0.0

CEMP-s [C/Fe] > +0.7, [Ba/Fe] > +1.0, and
[Ba/Eu] > +0.5

CEMP-1/s [C/Fe] > +0.7 and 0.0 < [Ba/Eu] < 4+0.5

CEMP-no [C/Fe] > +0.7 and [Ba/Fe] < 0.0

([Ba/Fe] < 0.0), are thought to be produced from the ISM polluted
by the supernova (SN) ejecta of the earliest generation of massive
stars including the first generation (Population III) stars (Norris et al.
2013; Spite et al. 2013; Placco et al. 2014).

An interesting feature in CEMP-no stars was found when the
absolute abundance A(C)' is plotted versus [Fe/H] (Bonifacio et al.
2015; Yoon et al. 2016). The resulting plot is referred to as the
Yoon—Beers (YB) diagram. Fig. 1(a) shows the YB diagram for
the sample of CEMP stars considered in Yoon et al. (2016) where
open red circles are for CEMP-no stars and open green circles
are for CEMP-s and CEMP-1/s stars that we will refer to as just
CEMP-s stars for simplicity. We also plot stars with 0 < [Ba/Fe]
< 1 as open black diamonds that cannot strictly be classified as
either CEMP-no or CEMP-s. Additionally, we use filled asterisks for
stars with an upper limit of Ba where cyan and blue filled asterisks
represent 0 < [Ba/Felupper < 1 and [Ba/Fe]upper > 1, respectively.
These stars also cannot be classified as either CEMP-no or CEMP-s
stars. As can be seen from Fig. 1(a), the majority of the CEMP-
s stars have a high C abundance of 7 < A(C) < 9 and [Fe/H]
> —3.5 and are referred to as Group I stars. On the other hand,
for the majority of CEMP-no stars, [Fe/H] and A(C) are roughly
correlated for values ranging —5 < [Fe/H] < —2.5 with 5 < A(C)
< 7. These are referred to as Group II stars. Lastly, at very low
metallicity of [Fe/H]< —3.5 there are some stars that have high
C enrichment of 6.2 < A(C) < 7.3 that is not correlated with
[Fe/H], and are referred to as Group III stars. Most of the stars
in Group IIT have an upper limit of Ba where [Ba/Fe]ypper > 0 (filled
asterisks) and thus cannot be classified as CEMP-no or CEMP-s
stars.

Fig. 1(b) shows A(Ba) as a function of [Fe/H]. As can be seen from
the figure, for [Fe/H] 2 —4, CEMP-s and CEMP-no stars are clearly
separated from each other where the former has A(Ba) 2 0 and the
latter has A(Ba) < 0. Stars that have values of 0 < [Ba/Fe] < 1
(black diamonds) lie in between the two clusters separating CEMP-s
and CEMP-no stars. With regard to Group III, although most of the
stars only have an upper limit of observed Ba and cannot strictly be
classified as CEMP-no stars, Ba enrichment is limited to very low
values of A(Ba) < —0.5 that is distinct from the values found in
CEMP-s stars that have A(Ba) 2 0. For this reason, similar to Yoon
etal. (2016), we will also refer to such stars in Group III as CEMP-no
stars along with normal CEMP-no stars that have [Ba/Fe] < 0 (red
circles in Fig. 1).

The extremely low metallicity of Group III stars indicates that
they are very likely associated with the nucleosynthesis products of
massive Population III stars. With regard to Groups II and I, a recent
chemodynamical study by Zepeda et al. (2023) of a large number
of CEMP stars indicates that Group II stars are likely born from the
ISM polluted by Population III and early massive stars, whereas the

Ax) = loge(X) = log (Nx/Nu) + 12, where Nx and Ny are number
abundance of element X and H, respectively.
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Figure 1. (a) Yoon-Beers (YB) diagram: classification of CEMP stars
according to Yoon et al. (2016) based on the A(C) versus [Fe/H] plot. The red
and green open circles are for CEMP-no and CEMP-s stars, respectively. The
black diamonds indicate stars with 0 < [Ba/Fe] < 1. The cyan-filled stars
show CEMP stars in the lower metallicity regime ([Fe/H] < —4) with an upper
limit of Ba measurement and with 0 < [Ba/Fe]ypper < 1. The blue asterisks
represent stars with [Ba/FeJupper > 1. The solid red asterisks represent stars
with an upper limit of [Fe/H] but without Ba measurement. The black inclined
line provides a reference at [C/Fe] = 0.7. (b) The corresponding plot of A(Ba)
versus [Fe/H] for the CEMP stars is plotted in panel (a). The black inclined
lines provide references at [Ba/Fe] = 0.0 and 1.

C enhancement in Group I stars is a result of local phenomenon such
as mass transfer from a binary companion.

1.1 Origin of CEMP-no stars

Assuming that CEMP-no stars are formed from the ISM polluted by
only one — or at least very few — early-generation massive stars, we
can directly use the surface abundance pattern of the CEMP-no stars
to constrain the properties of the Population III stars and their SNe.
Among the several models that have been proposed to explain the
abundance pattern observed in these stars, models that are associated
with faint SNe are the most popular (Umeda & Nomoto 2003, 2005;
Heger & Woosley 2010; Tominaga, Iwamoto & Nomoto 2014). These
models use the ‘mixing and fallback’ mechanism in which a large
fraction of the inner ejecta fall back onto the remnant neutron star
or black hole. As a result, the ejection of light elements, such as C,
which are present in the outer layers, dominates over the heavier (Fe
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group) elements, which are present in the innermost layers. Such
ejecta have average values of [C/Fe] 2 0.7.

Another model that has been proposed to explain CEMP-no
stars is associated with rapidly rotating massive stars, known as
‘spinstars’ (Meynet, Ekstrom & Maeder 2006; Meynet et al. 2010;
Chiappini 2013). In this scenario, rotation-induced mixing leads
to the enhancement of the envelope with CNO isotopes that are
subsequently ejected during the explosion.

1.2 Minimum dilution and A(C) problem

The existing models for CEMP-no stars mentioned above can explain
the relative abundance patterns in many of the CEMP-no stars,
including the high values of C relative to Fe. In order to match the
corresponding absolute C abundances, however, the level of dilution
of the SN ejecta adopted in these models is incompatible with the
dilution found in simulations of SN metal mixing from Population III
stars. In a homogeneous mixing scenario, the SN ejecta are diluted
with a minimum amount of mass in the ISM, M, corresponding
to the swept-up mass of a spherically symmetric blast wave until the
shock speed becomes comparable to the sound speed. In reality, this
is just the lower bound of the level of dilution as further dilution
due to turbulent mixing and gas inflow and inhomogeneous mixing
of SN ejecta with the ISM will result in larger effective dilution
before the next generation of stars is formed. This is particularly
relevant for SN resulting from Population III stars as they are formed
in small dark matter minihaloes of ~2-30 x 10° M, (Abel et al.
1998; Abel, Bryan & Norman 2002). It was pointed out recently by
Magg et al. (2020) that in a large number of studies that simulate
detailed inhomogeneous metal mixing of SN ejecta and subsequent
collapse of gas into star-forming regions in minihaloes, the effective
levels of dilution are always larger than a minimum dilution mass
~2 x 10*Mg and in most cases orders of magnitude higher. The
particular value of

M~ 2.4 % 10'M E 0'%( o )70’” )
== @\ 105 erg 0.1cm™3

corresponds to the mass swept-up of a spherically symmetric SN
blast wave of energy E ~ 10°! erg in a fully ionized ISM of ambient
density ng ~ 0.1 cm™ before it fades away (Magg et al. 2020).

A detailed study of metal enrichment in minihaloes resulting from
core-collapse supernovae (CCSNe) and pair-instability supernovae
(PISNe) resulting from exploding Population III stars by Chiaki,
Susa & Hirano (2018) found that the enrichment level of next-
generation star-forming regions depends on several factors such as
the amount of photoionizing radiation during the life of the star,
the dark matter mass of the minihalo, and the progenitor mass.
Overall, metal enrichment in minihaloes can be broadly divided
into internal enrichment and external enrichment. In the case of
internal enrichment, SN ejecta are confined to the host minihalo
and recollapse back into star-forming regions of the host minihalo,
whereas, for external enrichment, the ejecta escape the host minihalo
and pollute a neighbouring halo. External enrichment, which occurs
mainly in the PISN cases, is found to be highly inefficient with
an effective dilution of >10° M. On the other hand, for internal
enrichment, which occurs mainly in the CCSN cases, although the
efficiency of enrichment is higher than external enrichment, the
effective dilution mass covers a wide range from ~3.5 x 10* to
8 x 107 My, with average values of >10° Mg, for a CCSN of energy
of 10°! erg resulting from progenitors of 13—30 M. A similar level
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of dilution of ~2.5 x 10° Mg was again found by Chiaki & Wise
(2019) resulting from a CCSN of energy 10°! erg from a 13.5Mg
Population III progenitor. In another study by Chiaki et al. (2020) that
specifically looked at the formation of CEMP stars from faint SNe
from Population III progenitors of mass 13—80 Mg, it was found that
the C enrichment ranges from A(C) ~ 4 to 5 with very low [Fe/H]
< —8 and consequently cannot explain any of the observed CEMP-
no stars. Thus, even in the most optimistic scenario corresponding
to an effective minimum dilution of ~3.5 x 10* Mg, regular and
faint CCSN resulting from non-rotating Population III progenitors
of <30Mg, which have C yields of <0.4 Mg, can at most lead
to A(C) < 6.1 with typical values of <5. Similar values were
also obtained from a semi-analytical model of chemical evolution
by Komiya et al. (2020) where the maximum value of A(C) for
[Fe/H] < —3 was found to be ~5.6 ([C/H] ~ —2.8) when fiducial
values of MJi" =5.1 x 10*Mg and turbulent mixing parameter
were adopted. In a recent study of a cosmological hydrodynamic
zoom-in simulation of an isolated ultrafaint dwarf, Jeon et al. (2021)
also find that it is challenging to explain CEMP-no stars with A(C) 2,
7 even with faint SNe. They, however, report somewhat larger values
of A(C) 2 6 in their simulation that is likely due to the use of high-
mass non-rotating Population III stars of 50-100 M, that can eject
higher amounts of C of up to ~1.5 Mg, but are unlikely to explode
(Miiller et al. 2016).

In all the simulations of metal enrichment in minihaloes, only non-
rotating Population III progenitors were considered. As mentioned
earlier, however, rapidly rotating ‘spinstar’ models have also been
proposed as a potential source explaining CEMP-no stars (Meynet
et al. 2006, 2010; Chiappini 2013; Choplin et al. 2017a). In these
models, however, although the wind is enriched by CNO-processed
material and substantial amounts of '*C and “N are ejected in
the wind, very little '2C is ejected (<0.02My). In order to eject
a substantial amount of '>C, most of the core has to be ejected
during the SN explosion. This would again lead to similar levels of
dilution as for regular CCSN from non-rotating progenitors leading
to similar values of A(C). In a recent study Liu et al. (2021) have
explored the ‘spinstar’ models with ad hoc mass-loss prescription via
wind that result in tremendous mass loss. The mass loss ranges from
a minimum value of all material above the He core to a maximum
value of all material up to the central remnant, which essentially
covers the entire core of the star. Liu et al. (2021) find that the
resulting enrichment when substantial material from the O/C core is
ejected can lead to C enrichment of A(C) ~ 7. Such dramatic mass
loss, however, that ejects almost the entire mass of the star up to the
central remnant is very unlikely.

Thus, all of the existing models of CEMP-no stars only cover
a small fraction of space in Group II and Group III stars in
the YB diagram (Fig. la). The rest of the CEMP-no stars in
Group II and Group III are difficult to explain with the existing
scenarios. We explore rapidly rotating models of Population III
stars that undergo efficient mixing and reach the so-called quasi-
chemically homogeneous (QCH) state. We find that rapidly rotating
models that reach the QCH state can eject substantial amounts
of CNO in the wind and during their explosion that can explain
the absolute C enrichment observed in CEMP-no stars even when
a reasonable value of minimum dilution is adopted. This makes
them a promising site for explaining the origin of CEMP-no
stars.

The layout of the paper is as follows. In Section 2, we briefly
describe the methods used for the models. The details of the evolution

MNRAS 526, 4467-4483 (2023)

20z Joquisldes 0 Uo Jasn AYSIoAUN SIS UBBIYDIN A |¥6162.L/.9t1/E/9ZS/SI0IME/SEIUL/WOD"dNO"oIWSpEoE//:SARY WO, POpeojumMoq



4470  S. K. Jeena et al.

of rapidly rotating massive star models that reach the QCH state
and associated results are discussed in Section 3. In Section 4, we
compare the ejecta from our models with the detailed observed
abundance patterns of CEMP-no stars. Finally, we conclude with
a summary of the paper in Section 5.

2 METHOD

We explore models of rapidly rotating massive stars using the 1D hy-
drodynamic stellar evolution code KEPLER (Weaver, Zimmerman &
Woosley 1978; Rauscher et al. 2003). Here we focus on models of
primordial stars with initial compositions corresponding to big bang
nucleosynthesis from Cyburt, Fields & Olive (2002). We explore
models of mass ranging from 20 to 35 Mg, with initial rotation
speeds vyor, ranging from 40 % to 70 % of critical speed, v.;. We
name the models according to progenitor metallicity, mass, vVyo/Verit,
and the mass-loss prescription. For example, a zero metallicity star
of 25 Mg with v /verie = 60 % and mass-loss model WRy is named
Zz25WR,60. We use a coprocessing adaptive reaction network to cal-
culate multizone nucleosynthesis from the birth of a star to its death
via CCSN with reaction rates as detailed in Rauscher et al. (2002).

The details of the implementation of rotation in KEPLER are
discussed in Heger & Langer (2000). In brief, the effects of
various rotation-induced instabilities such as Eddington—Sweet cir-
culation, dynamical shear instability, Solberg—Hgiland instability,
secular shear instability, and Goldreich—Schubert—Fricke instability
are taken into consideration. The resulting mixing induced by rotation
is modelled as an additional diffusion coefficient. The efficiency of
rotational mixing is controlled by two free parameters f. and f,,. The
former is an overall multiplicative factor to the diffusion coefficient
resulting from rotation-induced mixing and the latter controls the
sensitivity to the compositional gradient. We adopt fiducial values
of f. and f,, of 3—10 and 0.05, respectively. These values provide a
good fit to the enrichment of surface nitrogen abundance observed
in massive rotating stars of 10-20 M, at solar metallicity (Gies &
Lambert 1992; Heger & Langer 2000; Villamariz & Herrero 2005).
Magnetic fields resulting from the Taylor—Spruit dynamo (Spruit
2002) are implemented including the effect of magnetic torque on
angular momentum transport as discussed in Heger, Woosley &
Spruit (2005).

2.1 Mass loss

Mass loss is crucial in rapidly rotating stars. For progenitors that
have not reached the Wolf—Rayet (WR) phase, we use the mass-loss
rates from Nieuwenhuijzen & de Jager (1990). This rate is essentially
zero for metal-free progenitors. When the surface H mass fraction
drops below 40 % and the surface temperature exceeds 10* K, a star
is considered to have entered the WR phase. The default mass-loss
rate prescription for the WR stage is adopted from Yoon, Langer &
Norman (2006). The rate is adapted from Hamann, Koesterke &
Wessolowski (1995) that is reduced by a factor of 10. This is
consistent with the mass-loss rate reported in Vink & de Koter (2005).
We refer to this rate as WR.

Metallicity plays a crucial role in mass loss as the strength of
radiative winds directly impacts the overall rate of mass loss. Vink &
de Koter (2005) found that for WR stars the mass-loss rate scales
with effective metallicity Zefy = Zre surt/Zre.0 3 ¥ Z4E, where Zge gurt
is the surface Fe mass fraction and Zg ¢ is the mass fraction of Fe
in the Sun. Thus, with this metallicity dependence the mass-loss rate
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M for WRy, is given by

My, L
log [ =R ) = —12.95+ 1.5log [ — ) — 2.85 X} urr
M@ yr71 L@

+0.86log (Zerr)

L
for log (L—) > 4.5
o}

L
= —36.8 + 6.8log (L—) + 0.86log (Z.tr)
o

for log (i> <45, 2)
Lo
where L is the surface luminosity of the star and Xy g, is the surface
'H mass fraction.

Although the metallicity dependence on Zg. is valid for a wide
range of metallicities, Vink & de Koter (2005) found a particularly
interesting feature for extremely metal-poor WR progenitors. They
found that the dependency of mass-loss rate on Zge g 1S N0 longer
valid for WR stars that have an initial metallicity of Zg./Zp. o < 1074
when their surface is enriched in N (WN stars) or C (WC stars). In
such extremely metal-poor WN or WC stars, the winds are radiatively
driven by intermediate elements such as C and N rather than heavier
elements like Fe and the mass-loss rate is effectively independent of
Zpe surf- This implies that massive stars of very low initial metallicity
including metal-free progenitors can undergo mass loss once they
reach the WN or WC phases.

In order to implement this behaviour of mass-loss rate for WN
stars, we modify the mass-loss rate formula in equation (2) for
Zresut!Zre.o < 107* by modifying Zg as follows:

ZFe surf XcNo,surf

+10™*

Zer = min [ 1074,
Fe.0 XeNo,o

) 3)
where Xcno surf 18 the total surface mass fraction of CNO and Xeno o
is the corresponding value in the Sun. The above formula results in
Zetr = 107* when Xcno sut €xceeds Xenoo A 0.01. Vink & de Koter
(2005) also found that for extremely metal-poor WC stars that have
very high surface enrichment of C (surface mass fraction of C 2 0.1),
the mass-loss rate is higher compared to WN stars by up to a factor
of 1 & 10. In order to implement this, the mass-loss rate for WC stars
is taken to be

Mwe = nwe Mwr for  Xcsuf > XN surfs 4
where
nwe = 1+ min[(A — 1), 10 X¢ gt (A — D], ()

and Xcguf and Xngur are the surface mass fraction of C and N,
respectively. The above formulation ensures that nwc increases
smoothly from 1 up to a maximum value of A = 10 as the Xc gt
reaches a value of 0.1.

We also model the enhancement of mass-loss rate due to stellar
rotation based on the rate from Langer (1997) and Yoon & Langer

(2005) given by

1 0.43

M = M(v,oy = 0) (17) . (6)
— U/ Vet

where M (v, = 0) corresponds to the mass-loss rate for the non-
rotating model and v is the critical velocity given by

[GM
Ucrit = T(l -, @)
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where M and R are the mass and radius of the star, respectively. I is
the Eddington factor given by

kL
N=———,
dntcGM

where « is the opacity at the surface. In rapidly rotating models, the
value of v/vy starts to approach unity following central H depletion
that would result in the mass-loss rate blowing up as per equation
(6). In order to avoid this, the maximum value of v/v. in equation
(6) is limited to a value of 0.99. This corresponds to a maximum
rotation-induced enhancement factor of ~7.2.

(®)

3 RESULTS

We find that for stars of all initial masses, when the v, is above
a certain fraction of vy, rotationally induced mixing leads to the
formation of a He star that is nearly chemically homogeneous at core
hydrogen depletion, i.e. a QCH star. This is consistent with the earlier
rapidly rotating models of Yoon & Langer (2005), Woosley & Heger
(2006), and, more recently, of Banerjee et al. (2019). The minimum
ratio of initial v, /verie Tequired to reach the QCH stage decreases
as the mass of the progenitor increases. For example, for a star with
20 Mg, initial mass, the minimum rotation speed required to reach
the QCH state is a v,y 0f 49 % of v, but only 40 % for a 35 M, star
that correspond to 45 % and 35 % of break-up speed, respectively.
Below we discuss the details of the evolution of models that reach
the QCH state using the z25WR,6 0 model as a fiducial model.

3.1 Evolution of QCH stars

Fig. 2 shows the evolution of mass fractions of most abundant
isotopes at different stages of evolution for the z25WR;60 model
from the core H depletion (Fig. 2a) stage to the core He depletion
stage (Fig. 2f). The different stages are shown in Fig. 2 as panels
(a)—(f). The stages are defined as follows.

(i) H Depletion: when the central 'H mass fraction drops to 1 %.

(ii) He Ignition: when the central '>C mass fraction reaches 1 %.

(iii) He Burning-I: when the surface Xcno, which is dominated by
XN sur> 'eaches Xeno o-

(iv) He Burning-II: when H is exhausted in the inner part of the
non-He burning core.

(v) He Burning-III: when the central *He mass fraction drops to
50 %.

(vi) He Depletion: when the central *“He mass fraction drops to
1%.

During central H burning, the convective core continues to grow as
rotation-induced mixing results in protons from the envelope being
mixed into the core. As a result, by the time the central H mass
fraction drops to ~30 %, the star enters the WR phase as the surface
H mass fraction drops below 40 % and an effective temperature
of >10°K. By the time the star reaches the H Depletion stage,
the He burning core (HeBC) covers >80 % of the star by mass.
The outer non-He burning part of the core (non-HeBC) that is non-
convective extends up to =299 % of the star, by mass, with a negligible
envelope mass. At this stage, almost the entire star is composed of
“He, including the outer core, which has a 'H mass fraction of ~1—
3 %, and the star has reached the QCH stage (Fig. 2a).

As *He starts burning in the centre, '>C and '°O are synthesized
in the convective HeBC. Because of rotation-induced mixing, the
elements synthesized inside the HeBC are slowly mixed with the
non-HeBC where a small mass fraction of 'H is still present. Because
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the QCH star is essentially a He star, there is effectively no hydrogen
envelope and the temperature and density gradients are shallow
outside the HeBC. The typical values just outside the HeBC at the He
Ignition stage are ~7-8 x 107 K and ~30 g cm~>, respectively. As a
result, 12C in the outer core is converted into '*N via the CNO cycle.
This material is then mixed out all the way to the surface layers due to
rotation-induced mixing. Consequently, the surface CNO abundance,
which is dominated by the '*N abundance, gradually increases. Even
though the progenitor is metal-free, this marks the start of mass
loss as per equation (2) where the effective metallicity Z.¢ quickly
reaches the maximum value of 10™* as the surface Xy reaches >1%
by the He Burning-I stage (Fig. 2¢). Following this stage, H in the
outer core is entirely consumed by the CNO process. As a result, the
surface Xc starts to increase as an increasing amount of '2C is mixed
out of the convective HeBC that is no longer processed by the CNO
cycle. Eventually, the surface value of X¢ exceeds Xx and reaches
values of 210 % as the star enters the WC stage. This results in an
increase in mass-loss rate by a factor of up to 10 (equations 4 and 5).
The majority of the mass loss occurs post this stage that lasts up to
2300 kyr and accounts for 290 % of the total mass loss of ~0.63 Mg,
due to stellar wind.

3.2 Time-dependent wind composition

As the material from the inner part of non-HeBC is gradually mixed
out and reaches the surface, the surface composition changes over
time and reflects the composition of the inner non-HeBC at an
earlier time. The composition of the wind ejecta changes over time
accordingly. Fig. 3 shows the details of the evolution of the CNO
abundances at the surface, as well as the cumulative wind ejecta. The
total wind ejecta shown for a given instant is the cumulative average
of the past surface compositions weighed by the mass-loss rate.

In our Population III stars, mass loss only sets in when mixing
brings CNO-enriched material to the surface for the first time.
Following this, the evolution of the surface composition can be
divided broadly into the following three phases.

(i) During the initial phase, as '>C from the HeBC starts to mix
out into the non-HeBC due to rotation-induced mixing, it is quickly
converted into N via the CNO cycle as the abundance of 'H ~ 1 %
is sufficiently high. This results in CNO abundance ratio’ at the
surface that correspond to the CNO equilibrium values of '2C/'3C of
~4 and [C/N] ~ —2. He Burning-I (Fig. 2c) belongs to this phase.
This phase lasts for ~30kyr, and <0.005 Mg, are lost due to stellar
wind during this phase.

(ii) During the next phase, as more '2C is mixed into the non-
HeBC and the 'H abundance starts to get depleted in the inner non-
HeBC. As the number abundance of 'H becomes lower than that
of 2C, 12C is only partially processed via the CNO cycle such that
12C/13C remains roughly unchanged whereas [C/N] in the inner non-
HeBC increases by more than an order of magnitude to =>—1. The
surface CNO composition, however, remains largely unchanged and
still corresponds to CNO equilibrium abundance values as in the
initial phase. During this phase, the '*N synthesized in the non-
HeBC gradually starts to mix back into the convective HeBC where
it is efficiently converted to 2Ne as it reaches the centre where the
temperature is ~2 x 10® K. He Burning-II (Fig. 2d) belongs to this
phase. This phase lasts for <30kyr and <0.002 Mg, are lost due to
stellar wind.

2Defined as number fraction ratio.

MNRAS 526, 4467-4483 (2023)

20z Joquisldes 0 Uo Jasn AYSIoAUN SIS UBBIYDIN A |¥6162.L/.9t1/E/9ZS/SI0IME/SEIUL/WOD"dNO"oIWSpEoE//:SARY WO, POpeojumMoq



4472  S. K. Jeena et al.

H Depletion He Ignition
0+ 1
-1 -
_3_: —_— lH —_— 14N ——— 23Na _:
] — He —— 0  ___ Mg ]
iy (@) — ¢ ——- 2Ne  ___ Mg ]
1 — BC  --- ®Ne  ___ 26yg 1
54— 1 ;
He Burning-I He Burning-ll
0+ 1
'g ] ]
5 —19 .
O ]
o : ;
(I -2 .
[9)] ] ]
8 3 e
= . ]
e 1@
-5+ I ST EEEEREEE TR Ty S . —
He Burning-Ill
0+ o] .
-1 .
-2 -
-3 -
1 —_————
0 5 10 15 20 25

Interior Mass (Mg)

Figure 2. Mass fractions of light isotopes as a function of mass coordinate during different stages of core He burning of the z25WR 60 model.

(iii) Finally, as 'H is completely exhausted in the non-HeBC,
the increasing amount of '>C that is mixed out from the HeBC is
completely unprocessed by the CNO cycle and reaches the surface
layers. As a result, the surface mass fraction of '2C is increased by
~2 orders of magnitude and the star becomes a WC star. The value
12C/13C and C/N also increase by the same amount leading to a
linear slope of '2C/!*C versus C/N. This can be clearly seen from
Fig. 3(d) where the slope of the curve for '2C/!*C versus [C/N] is
~1 beyond the He Burning-III stage. This phase is the longest of
the three phases that lasts for 22300 kyr and accounts for most of
the mass loss. During the initial stages of this phase, 2Ne, which

MNRAS 526, 44674483 (2023)

is synthesized in the HeBC, also mixes out into the non-HeBC and
reaches the surface layers. During this phase, 2*Na is also synthesized
in the core via neutron capture on >>Ne where the neutrons are created
via 3C(a,n)'°0 and also mixes out to the surface. Subsequently, as
the central core temperature reaches values >2.5 x 108 K, most of
the 2>Ne in the HeBC is burned into Mg (and >Mg), whereas
the o capture on '°0 results in a minor production of *’Ne and
24Mg. These isotopes again are mixed out to the non-HeBC and
eventually reach the surface layers. He Burning-1I1I (Fig. 2e) and He
Depletion (Fig. 2f) correspond to the initial and latter stages of this
phase.
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Figure 3. The time evolution of '2C (panel a), 2¢/B3¢ (panel b), and [C/N] (panel c) at the surface (optical depth 7 = %) and in the cumulative wind ejecta of
Zz25WRo 60 model. The red dash—dotted line and the blue dashed line show the values at the surface and in the total wind ejecta, respectively. Panel (d) shows
the corresponding evolution of '2C/'3C with [C/N] where the black dashed inclined line provides a reference line with a slope of 1.

3.3 Evolution of wind ejecta

As the surface CNO abundance changes during the three phases
described above, the cumulative wind composition also changes
gradually. Fig. 3(c) shows that the wind starts as N-rich during the
initial phase but quickly becomes C-rich with [C/N] 2 0 when it
enters the final phase where most of the mass is lost. During this
time, because the surface composition corresponds to material that
has undergone partial processing, the '>C/**C remains <10 even as
[C/N] increases to values above 0. Beyond this point, unprocessed
12C is lost from the surface such that, by the end of the final phase,
the cumulative wind composition becomes extremely enhanced in C
(and O) with [C/N] ~ 2 and '2C/"*C ~ 1000. During the last stages
of the final phase (WC phase), isotopes up to 2°Mg that have reached
the surface are also incorporated in the wind. The final wind ejecta
are essentially dominated by “He (41 %), '>C (37 %), and '°0 (22 %)
where the absolute abundance of C is higher than O with [C/O] =
0.6. Fig. 4 shows the production factor of the final wind ejecta. The
figure shows that in addition to CNO, a significant amount of F, Na,
Ne, and Mg isotopes is also produced. Interestingly, among the Mg
isotopes, the abundance of Mg and Mg is higher than that of
2¥Mg (Table 2). Similarly, the abundance of >*Ne is higher than that
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Figure 4. Isotopic abundance pattern relative to the solar value of the total
wind ejecta for the z25WRy 60 model.
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Table 2. The yields of most abundant elements and total mass ejected in the wind My;nq in units of Mg in total wind ejecta for 25 M, progenitors with initial

rotation speeds ranging from vyoi/verie = 0.46 to 0.70. Note that X(¥) = X x 107,

Model 4He 12C 13C 14N 160 I‘JF ZOI\Ie 221\]e 231\1a 241\/[g ZSMg ZGMg Myind Mﬂ;l‘g;d
Z25WRp46 1.56(—1) 1.45(—1) 3.08(—4) 1.12(=3) 1.01(=1) 2.45(=7) 6.06(—4) 3.43(=3) 7.07(=5) 4.54(=5) 9.67(=5) 1.97(-4) 0.41 0.35
Z25WR,50 1.91(—=1) 1.87(=1) 247(—4) 825(—4) 1.22(-1) 3.04(=7) 6.61(—4) 3.76(=3) 7.87(=5) 5.14(=5) 1.02(-4) 2.13(-4) 0.51 0.37
Z25WRo55  2.26(—1) 2.18(—=1) 2.00(—4) 8.29(—4) 1.36(—1) 4.77(=7) 6.63(=4) 4.96(=3) 1.00(=4) 6.22(=5) 1.28(—4) 2.49(—4) 059 037
Z25WRo60  2.57(—1) 231(—1) 1.89(—4) 5.34(—4) 1.38(—1) 2.80(=7) 6.14(—4) 3.19(—3) 6.78(—=5) 4.61(=5) 8.45(=5) 1.76(—4) 0.63 037
Z25WR,70  3.18(—1) 2.62(—1) 1.15(=4) 3.93(—4) 1.69(—1) 3.65(=7) 6.73(—4) 3.01(—=3) 6.35(—5) 5.04(—5) 9.84(—5) 1.81(—4) 075 035

of 'Ne. This is very different from typical CCSN yields in which the
Ne and Mg yields are almost entirely dominated by *’Ne and >*Mg.

3.4 Effect of rotation rate and progenitor mass on wind ejecta

In order to explore the effect of rotation rate on mass loss and wind
ejecta, we calculated 25 My models with varying rotation speeds
ranging from v,o/verir = 0.46 to 0.70, where the lowest rotation rate
corresponds to the minimum initial rotation required to reach the
QCH state. Table 2 lists the major isotopes that comprise the winds
ejecta. For v,0/veie 2 0.50, the amount of mass lost in the wind and
the yields of major isotopes “He, '>C, and 'O are approximately
proportional to the rotation rate. The increase in '2C and 90 reflect
the higher mixing efficiency in the late stages of He burning, resulting
in higher enrichment of these isotopes on the surface. The yield of
14N, on the other hand, decreases with increasing rotation rate. As
the rotation rate increases, a lower amount of 'H is left in the non-
HeBC after central H depletion. The protons in the non-HeBC are
subsequently converted into '“N as '2C mixes out of the HeBC.
Thus, models with higher rotation have lower '*N abundance in
the non-HeBC and at the surface zones. For example, during WC
phase, when almost all of the mass loss occurs, on average, XN surf
for model z25WR(4 6 is a factor of ~3 higher as compared to model
Zz25WR( 6 0. Although M4 is lower in model z25WR 4 6 by a factor
of ~1.5, the higher value of Xy s, leads to a factor of ~2 higher
absolute yield of "N in the wind compared to model z25WR,60.
The abundance of N relative to '2C is a factor of ~3 higher in
model z25WR,4 6 compared to model z25WR,60 since the former
has a lower '?C yield due to slower rotation.

The trends of monotonically increasing yields of '2C and '°0 and
decreasing yield of '*N with increasing rotation rate are not seen for
F, Na, Ne, and Mg. This is because the synthesis of these elements
depends primarily on the amount of N that is mixed from the outer
non-HeBC into the HeBC where the isotopes of these elements are
synthesized and eventually mixed out to the surface. Whereas higher
14N is available in the non-HeBC core for slower rotation, the rate of
mixing of "*N into the HeBC and the rate of material mixed out of
the HeBC to the surface is lower and vice versa. Thus, the yields of
F, Na, Ne, and Mg in the wind initially increase with the rotation rate
and reach a maximum at an optimum rotation rate. For the z25WR,
models, the maximum yield occurs at a rotation rate of 55 % of v
(Table 2). The elemental abundance patterns relative to C for the
various z25 models are shown in Fig. 5(a). The relative abundances
for C and O are almost identical with a value of [C/O] ~ 0.6 across all
models. On the other hand, relative to C, the abundance of N varies
by a factor of ~5, whereas the abundances of F, Na, Ne, and Mg vary
by a factor of ~2 as v, increases from 46 % to 70 % of vcyi.

We also explored the effect of progenitor mass on the properties of
wind ejecta. In Table 3, we list the wind ejecta yields for progenitors
of mass 20-35 Mg with v, /vy = 0.60. Overall, the total mass lost
in the wind increases with progenitor mass with a corresponding in-
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Figure 5. Elemental abundance pattern relative to C produced by the total
wind ejecta of various rapidly rotating massive models. Panel (a): elemental
pattern for the z25 model with varying values of vyot/vcrit Of 0.46-0.7. Panel
(b): elemental pattern corresponding to models of different masses with the
same Vrot/Veri¢ Of 0.6.

crease in the yields of the isotopes. The relative elemental abundance
pattern is almost identical for all progenitors (Fig. 5b).

3.5 Evolution following core collapse

Since stars that reach the QCH stage evolve essentially as a He star,
the core constitutes 95 % of the star by mass. The size of the core
thus corresponds to the core of a non-rotating star of much larger
mass (Banerjee et al. 2019). The structure of such stars is extremely
compact when the star enters the core-collapse phase. This can be
quantified by the compactness parameter &y, defined as (O’Connor &
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Table 3. Same as Table 2, but for varying progenitor mass 20-35 M, with the same initial rotation speed of vyo/vcrit = 0.60.

Model 4He IZC 13C 14N 160 19F 2ONC 22NC 231\1a 24Mg 251\/[g ZGMg Mying MMC ‘
z20WR(60 1.60(—=1) 1.45(—1) 1.38(—4) 4.43(—4) 8.33(=2) 2.29(=7) 3.78(—4) 2.18(—3) 4.40(=5) 2.82(=5) 4.64(=5) 9.71(-5) 0.39 0.37
z25WR(60 257(—=1) 231(—=1) 1.89(—4) 5.34(—4) 1.38(—=1) 2.80(=7) 6.14(—4) 3.19(=3) 6.78(=5) 4.61(=5) 8.45(=5) 1.76(—4) 0.63 0.36
Z30WRo60  3.88(—1) 3.36(—1) 2.55(—4)) 8.48(—4) 221(—1) 4.65(=7) 1.03(=3) 5.10(=3) 1.10(—4) 8.21(=5) 1.75(—5) 3.41(-4) 095 0.35
Z35WRo60  5.51(—1) 4.37(=1) 4.08(—=4) 1.17(=3) 2.90(—1) 5.89(=7) 1.31(=3) 5.92(=3) 1.31(—4) 9.87(=5) 2.19(—4) 4.33(—4) 129 034

Ott 2011; Miiller et al. 2016)

M 1000 km 9
SM‘(M@)( MM))’ ©
where M is the mass of the inner core and R(M) is the corresponding
radius. We evaluate &), at the pre-SN stage, which we define as
the instant when the infall velocity exceeds 900 kms~! (Woosley &
Weaver 1995). Similar to O’Connor & Ott (2011), we adopt M =
2.5Mg as it is relevant for the typical mass scale for black hole
formation. It has been shown that the value of £,5 can be used
to predict whether a star undergoes a successful explosion by the
neutrino-driven mechanism or collapses into a black hole following
the core collapse (Miiller et al. 2016). The values of &,5 for the
various rapidly rotating massive star models range from 0.34 to 0.80.
These are much higher than the maximum value of ~0.28 reported by
Miiller et al. (2016), above which stars are not expected to undergo
successful neutrino-driven explosion. Additionally, when the two-
parameter criterion for estimating the explodability by Ertl et al.
(2016) is applied to our models, all of them lie in the region of
parameter space where the models do not explode. Thus, we expect
that the QCH models are unlikely to explode via the usual neutrino-
driven explosion mechanism.

The above estimates of explodability, however, may not directly
apply to rapidly rotating models. Results from detailed three-
dimensional magnetohydrodynamic simulations with neutrino trans-
port suggest that some rapidly rotating models could explode via
a rotationally aided neutrino-driven mechanism while others may
not (e.g. Mosta et al. 2014; Kuroda et al. 2020; Powell & Miiller
2020). On the other hand, if sufficiently strong magnetic fields
develop in rapidly rotating models, they can give rise to successful
explosions via the magnetorotational mechanism with explosion
energies ranging from weak to energetic SN explosions (Kuroda
et al. 2020; Grimmett et al. 2021; Obergaulinger & Aloy 2021).
Thus, it is likely that a substantial fraction of the QCH stars could
explode as faint or regular SN, whereas a certain fraction of them
do not undergo any explosion. When rapidly rotating QCH models
do undergo successful explosion, because of their much larger cores
that encompass almost the entire mass of the star, the SN can result
in the ejection of much larger amounts of intermediate elements,
ranging from C to Ca, compared to non-rotating models of a similar
initial mass. In particular, the C yield for the QCH progenitors of
20-35Mg explored here can eject a maximum C ranging from ~2
to 3 Mg compared to ~0.08 to 0.4 My for the non-rotating models
of 12-30 M. That is, rapidly rotating QCH models can potentially
eject up to an order of magnitude more C than their non-rotating
counterparts.

4 DISCUSSION

Since some of the QCH models are unlikely to undergo suc-
cessful explosion, we first explore the implications of the pol-
lution of the ISM with the C-rich wind ejecta, in particular,
for their potential to produce the abundance pattern of CEMP-

no stars. To estimate the mixing of the wind ejecta in the
ISM, we approximate the wind as a blast wave of total en-
ergy equal to the total kinetic energy Eyina carried by the wind
given by

Mwin
Eging = 2.24 x 10% ( d> (
Mg

Uwind

1500kms—!

)2 erg, (10)

where My,inq is the total mass ejected in the wind, and vy is the
mass-average terminal velocity of the wind. This is a reasonable
approximation as most of the wind loss in our models happens in a
relatively short interval during the WC phase that lasts for <300 kyr.
We adopt a fiducial value of vying = 1500 km s~! that is consistent
with the terminal velocities for optically thick winds for low-
metallicity WR stars (Sander & Vink 2020; Sander, Vink & Hamann
2020). Using equation (10), we obtain Eyjnq = 0.9-2.9 x 10* erg
for the various QCH models of with My;ing ~ 0.4-1.3 M. Thus, the
winds from QCH models act as extremely weak explosions that have
energies that are up to two orders of magnitude less than a regular
CCSN.

4.1 Dilution of wind ejecta in minihaloes

The low energies carried by the winds from QCH models lead to
a dilution that is substantially lower than both regular and faint
CCSN of energy =5 x 10° erg. The values of Eing <3 x 10¥ erg
invariably lead to internal enrichment in minihaloes. In internal
enrichment, the highest enrichment (lowest effective dilution) of the
collapsing star-forming cloud occurs when the SN ejecta recollapse
back on the central regions of a minihalo. This is expected to be the
case for enrichment from the wind where the very low wind energies,
Eyind, are expected to lead to a quick recollapse of the wind ejecta
back to the central regions of the minihalo to form the next generation
of stars. Lower dilution is also expected because the radius, Ry, at
which a spherically symmetric blast wave fades within a fully ionized
ISM, would be a factor 23 smaller than that of a regular SN. The
smaller radius causes a much faster recollapse of metals to the centre
of minihaloes, leading to a lower dilution and hence to a higher
enrichment. Similarly, the swept-up mass of spherically symmetric
blast wave before it merges with the ISM, M5, which was found to
be consistent with the lower bound of dilution in minihaloes, scales
as ~E%% (equation 1). Consequently, for the wind ejecta, MM is
~400-1,200 M, compared to typical values of 3.5 x 10* M, for a
regular SN. On the other hand, the typical C yields in the wind ejecta
of Mc wina ~ 0.15-0.45 M, are similar to the maximum C that can be
ejected in CCSN of non-rotating Population III stars of <30 M. As
aresult, the C enrichment from QCH wind ejecta can be substantially
higher. Assuming a value of the mass fraction of H in the ISM, Xy ~
0.75, and the mean molecular weight of C, pc &~ 12, the maximum
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Figure 6. Same as Fig. 1(a), but with upper limits of A(C) from SN from
non-rotating stars of 12-30 Mg (blue dashed line), SN resulting from rapidly
rotating QCH stars (blue dashed—dot line), and mixing of wind ejecta from
QCH stars with an external SN (blue solid line).

enrichment of C can reach values up to

M win
A(C) = log <;T"I{I“C> +12
HMdil

Mc,wind Evina
. ©

n
+0.11log (Wi’ﬁ) . 11

The above expression of maximum enrichment of C for a typical
ng = 0.1 cm™3 can also be expressed in terms of Mc ying and Mying
as

0.35 (12)

AC) ~7.75 + log (Mc,wind/Mwind>
Interestingly, in all the QCH models the value of Mc yina/Mwind 1S
almost constant and ranges from 0.34 to 0.37 (see Tables 2 and 3)
across all progenitor masses and initial rotation rates. Consequently,
the maximum value of A(C) ~ 7.75 is also independent of progenitor
mass and initial rotation rate of the QCH models and covers almost
the entire range of C enrichment observed in Group III, as well as
the most C-rich Group II stars in the YB diagram (see the solid blue
line with down arrows in Fig. 6). If, on the other hand, the QCH
star eventually explodes as an SN, the SN ejecta mix with the wind
ejecta resulting in high values of effective dilution discussed above.
In this case, the C produced in the core of QCH stars is ejected with
a maximum yield of ~3 Mg, which is a factor of ~10 higher than in
regular SN from non-rotating stars. This produces values of A(C) <
7 that can potentially cover a considerable range of values found in
Group II stars and some of the Group III stars (see the dashed—dot
blue line with down arrows in Fig. 6).

4.2 Formation of CEMP-no stars

The wind ejecta alone can only produce elements up to Mg, however,
and therefore an additional contribution from an SN is required to
account for heavier elements, including the Fe peak observed in
CEMP-no stars. This can be due to the mixing of the wind ejecta
with either the ejecta from the SN from the same QCH star, or an
SN from a different star in the same minihalo. We consider the latter
possibility first as a way to explain Group III stars with high A(C) 2,
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7. This situation can arise in minihaloes that host multiple massive
stars and the wind ejecta can mix with gas already polluted by a
previous SN.

4.2.1 Mixing of wind ejecta from QCH star with an external SN

First, we discuss the scenario in which wind ejecta from rapidly
rotating stars are mixed with CCSN ejecta from regular non-rotating
stars. Since the abundance pattern of the wind ejecta is roughly
the same across all QCH models (see Section 3.4), we use the
z25WR, 60 as our fiducial model. We consider non-rotating models
of 12-30Mg with a fiducial explosion energy of 1.2 x 10°! erg.
The explosion is modelled by kinetic energy input. We drive a
spherically symmetric ‘piston’ from the base of the O shell, defined
as the location where the entropy per baryon first exceeds 4 kg
(Rauscher et al. 2003). We label this mass coordinate as My ini- The
CCSN ejecta for each SN progenitor star are computed using the
mixing and fallback model similar to Tominaga, Umeda & Nomoto
(2007) and Ishigaki et al. (2014). In this prescription, following the
explosive nucleosynthesis by the SN shock, all material above a
mass coordinate M.y sy 1s fully ejected, whereas a fraction f, of the
material between My ini and My sin 1S ejected. Both, Mcy n and fou,
are treated as free parameters. We vary My gy in steps of 0.1 Mg,
ranging from Mgy in to @ maximum value that corresponds to the
base of the H envelope. Thus, for each CCSN model, the amount of
any isotope ejected by the SN depends on the values of (Mcy fin, feut)-
The mixing between the CCSN ejecta from non-rotating models and
wind ejecta from the rapidly rotating star is parametrized by a single
number,

M g sn

@a=—" (13)
M gi1,sx + M il wind

where Mgjsn and Mg wing are the effective dilution mass for the
CCSN and wind ejecta, respectively. The final abundance pattern
then has three parameters, i.e. My fin, fou, and . We define the
number yield, Yx,, of any element, X;, as the sum over all isotopes
of the ejecta mass fractions divided by their corresponding mass
numbers. Following the mixing of the wind and SN ejecta, the total
abundance of any element relative to H can be written as

NX,' _ Yxi,wind YXi,SN(Mcut,ﬁny fcut)
Ny My wind My sn

: (14)

where Yx, wina and Yx, sx are the number yield of element X; in
the wind and SN ejecta, respectively, and My ying and My gn are
the corresponding effective mass of H that the ejecta mix with.
Now, both My wing and My sn are simply proportional to My; sy and
M i1 wina, respectively, with the same proportionality constant of 0.75
corresponding to the mass fraction of H in the ISM. Combining
equations (13) and (14), we obtain

& _ ayx;.wind + (1 - a) YX,-,SN(Mcut,ﬁnv fcut)

15
Nu (1 —a) Mysn )

Using equation (15), the abundance of any element, X;, relative to a
reference element, Xg, can then be written as

NXi _ aYXi,wind + (1 - Ol) YX,-.SN(Mcul,ﬁm fcul)
NXR aYXR,Wind + (1 - Ol) YXR,SN(Mcul,ﬁm fcul) '
where Yx, and Yx, are the number yield of nuclei of element X; and

Xr in the ejecta, respectively. Following Heger & Woosley (2010),
the best-fitting model for a particular CEMP-no star is then found by

(16)
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Table 4. List of CEMP-no stars included in the study for comparison with theoretical models presented in
Section 4.2. Data are generated using the Stellar Abundances for Galactic Archeology (SAGA) data base (Suda

et al. 2008).
Star A(C) [Fe/H] Reference
Group IIT HE 1327-2326 6.21 —5.71  Frebel et al. (2008), Ezzeddine et al. (2019)
JO815+-4729 7.43 —5.49  Gonzélez Hernandez et al. (2020)
J0023+4-0307 6.30 <—6.6 Aguado et al. (2018), Frebel et al. (2019)
G77-61 7.01 —4.08 Plez & Cohen (2005)
Group II HE 1338-0052 6.90 —3.06 Cohenetal. (2013)
HE 1351-1049 6.7 —3.46 Zhangetal. (2011)
SDSS J0723+4-3637 6.9 —-33 Aoki et al. (2013)
CS 29504—006 6.90 —3.12  Ren, Christlieb & Zhao (2012)
HE 0055—-2314 6.66 —2.70  Cohen et al. (2013)
HE 1338-0052 6.90 -3.0 Cohen et al. (2013)
HE 0020—1741 5.78 —4.05 Placco et al. (2016)
HE 001540048 5.97 —3.08 Hollek et al. (2011)
HE 1506—0113 6.38 —3.49  Arentsen et al. (2019)
CS 30314—067 5.97 —3.31 Roederer et al. (2014)

minimizing the chi-square given by

oo | EN:(F,-JFO—D,Y
N+U o?

i=1 !

N+U 2
F,+0 - D;
+ > %@(FﬁO—D,-) : 17
i=N+1 %i

where N is the number of elements with observed abundances, U
is the number of elements with upper limits, F; = loge(X;/Xgr) =
log(Nx, /Nx,) is the prediction for the model for element X;, D;
is the corresponding observed value in the star, o; is the observed
uncertainty, ®(x) is the Heaviside function, and O is the offset that
minimizes x> when all elements with upper limits are neglected
given by

N N
(D; — Fy) 1
o- (2222) /(%)

The best-fitting solution corresponds to the values of My fin, feut
and o for which x? is minimum. We note that although the value
of the offset, O, depends on the choice of reference element Xg, the
best-fitting model and the minimum value of x2 are independent of
the choice of Xg. In our analysis, we use o; = max (¢, 0.2) in order
to avoid making x 2 overly sensitive to elements that have a very low
value of o;. In addition, we treat the total abundance of C and N as
the abundance of C in order to account for the fact that the surface N
in some of the low-mass stars is produced from the initial C that is
converted to N via the CNO cycling that keeps the C + N abundance
unchanged. In order to calculate the dilution masses Mg sy and
M i wing, the best-fitting value of the absolute abundance of any one
of the elements, i.e. log €(X;)g, rather than the relative abundance,
log €(Xi/XR s, is required. For any element X;, log €(X;)g, is related
to the observed abundance log €(X;)obs by

log €(X;)c = log €(X;)obs + Fi.fit + Ofc — Di, (19)

where F;g and Oy, are the predictions corresponding to the best-
fitting model and offset, respectively. The most straightforward
choice for such an element is the reference element Xz for which
F; R = DR =0 and

log e(Xr)sc = log €(Xr)obs + Ofic- (20)

The corresponding dilution masses can then be calculated using
log e(XRr)a and best-fitting value of @ = «y (see Appendix A).
In this work, we choose Fe as the reference element.

In order to be consistent with simulations of metal dilution by SN
in minihaloes, we only consider the best-fitting solution for which
Mgisn > M = 3.5 x 10* M. The value of M™" corresponds to
the lowest dilution found in a detailed study of metal mixing and
dilution in minihaloes by Chiaki et al. (2018) and the lowest among
all studies as listed in Magg et al. (2020). We choose eight stars
with high values of A(C) ranging from 6.2 to 7.4 from Groups II
and III stars listed in Table 4 that cannot be explained by regular
CCSN models from non-rotating stars, as mentioned earlier. The
best-fitting models and the corresponding parameters are listed in
Table 5 along with the dilution masses Mgiisn and Mij wina- The
values of Myj wina range from ~(1.1-22.4) x 10° Mg, which is much
larger than the value for the minimum dilution of M ~ 600 M,
estimated for a spherical symmetric blast wave carrying energies
of Eyina = 1.4 x 10¥ erg corresponding to the total wind ejecta
mass of 0.63 Mg, for the z25WR,60 model (Table 2). For the best-
fitting model for any star, for each element, the fraction of the total
abundance produced by the wind ejecta nyi,g and SN ejecta ngn
can be calculated (see Appendix A) and the values for some of
the key elements are listed in Table 6. As can be seen clearly, C
is dominantly produced by the wind in all of the stars considered
here. The wind ejecta contribute considerably to elements up to Na
and Mg, whereas heavier elements are exclusively produced by the
SN. Fig. 7 shows the corresponding abundance pattern compared to
the best-fitting model (solid red line). An important feature of this
scenario is that because the ejecta from the non-rotating SN do not
need to account for high C enrichment, which is entirely produced
by the QCH wind, the values of Mg sn can be much higher than
the minimum dilution mass of 3.5 x 10*Mg. This can be clearly
seen from Table 5 where four of the eight stars have Mg sy >
10° My, which is consistent with the average dilution found in
detailed simulation of SN metal mixing in minihaloes (Chiaki et al.
2018).

We also plot the best-fitting model with just the SN ejecta,
i.e. without considering the wind contribution where we again
impose the criteria that Mg sn > Mg‘ﬁ“ =3.5x 10*Mg. The
corresponding best-fitting parameters are listed in Table 7 and the
resulting abundance pattern is shown in Fig. 7 as blue dashed lines.
The figure shows that the SN ejecta can match the abundances

MNRAS 526, 4467-4483 (2023)
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Table 5. Best-fitting models along with the corresponding parameters My fin, feut, and o along with the dilution mass (Mgi1,sn
and Ml wind) resulting for the mixing of the QCH wind ejecta with an external SN described in Section 4.2.1. Note that X(Y)

=X x 107,
Star Model x2 Meut fin Seut a Ml wind Mgl sN
Mp) (x10*Mg)  (x10*Mo)
Group IIT HE 1327—-2326 z12 2.82 1.66 0.06 0.98 0.72 355
JO815+4729 z12 3.45 1.95 8.0(=3) 0.97 0.11 3.84
J0023+0307 z15 6.22 2.24 1.0(=3) 0.61 2.24 3.50
G77-61 725 1.77 2.76 0.99 0.99 0.46 45.2
Group II HE 1338—0052 z17 3.47 1.78 0.52 0.93 0.33 4.32
HE 1351—-1049 z17 421 1.78 0.85 0.97 0.48 15.5
SDSS J07234-3637 z13 0.23 1.62 0.21 0.89 0.45 3.65
CS 29504—006 726 2.08 2.11 0.85 0.97 0.35 11.2

Table 6. The fraction nying contributed by the QCH wind ejecta for elements C, O, Ne, Na, Mg, Ca, and Fe for the

best-fitting models listed in Table 5.

Star C (0] Ne Na Mg Ca Fe
Group III HE 1327-2326 0.99 0.98 0.84 0.96 0.58 0.00 0.00
JO815+4729 1.00 1.00 1.00 1.00 0.99 0.00 0.00
1002340307 0.71 0.42 0.13 0.52 0.02 0.00 0.00
G77-61 0.99 0.80 0.70 0.91 0.20 0.00 0.00
Group 1T HE 1338—-0052 0.93 0.66 0.18 0.33 0.08 0.00 0.00
HE 1351-1049 0.97 0.82 0.34 0.55 0.18 0.00 0.00
SDSS 1072343637 0.95 0.81 0.51 0.90 0.11 0.00 0.00
CS 29504—-006 0.95 0.57 0.16 0.38 0.10 0.00 0.00

of most of the elements with the clear exception of C (C+N),
which is consistently underproduced. The best-fitting value of x>
is always larger for fits with just non-rotating models compared to
the models that consider mixing wind ejecta and CCSN ejecta from
non-rotating stars. It is interesting to note that in Fig. 7, the two stars
HE 1327-2326 and JO815+44729 that have an observed value of O
with [C/O] ~ 0.5 that is naturally produced by the wind in contrast
to best-fitting models from SN ejecta alone that have [C/O] < 0.
Although these two stars have very similar [Fe/H] values of —5.71
and —5.49, respectively, they have very different best-fitting M4; sy
values of 35.5 x 10* My, and 3.84 x 10* M. This is because the
best-fitting parameter f.,, which directly impacts the Fe yield and
consequently Mg; sn, is 0.06 for HE 1327—2326 compared to 0.008
for JO815+4729. Interestingly, for J0815+4-4729, it is possible to get
an equally good fit with a higher dilution mass of 12.5 x 10* Mg,
which has a x? = 3.456 and f,, = 0.02 using the z13 model
compared to the best-fitting x> = 3.45 with f.,, = 0.008 using model
z12.

4.2.2 Mixing of wind and SN ejecta from QCH star

Above we have already discussed that rapidly rotating stars can
explode via a rotation-aided neutrino-driven mechanism or magne-
torotational mechanism. We explore the scenario in which the QCH
star is able to undergo an explosion. Similar to the non-rotational
models, we use a fiducial explosion energy of 1.2 x 10°! erg and
use the mixing and fallback prescription outlined above, with its
free parameters Mo fin and fou. In this case, however, as the wind
ejecta are always fully mixed with the SN ejecta, the dilution
masses for both are identical and thus the parameter o is no

MNRAS 526, 44674483 (2023)

longer a free parameter but has a fixed value of 0.5. The rest
of the procedure is identical where we minimize x> to find the
best-fitting solution. Again, we only consider solutions for which
Mdil,SN >35x 104 M@.

We select six CEMP-no stars from Group II that cover a range
of A(C) of 5.8-6.9 where x? for four of these models are lower,
whereas two of them have similar values compared to the CCSN
models from non-rotating progenitors of 12-30 M. The observed
abundance patterns and the pattern from the best-fitting models are
shown in Fig. 8 with the corresponding best-fitting parameters listed
in Table 8. The best-fitting models from the SN explosion of non-
rotating models are also plotted for comparison. We find that for
stars that have A(C) 2 6.1, in addition to a lower or comparable
x2, the observed C abundance is fits much better with the SN ejecta
from QCH star compared to non-rotating CCSN models. This is
simply due to the much higher C yield in QCH stars compared to
non-rotating CCSN as discussed in Section 4.1. In addition, because
of the higher C yield, the dilution mass Mg sn for SN ejecta from
QCH star is mostly higher than non-rotating CCSN while providing
an equally good fit. In particular, for Group II stars with A(C) <
6, SN ejecta from QCH star can have Mg sy that is much higher
compared to the non-rotating CCSN models and the minimum
dilution mass of 3.5 x 10* My. For example, for HE 001540048
and CS 30314—067, although the best-fitting x? values for both
QCH and normal SN models are similar, the dilution mass for
SN ejecta from QCH star is 26 x 10* Mg and 11.1 x 10* Mg,
respectively, compared to 5.2 x 10*My and 3.51 x 10*M, for
normal non-rotating CCSN models. This is a particularly attractive
feature as the effective dilution is expected to be higher than the
minimum dilution with an average value of >10° M, (Chiaki et al.
2018).
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Figure 7. The elemental abundance pattern relative to Fe for the best-fitting model resulting from the mixing of the QCH wind ejecta with an external SN from
non-rotating progenitors (solid red line) as described in Section 4.2.1 compared to the observed abundances in CEMP-no stars from Group III and Group II
(black filled circles). The best-fitting models from just the non-rotating models are also plotted (blue dashed line) for comparison.

5 SUMMARY AND OUTLOOK

In this paper, we simulate rapidly rotating massive metal-free stars
of 20-35 M, with initial equatorial rotation velocities, v, between
40 % and 70 % of the critical speed, v Such rapidly rotating stars
become QCH stars after core hydrogen depletion. We find that in all
of the QCH models, a substantial amount of CNO-enriched material
is ejected in the wind with C yields that are comparable to the
C yields of SNe from non-rotating stars of up to ~0.45Mg. The

wind carries very low energy of <3 x 10* erg, much less than the
typical values of ~10°! erg for a regular CCSN. Consequently, the
wind ejecta undergo much lower dilution than regular SN explosions
even though it has similar amounts to C. Importantly, we find
that the ratio of the mass of C to the total mass ejected in the
wind Mc wina/Mwina 1S constant across all the QCH models with a
value of ~0.35. This gives rise to a high enrichment of C with a
maximum value of A(C) ~ 7.75 that is independent of progenitor
mass and initial rotation rate. We find that when such wind ejecta
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Table 7. Same as Table 5, but for best-fitting models resulting from SN from non-rotating models
(Section 4.2). Note that X(¥) = X x 10Y.

Star Model X 2 Mt fin Seut Mg sn
Mo) (x10*Mo)
Group III HE 1327-2326 z17 8.34 2.16 8.0(—3) 10.8
1002340307 z16 6.01 2.32 8.0(—4) 3.54
J0815+4729 z27 18.07 2.86 5.0(-3) 4.97
G77-61 722 6.15 2.83 0.02 35
Group II HE 1338—-0052 726 5.65 2.79 0.48 3.51
HE 1351—-1049 226 6.51 2.21 0.57 10.6
CS 29504—006 226 5.13 2.97 0.32 4.34
SDSS J0723+3637 722 5.10 2.51 1.0(-5) 3.62
HE 0055—-2314 226 4.33 2.12 0.84 3.52
HE 001540048 726 2.31 2.50 0.65 5.20
HE 1506—0113 220 4.17 2.16 0.25 3.51
HE 0020—1741 z17 5.18 2.16 0.14 7.75
CS 30314—067 726 3.38 2.21 0.60 3.51
2- 27
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Figure 8. Same as Fig. 7, but for SN ejecta resulting from QCH stars of mass 20-35 Mg
mix with the SN ejecta from other non-rotating SN in the minihalo, and Group II where the elements up to Mg are produced by the
the resulting abundances can easily explain the detailed abundance wind, whereas heavier elements up to the Fe group are produced by
pattern of a wide range of CEMP-no stars belonging to Group III the SN. An important feature of this scenario is that it allows for
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Table 8. Same as Table 5, but for best-fitting models resulting from wind
ejecta and SN ejecta from QCH star for Group II CEMP-no stars.

Star Model X 2 Mt fin Jeut Mgii s

Mo) (x10*Mg)

HE 0055—-2314
HE 1338—0052
HE 001540048
HE 1506—-0113
HE 0020—1741
CS 30314—-067

Zz25WR( 70 3.66 1029  0.31 6.97
Zz30WR 60 4.45 2347  0.05 3.93
z30WR( 60 2.89 18.04 0.34 26.01
Zz30WR 50 4.78 28.52  0.06 3.68
z20WR( 60 4.15 18.60  0.02 4.58
Zz30WR( 60 322 950  0.13 11.10

a considerably higher dilution of the SN ejecta than the minimum
dilution mass that is more consistent with the typical dilution found
in detailed simulations of SN metal mixing in minihaloes (Chiaki
et al. 2018).

We also explored the scenario where a rapidly rotating QCH star is
able to explode as SN via a magnetorotational mechanism or rotation-
aided neutrino mechanism. We find that due to the considerably larger
core sizes of QCH stars that essentially cover the entire mass of the
star, the maximum C yield is an order of magnitude higher than the
non-rotation counterparts. The ejecta from such explosions can result
in a C enrichment of up to A(C) S 7. Such an enrichment matches
the detailed abundance pattern of many CEMP-no stars better than
nucleosynthesis yields from CCSN of non-rotating stars along with
higher dilution masses in most cases. In particular, in this scenario,
a dilution much higher than the minimum dilution of 3.5 x 10* Mg
is possible compared to SN from non-rotating models for CEMP-no
stars with A(C) < 6. This is consistent with the average effective
dilution seen in detailed studies of SN metal mixing in minihaloes
(Chiaki et al. 2018).

We find that rapidly rotating massive Population III stars that
reach the QCH state can explain the entire range of C enrichment
in CEMP-no stars. In particular, the omnipresence of CEMP-no
stars with values of A(C) 2 6.1 that cannot be explained by non-
rotating models may be an indication that a substantial fraction
of the first massive stars were rapid rotators with rotation rate
245 % of break-up speed. Interestingly, simulations of Population
IIT star formation in minihaloes by Stacy, Bromm & Loeb (2011)
and Stacy et al. (2013) indicate that such stars could have very
high rotation rates ranging from 50 % to 100 % of the break-up
speed. Such rapidly rotating stars would easily reach the QCH state
presented in this work. In addition to explaining the C enrichment in
CEMP-no stars, if a large fraction of Population III stars are indeed
rapid rotators, it would also increase the likelihood of rare events
that are associated with rapidly rotating stars such as hypernovae
and collapsar associated with long gamma-ray bursts in the early
Galaxy. This could have an important impact on the chemical
evolution of elements up to the iron peak (Nomoto et al. 2006) and
heavier elements (Banerjee et al. 2019; Siegel, Barnes & Metzger
2019).

We find that, although regular SN by themselves can explain only
a fraction of CEMP-no stars with lower C enrichment of A(C) < 6.1,
when their ejecta in the ISM mix with the wind ejecta from QCH
stars, a wide range of observed CEMP-no star abundance patterns
can be reproduced. The wind ejecta from QCH stars can by itself
enrich neighbouring ISM to high values of C and O of up to A(C)
< 7.75, allowing low-mass stars to form directly from gas that is
polluted just by the wind alone. Such a star would likely be rare
but would have a distinct abundance pattern with elements only up
to ~sulphur (see Fig. 4). Among the currently known stars that
come closest to such a star are SMSS 0313—6708 (Keller et al.
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2014) and J00234-0307 (Aguado et al. 2018). The wind ejecta alone
cannot account for the total abundance pattern of these stars, however,
because Ca is detected in both. Moreover, the extremely low value
of the upper limit of Na of [Na/C] < —3.1 in SMSS 0313—-6708
rules out the wind ejecta from QCH stars that have [Na/C] ~ —1.7
(Fig. 5). Nevertheless, we expect that with a dramatic increase in
the number of stars with [Fe/H] < —3 from future large telescopes,
some of these stars would be identified. Future studies will also have
to investigate the impact of uncertainties in the key nuclear reaction
rates, such as neutron capture cross-sections, on the 2*Na yield in
Population III QCH environment.

The observational data used in Fig. 1, which are directly from
the original paper of Yoon et al. (2016), are based on 1D local
thermodynamic equilibrium (LTE) analysis. In a recent study, Nor-
ris & Yong (2019) pointed out that 3D LTE/non-local thermodynamic
equilibrium (NLTE) corrections to CEMP-no stars result in a reduc-
tion of A(C) along with an increase in [Fe/H]. This results in lower
values of [C/Fe] and leads to a substantial decrease in the fraction of
stars that are classified as CEMP-no stars that require [C/Fe] > 0.7.
Although 3D corrections highlighted by Norris & Yong (2019) do
affect the C abundances, the level of correction to highly C enriched
stars in Group III is lower compared to Group II stars, such that
even after accounting for the corrections, all of the Group III stars
remain CEMP-no stars, along with some of the Group II stars. These
stars still have high values of A(C) of up to ~7.1, which cannot
be explained by regular non-rotating SN. Moreover, the maximum
value of A(C) ~ 6.1 that can result from a regular non-rotating
SN is only reached for the most optimistic scenario in which the
minimum dilution is assumed, whereas, in most simulations, the
effective dilution is much larger. For example, as mentioned earlier,
in a detailed study of C enrichment from faint SNe in minihaloes,
Chiaki et al. (2020) find that the C enrichment for the next generations
of star-forming clouds is A(C) ~ 4-5. Thus, even with the reduced
3D abundance of C, explaining values of A(C) 2 5 in extremely
metal-poor stars with [Fe/H] < —3 is difficult to explain using only
single SNe from non-rotating stars, whereas QCH stars can naturally
explain the high C enrichment.

We emphasize that this study was limited to Population III stars.
Similar rapidly rotating massive stars of very low metallicity in the
early Galaxy will also produce QCH stars of similar wind and SN
ejecta, although with a reduced odd—even pattern. Such progenitors
may also be relevant for explaining some of the CEMP-no stars.
Nucleosynthesis in rapidly rotating models across a range of initial
metallicity along with a larger set of mass models that can be used in
Galactic chemical evolution studies will be published in future works.
QCH stars from initial masses 240 M, will become pulsation pair-
instability supernova (PPISN; Barkat, Rakavy & Sack 1967; Heger &
Woosley 2002) because almost all of the initial mass of the progenitor
ultimately becomes a He core. In addition to the wind, some of the
outer regions of the star, which will have substantial amounts of C
and O, will be ejected during pulsations following core C depletion.
The PPISNe ejecta have kinetic energy ranging ~10*¥-5 x 10! erg
(Woosley 2017). The ISM polluted by such ejecta could also lead
to the formation of CEMP-no stars. Because of the relatively large
kinetic energies that can be comparable to regular SNe, however, the
ejected mass will undergo substantial dilution and will likely lead
to C enrichment of A(C) < 7, similar to exploding QCH stars. Such
PPISNe ejecta could have large overabundances in [C/O] because of
the partial helium burning in the He shell. We plan to explore such
models in future studies.

Currently, there are no existing simulations of metal-mixing in
minihaloes resulting from the wind and formation of the next gener-
ation of low-mass metal-poor stars. The results of such simulations
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would be different from the outcomes of regular SN resulting from
non-rotating stars that have been performed until now. This is because
a high C enriched gas along with higher C abundance relative to
O would naturally lead to low-mass star formation due to C dust
formation (Chiaki, Tominaga & Nozawa 2017; Chiaki & Wise 2019).
Furthermore, detailed simulations of the mixing of the wind ejecta
with the ejecta from other SN within the same minihalo that leads
to the formation of the next generation of stars are also crucial. We
hope that our results help to motivate such studies.
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1 — a5
Mait,wina = ™ M sx- (A2)
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% — 10"geXR)u—12_ (A3)
Ny
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APPENDIX A: CALCULATION OF DILUTION
MASS FROM BEST-FITTING PARAMETERS

The dilution masses, Mgi; sn and Mg wind, can be calculated from the
value of log €(Xg g given by equation (20) and the best-fitting value
ag. Using equation (15) we obtain

My s = _ AN (o, v (A1)
dil,SN = 3 H,SN = 3 Ny \1—am Xg,wind Xg,SN
© The Author(s) 2023.

Substituting Nx, /Ny from the above equation in equation (A1), we
can determine Mg; sn- Mailwina can then be calculated using equation
(A2).

A1 Calculation of the relative contribution of wind ejecta and
SN ejecta

We define the fraction of an element produced by the wind ejecta as

Y. i Yx. wi Yx,
Nwind = < X;,wind >/( X;,wind + Xl,SN) ) (A4)
M git,wind M i1, wind

M sn
The corresponding yield fraction produced by the SN is then sy =
1 — nwina. The above equations can be written in a compact form in
terms of B = Yx; wind/Yx;,sn and o as

o3
Nwind = m (A5)
and
Mo = (A6)
I — g + anf

This paper has been typeset from a TEX/I&TEX file prepared by the author.
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