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Abstract: The gait patterns of stroke survivors become slow and metabolically inefficient as a
result of muscle weakness and low weight-bearing capacity. Exoskeletons and assistive robots
can improve gait kinematics and energetics. However, the use of these powered devices may
cause a reliance on the device itself that results in limited lasting improvement of the paretic
leg function. Specifically, there exists a need to strengthen and train the response of weak
ankle muscles, such as the soleus muscle, in stroke survivors. Impaired activation of the soleus
muscle induces unnatural gait kinematics and reduced propulsion. The mechanical modulation
of the soleus muscle can improve its loading response and enhance gait performance after a
stroke. This paper develops a closed-loop feedback controller to manipulate the ankle joint
dynamics to mechanically control the soleus muscle response using a motorized ankle orthosis.
The control method is inspired by backstepping control techniques and developed to connect
the ankle joint angular velocity and the soleus muscle response during the stance phase of
walking. The tracking objective is quantified using an integral-like muscle error between the
desired soleus response and the actual muscle response, which is measurable using surface
electromyography (EMG). The closed-loop electric motor controller is designed to apply ankle
perturbations exploiting the backstepping error and an adaptive control term to cope with
uncertain parameters that satisfy the linear-in-the-parameters property. A switching signal
is developed using heel and toe ground reaction forces to strategically perturb the ankle
and target the soleus muscle loading response in real-time during the mid-late stance phase
of walking. A Lyapunov-based stability analysis is used to guarantee a globally uniformly
ultimately bounded (GUUB) tracking result.

Keywords: Backstepping, Lyapunov methods, Robust control, Walking devices

1. INTRODUCTION

Stroke survivors experience impairments that negatively
affect gait function. Secondary conditions post-stroke in-
clude muscle weakness, low weight-bearing capacity, and
loss of balance, which all contribute to the consistent
partial disuse of the paretic leg (Weerdesteyn et al., 2008).
Over time, these conditions yield unnatural, slow and
metabolically inefficient gait patterns. Thus, there exists a
need to develop methods for restoring gait function in peo-
ple post-stroke. The use of robotic-assistive devices for gait
rehabilitation can improve gait kinematics and energetics
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(Marchal-Crespo and Reinkensmeyer, 2009). However, the
lasting benefits of assistive rehabilitation devices have been
marginal. Robotic exoskeletons can induce a reliance on
such assistive devices in the individuals for whom they
are built (Hornby et al., 2020). For instance, an assistive
device may enhance paretic leg function during isolated
gait sessions; however, there is a gap in knowledge on
how to guarantee functional benefits are retained during
the long-term recovery process after a stroke. Thus, there
exists a need to develop systematic human-robot control
methods for training in which people post-stroke undergo
muscle conditioning facilitated by wearable devices. Such
paradigms hold the potential to yield lasting functional
improvements as the wearable devices are only used dur-
ing training. In particular, motivation exists to improve
walking by inducing improvements in the muscle activation
patterns of stroke survivors.

The ankle joint and soleus muscle are critical during nat-
ural walking (Kulmala et al., 2016; Lipfert et al., 2014).
The ankle joint-soleus muscle system is essential in pro-
viding energy for balance control and propulsion in the
stance phase of walking (Winter, 2009). After a stroke,
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ural walking (Kulmala et al., 2016; Lipfert et al., 2014).
The ankle joint-soleus muscle system is essential in pro-
viding energy for balance control and propulsion in the
stance phase of walking (Winter, 2009). After a stroke,

the propulsive force, balance, and muscle activation of
the ankle joint-soleus muscle system is diminished. Thus,
there exists motivation to develop a training paradigm
capable of strengthening the ankle joint and soleus mus-
cle of stroke survivors. In particular, mechanically ma-
nipulating the ankle joint can yield increments in soleus
muscle activity (Mazzaro et al., 2005). Hence, a critical
need is to design controllers for wearable devices that can
adapt the responses of muscles during human training
strategies. This implies developing controllers that fun-
damentally depart from assistive exoskeletons and neu-
romuscular electrical stimulation that track natural gait
patterns during rehabilitative strategies (Gandolla et al.,
2018). An outstanding technical challenge is to develop
closed-loop control approaches during real-time walking
for targeting the soleus muscle, since existing work has
primarily developed open-loop or proportional-derivative
control approaches (Andersen and Sinkjaer, 1995; Maz-
zaro et al., 2005). Open-loop control approaches at the
clinic fail to adapt and compensate for the change in
muscular responses in real-time. Thus, a robust closed-
loop control method is well-motivated to evoke reliable
muscle responses during human conditioning and training,
which can induce lasting functional benefits after a stroke
independent of the assistance of an exoskeleton or robot.

Developing non-invasive strategies to mechanically control
muscle function in individual’s post-stroke during real-
time walking is challenging. Specifically, there is an un-
certain mapping between the joint dynamics and the mus-
cle responses throughout the step cycle. Additionally, the
muscular system dynamics have parametric and functional
uncertainties that exacerbates the difficulty to predict
muscle responses and reliably quantify performance (Per-
reault et al., 2000). Thus, the strategy in this paper is to
develop a closed-loop feedback controller that can exploit
the soleus muscle responses using surface electromyogra-
phy (EMG) to mechanically manipulate the ankle joint
through the control of a wearable device.

A backstepping control approach (or integrator backstep-
ping (Krstić et al., 1995)) can be used to link the cascaded
dynamics of the ankle joint and the soleus muscle responses
through the design of a backstepping error and a virtual
controller. However, it is unclear how to compensate for
the uncertainty in the overall system including the wear-
able robot, ankle dynamics and muscle responses. In addi-
tion, there are fundamental challenges and limitations in
the design of the backstepping error and virtual controller
including the need to compensate for the cascaded uncer-
tainty and to mitigate the explosion of terms when com-
puting high-order derivatives. The development of closed-
loop feedback controllers for the ankle to modulate the
soleus response specifically during walking remains limited
due to the technical control challenges.

In this paper, a closed-loop feedback controller is designed
to evoke desired soleus muscle responses within the mid-
late stance phase of walking using a motorized ankle-foot
orthosis. The ankle joint dynamics are modeled as a Euler-
Lagrange system with viscous and elastic effects, and the
soleus muscle response within the stance phase is modeled
based on the ankle joint angular velocity (Gottlieb and
Agarwal, 1979; Yang et al., 1991). To design the electric
motor controller to evoke the desired muscle responses,

an integral-like muscle error and a backstepping control
approach are developed to interconnect the joint velocity
and muscle output. Thus, the backstepping approach in-
jects a virtual control input to influence the soleus muscle
response through the ankle angular velocity. The designed
motor controller exploits the backstepping error, robust
terms to compensate for state-dependent uncertainty, and
an adaptive control term to estimate the system’s constant
inertial and viscous damping parameters, which appear
linearly in the closed-loop dynamics. The adaptive update
law exploits a projection algorithm to ensure bounded
adaptive estimation errors. A piecewise continuous switch-
ing signal is developed to activate the motor controller only
within the stance phase using ground reaction forces of the
heel and toe, and the soleus muscle response is measured
using EMG. A Lyapunov-based stability analysis is de-
veloped to ensure globally uniformly ultimately bounded
(GUUB) tracking of the soleus muscle response within the
perturbation region.

2. DYNAMIC MODEL

2.1 Ankle Joint Dynamic Model

The single degree-of-freedom ankle-joint muscle-tendon
system and a powered ankle-foot orthosis is modeled with
the following Euler-Lagrange dynamics

τr(q̇, q̈) + τa(q, q̇, q̈) +G(q) = τe(t), (1)

where q : R≥t0 → Q denotes the measurable ankle joint
angular position, Q ⊂ R denotes the set of ankle joint
angles, and t0 ∈ R is the initial time; q̇, q̈ : R≥t0 → R
denote the measurable angular velocity and unmeasurable
angular acceleration, respectively; G(q) : Q → R denotes

the effects of gravity and is defined as G ≜ mglsin(q),
where m ∈ R>0 is the combined mass of the foot and
orthosis, g ∈ R is the acceleration due to gravity, and
l ∈ R>0 is the distance between the ankle-joint and the
lumped center of the mass of the ankle-foot-orthosis; and
the net robotic orthosis torque denoted by τr : R2 → R
and the ankle-joint muscle-tendon torque, i.e., the passive,
intrinsic dynamics (Perreault et al., 2000), denoted by
τa : Q× R2 → R are defined as

τr(q̇, q̈) ≜ Jr q̈ + br q̇, (2)

τa(q, q̇, q̈) ≜ Iq̈ + P (q, q̇), (3)

where Jr ∈ R>0 is an uncertain positive constant denoting
the inertia of the powered ankle-foot-orthosis, br ∈ R is an
uncertain positive constant denoting the viscous damping
effects of the robotic device (Andersen and Sinkjaer, 1995),
I ∈ R>0 is an uncertain positive constant denoting the
inertia of the ankle joint tendon-muscle system, P (q, q̇) :
Q × R → R denotes the viscous effects due to damping
in the musculotendon complex and elasticity due to ankle
stiffness and is defined as P ≜ K1exp(−K2q)(q − K3) −
B1tanh(−B2q̇)+B3q̇, where K1,K2,K3, B1, B2, B3 ∈ R>0

are uncertain positive constants as described in (Downey
et al., 2017), (Schauer et al., 2005), and (Riener et al.,
2000).

The torque applied by the electric motor about the ankle
joint denoted by τe : R≥t0 → R can be defined as

τe(t) ≜ Beσpue(t), (4)
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where ue : R≥t0 → R is the subsequently designed motor
current control input, σp ∈ {0, 1} is the switching signal
developed in the next subsection, and Be ∈ R>0 is the
known positive torque constant.

2.2 Switching System and Soleus Muscle Models

In this section, the ankle-joint dynamic model in (1) is
further developed to account for switching the electric
motor to apply the ankle joint perturbation to induce
a soleus muscle loading response. The electric motor is
activated only within the mid-late stance phase of walking
to target the soleus muscle. A piecewise constant switching
signal denoted by σp is developed to apply an ankle joint
perturbation per step cycle and is defined as

σp(t) ≜

{
1, t ∈ T
0, t /∈ T , (5)

where T is the perturbation region within the step cycle
defined as

T ≜ {t ∈ R≥t0 | (x1(t) ≥ x) ∧ (x2(t) ≥ x)}, (6)

where x1, x2 : R≥t0 → R>0 are measurable heel and
toe ground reaction forces, and x, x ∈ R>0 denote the
prescribed lower and upper thresholds of ground reac-
tion forces, respectively, that uniquely define the mid-
late stance phase of walking. The lower force threshold
determines the instance to start applying the ankle joint
perturbation to adequately target the soleus muscle re-
sponse. The upper force threshold determines the instance
to stop the perturbation to prevent interfering with the
swing phase of walking. A gait detection algorithm is
developed to monitor the gait phases denoted as S =
{SW,HS, PR, SP}, where SW denotes the swing phase,
HS denotes the heel strike, PR refers to the perturbation
region, and SP denotes the phase at which the perturba-
tion is stopped. The force thresholds defined in (6), ensure
that the ankle perturbation only occurs during the mid-
late stance phase of walking, i.e., S = {PR}; thus, the
electric motor is turned off outside of the perturbation
region. The dynamic model in (1) can be rearranged by
substituting (2)-(4) into (1) and exploiting (5) to yield

Mq̈ + P (q, q̇) +G(q) + br q̇ + d(t) = Beσpue(t), (7)

where M ∈ R>0 denotes the combined inertial effects of
the overall system and is defined as M ≜ Jr + I; and
d : R≥t0 → R denotes the external exogenous disturbances
including unmodeled effects in the musculoskeletal system.

Leveraging the results in (Gottlieb and Agarwal, 1979)
and (Yang et al., 1991), the soleus muscle response can be
modeled as a state-dependent system on the ankle joint
angular velocity as

S = s1 + s2q̇(t), (8)

where S : R → R is the measurable EMG of the
soleus response due to the applied ankle joint rotation
within the perturbation region and s1, s2 ∈ R>0 are
uncertain positive constants. The implementable soleus
muscle response is obtained as

S = Sm − Sb, (9)

where Sb : R≥t0 → R denotes baseline EMG recorded
during unperturbed step cycles and Sm : R≥t0 → R
denotes the real-time soleus EMG measurements. Figure
1 shows the block diagram illustrating the closed-loop

Fig. 1. Block diagram of the closed-loop feedback system
integrating a powered ankle-foot orthosis and the
ankle-joint system. The soleus muscle response is
formulated leveraging the results in (Yang et al., 1991)
and (Gottlieb and Agarwal, 1979).

control system for the powered orthosis and ankle-joint
dynamics with soleus muscle EMG feedback.

The following properties and assumptions are exploited in
the subsequent control design and stability analysis.

Property 1. cm ≤ M ≤ cM , where cm, cM ∈ R>0 are
known constants.

Property 2. |P (q, q̇)| ≤ cp1 + cp2|q̇|, where cp1, cp2 ∈ R>0

are known constants.

Property 3. |G(q)| ≤ cg, where cg ∈ R>0 is a known
constant.

Assumption 1. The exogenous disturbance d is upper
bounded as |d| ≤ ζd, where ζd ∈ R>0 is a known constant.

Assumption 2. The desired EMG response Sd ∈ R is
designed as continuous, bounded function such that |Sd| ≤
sd ∈ R>0.

3. CONTROL DEVELOPMENT

The control objective is to design a motor controller that
induces changes in soleus EMG S(t) due to applying kine-
matic perturbations about the ankle joint. To interconnect
the dynamics in (7) and the soleus muscle response in (8),
a backstepping control approach is introduced to develop
the electric motor controller ue to drive the soleus muscle
dynamics to a desired EMG response through manipu-
lation of the ankle joint angular velocity q̇. To quantify
the tracking objective, a measurable integral error signal
e1 : R≥t0 → R is defined as

e1 ≜
∫ t

tp

(Sd(φ)− S(φ)) dφ, (10)

where Sd ∈ R>0 is the desired soleus EMG response
due to the mechanical joint rotation of the ankle and
tp ∈ R≥0 is the time at which the perturbation begins
to be applied at the start of the mid-late stance. The
error is computed within the mid-late stance phase where
the perturbation is applied, i.e., σp = 1. Taking the time
derivative of (10), setting the initial conditions Sd(tp) =
S(tp) since a perturbation has not been applied yet (i.e.,
the desired EMG response is set to the current soleus
EMG at the beginning of the perturbation region), and
substituting (8) yields the open-loop error system

ė1 = Sd − (s1 + s2q̇). (11)

To connect the soleus EMG response and the joint angular
velocity, the backstepping error η : R≥t0 → R is defined as

η ≜ q̇ − νq, (12)

where νq : R≥t0 → R is a virtual controller. Substituting
the virtual controller into (11) and performing algebraic
manipulation yields

ė1 = Sd − s1 − s2η − s2νq. (13)
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where ue : R≥t0 → R is the subsequently designed motor
current control input, σp ∈ {0, 1} is the switching signal
developed in the next subsection, and Be ∈ R>0 is the
known positive torque constant.

2.2 Switching System and Soleus Muscle Models

In this section, the ankle-joint dynamic model in (1) is
further developed to account for switching the electric
motor to apply the ankle joint perturbation to induce
a soleus muscle loading response. The electric motor is
activated only within the mid-late stance phase of walking
to target the soleus muscle. A piecewise constant switching
signal denoted by σp is developed to apply an ankle joint
perturbation per step cycle and is defined as

σp(t) ≜

{
1, t ∈ T
0, t /∈ T , (5)

where T is the perturbation region within the step cycle
defined as

T ≜ {t ∈ R≥t0 | (x1(t) ≥ x) ∧ (x2(t) ≥ x)}, (6)

where x1, x2 : R≥t0 → R>0 are measurable heel and
toe ground reaction forces, and x, x ∈ R>0 denote the
prescribed lower and upper thresholds of ground reac-
tion forces, respectively, that uniquely define the mid-
late stance phase of walking. The lower force threshold
determines the instance to start applying the ankle joint
perturbation to adequately target the soleus muscle re-
sponse. The upper force threshold determines the instance
to stop the perturbation to prevent interfering with the
swing phase of walking. A gait detection algorithm is
developed to monitor the gait phases denoted as S =
{SW,HS, PR, SP}, where SW denotes the swing phase,
HS denotes the heel strike, PR refers to the perturbation
region, and SP denotes the phase at which the perturba-
tion is stopped. The force thresholds defined in (6), ensure
that the ankle perturbation only occurs during the mid-
late stance phase of walking, i.e., S = {PR}; thus, the
electric motor is turned off outside of the perturbation
region. The dynamic model in (1) can be rearranged by
substituting (2)-(4) into (1) and exploiting (5) to yield

Mq̈ + P (q, q̇) +G(q) + br q̇ + d(t) = Beσpue(t), (7)

where M ∈ R>0 denotes the combined inertial effects of
the overall system and is defined as M ≜ Jr + I; and
d : R≥t0 → R denotes the external exogenous disturbances
including unmodeled effects in the musculoskeletal system.

Leveraging the results in (Gottlieb and Agarwal, 1979)
and (Yang et al., 1991), the soleus muscle response can be
modeled as a state-dependent system on the ankle joint
angular velocity as

S = s1 + s2q̇(t), (8)

where S : R → R is the measurable EMG of the
soleus response due to the applied ankle joint rotation
within the perturbation region and s1, s2 ∈ R>0 are
uncertain positive constants. The implementable soleus
muscle response is obtained as

S = Sm − Sb, (9)

where Sb : R≥t0 → R denotes baseline EMG recorded
during unperturbed step cycles and Sm : R≥t0 → R
denotes the real-time soleus EMG measurements. Figure
1 shows the block diagram illustrating the closed-loop

Fig. 1. Block diagram of the closed-loop feedback system
integrating a powered ankle-foot orthosis and the
ankle-joint system. The soleus muscle response is
formulated leveraging the results in (Yang et al., 1991)
and (Gottlieb and Agarwal, 1979).

control system for the powered orthosis and ankle-joint
dynamics with soleus muscle EMG feedback.

The following properties and assumptions are exploited in
the subsequent control design and stability analysis.

Property 1. cm ≤ M ≤ cM , where cm, cM ∈ R>0 are
known constants.

Property 2. |P (q, q̇)| ≤ cp1 + cp2|q̇|, where cp1, cp2 ∈ R>0

are known constants.

Property 3. |G(q)| ≤ cg, where cg ∈ R>0 is a known
constant.

Assumption 1. The exogenous disturbance d is upper
bounded as |d| ≤ ζd, where ζd ∈ R>0 is a known constant.

Assumption 2. The desired EMG response Sd ∈ R is
designed as continuous, bounded function such that |Sd| ≤
sd ∈ R>0.

3. CONTROL DEVELOPMENT

The control objective is to design a motor controller that
induces changes in soleus EMG S(t) due to applying kine-
matic perturbations about the ankle joint. To interconnect
the dynamics in (7) and the soleus muscle response in (8),
a backstepping control approach is introduced to develop
the electric motor controller ue to drive the soleus muscle
dynamics to a desired EMG response through manipu-
lation of the ankle joint angular velocity q̇. To quantify
the tracking objective, a measurable integral error signal
e1 : R≥t0 → R is defined as

e1 ≜
∫ t

tp

(Sd(φ)− S(φ)) dφ, (10)

where Sd ∈ R>0 is the desired soleus EMG response
due to the mechanical joint rotation of the ankle and
tp ∈ R≥0 is the time at which the perturbation begins
to be applied at the start of the mid-late stance. The
error is computed within the mid-late stance phase where
the perturbation is applied, i.e., σp = 1. Taking the time
derivative of (10), setting the initial conditions Sd(tp) =
S(tp) since a perturbation has not been applied yet (i.e.,
the desired EMG response is set to the current soleus
EMG at the beginning of the perturbation region), and
substituting (8) yields the open-loop error system

ė1 = Sd − (s1 + s2q̇). (11)

To connect the soleus EMG response and the joint angular
velocity, the backstepping error η : R≥t0 → R is defined as

η ≜ q̇ − νq, (12)

where νq : R≥t0 → R is a virtual controller. Substituting
the virtual controller into (11) and performing algebraic
manipulation yields

ė1 = Sd − s1 − s2η − s2νq. (13)

The virtual controller νq is designed as

νq = k1e1 +
ρ21
ϵ1

e1, (14)

where k1, ϵ1 ∈ R>0 are selectable control gains and
ρ1 ∈ R>0 is a known positive constant. Substituting (14)
into (13) yields

ė1 = Sd − s1 − s2η − s2
(
k1e1 +

ρ21
ϵ1

e1
)
. (15)

After taking the time derivative of (12) and premultiplying
it byM , and then performing some algebraic manipulation
yields

Mη̇ = Beue + χ+Nd + Y θ + e1, (16)

where the auxiliary signals χ : R≥t0 → R and Nd : R≥t0 →
R are defined as

χ ≜ −P (q, q̇)− cp1 − e1, (17)

Nd ≜ −G(q)− d+ cp1. (18)

Using Assumption 1 and Property 3, the auxiliary signal
in (18) can be upperbounded by

|Nd| ≤ ξd, (19)

where ξd ∈ R>0 is a known positive constant. By using
Property 2, an upperbound for (17) can be developed as

|χ| ≤ ρ2∥z∥, (20)

such that |χ| is linear in ||z|| and thus, ρ2 ∈ R>0 is a known

constant, and z : R≥t0 → R2 is defined as z ≜ [q̇ e1]
T .

Exploiting the linear-in-the-parameters property for the
terms in (7), the known regressor Y : R2 → R1×2 and
uncertain constant parameter vector θ ∈ R2 are defined as

Y ≜ [−ν̇q,−q̇], θ ≜

[
M
br

]
, (21)

where ν̇q is the time derivative of (14), which is im-
plementable. The parameter estimation error denoted as
θ̃ : R≥t0 → R2 is defined as

θ̃ ≜ θ − θ̂, (22)

where θ̂ : R≥t0 → R2 are the adaptive estimates. The
control input ue : R≥t0 → R is designed as

ue = − 1

Be

(
k2η + Y θ̂ + k3ρ2||z||sgn(η) +

k4
ϵ2

η
)
, (23)

where k2, k3, k4 ∈ R>0 are selectable constant control
gains. Motivated by the subsequent stability analysis, the
adaptive update law is designed as

˙̂
θ = proj(ΓY T η), (24)

where proj(·) is a projection algorithm (Krstić et al.,
1995, Appendix E) and Γ ∈ R2×2 is a selectable positive-
definite diagonal matrix. The closed-loop error dynamics
are obtained after substituting the controller in (23) into
the open-loop error dynamics in (16) as

Mη̇ = χ+Nd+Y θ̃+e1−k2η−k3ρ2||z||sgn(η)−
k4
ϵ2

η. (25)

4. STABILITY ANALYSIS

The stability of the electric motor controller within the
perturbation region during the mid-late stance phase of
walking can be examined using the following theorem.

Theorem 1. The controller designed in (23) and adaptive
update law in (24) achieve globally uniformly ultimately
bounded (GUUB) tracking in the sense that

||w(t)|| ≤
√

γ2
γ1

||w(tp)||e−
γ6
2 (t−tp)

+

√
γ5
γ1γ6

(1− e−
γ6
2 (t−tp)), (26)

where γ1, γ2 γ5, γ6 ∈ R>0 are constants defined as

γ1 ≜ min(
1

2s2
, cm,

1

2
λmin{Γ−1}),

γ2 ≜ max(
1

2s2
, cM ,

1

2
λmax{Γ−1}),

γ5 ≜
λ1γ4
γ3

+ ϵ,

γ6 ≜
λ1

γ3
,

and λmin, λmax denote the minimum and maximum eigen-
value of the matrix, respectively. Further, γ3, γ4, λ1, ϵ ∈
R>0 are positive constants defined below.

Proof. Let V : R4 × R≥t0 → R be a positive definite,
radially unbounded, continuously differentiable Lyapunov
function candidate defined as

V ≜
1

2s2
e21 +

1

2
Mη2 + θ̃TΓ−1θ̃. (27)

The function in (27) satisfies the following inequalities

γ1||y||2 ≤ V (y, t) ≤ γ2||y||2,
V (y, t) ≤ γ3||w||2 + γ4,

(28)

where y ≜ [wT , θ̃T ]T , w ≜ [e1, η]
T , and γ3, γ4 ∈ R>0 are

known positive bounding constants. Let y(t) be a Filippov
solution to the differential inclusion ẏ ∈ K[h](y), where
K[h](·) is defined as in (Filippov, 1964), and h is defined

by using (15), (22), (24), and (25) as h ≜ [h1 h2 h3], where

h1 ≜ Sd − s1 − s2η − s2
(
k1e1 +

ρ21
ϵ1

e1
)
,

h2 ≜
1

M
{χ+Nd + Y θ̃ + e1 − k2η

− k3ρ2||z||sgn(η)−
k4
ϵ2

η},

h3 ≜ −proj(ΓY T η).

The control input in (23) has the signum function; hence,
the time derivative of (27) exists almost everywhere (a.e.),
i.e., for almost all t. Based on (Fischer et al., 2013,

Lemma 1), V̇ (y, t)
a.e.
∈ ˙̃V (y, t), where ˙̃V is the generalized

time derivative of (27) along the Filippov trajectories
of ẏ = h(y) and is defined in Fischer et al. (2013)

as ˙̃V ≜
⋂

ξ∈∂V ξTK
[
ė1 η̇

˙̃
θT 1

]T
(e1, η, θ̃T , t), where

∂V (y, t) is the generalized gradient of V at (y, t). Since
V (y, t) is continuously differentiable in y, ∂V = {∇V },
˙̃V

a.e.
⊂ [e1, Mη, θ̃TΓ−1]K

[
ė1 η̇

˙̃
θT

]T
. Therefore, after

substituting (15) and (25), canceling common terms, the
generalized time derivative of (27) can be expressed as
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˙̃V
a.e.
⊂ 1

s2
e1(Sd − s1 − s2(k1e1 +

ρ21
ϵ1

e1)) + θ̃TΓ−1 ˙̃θ

+ η(χ+Nd + Y θ̃ − k2η − k3ρ2||z||K[sgn(η)]− k4
ϵ2

η),

(29)

where K[sgn(η)] = SGN(η) such that SGN(η) = 1 if
η > 0, [−1, 1] if η = 0, and −1 if η < 0. Substituting the
upperbounds obtained in (19) and (20), (24), and using As-
sumption 2, the previous expression can be upperbounded
as

˙̃V
a.e.
≤ −k1e

2
1 − k2η

2 + ρ1|e1| −
ρ21
ϵ1

e21

+ ρ2||z|||η| − k3ρ2||z|||η|+ ηξd −
ξ2d
ϵ2

η2, (30)

where ρ1 = 1
s2
(sd + s1) is a positive bounding constant

and k4 ≜ ξ2d. By selecting k3 > 1 and if ρ1|e1| < ϵ1 and
ξd|η| < ϵ2, the previous inequality can be further upper
bounded as

˙̃V
a.e.
≤ −k1e

2
1 − k2η

2 + ϵ
a.e.
≤ −λ1||w||2 + ϵ, (31)

where λ1 = min(k1, k2) and ϵ ≜ ϵ1 + ϵ2. Further by using
the last inequality in (28), the inequality in (31) can be
upperbounded as

˙̃V
a.e.
≤ −γ6V + γ5, (32)

where γ5 ≜ λ1γ4

γ3
+ ϵ and γ6 ≜ λ1

γ3
. Applying the Com-

parison Lemma (H. K. Khalil, 2002, Lemma 3.4) to (32)
yields

V (y)
a.e.
≤ V (y(tp))e

−γ6(t−tp) +
γ5
γ6

(1− e−γ6(t−tp)), (33)

which can be used with the first two inequalities in (28)
to yield the GUUB tracking result in (26). Using (27)

and (33), V ∈ L∞; hence, e1, η, θ̃ ∈ L∞, which implies

that νq, θ̂, S ∈ L∞ and yields q̇ ∈ L∞ in (12), and then
z ∈ L∞. Further, ė1 ∈ L∞, then ν̇q ∈ L∞, which implies
that Y ∈ L∞ and thus, ue ∈ L∞ in (23) resulting in
τe ∈ L∞ in (4).

From (30), asymptotic tracking is achieved if ρ1|e1| > ϵ1
and ξd|η| > ϵ2 and by invoking (Fischer et al., 2013,

Corollary 2), and since ˙̃V (y, t)
a.e.
≤ −W (y), thus |e1| → 0

as t → ∞, where W is a continuous positive semi-definite
function.

The following lemma establishes a bound for ė1 for all
time.

Lemma 1. The soleus muscle error dynamics ė1 in (15) is
uniformly bounded within the perturbation region of the
stance phase of walking in the sense that

|ė1(t)| ≤ s2

(
ρ1

(
1 +

(k1
ρ1

+
ρ1
ϵ1

)
e1

)
+ η

)
. (34)

Proof. The integral-like muscle error e1 can be expressed
as

e1(t) =

∫ t

tp

de1(φ)

dφ
dφ+ c1, (35)

where c1 ∈ R is an integration constant. Exploiting the
inequality in (26) and (35), it can be established that

limt→∞
∫ t

tp

de1(φ)
dφ dφ exists and it is finite. Using (15)

and (14), the upperbound in (34) can be obtained. There-
fore, exploiting Theorem 1 to prove that e1, η ∈ L∞, then
ė1 ∈ L∞.

5. CONCLUSION

An electric motor controller was designed and analyzed
in this paper to evoke a soleus muscle response within
the stance phase of walking. The prescribed desired soleus
target response is tracked by the closed-loop feedback
controller that activates the motor of a powered ankle
orthosis. A backstepping control approach is developed to
interconnect the ankle joint dynamics and the soleus mus-
cle responses. The virtual controller exploits an integral-
like muscle error and the motor controller exploits the
backstepping error and an adaptive feedback term to com-
pensate for the uncertain inertial and viscous damping
parameters in the robot-ankle system. A Lyapunov-based
stability analysis was developed to ensure a GUUB result
due to the uncertainty in the parameters of the soleus
muscle response. Future work includes implementing the
controller in participants to characterize the sensitivity of
the developed control method. In addition, future efforts
involve integrating nonlinear models of the soleus muscle
dynamics and account for delays in the reflex response
dynamics.
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˙̃V
a.e.
⊂ 1

s2
e1(Sd − s1 − s2(k1e1 +

ρ21
ϵ1

e1)) + θ̃TΓ−1 ˙̃θ

+ η(χ+Nd + Y θ̃ − k2η − k3ρ2||z||K[sgn(η)]− k4
ϵ2

η),

(29)

where K[sgn(η)] = SGN(η) such that SGN(η) = 1 if
η > 0, [−1, 1] if η = 0, and −1 if η < 0. Substituting the
upperbounds obtained in (19) and (20), (24), and using As-
sumption 2, the previous expression can be upperbounded
as

˙̃V
a.e.
≤ −k1e

2
1 − k2η

2 + ρ1|e1| −
ρ21
ϵ1

e21

+ ρ2||z|||η| − k3ρ2||z|||η|+ ηξd −
ξ2d
ϵ2

η2, (30)

where ρ1 = 1
s2
(sd + s1) is a positive bounding constant

and k4 ≜ ξ2d. By selecting k3 > 1 and if ρ1|e1| < ϵ1 and
ξd|η| < ϵ2, the previous inequality can be further upper
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˙̃V
a.e.
≤ −k1e

2
1 − k2η

2 + ϵ
a.e.
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≤ −γ6V + γ5, (32)

where γ5 ≜ λ1γ4
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parison Lemma (H. K. Khalil, 2002, Lemma 3.4) to (32)
yields

V (y)
a.e.
≤ V (y(tp))e

−γ6(t−tp) +
γ5
γ6

(1− e−γ6(t−tp)), (33)

which can be used with the first two inequalities in (28)
to yield the GUUB tracking result in (26). Using (27)

and (33), V ∈ L∞; hence, e1, η, θ̃ ∈ L∞, which implies

that νq, θ̂, S ∈ L∞ and yields q̇ ∈ L∞ in (12), and then
z ∈ L∞. Further, ė1 ∈ L∞, then ν̇q ∈ L∞, which implies
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and ξd|η| > ϵ2 and by invoking (Fischer et al., 2013,

Corollary 2), and since ˙̃V (y, t)
a.e.
≤ −W (y), thus |e1| → 0

as t → ∞, where W is a continuous positive semi-definite
function.

The following lemma establishes a bound for ė1 for all
time.

Lemma 1. The soleus muscle error dynamics ė1 in (15) is
uniformly bounded within the perturbation region of the
stance phase of walking in the sense that

|ė1(t)| ≤ s2

(
ρ1

(
1 +

(k1
ρ1

+
ρ1
ϵ1

)
e1

)
+ η

)
. (34)

Proof. The integral-like muscle error e1 can be expressed
as

e1(t) =

∫ t

tp

de1(φ)

dφ
dφ+ c1, (35)

where c1 ∈ R is an integration constant. Exploiting the
inequality in (26) and (35), it can be established that

limt→∞
∫ t

tp

de1(φ)
dφ dφ exists and it is finite. Using (15)

and (14), the upperbound in (34) can be obtained. There-
fore, exploiting Theorem 1 to prove that e1, η ∈ L∞, then
ė1 ∈ L∞.

5. CONCLUSION

An electric motor controller was designed and analyzed
in this paper to evoke a soleus muscle response within
the stance phase of walking. The prescribed desired soleus
target response is tracked by the closed-loop feedback
controller that activates the motor of a powered ankle
orthosis. A backstepping control approach is developed to
interconnect the ankle joint dynamics and the soleus mus-
cle responses. The virtual controller exploits an integral-
like muscle error and the motor controller exploits the
backstepping error and an adaptive feedback term to com-
pensate for the uncertain inertial and viscous damping
parameters in the robot-ankle system. A Lyapunov-based
stability analysis was developed to ensure a GUUB result
due to the uncertainty in the parameters of the soleus
muscle response. Future work includes implementing the
controller in participants to characterize the sensitivity of
the developed control method. In addition, future efforts
involve integrating nonlinear models of the soleus muscle
dynamics and account for delays in the reflex response
dynamics.
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