
THE CONJUGATE UNIFORMIZATION VIA 1-MOTIVES

SEAN HOWE, JACKSON S. MORROW, AND PETER WEAR

Abstract. We use the p-divisible group attached to a 1-motive to gen-
eralize the conjugate p-adic uniformization of Iovita–Morrow–Zaharescu
to arbitrary p-adic formal semi-abelian schemes or p-divisible groups
over the ring of integers in a p-adic field. This mirrors a mixed Hodge
theory construction of the inverse uniformization map for complex semi-
abelian varieties.

Contents

1. Introduction, statement of results, and context 1
1.6. Uniformization of complex semi-abelian varieties 4
1.8. Construction of the map I and outline of proof 5
1.9. Outline 6
1.10. Acknowledgements 6
2. Preliminaries 6
3. The p-divisible group of a 1-motive 8
4. Rigidifed Extensions 10
5. Proof of main theorem 13
5.2. Construction of the map I. 13
5.5. Proof of Theorem 1.1 14
6. Integration on the universal cover and other constructions 16
6.2. Construction via Fontaine integration 17
6.4. Construction via crystalline incarnation of the universal cover 18
7. Geometric structure of the codomain of I 21
References 22

1. Introduction, statement of results, and context

Let K be a p-adic field; that is, a complete discretely valued extension
of Qp with perfect residue field ». Let K be an algebraic closure of K

and let C be the completion of K. We write Kur ¢ K for the maximal
unramified extension and » for the common residue field of Kur, K, and
C. For G a p-divisible group or p-adic formal semi-abelian scheme over
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OK , we may evaluate points on a p-adically complete OK-algebra R by
G(R) := limkG(R/p

k) (for a p-divisible group, the points à la Tate [16,
§2.4]). We write G[p∞] for the p-divisible group, TpG = limnG[p

n] for the
Tate module, and VpG = TpG ¹ Qp; the latter two are functors on OK-
algebras (since even in the formal case G[pn] promotes automatically to a
scheme over OK), but if we do not include an argument they are evaluated
on K and equipped with the action of Gal(K/K).

For G as above, we have the functorial Hodge–Tate exact sequence [16,
§4]

0→ LieG¹OK
C(1)→ TpG¹Zp C → ÉG[p∞]( ¹OK

C → 0.

It depends only on G[p∞], and by [16, Corollary 2] there is a unique Galois
equivariant splitting

(1.0.1) TpG→ LieG¹OK
C(1).

As in [10, Theorem A], the kernel of Eq. (1.0.1) is TpG(OKur) = TpG(K
ur),

i.e. the Tate module of the maximal étale p-divisible subgroup of G: this is
evidently contained in the kernel by functoriality, but the kernel is crystalline
as a sub-representation of TpG and of Hodge–Tate weight zero by definition,
thus unramified by a standard result in p-adic Hodge theory1.

We will usually assume that TpG(K
ur) = 0, equivalently that G does not

contain a non-trivial étale p-divisible subgroup, equivalently that Eq. (1.0.1)
is injective. This condition is invariant under extension of p-adic fields and
is not too serious, as, e.g., in the p-divisible case one can just quotient by
the maximal étale p-divisible subgroup to reduce to this setting. However,
it simplifies statements considerably (see Lemma 5.8 for why!).

In this work, we construct an integration homomorphism

I : G(OK)→ (LieG¹OK
C(1))/TpG,

by imitating with p-divisible groups a construction of the inverse of the
uniformization map for a complex semi-abelian variety via the extensions of
mixed Hodge structures attached to 1-motives. The map I is functorial and
compatible with extensions K ¦ K ′ ¦ C of p-adic fields. The integration
homomorphism I is continuous (but see Remarks 1.5 and 6.9 for a subtlety
regarding compatibility with infinite extensions). Our main result is

Theorem 1.1. Let K be a p-adic field and let G be a p-divisible group or
p-adic formal semi-abelian scheme over OK . If TpG(K

ur) = 0, then

(1) Ker(I) = G(OK)p−div, the subgroup of p-divisible elements (see Def-
inition 2.3).

(2) I(G[p∞](OK)) is the set of y ∈ (LieG¹OK
C(1))/TpG such that

(a) y is stabilized by Gal(K/K),

1To wit, if the Hodge–Tate weights are zero then the filtration on the associated filtered
isocrystal is trivial, thus it corresponds to an unramified Galois representation under
Fontaine’s equivalence. See [10, Appendix A] for another argument.
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and, for Vy := Ty ¹ Qp where Ty is the extension of Zp by TpG
obtained by pulling back along Zp → (LieG¹OK

C(1))/TpG, 1 7→ y,

(b) Vy is a crystalline representation of Gal(K/K), and
(c) the maximal unramified quotient of Vy is a split extension of Qp

by VpG(») as a Gal(»/»)-representation.

We make some clarifying remarks on the statement of Theorem 1.1.

Remark 1.2.

(1) Because TpG(OK) = 0, any p-divisible OK-point is uniquely p-
divisible, and the Fontaine construction (Example 2.4) induces

Hom(Z[1/p], G(»)) = Hom(Z[1/p], G(OK)) = G(OK)p−div.

In particular, the p-divisible elements are insensitive to purely rami-
fied extension. Note that the prime-to-p torsion, which is in bijection
by reduction with prime-to-p torsion in G(»), is always p-divisible.
From this it also follows that if G(»)/G[p∞](») admits a set of p-
divisible representatives in G(») then I(G[p∞](OK)) = I(G(OK))
— this occurs, e.g., when » is algebraically closed or finite.

(2) The crystalline condition (b) is necessary — for example, when G =
µp∞ , the non-crystalline Tate module of the semistable elliptic curve
Gan

m /p
Z can be obtained from a y satisfying (a) and trivially (c).

(3) The condition (c) is automatically verified for G such that

ExtGal(»/»)(Qp, VpG(»)) = 0.

For example, it suffices that » be algebraically closed, or that G[p∞]»
be connected, or that G» be a semi-abelian scheme and » be finite
(see Theorem 1.3 below).

In the setting of a local field K and a p-adic formal semi-abelian scheme
overOK , we prove that the integration map is actually injective onG[p∞](OK).

Theorem 1.3. Suppose [K : Qp] < ∞, G is a p-adic formal semi-abelian

scheme over OK , and TpG(OKur) = 0. Then I factors as the projection

(1.3.1) G(OK) = G[p∞](OK)×G(OK)prime-to-p torsion → G[p∞](OK)

composed with the injection I : G[p∞](OK) ↪→ (LieG ¹OK
C(1))/TpG. The

image consists of the points y stabilized by Gal(K/K) with Vy crystalline
(notation as in the statement of Theorem 1.1).

Remark 1.4. In the proof of Theorem 1.3, we see how to extend this result
to certain p-divisible groups. Indeed, we will prove that for any p-divisible
group H/OK with TpH(OKur) = 0 and TpH(») = 0, the OK-points of H
can be identified with the set of crystalline points in (LieH¹OK

C(1))/TpH.

We show in Section 6 that I can also be constructed using Fontaine in-
tegration [7], so that it agrees with the map studied in [10]. Theorem 1.3
thus generalizes the main result of [10], which treats the case where G is the
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base change to OK of a good reduction abelian variety over a finite unram-
ified extension of Qp. In [10], the trivial decomposition of Eq. (1.3.1) into
the points of the p-divisible group and the prime-to-p torsion is not clearly
described, so that one factor is never identified as being the points of the
p-divisible group. As a result, in [10], this uniformization is presented as a
result about abelian varieties.

By contrast, we wish to emphasize that this uniformization is purely a
result about p-divisible groups. Moreover, the main motivation for this work
was to give a simpler and more general construction of the uniformization
of loc. cit. rendering its key properties evident via the theory of p-divisible
groups. Beyond extending the field of definition, our generality allows for,
e.g.,

(1) the connected component of the Néron model of an arbitrary abelian
variety (after finite extension to obtain semi-abelian reduction), and

(2) non-algebraizable good reduction abeloid varieties.

We refer to the characterization of the OK-points of certain p-divisible
groups described in Theorem 1.3 and Remark 1.4 as the conjugate uni-
formization because the splitting of the Hodge–Tate filtration is an analog
of the conjugate filtration in complex Hodge theory (and to distinguish it
from the Scholze–Weinstein uniformization, recalled below in Section 7).

Remark 1.5. In [10] an emphasis is placed on the continuity properties of
I on G(OK) :=

⋃
K′¦C,[K′:K]<∞G(OK′) — this aspect did not appear in

Theorem 1.1 or Theorem 1.3 because it plays no role in the construction
and because we have stated these results using points in a single p-adic field
while the subtle topological issue in question apears only if we consider all
OK-points at once. See Remark 6.9 for further discussion.

Before describing our construction of I and explaining how it leads to
a proof of Theorem 1.1, we take a brief detour to explain the analogous
construction of the inverse uniformization map for complex abelian varieties.

1.6. Uniformization of complex semi-abelian varieties. Let G be a
semi-abelian variety over C, that is, an extension of an abelian variety by a
torus. Via exponentiation, we obtain a uniformization

exp: LieG/H1(G(C),Z)→ G(C).

The inverse can be constructed by integration: if we identify LieG with the
dual to the space of invariant differentials on G, then x ∈ G(C) maps to

IC(x) : É 7→

∫ x

e
É.

This integral factors through the category of 1-motives [5, §10] — that
is, to the point x we can associate the 1-motive Gx : Z→ G where the map
sends 1 to x. Taking homology gives an extension of mixed Hodge structures

0→ H1(G,Z)→ H1(Gx,Z)→ Z→ 0.
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Concretely, H1(Gx,Z) is the homology of G relative to {e, x}, so that the
class 1 in the quotient trivial mixed Hodge structure Z corresponds to any
path from e to x. The integration map can then be obtained by quotienting
by the Hodge filtration Fil−1 in the first two terms to obtain

0 H1(G,Z) H1(Gx,Z) Z 0

0 LieG LieGx LieG/H1(G,Z).

Tracing through the construction, we find IC(x) is the image of 1 ∈ Z.

Example 1.7. When G = Gm, if we trivialize LieG via the vector field
x∂x, then the uniformization can be identified with the complex exponential

exp: C/Z(1)→ C×

whose inverse is the logarithm map obtained by integrating the dual basis
dx
x for ÉC× from 1 to x. It is a linear algebra exercise to see that there
is a natural identification ExtZ−MHS(Z,Z(1)) = C/Z(1), and to verify that
the mixed Hodge structure on the first homology of the (twice punctured)
nodal cubic obtained from C× by glueing 1 and x, which is canonically an
extension of Z by Z(1), is matched in this identification with log(x).

1.8. Construction of the map I and outline of proof. Returning to the
setup at the start of the introduction, we now construct the homomorphism

I : G(OK)→ (LieG¹OK
C(1))/TpG.

The construction is functorial and compatible with extension K ¢ K ′ ¢ C.
To construct it, to any point x ∈ G(OK) we attach the Kummer extension

Ex : 0→ G[p∞]→ Gx[p
∞]→ Qp/Zp → 0

of p-divisible groups over OK given by formally adjoining p-power roots
of −x to G. When G is a p-adic formal semi-abelian scheme, this can be

identified with the p-divisible group of the p-adic formal 1-motive Z
1 7→x
−−−→ G

with the extension structure coming from the weight filtration.
We then take Tate modules and apply Eq. (1.0.1) to obtain

0 TpG TpGx Zp 0

0 LieG¹OK
C(1) LieGx ¹OK

C(1) (LieG¹OK
C(1))/TpG.

We define I(x) to be the image of 1 ∈ Zp in (LieG¹OK
C(1))/TpG.

To prove Theorem 1.1, we first establish that all rigidified extensions
(Definition 4.3) of Qp/Zp by G[p∞] are of the form Ex for x ∈ G[p∞](OK)
(cf. Theorem 4.4). Using that Ex is split if and only if x is p-divisible and a
simple argument again using that crystalline representations of Hodge–Tate
weight zero are unramified, we can characterize the kernel on all of G(OK)
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as the p-divisible elements. The crystalline characterization of the image is
then immediate from the equivalence between lattices in crystalline repre-
sentations with Hodge–Tate weights {0, 1} and p-divisible groups (see e.g.,
[12] or [14, Corollary 6.2.3]) — indeed, this gives an extension of Qp/Zp by
G[p∞] attached to any y satisfying (a) and (b), and the analysis of exten-
sions indicated already shows it comes from an x ∈ G[p∞](OK) if and only
if it also satisfies (c).

1.9. Outline. In Section 2, we recall some constructions regarding p-divisible
groups, p-adic formal semi-abelian schemes, universal covers, and p-divisible
elements. In Section 3, we give a construction of the p-divisible group at-
tached to a 1-motive, and in Section 4, we discuss rigidified extensions of
p-divisible groups. Because it is of independent interest and the proofs are
not any more difficult, in Section 3 and Section 4, we work in more generality
than will be needed for the application to Theorem 1.1 and also discuss some
complements (e.g., the p-divisible group of a Raynaud-uniformized abeloid
variety) — for the proof of Theorem 1.1, the key result is the identification
of a p-divisible group G with the moduli of rigidified extensions of Qp/Zp

by G. In Section 5, we prove Theorem 1.1, and in Section 6, we show the
equivalence with the definition of I via the Fontaine integral and give an-
other construction using the crystalline incarnation of the universal cover.
In Section 7, we discuss geometric aspects of the conjugate uniformization.

1.10. Acknowledgements. We thank the referee for their detailed reading
of our work and for many helpful comments.

2. Preliminaries

In this section, we recall the construction of the universal cover of a p-
divisible group or p-adic formal semi-abelian scheme and its basic properties.

Let R be a p-adically complete ring, and let G be a p-divisible group or
a p-adic formal semi-abelian scheme over R. The universal cover of G is the
functor on p-adically complete R-algebras

G̃ = Hom(Z[1/p], G) = lim(G
p
←− G

p
←− · · · ), S 7→ HomZ(Z[1/p], G(S)).

WhenG is a p-divisible group, we can replace HomZ(Z[1/p], ·) with HomZp(Qp, ·).

Inside of G̃, we have the Tate module

TpG = Hom(Z[1/p]/Z, G) = Hom(Qp/Zp, G) = lim(1
p
←− G[p]

p
←− G[p2]

p
←− · · · ).

Of course, TpG only depends on G[p∞], and it is the kernel of the projection

G̃ → G given by evaluation at 1 (an fpqc surjection when restricted to the
category of p-nilpotent R-algebras endowed with the fpqc topology).

The key property of G̃ is that, by a construction due to Fontaine, it is
invariant under topologically nilpotent thickenings:
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Proposition 2.1. Let S be a p-adically complete R-algebra and let I be a
topologically nilpotent ideal in S. Then reduction induces an isomorphism

G̃(S) = G̃(S/I).

Proof. By considering liftings from S/(I, pk) to S/I and passing to the limit,
it suffices to suppose pk = 0 on S and that I is nilpotent. In this case, let
(g1, g2, . . .) ∈ G̃(S/I), and choose arbitrary element-wise lifts g̃1, g̃2, . . . to
G(S). Then, we claim that for N sufficiently large,

(pN g̃N , p
N g̃N+1, . . .)

is independent of choices and furnishes a lift to G̃(S) that is independent of
the choices thus unique. Indeed, two different lifts of gi differ by an element
of ker(G(S) → G(S/I)), and the Drinfeld construction [11, Lemma 1.1.2]
shows a large power of p annihilates this subgroup. □

Remark 2.2. We note that Proposition 2.1 forG a p-divisible group appears
as [14, Proposition 3.1.3(ii)], and the proofs are similar.

Definition 2.3. We say an element of G(S) is (uniquely) p-divisible if it
admits a (unique) compatible system of p-power roots in G(S).

Note that an element of G(S) is p-divisible if and only if it is in the image

of G̃(S) → G(S), and that the p-divisible elements are uniquely p-divisible
if and only if TpG(S) = 0.

Example 2.4. If K is a p-adic field with residue field » and G/OK , then
Proposition 2.1 gives

G̃(OK) = G̃(»).

In particular, G̃(OK) and the p-divisible elements of G(OK) are invariant
under finite totally ramified extensions. Note that a p-divisible element lies
in the formal neighborhood of the identity if and only if it comes from an
element of TpG(»), and when G is semi-abelian, it lies in the p-divisible
group if and only if it comes from an element of VpG(») = TpG(»)¹Qp.

Note that TpG(») is often much larger than TpG(OK) — for example, if
» is algebraically closed, then G»[p

∞] ∼= G'
» × (Qp/Zp)

r where G'
» is the

connected component of the identity2 and r is the rank of TpG(»), but for a
generic lift of G» to OK no copy of Qp/Zp will lift to a subgroup so we will
have TpG(OK) = 0. In this case, TpG(») is identified with the subgroup of
G'(OK) consisting of points that are (uniquely) p-divisible in G(OK), and
in fact this subgroup determines the extension structure for the connected-
étale sequence (see Example 4.9).

Remark 2.5. It also follows from Proposition 2.1 that, for H1 and H2

p-divisible groups over R and I an open topologically nilpotent ideal of R,

Hom(H̃1, H̃2) = Hom(H1,R/I , H2,R/I)¹Qp.

2Equivalently, we may consider this as a formal group.
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In other words, to give a map of universal covers is the same as to give a
map in the isogeny-category of p-divisible groups over R/I. This is a helpful
way to encode the independence of the latter on the choice of I while also
bringing to the forefront the Fontaine lifts as in the proof of Proposition 2.1.
We use this only in the case when H1 is étale, which immediately reduces
to the case that H1 = Qp/Zp where it is an immediate consequence of

Proposition 2.1 and the identity TpH2(A)¹Qp = H̃2(A) for any R-algebra
A such that p is nilpotent in A.

3. The p-divisible group of a 1-motive

In this section, we construct the p-divisible group of a 1-motive. First,
we recall the notion of a 1-motive (see [5, §10], [2]). Let R be a ring.

Definition 3.1. A 1-motive over SpecR is a homomorphism φ : M → G
where G is a semi-abelian scheme over R and M is an étale Z-local system
on SpecR.

Given a 1-motive φ and a prime p, we can construct an extension of group
schemes over R

Eφ : 0→ G→ Gφ →M ¹ (Z[1/p]/Z)→ 0

by formally adjoining p-power roots along φ. Precisely, Gφ is the push-out

(3.1.1)

M G

M ¹ Z[1/p] Gφ

−φ

This push-out can be realized concretely as a carrying law: ifM is trivialize-
able then, fixing a trivializationM ∼= Zm and writing Ip = Z[1/p] ∩ [0, 1) ¢ Q,

(3.1.2) Gφ
∼=

⊔

t∈Imp

G, gs + ht = (g + h− φ(+s+ t,)){s+t}

where here +·, denotes floor and {·} denotes the fractional part. The general
case is reduced to the case of M trivializeable by descent from a finite étale
cover.

Remark 3.2. If we take the short exact sequence

0→M →M ¹ Z[1/p]→M ¹ (Z[1/p]/Z)→ 0

and apply the functor Hom(·, G), the boundary map

Hom(M,G)→ Ext(M ¹ (Z[1/p]/Z), G).

sends φ to the extension Eφ.

Again, after taking a trivialization of M , we have that

(3.2.1) Gφ[p
n] =

⊔

t∈(1/pnZ∩[0,1))m
Gφ[p

n]t
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where Gφ[p
n]t is the fiber of multiplication by pn on G above φ(pnt).

In particular, Gφ[p
∞] is a p-divisible group, and Eφ[p

∞] is an extension
by p-divisible groups

Eφ[p
∞] : 0→ G[p∞]→ Gφ[p

∞]→M ¹ (Qp/Zp)→ 0.

Definition 3.3. The p-divisible group attached to the 1-motive φ : M → G
is Gφ[p

∞], and the extension structure Eφ[p
∞] is the weight filtration.

Remark 3.4. Over C, Eq. (3.2.1) agrees with the pn torsion of a 1-motive
as constructed in [5, (10.1.5)] (in particular, the minus sign in the push-
out diagram Eq. (3.1.1) arises naturally from the Koszul sign rule). More
generally, this construction agrees with the construction of the p-divisible
group attached to a 1-motive in [2, §2.4].

Next, we define a p-adic formal 1-motive.

Definition 3.5. If R is p-adically complete, a p-adic formal 1-motive is a
homomorphism M → G where M is an étale Z-local system on Spf R (or
just SpecR/p) and G is a p-adic formal semi-abelian scheme over Spf R.

If G is a p-adic formal semi-abelian scheme over R, then applying the
previous construction over R/pn for all n yields an extension of p-divisible
groups Eφ[p

∞] over R. Note that if φ factors through G[p∞], then in the
construction of Gφ[p

∞] we may dispense with G altogether and work from
the beginning with G[p∞] in its place. Note that the maps φ : Z → G[p∞]
correspond exactly to the points à la Tate,

G[p∞](R) := lim
k

colimnG[p
n](R/pk),

which typically is much larger than G(R)[p∞].
On the other hand, there are sometimes very interesting extensions of

G[p∞] that can only be seen by considering points in G, as the following
example illustrates.

Example 3.6. Let E/Z((q)) be the Tate elliptic curve, and let φ : Z →
Gm(Z((q))) sending 1 to q. Then there is a canonical isomorphism E[p∞] ∼=
(Gm)φ[p

∞]. Even if we p-adically complete, this extension of Qp/Zp by µp∞
still does not arise from a 1-motive factoring through µp∞ , which see only
Serre–Tate extensions; this version was treated in detail in [8], where the
construction of Eφ for G = Gm and M = Z was referred to as the theory of
Kummer extensions and was used to unify computations for p-adic modular
forms in Serre–Tate and cuspidal coordinates.

Example 3.7. There is a completely analogous construction for rigid ana-
lytic 1-motives, and using this one can construct the p-divisible group of a
Raynaud uniformized abeloid variety in the same way using a rigid 1-motive.
In this case one obtains a p-divisible group over K that does not extend to
OK (but can sometimes still be made sense of algebraically over a complete
OK-algebra in the limit by adding a formal variable as in Example 3.6).
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These kinds of examples will not play a serious role in the remainder of this
work because of Theorem 4.6 below, which implies that for H a p-divisible
group over the ring of integers in a p-adic field, up to a minor discrepancy
all extensions of Qp/Zp by H can be obtained already from points of H.

4. Rigidifed Extensions

In this section, we define rigidifed extensions and prove Theorem 4.6. Let
R be a p-adically complete ring, and letH/R be a p-divisible group. Suppose
M is a Zp-local system on Spf R (equivalently SpecR/p) and φ : M → H is
a Zp-linear homomorphism. We note also that the datum ofM is equivalent
to the étale p-divisible group M ¹Qp/Zp (from which M is recovered as the
Tate module).

Remark 4.1. It is tempting to call φ a p-divisible 1-motive, but this would
be a mistake (see Remark 4.10).

Example 4.2. Suppose φ : M → G is a p-adic formal 1-motive over Spf R
such that φ factors through G[p∞]. Then φ extends uniquely to

φ¹ Zp : M ¹ Zp → G[p∞].

Given φ : M → H, we form the pushout Hφ in the category of sheaves
on p-nilpotent R-algebras with the fpqc topology. This is analogous to the
earlier construction Eq. (3.1.1) with 1-motives but replacing Z[1/p] with Qp

and Z with Zp:

M H

M ¹Qp Hφ.

−φ

Note that Qp and Zp are equipped with their natural topologies and should
be interpreted here as topological constant sheaves — that is, for any p-
nilpotent R-algebra S, Qp(S) (resp. Zp(S)) is the set of continuous maps
from SpecS to Qp (resp. Zp).

After a pro-finite étale cover to trivialize M , this admits an identical
explicit description via a carrying law. In particular, we obtain a short
exact sequence

Eφ : 0→ H → Hφ →M ¹ (Qp/Zp)→ 0

and at the level of universal covers we have the short exact sequence

Ẽφ : 0→ H̃ → H̃φ →M ¹Qp → 0

in the category of sheaves on p-nilpotent R-algebras with the fpqc topology.
In fact, there is another important piece of data in the mix: there is a
canonical section sφ : M ¹ Qp → H̃φ of the induced extension of universal

covers Ẽφ coming from the canonical map M ¹Qp → Hφ extending −φ.
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Definition 4.3. With the notation as above, we refer to an extension E of
M ¹ (Qp/Zp) by H equipped with a section s of Ẽ → M ¹Qp as rigidified.
We let RigExt(M ¹ (Qp/Zp), H) be the functor on p-adically complete R-
algebras sending S to the set of isomorphism classes of rigidified extensions
of MS ¹ (Qp/Zp) by HS .

We now describe how one can interpret the functor RigExt(M¹(Qp/Zp), H)
in terms of p-adic 1-motives.

Theorem 4.4. The assignment φ 7→ (Eφ, sφ) is an isomorphism of functors
from p-adically complete R-algebras to abelian groups

Hom(M,H)→ RigExt(M ¹ (Qp/Zp), H)

where the right-hand side is equipped with the Baer sum.

Proof. If (E , s) is a rigidified extension, let s0 denote the composition of s

with projection to the first coordinate from Ẽ → E :

0 H̃ Ẽ M ¹Qp 0

0 H E M ¹ (Qp/Zp) 0

s

s0

When we restrict s0 to M = M ¹ Zp ↪→ M ¹ Qp, this morphism factors
through the kernel of the bottom right map, and so we recover a map M →
H. In other words, s0 lies in Hom(M,H), and hence we obtain a canonical
isomorphism from the push-out property

E−s0
∼
−→ E

compatible with the sections. Note that E−s0
∼= Es0 , and so we have an

isomorphism E ∼= Es0 .
The assignment (E , s) 7→ s0 is well-defined and gives an inverse to the

map in the statement of the theorem. That the map is compatible with the
group structures is immediate by comparing the push-outs in the definition
of Eφ and of the Baer sum of extensions. □

Lemma 4.5. The kernel of the induced map

Hom(M,H)(R)→ Ext(M ¹ (Qp/Zp), H)(R)

obtained by forgetting the rigidification is the image of Hom(M¹Qp, H)(R).

Proof. Indeed, by the push-out property any element of Hom(M¹Qp, H)(R)
restricting to a given φ ∈ Hom(M,H)(R) gives rise to an isomorphism of
Eφ with the trivial extension, and vice versa. □

In our main case of interest, we can also understand the image:

Theorem 4.6. Suppose R/p is Artinian local with residue field ». Then a
rigidification of E ∈ Ext(M ¹ (Qp/Zp), H) is equivalent to a splitting of E»
in the isogeny category of p-divisible groups over ». In particular,
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(1) If the residue field » is algebraically closed, then any extension of an
étale p-divisible group by H can be rigidified.

(2) If the residue field » is perfect, then to give a rigidification it is equiv-
alent to give a splitting in the isogeny category of p-divisible groups
over » of the induced extension of Qp/Zp by H ét

» . In particular, if
H» is connected, then any extension of an étale p-divisible group by
H can be uniquely rigidified.

Proof. The first part of the theorem follows from Remark 2.5. Suppose given
an extension E as in (1) or (2). Then to split Ẽ it is equivalent to split E» up
to isogeny. In the first case, the category of p-divisible groups up to isogeny
over » is semi-simple, so it is always split. In the second case, the category
may not be semi-simple but the slope decomposition still descends to », so
that a splitting occurs purely in the slope zero (étale) part. □

Remark 4.7. The p-divisible group of the Tate curve over Fp((q)), an ex-
tension of Qp/Zp by µp∞ (see Example 3.6), shows that the assumption that
the residue field is perfect in (2) cannot be removed.

Example 4.8. Consider the projection map

Ä : Gal(Qp/Qp)→ Gal(Fp/Fp) = Ẑ→ Zp.

The Galois representation

[
1 Ä
0 1

]
is the Tate module of a non-trivial exten-

sion of Qp/Zp by itself over Zp that cannot be rigidified even if we allow
passage to arbitrary finite extensions.

Example 4.9. In this example, we describe how the canonical splitting of
the connected-étale sequence over » is related to Theorem 4.6-(1). Suppose
(for simplicity) that » is algebraically closed, and let G be a p-divisible group

over OK . If TpG(OK) = 0, then TpG(») ¢ G̃(») = G̃(OK) is identified via
projection to the first coordinate with the Zp-module M of elements in
G'(OK) that are p-divisible in G(OK). We refer the reader to Example 2.4
for further discussion. The connected-étale sequence

0→ G' → G→ Gét → 0

induces an isomorphism of M ¹ (Qp/Zp) with Gét, and this is the exten-
sion of G' determined by the inclusion map φ : M ↪→ G'. Moreover, the
rigidification sφ from Theorem 4.6-(1) comes from the map φ.

Remark 4.10. The category of rigidified Breuil–Kisin–Fargues modules
(see [1], [3, §4] provides a natural category of cohomological motives over Cp

(for example, for a smooth proper formal scheme over OCp with torsion-free
crystalline cohomology, there is a rigidified Breuil–Kisin–Fargues module in
each cohomological degree that recovers all other p-adic cohomology theories
and their comparisons). The category of p-divisible groups over OCp is
equivalent to the full sub-category of the category of Breuil–Kisin–Fargues
modules with slopes in [0, 1], but if HFp

is not isoclinic then there is no
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canonical choice of a rigidification for H — a rigidification here amounts
to the choice of an isogeny HFp

×Fp
OCp/p → HOCp/p

inducing the identity

modulo mCp . If H is connected and equipped with a rigidification, then a
rigidified extension as considered in this section is exactly an extension in the
category of rigidified Breuil–Kisin–Fargues modules. The natural category
analogous to 1-motives here is the category of rigidified Breuil–Kisin–Fargues
modules with slopes in [0, 1], and Theorem 4.6-(2) expresses the fact that
the choice of a rational structure over a discretely valued subfield induces a
canonical rigidification.

5. Proof of main theorem

In this section we construct the map I and prove Theorem 1.1. Before
doing so, we recall the setup and restate our main result.

Let K be a p-adic field and let G be a p-divisible group or p-adic formal
semi-abelian scheme over OK . We will construct an integration homomor-
phism

I : G(OK)→ (LieG¹OK
C(1))/TpG,

and prove the following results.

Theorem 5.1. If TpG(K
ur) = 0, then

(1) Ker(I) = G(OK)p−div, the subgroup of p-divisible elements (see Def-
inition 2.3).

(2) I(G[p∞](OK)) is the set of y ∈ (LieG¹OK
C(1))/TpG such that

(a) y is stabilized by Gal(K/K),
and, for Vy := Ty ¹ Qp where Ty is the extension of Zp by TpG
obtained by pulling back along Zp → (LieG¹OK

C(1))/TpG, 1 7→ y,

(b) Vy is a crystalline representation of Gal(K/K), and
(c) the maximal unramified quotient of Vy is a split extension of Qp

by VpG(») as a Gal(»/»)-representation.

5.2. Construction of the map I. We construct I as the composition of
the following two homomorphisms:

(1) The homomorphism E : G(OK) → Ext(Qp/Zp, G[p
∞]), x 7→ Ex[p

∞],
where

Ex : 0→ G→ Gx → Qp/Zp → 0

is the extension attached to φ : Z → G, 1 7→ x by the construction
of Section 4.

(2) The homomorphism È : Ext(Qp/Zp, G[p
∞])→ (LieG¹OK

C(1))/TpG
sending

0→ G[p∞]→ H → Qp/Zp → 0.

to the image of 1 ∈ Zp under the right vertical arrow of the dia-
gram induced by applying the canonical splitting of the Hodge–Tate
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filtration (Eq. (1.0.1)) in the left two terms,

0 TpG TpH Zp 0

0 LieG¹OK
C(1) LieG¹OK

C(1) (LieG¹OK
C(1))/TpG.

Remark 5.3. Note that the map Z[1/p] → Gx extending −φ in the push-
out construction of Gx gives rise to a canonical system of p-power roots of −x
in Gx(OK) via the images of 1/pn. We compile these as an element −̃xcan
of G̃x(OK) lifting −x ∈ G(OK) ¢ Gx(OK) and projecting to 1 ∈ Qp =

Q̃p/Zp = Hom(Z[1/p],Qp/Zp). In the explicit coordinates of Eq. (3.1.2),

−̃xcan := ((−x, 0), (0, 1/p), (0, 1/p2), . . . ).

When G is a p-divisible group, −̃xcan = sφ(1) for sφ the canonical rigidifica-

tion from Section 4. We will use the element −̃xcan in our comparison with
other constructions in Section 6.

Remark 5.4. We note that the homomorphism E arises naturally as a
boundary map as follows. If we take the short exact sequence

0→ Z→ Z[1/p]→ Qp/Zp → 0

over OK and apply the functor Hom(·, G), we get

TpG(OK)→ G̃(OK)→ G(OK)→ Ext(Qp/Zp, G).

The image of a point x ∈ G(OK) in Ext(Qp/Zp, G) gives us Gx, and after
passage to the p-divisible group Gx[p

∞], we get an extension of G[p∞].

5.5. Proof of Theorem 1.1. In this section, we prove Theorem 1.1. To
begin, we establish two lemmas concerning the maps È and E defined in
Section 5.2

Lemma 5.6. If » is algebraically closed, then the map È is injective.

Proof. Suppose we have an extension such that 1 7→ 0. That means there is
a pre-image v of 1 in TpH such that v maps to zero in LieH ¹ C(1). The
Qp-span M of the Galois orbit of v is thus contained in the kernel of this
map, soM¹C ¢ ÉH(¹OK

C ¢ TpH¹C. ThusM is of Hodge–Tate weight
zero and crystalline (as a subrepresentation of VpH), so the Galois action is
trivial since » is algebraically closed. Thus we obtain a splitting

v ∈M ¦ TpH(K) = Hom(Qp/Zp, H[p∞]).

□

Lemma 5.7. If » is algebraically closed, then Ker(E) = G(OK)p−div.

Proof. We first observe that if » is algebraically closed, then by Theorem 4.4
and Theorem 4.6, E|G[p∞](OK )

is surjective. Then by Lemma 4.5 it induces

(5.7.1) G[p∞](OK)/G[p∞](OK)p−div = Ext(Qp/Zp, G[p
∞]).
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Since G[p∞](OK)p−div is a divisible Z-module (it is a Zp-module and p-
divisible), it is injective and thus a direct summand of the Z-moduleG[p∞](OK).
Thus Eq. (5.7.1) implies Ext(Qp/Zp, G[p

∞]) has no non-zero p-divisible ele-

ments, so we conclude G(OK)p−div is contained in the kernel of E . On the
other hand, since every element of G(») is p-divisible thus admits a lift to a
p-divisible element of G(OK) by Example 2.4, we have the factorization as
an amalgamated sum

G(OK) = G[p∞](OK) ⊔G[p∞](OK)p−div G(OK)p−div.

Combined with Eq. (5.7.1), we conclude3 the kernel is identicallyG(OK)p−div.
□

Thus, for a general K, we find the kernel of I is G(O(Kur)')
p−div∩G(OK).

The claim about the kernel in Theorem 1.1 then follows from

Lemma 5.8. If TpG(K
ur) = 0, then

G(O(Kur)')
p−div ∩G(OK) = G(OK)p−div

Proof. Since TpG(K
ur) = TpG((K

ur)') = 0, any p-divisible element is
uniquely p-divisible. Thus, by considering the Galois action, we find that if

x ∈ G(OK) ∩G(O(Kur)')
p−div

then x1/p
n
is also in G(OK) for any n so x ∈ G(OK)p−div. □

It remains to show the crystalline characterization of the image in The-
orem 1.1. On the one hand, any point in the image of G[p∞](OK) satisfies
(a) − (c) because the Tate module of any p-divisible group is crystalline
and from the construction the extensions are rigidified. Conversely, suppose
given y satisfying (a) − (c). Then the lattice Ty in the crystalline repre-
sentation Vy has Hodge–Tate weights zero and one and thus comes from a
p-divisible group H. By full-faithfulness of the Tate module, the extension

0→ TpG[p
∞]→ TpH → Zp → 0

comes from a diagram of p-divisible groups

0→ G[p∞]→ H → Qp/Zp → 0

which is an extension. It admits a rigidification by condition (c), Theo-
rem 4.4, and Theorem 4.6, and so it comes from a point in G[p∞](OK), thus
we find y is in the image of I. This concludes the proof of Theorem 1.1.

To conclude the section, we will prove Theorem 1.3, which we now recall.

Theorem 5.9. Suppose [K : Qp] < ∞, G is a p-adic formal semi-abelian

scheme over OK , and TpG(OKur) = 0. Then I factors as the projection

G(OK) = G[p∞](OK)×G(OK)prime-to-p torsion → G[p∞](OK)

3Instead of using the amalgamated sum, one could alternatively use the fact that
G(OK) is generated by G[p∞](OK) and G(OK)p−div to deduce the desired claim.
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composed with the injection I : G[p∞](OK) ↪→ (LieG ¹OK
C(1))/TpG. The

image consists of the points y stabilized by Gal(K/K) with Vy crystalline
(notation as in the statement of Theorem 1.1).

Proof. Note the decomposition in Eq. (1.3.1) is immediate from the following
properties of G and the reduction map Red: G(OK)→ G(»):

(1) G(») is a finite abelian group.
(2) The map Red induces an isomorphism

G(OK)prime-to-p torsion ∼= G(»)prime-to-p torsion

(3) G[p∞](OK) = Red−1(G[p∞](»)) = Red−1(G(»)[p∞]).

Now, as noted in Remark 1.2-(1), reduction induces

G(OK)p−div = Hom(Z[1/p], G(OK)) = Hom(Z[1/p], G(»)).

Since G(») is a finite abelian group, the right-hand-side is identified by
evaluation at 1 with the prime-to-p torsion in G(»), thus the left-hand side
is also prime-to-p torsion. Since every prime-to-p torsion point is p-divisible,

G(OK)p−div = G(OK)prime-to-p torsion.

It remains only to show that in this case condition (c) in the characteriza-
tion of the image in Theorem 1.1 is superfluous. But this follows since here
the Galois representation is determined by a single matrix corresponding to
Frobenius, but the sub-representation VpG(») does not have 1 as an eigen-
value (since otherwise there would be a non-trivial fixed vector giving rise
to infinitely many points in G(»)), thus the extension is split. □

Remark 5.10. In Theorem 1.3, the identification of G[p∞](OK) with the
set of crystalline points in (LieG ¹OK

C(1))/TpG is formulated entirely in

the world of p-divisible groups over OK — the source, the map I|G[p∞](OK),
and the target all only depend on G[p∞]. Indeed, the only place we use
the semi-abelian scheme in the proof of Theorem 1.3 is to conclude that
G[p∞](») has finitely many points. Thus this part of the theorem holds
for any p-divisible group H/OK with the same properties, which can be
formulated by requiring that TpH(Kur) = 0 and TpH(») = 0.

6. Integration on the universal cover and other constructions

For G a p-divisible group or a p-adic formal semi-abelian scheme over OK ,
in this section we write IG for the integration map defined in Section 5.2
to emphasize the dependence on G. The integration map IG lifts to a
homomorphism

(6.0.1) IG : G̃(OC)×G(OC) G(OK)→ LieG¹OK
C(1)

which we define now: recall from Remark 5.3 that, given x ∈ G(OK) we have

a canonical compatible systems of p-power roots of −x, −̃xcan ∈ G̃x(OK).

Given a compatible system of p-power roots of x, x̃ ∈ G̃(OC), the element
x̃ + (−̃xcan) lies in TpGx(OC), and we define I(x̃) to be the image of x̃ +
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(−̃xcan) in LieG¹OK
C(1) = LieGx¹OK

C(1) under the canonical splitting
of the Hodge–Tate filtration. It is immediate from the construction that this
lifts IG.

In Section 6.2 and Section 6.4, we explain two other ways to construct
the map IG. The first is via Fontaine integration as in [10], while the second
passes through the crystalline incarnation of the universal cover of a p-
divisible group as in [14]. That all three constructions agree is a consequence
of the following uniqueness result:

Theorem 6.1. Let C be the full subcategory of group-valued functors on
NilpOK

consisting of functors represented by p-divisible groups over OK or
by p-adic formal abelian schemes over OK . The natural transformation of
functors from C to abelian groups

G 7→ IG : G̃(OC)×G(OC) G(OK)→ LieG¹OK
C(1)

is the unique natural transformation that is Galois equivariant and agrees
with the canonical splitting of the Hodge–Tate filtration on

TpG(OC) ¢ G̃(OC)×G(OC) G(OK).

Proof. We first verify that I satisfies these properties. The Galois equiv-
ariance is immediate; to show it agrees with the canonical splitting of
the Hodge–Tate filtration on TpG(OC), note that if x ∈ G[pn](OK) then

−̃xcan ∈ VpGx(OK) thus its image under the canonical splitting of the
Hodge–Tate filtration is zero (because zero is the only Galois invariant vector
in LieG¹OK

C(1) by [16, Theorem 2]).
Suppose now given another natural transformation I ′ satisfiying these

properties and let x̃ = (x, x1, . . . ) ∈ G̃(OC) ×G(OC) G(OK). Consider the
extension

Ex : 0→ G[p∞]→ Gx[p
∞]→ Qp/Zp → 0

and the induced sequence of universal covers

0→ G̃[p∞]→ G̃x[p∞]→ Qp → 0.

Again by Galois equivariance, I ′Gx
(−̃xcan) = 0 and IGx(−̃xcan) = 0. Thus

I ′G(x̃) = I ′Gx
(x̃) = I ′Gx

(x̃+ (−̃xcan)) = IGx(x̃+ (−̃xcan)) = IGx(x̃) = IG(x̃)

where we have used functoriality and the inclusions G̃ ¢ G̃x and LieG¹OK

C(1) = LieGx¹OK
C(1) to make sense of the first and last equality, while the

middle equality follows since both I and I ′ agree with the canonical splitting
of the Hodge–Tate filtration on TpGx(OC) and x̃+(−̃xcan) ∈ TpGx(OC). □

6.2. Construction via Fontaine integration. For G an abelian scheme
or p-divisible group over OK , in [7], Fontaine gave an explicit construction of
the canonical splitting of the Hodge–Tate filtration via “integration” along
elements of TpG. Concretely, when G is an abelian scheme, given (xi) ∈
TpG(OK) we may pullback any differential É on G to obtain

(x∗iÉ) ∈ VpΩOK/OK
= C(1),
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where the last equality follows from [7, Théorème 1′]. For abelian schemes,
it was observed in [10] that this definition extends naturally to a map

(6.2.1) I : G̃(OC)×G(OC) G(OK)→ LieG¹OK
C(1)

In fact, just as with the extension to p-divisible groups in [7, §5], the defini-
tion works also for any p-adic formal semi-abelian scheme G/ Spf OK : given

an element (xi) ∈ G̃(OC)×G(OC)G(OK), each xi gives a map Spf OKi
→ G

where Ki/K is a finite extension, thus there is no problem with the pull-
back of differentials in the formation of the Fontaine integral (the a priori
“issue” we need to circumvent is that one cannot run the argument with
arbitrary OC-points, but for a p-adic formal semi-abelian scheme there is no
such thing as an OK-point since OK is not p-adically complete).

Proposition 6.3. Let IG (resp. I) denote the homomorphism from Eq. (6.0.1)
(resp. Eq. (6.2.1)) We have that IG = I.

Proof. We will verify that the Fontaine integral I satisfies the conditions of
Theorem 6.1. The Galois equivariance is immediate from the construction,
and the agreement with the canonical splitting of the Hodge–Tate filtration
is established in [7, §5] (for p-divisible groups, which suffices by functorial-
ity). □

6.4. Construction via crystalline incarnation of the universal cover.

We first restrict to the case that G is a p-divisible group over OK . Let
B+

crys ¦ B+
dR, Bcrys ¦ BdR denote the usual Fontaine period rings for K,

¹ : B+
dR → C the usual map, and FiliBdR = tiB+

dR ¦ BdR for t any generator
of ker ¹. By Hensel’s lemma, ¹ is a map of K-algebras.

We write D for the covariant isocrystal of G, which is the Dieudonné
module of G» with p inverted and Frobenius divided by p (so, e.g., if G =
Qp/Zp, then the Frobenius is 1, while if G = Gm it is 1/p). We write
T = TpG(OC) and V = T [1/p]. Evaluation of Dieudonné crystals on Bcrys

induces (by [14, Corollary 5.1.2]) an identification of G̃(OC) with (D ¹
B+

crys)
φ=1 (note that this differs from the φ = p in [14] because in our

normalization we have divided the Frobenius on D by p), and the map

qlog : G̃(OC) = (D ¹B+
crys)

φ=1 → D ¹B+
dR

¹
−→ DC

is the quasi-logarithm of [14, Definition 3.2.3]. We write q̃log for the first
arrow

G̃(OC)→ D ¹B+
dR.

Remark 6.5. Alternatively, if we interpret the universal cover as the global
sections of the corresponding vector bundle on the Fargues–Fontaine curve,
then qlog is the restriction of global sections to the canonical point∞C while

q̃log is the restriction to a formal neighborhood of ∞C .

As in [14, Lemma 3.2.5], the logarithm

log : G̃(OC)→ G(OC)→ (LieG)C
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can be realized as the composition of qlog with the projection

DC → LieGC = Gr−1(DK)C = (DK/Fil
0DK)C ,

where Fil0DK = ÉG( is the non-trivial step in the Hodge filtration on DK

with quotient LieG = Gr−1(DK) = DK/Fil
0DK . We thus write

l̃og : G̃(OC)×G(OC) G(OK)→ LieGB+
dR

for the lift of log given by composing q̃log with the projection

DB+
dR
→ LieGB+

dR
= (DK/Fil

0DK)B+
dR
.

On the other hand, we also have the constant lift log¹KB
+
dR coming from

the section K → B+
dR of ¹. The difference

l̃og − log¹KB
+
dR

is a Galois equivariant homomorphism

f : G̃(OC)×G(OC) G(OK)→ LieG¹K Fil1B+
dR

and we write f for the map obtained by quotienting by LieG¹K Fil2B+
dR

(6.5.1) f : G̃(OC)×G(OC) G(OK)→ LieG¹OK
C(1).

Remark 6.6. To extend this definition to p-adic formal semi-abelian schemes
G/ Spf OK , we may assume » is algebraically closed then use the decompo-
sition from Example 2.4

G̃(OC) = G̃'(OC)× G̃(»)

and projection onto G̃' followed by f .

Proposition 6.7. Let IG (resp. f) denote the homomorphism from Eq. (6.0.1)
(resp. Eq. (6.5.1)) We have that IG = f .

Proof. We will verify the properties from Theorem 6.1 First, we have that

f is Galois equivariant since l̃og − log¹KB
+
dR is Galois equivariant.

We claim that f agrees on the Tate module T with the canonical splitting
of the Hodge–Tate filtration. To see this, first note that log is identically

zero on T , so that f |T is just the reduction of l̃og. We need to check that
this is the canonical splitting of the Hodge–Tate filtration.

To that end, we note that the inclusion

T ↪→ G̃(OC) = (D ¹B+
crys)

φ=1

is the restriction to T of the crystalline comparison isomorphism

V ¹Bcrys = D ¹Bcrys.

As with any de Rham representation, the ith component of the Hodge–Tate
grading

V ¹ C =
⊕

i

Gr−iDK ¹K C(i)
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is induced by first multiplying Fil−iDK with FiliBdR to land in Fil0(DBdR
) =

VB+
dR

and then projecting to VC . The identification then follows from the

following commutative diagram. To better navigate the diagram, recall the
following identifications:

Fil0(DK ¹BdR) = V ¹ Fil0BdR = V ¹B+
dR, Fil

−1DK = DK ,

Gr0(DK) = Fil0(DK) = ÉG( ¹K, and Gr−1DK = LieG¹K

Now the first two rows of the diagram illustrate the canonical splitting of
the Hodge–Tate filtration and whose bottom row illustrates the definition

of l̃og. The above discussion shows that the image of T under l̃og will land
in (Gr−1DK)¹ Fil1BdR, which we have indicated in the third row.

(Fil0DK)¹ C V ¹ C (Gr−1DK)¹ C(1)

(Fil0DK)¹ Fil0BdR Fil0(DK ¹BdR) (Fil−1DK)¹ Fil1BdR

T (Gr−1DK)¹ Fil1BdR

(Fil0DK)¹BdR (Fil−1DK)¹BdR (Gr−1DK)¹BdR

l̃og

□

Example 6.8. When G = µp∞ , one obtains the explicit formula

I(q, q1/p, q1/p
2
, . . .)

(
dt

t

)
= log([qo])− log([q] ≡

[qo]

[q]
− 1 (mod (ker ¹)2)

where q ∈ 1+mK , qo = (q, q1/p, q1/p
2
, . . .) ∈ (1+mC)

o is a compatible family
of p-power roots of q, and [·] denotes the multiplicative lift to W (OCo) ¢
B+

dR. We refer the reader to [10, Remark 3.1.2] for an additional discussion.

Remark 6.9. Although l̃og and log are both continuous on
⋃

[K′:K]<∞

K′¢K

G̃(OC)×G(OC) G(OK′)

for the Banach-Colmez topology on G̃(OC), log¹B
+
dR/t

2 is not continuous

because the canonical section K ↪→ B+
dR/t

2 provided by Hensel’s lemma is

not continuous for the p-adic topology induced by K ¢ C. Because of this,
I is not continuous on this set (and this gives another way to explain why it

does not extend to G̃(OC)). As in [10], this can be rectified at the level of

I :
⋃

[K′:K]<∞

K′¢K

G(OK′)→ (LieG¹OK
C(1))/TpG,
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by replacing the p-adic topology on the left with a stronger topology induced
locally by the inclusion of K ¢ B+

dR/t
2 (cf. [10, Remark 2.4]). This issue is

invisible if we only work with OK-points where the two topologies agree.

7. Geometric structure of the codomain of I

In this short section, we discuss the geometric structure of the codomain
of the integration map I. Let G be a p-divisible group over OK . Below we
work exclusively with the adic generic fibers as in [14] of G, G̃, and LieG.

The universal cover G̃ is an effective Banach–Colmez space and admits
a natural geometric structure as a diamond [15, §15.2]. The projection to

G realizes G = G̃/TpG (where the equality here is as diamonds), i.e. it
gives a profinite étale Scholze–Weinstein uniformization of G by an effective
Banach–Colmez space.

Although the conjugate uniformization is not geometric, its codomain
does have a natural geometric structure: consider the maps

LieG¹OK
C(1) ↠ (LieG¹OK

C(1))/TpG↠ (LieG¹OK
C(1))/VpG.

The space LieG ¹OK
C(1) is the C-points of an effective Banach–Colmez

space over K (a very non-trivially twisted affine space), while the space
(LieG ¹OK

C(1))/VpG is a negative Banach–Colmez space over K in the
sense of [6]. Thus (LieG ¹OK

C(1))/TpG can be thought of as either a
profinite-étale quotient of an effective Banach–Colmez space or as an étale
cover of a negative Banach–Colmez space; in particular, all three spaces in
the diagram are naturally diamonds over K.

We thus have an identification of the classical K-valued points of the
diamond G with a subset of the classical K-valued points of the diamond
(LieG¹OK

C(1))/TpG cut out by a p-adic Hodge theoretic condition.

Question 7.1. Are there any higher dimensional rigid analytic subdiamonds
of (LieG¹OK

C(1))/TpG? If so, can any be distinguished by conditions in
relative p-adic Hodge theory and matched with rigid analytic subvarieties of
G parameterizing rigidified extensions of Qp/Zp by G?

We note that this question is not asking about identifyingmorphisms from
any rigid analytic space over K to these diamonds. Rather, the question fo-
cuses on understanding the relationship between rigid analytic subdiamonds
of (LieG¹OK

C(1))/TpG and rigid analytic subvarieties of G.
In some related contexts there are interesting answers to these kinds of

questions. For example, the non-miniscule open Schubert cells in B+
dR-affine

Grassmannians are diamonds which are not rigid analytic, but their rigid
analytic subvarieties still admit a nice description via p-adic Hodge theory
— via the Bialynicki–Birula map of [4, Proposition 3.4.3], they are identified
with maps to a flag variety satisfying Griffiths transversality (cf. [9, §5] and
[13, §6]). Some related questions in the context of moduli spaces of rigidified
Breuil–Kisin–Fargues modules (see Remark 4.10 for the connection to the
present work) are treated in [9].
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