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ABSTRACT: Two-phase porous media flow is important in many applications from drug delivery to groundwater diffusion and oil
recovery and is of particular interest to biomedical diagnostic test developers using cellulose and nitrocellulose membranes with
limited fluid sample volumes. This work presents a new two-phase porous media flow model based on the incompressible Navier—
Stokes equation. The model aims to address the limitations of existing methods by incorporating a partial saturation distribution in
porous media to account for limited fluid volumes. The basic parameters of the model are the pore size distribution and the contact
angle. To validate the model, we solved five analytical solutions and compared them to corresponding experimental data. The
experimentally measured penetration length data agreed with the model predictions, demonstrating model accuracy. Our findings
suggest that this new two-phase porous media flow model can provide a valuable tool for researchers developing fluidic assays in
paper and other porous media.

B INTRODUCTION to higher-dimensional practical scenarios. Furthermore, water—
air two-phase flow often exhibits a partially saturated region
between fully saturated and dry areas. While the Lucas—
Washburn equation determines the location of the water—air
interface, it cannot provide information about water content.
In contrast, by defining a capillary potential numerically
equivalent to capillary pressure, the Richards equation
establishes a way to indicate the distribution of partial
saturation in porous media flows.'*™'? This assumption of
the equivalent capillary pressure and potential is typically
satisfied due to the low Reynolds number of porous media
flow. The Richards equation also incorporates the assumption
that permeability and capillary potential are functions of the
water content, resulting in a solution that accounts for both

saturation and partial saturation distribution. The Richards
viscosity effects, the Brinkman equation was derived and p

modified based on Darcy’s law, which remains applicable to equ;i.tlor.l was mme.ally developed for soil physics and has found
) el application in various fields such as hydrology, geology, and
single-phase flow scenarios.

In the context of a multiphase flow, capillary pressure plays a
crucial role, particularly in the case of immiscible two-phase
systems such as water/air and water/oil. The Lucas—
Washburn equation, originally developed to describe fluid
flow in cylindrical tubing, finds utility in characterizing liquid
flow within porous media.'*~"* However, the one-dimensional
nature of the Lucas—Washburn equation limits its application

Porous media comprise a wide range of materials, including
natural substances such as soil, wood, and rock, as well as man-
made materials like foamed metal, paper, and ceramics. The
flow of fluids through these porous materials is driven either by
capillary pressure or external pressure.' > While porous media
exhibit a discrete nature on the microscale, they are generally
considered continuous on the macro-scale.” This statistical
stability makes fluid flow in porous media an intriguing
research subject. The single-phase flow in porous media does
not have capillary pressure due to the absence of a solid/fluid/
fluid interface. In such cases, Darcy’s law, summarized from
experimental data on water flow through sand, provides an
effective description of the flow.”™® To account for the
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Figure 1. Model components (A) geometry of tubing, with no-slip boundary condition on the cylindrical wall. (B) A flow layer, the basic unit of
our model. Fluids flow between the two surfaces. (C) Side view of the flow layer set with heights obeying Gaussian distribution. Water/air flows

with different velocities in the various layers.

paper-based point-of-care testing (POCT) involving cellulose
and nitrocellulose membranes as porous media.”’” >
the Richards equation assumes that pressure is a function of
water content, which applies at the macroscale. The model
presented here seeks to elucidate flow effects on the
microscale. Understanding the flow of biomedical sample
solutions through these membranes is critical for the design of
improved POCT devices, particularly, as biomedical samples
often have limited volumes. While several numerical models
have been proposed to account for microlevel structures within
porous media, their computational intensity and dependence
on detailed pore distribution information limit their
practicality.”” >

We present a novel two-phase porous media flow model
based on the incompressible Navier—Stokes equation and the
phase-field method incorporating saturation and partial
saturation distribution, which we call the flow layer set
model. The fundamental configuration of the model consists of
two parallel plates with fluid flows between them. The velocity
field is transformed into the Poiseuille flow in 2D and 3D
domains. By incorporating parameters such as the contact
angle, water/air surface tension, mean pore size, and standard
deviation, our model enables the calculation of the saturation
and partial saturation distribution. We validated the model by
solving five analytical problems including 1D, 2D circular, 2D
fan-strip, 3D spherical, and the permeability expression of
Darcy’s law. The models are helpful for the study of lateral flow
assays, radially multiplexed detection assays, controlled flow
rate pumps, and 3D paper networks.’’~>® To assess the flow
layer set model’s accuracy, we implemented experiments on
nitrocellulose membranes in both 1D and 2D scenarios. The
experimental data exhibited excellent agreement with the
analytical solutions, highlighting its superior performance and
potential applications, including paper-based microfluidics,
lateral flow assays, paper chromatography, etc.

However,

B METHODS
Model Building. Capillary tubing is a suitable model for

studying porous media due to its similarity to pores at the
microlevel, with a no-slip boundary condition prevailing
around the fluids, except at the inlet and outlet (Figure 1A).
As a result, the Lucas—Washburn equation can effectively
indicate the water—air interface within porous media. By
solving the Poiseuille flow in capillary tubing derived from the
Navier—Stokes equation, valuable insights can be gained.
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where r and z are the components of the cylindrical coordinate
system, v, is the z component of the velocity field, y is the
dynamic viscosity, p is the pressure, and h is the diameter of
the tubing. The momentum equation represented by eqs 1 and
2 is the no-slip boundary condition. Solving these equations
yields the solution for Poiseuille flow, as denoted by eq 3. To
extend this concept to higher dimensions, we aim to construct
“virtual tubing” in 2D and 3D geometries, which can be
accomplished by utilizing a basic structure comprising two
parallel plates, referred to as a flow layer throughout this article
(Figure 1B). Although the velocity field within a flow layer
differs from Poiseuille flow, it exhibits similarities, allowing
further analysis and interpretation.
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where x and z are the components of the Cartesian coordinate
system (Figure 1B), and h is the gap distance between the two
parallel plates. The momentum equation is expressed as eq 4,
accompanied by the no-slip boundary conditions given by eqs
S and 6. The solution for the velocity field is provided in eq 7.
A careful comparison between eqs 3 and 7 reveals a mere
factor of 2 difference in the denominator, assuming identical
pressure gradients. This discrepancy arises from the no-slip
boundaries encountered in the capillary tubing and the flow
layer plates. The no-slip boundary condition applies solely to a
flow layer’s top and bottom surfaces, resulting in reduced drag
compared to the capillary tubing where fluids roundly perceive
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drag along all sides of the tubing. By dividing eq 7 by 2, the
velocity field transforms into a 2D Poiseuille flow. Therefore,
we establish a virtual “2D tubing” using the flow layer
configuration. Solving the Navier—Stokes equation within this
flow layer and applying the division by 2, we can determine the
position of the water/air interface, analogous to the principles
underlying the Lucas—Washburn equation. We assume that the
numerous overlaid parallel flow layers with heights h (flow
layer set) obey a Gaussian distribution (Figure 1C)

(h — a)*

g(h) = - ®)

1

o2r F
where o is the mean gap height and o is the standard deviation.
Water/air interface locations are determined independently for
each flow layer. The phase-field method is employed to
differentiate between the two phases, where the water phase is
denoted as ¢ = 1 and the air phase as ¢ = 0. At any given time
and position, the distribution of the volumetric water content
can be obtained by integrating the saturated flow layers and
dividing by the total number of layers. This model is also
applicable in three-dimensional space, necessitating the
inclusion of a fourth dimension to accommodate the creation
of flow layers. The general model equations are summarized
below

p(u-V)u = -Vp + uV’u 9)
ap 1 2 rh/2 y(z)
E = N [) /(; S zdzdg
”(5) (10)
B /: T (h/2) g (h)dh
/ % 2(h/2) g(h)dh (11)

where p is the fluid density, eq 9 is the Navier—Stokes
equation, eq 10 is the water/air interface migration velocity
where the volumetric flow rate (the double integral) is divided

2
by the cross-sectional area (ﬂ(;) } and eq 11 is the water

content distribution where the integral of saturated layers is
divided by the total layers. The pore distribution is not limited
to Gaussian function g(h) and can be replaced by other
distributions depending on the porous media. The upper and
lower limits of eq 11, which represent the pore size range, can
be set at certain values in practical applications (Supporting
Information). Note that this is an equivalent model to calculate
water content distribution, which means it does not use the
exact microstructure or pore geometry of the porous media.
The flow layer set is used to quantify the various flow velocities
inside the porous media. Therefore, it can be used for different
kinds of porous media like grain based and fiber based.
Experimental Setup. We used a nitrocellulose membrane
(AE99, 13401787, Whatman) as the experimental porous
media. To achieve the desired geometries, a laser cutter
(VSL350, Universal Laser Systems) was used to cut the
nitrocellulose sheets. For the one-dimensional problem, we
employed nitrocellulose strips with dimensions of S mm width
and 30 mm length. In the circular and droplet spreading
problems, we utilized square nitrocellulose samples (7.5 X 7.5
cm). The strip dimensions for the fan-strip problem were set at
a 2 mm width and 10 mm length. In the two-dimensional
scenarios, we employed PEEK tubing (1569, IDEX) and a 1
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mL syringe to ensure a continuous water supply by
maintaining a small droplet (~S0 pL) around the point of
contact between the tubing and the membrane, allowing the
water to be absorbed and flow through the membranes. To
avoid the water flowing above the membrane, the water supply
from the tubing was maintained at a controlled rate (Figure
2A). Employing a small droplet as the water source allowed

A —— Camera Light source
> Syringe —Glass slide
) yri

Penetration

front —_— Nitrocellulose
Water Objective
droplet

= *‘///PSA = Camera

Nitrocellulose ‘
Figure 2. (A) Experimental setup to measure liquid penetration front.
The small droplet is the water source supplied by a syringe and
tubing. The video is taken by a camera. The figure shows the circular
problem. (B) Experimental setup to measure water content by
quantifying refractive index change on a microscope.

sufficient water absorption while preventing its overflow onto
the membrane surface. This approach effectively balanced the
need for providing excess water for absorption without
inducing undesired flow above the membrane. In the droplet
spreading experiment, a finite water source was employed
instead of a continuous one. Specifically, a single 40 uL water
droplet was carefully pipetted onto the nitrocellulose surfaces
to serve as the water source. To obtain data on the relationship
between penetration length L and time ¢, videos of the liquid
flow process were captured and analyzed using Image]. To
maintain data consistency, all experiments were implemented
in the same conditions (temperature ~23 °C and humidity
~37-56%).%

Parameter Measurements. To obtain the contact angle,
we fit one-dimensional experimental data measured on paper
strips to the Lucas—Washburn equation'”

I = \/yhtcos 0
4 (12)

where L was the penetration length from the water source, y
was the water/air surface tension, 6 was the contact angle, and
u was the dynamic viscosity. To simplify data processing, we
utilized a squared form of the Lucas—Washburn equation,
where the dependent variable was I? the independent variable

was t, and the slope was denoted by yhzﬂ. After the slope was
m

obtained by linear regression of 1D experimental data, we
determined the contact angle by plugging water/air surface
tension y, mean pore size r, and water dynamic viscosity y into
the slope and solving 6 (see Supporting Information)."’

The pore size was assumed to follow a Gaussian distribution.
The mean pore size @ was acquired from the manufacturer
(Whatman). To obtain the standard deviation of the pore size,
we utilized the change in water content within the partially
saturated region. As the water content () varied from 0
(unsaturated) to 1 (fully saturated), the refractive index of the
membrane underwent corresponding changes according to the
equation for light transmission (I) in a porous medium by
Niemet and Selker*'
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Figure 3. Water penetration depth over time in a 1D system. (A—E) Water penetration depth and water content at various simulation times. Both
saturated and partially saturated regions migrate toward the dry region. (F) Comparison of penetration length L between the flow layer set model
solution (blue), experimental data (red), and the Lucas—Washburn equation (green). Experiment error bars represent the standard deviation of 4

replicates.

3 In(I/1,)
In(I,/I,) (13)

where I was the light transmission intensity, I was the light
transmission intensity of the porous medium in the dry state,
and I; was the light transmission intensity of the porous
medium in the saturated state. We used microscopy (Axio
Observer, Zeiss) to measure the intensity of light transmission
through the nitrocellulose membrane and subsequently
converted the data into water content values according to eq
13 (Figure 2B). By adjusting the standard deviation parameter
in the model solution (eqs 9—11) until it matched the
experimental results, we determined the value of the standard
deviation, denoted as o.

To determine the water content of the penetration front, we
selected a specific water content value in the 1D solution of the
flow layer set model and tracked its evolution throughout the
entire simulation period, generating an L versus t curve. This
curve was then compared with the corresponding experimental
data. We iteratively adjusted the fixed water content value until
it accurately matched the 1D experimental data. Then, this
water content value was used for the penetration length.

Data Analysis. To assess the concordance between the
values predicted by the model and those measured during the
experiments, we employed root-mean-square error (RMSE)
analysis using the following equation

A\ %Z,‘nzl (Al - E)z
%Z?zlAi (14)

where A; was the actual value from the experiment and F; was
the forecast value from the model.

We visualized the model solutions in MATLAB (R2021a,
MathWorks). The saturation was drawn according to the
solved analytical solutions with the measured parameters. The
predicted penetration length, L, was extracted from the
saturation map according to the water content of the water
front.

RMSE = X 100
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B RESULTS

Parameters. The nitrocellulose membrane used in our
study had a mean pore size of 8 um, as provided by the
manufacturer. By fitting the 1D data to the Lucas—Washburn
eq (Supporting Information), we determined the contact angle
to be 83.6°. Furthermore, we estimated the standard deviation
of the pore size to be 4 um by fitting the model to the water
content data at four points with different distances (2.5, S, 7.5,
and 10 mm) from the water source (see Supporting
Information). The water content of the penetration length
was determined to be 82.5% by tracking and tuning the water
content in the model until it matched the 1D experimental
penetration length data.

One-Dimensional Problem. Paper strips find widespread
utilization in lateral flow tests, akin to a simplified 1D
representation of water flow within porous media.*”’’
Precisely determining the flow rate and water content within
these strips has strong implications for the design and
development of novel products. Examining the solution of
the 1D problem, we predicted the migration of both the fully
saturated and partially saturated regions (Figure 3A—E). The
predicted penetration length (location of the water front at
82.5% saturation) as a function of time aligned closely with the
experimental data (Figure 3F). To further compare the model
predictions with the experimental data, we plotted the curve of
the Lucas—Washburn equation using the measured parameters.
As expected, the three curves closely coincided, providing
evidence of the accuracy of our 1D solution. The RMSE
between the model and experimental values was calculated to
be 0.62%, affirming a strong agreement between them.

Circular Problem. Multiplexed detection of vital bio-
markers with paper-based devices has been extensively
discussed in the literature.”>** A comprehensive understanding
of liquid flow dynamics is instrumental in the ongoing
refinement and innovation of such devices. We developed a
generalized circular spreading model to serve as a reference for
the design and analysis of radial flow systems.”””” In the 2D
circular flow experiment, water was supplied to the center of a
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Figure 4. Experiment and model of 2D circular flow. (A—C) Photos of the circular experiment over time. The tubing provides a small circular
water source. Water is absorbed and flows only through but not above the membrane in our observation. The photos are adjusted to increase the
contrast for visualization. (D—F) Model predicted water content distribution. (G) Penetration length (radius) comparison of the model (blue) and
experiment (red). Experiment error bars represent the standard deviation of 4 replicates.
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Figure S. Experiment and model of 2D droplet spreading. (A—E) Experimental photos of droplet spreading on the 2D membrane over time. A 40
uL water droplet is released on nitrocellulose via a pipet. It extends radially and quickly stops. (F—]) Solution of our flow layer set model. After
depleting the water, surface tension is balanced in all directions, containing the wetting region expansion.
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Figure 6. Experiment and model of 90° fan-strip spreading. (A—C) Photos of the fan experiment with central angle 90° imaged over time. The
water penetration length is measured on the right edge of the fan. The photos are adjusted to increase the contrast. (D—F) Model solution images
indicating the moisture distribution. The time of the images is the same as the experimental photos above. (G) Comparison between the model
solution (blue) and experimental (red) fluid penetration length in the fan. Experiment error bars represent the standard deviation of 3 replicates.
The experimental data are collected at the paper edge of the right side of the fan.

nitrocellulose membrane. The water was absorbed and
migrated radially outward through the membrane (Figure
4A—C). Although this problem was 2D, we can simplify it by
employing the cylindrical coordinate system to eliminate one
variable, taking advantage of its inherent symmetry (Support-
ing Information). The saturated region remained circular
around the source, while the partially saturated area formed an
annulus (Figure 4D—F). The flow layer set model-predicted
water front penetration length (location of 82.5% saturation)
overlapped with the experimental data (Figure 4G). The
calculated RMSE between the model and experiment was
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1.40%, providing compelling evidence of a robust agreement
between the penetration length solution and experimental data.

Limited Source Volume. If the total volume of the water
source was limited in the circular problem, then the migration
of the circular wetting region eventually halted upon complete
water source depletion. The driving force for flow resided
solely at the water—air interface, governed by surface tension-
induced capillary pressure. The pressure gradient arose from
the pressure drop between the capillary pressure at the water/
air interface and the atmospheric pressure of the water source.
Once the water was depleted, the surface tension was balanced
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Figure 7. Experiment and model of 180° fan-strip spreading. (A—C) Photos of the fan experiment with central angle 180° imaged over time. We
measured the penetration length on the right edge of the fan. The photos are adjusted to increase the contrast. (D—F) Model solution images
indicating the moisture distribution. The time of the images is the same as the experimental photos above. (G) Comparison between the model
solution (blue) and experimental (red) fluid penetration length in the fan. Experiment error bars represent the standard deviation of 4 replicates.
The experimental data are collected at the paper edge of the right side of the fan.
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Figure 8. Model solution indicating moisture distribution in spherical problem over time (A—F). There is no experimental comparison due to lab
resource limitations. The basic parameters used in this analytical solution are the same as those used for nitrocellulose in previous experiments.

in all directions and the pressure gradient became zero across
the wetting area. Consequently, the expansion of the wetting
region came to a standstill. We implemented an experiment
using water droplets on a nitrocellulose membrane to validate
this phenomenon (Figure SA—E). Due to the hydrophilic
nature of nitrocellulose, the water droplets were swiftly
depleted, resulting in the cessation of wetting area expansion
in approximately 2 s. Our model’s solution accurately captured
this behavior, as demonstrated by the agreement with
experimental observations (Figure SF—J]). Notably, the
analytical solution for this scenario was akin to the previous
circular problem but with a limited water source. Once the
water was depleted, the atmosphere pressure boundary
condition in the center disappeared, leading to the balanced
capillary pressure and the stopped-flow. Gongalves et al. did a
similar experiment with water droplets on fabric materials.*”
They got the same droplet phenomenon with our flow layer set
model and experiments, which can be a comparison to our
results.

Fan-Strip Problem. In the realm of paper-based micro-
fluidics, the fan-strip configuration frequently serves as a flow
pump for orchestrating fluid movement.**~* This application
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necessitates highly accurate flow rate data for effective control.
The fan-strip geometry consisted of a paper strip and a fan
(Figures 6 and 7). In the experimental setup, the junction
between the fan and the strip served as a line source of water to
the fan. For simplicity, we treated the junction as a point
source, allowing us to approximate the fan as a sector of the
circular problem with an angle of 6. On the other hand, the
strip represented a 1D problem with a width denoted as w.
Therefore, the analytical solution for the fan-strip configuration
was valid only when the penetration length L in the fan region
significantly exceeded the strip width, indicating w/L < 1 (see
Supporting Information).

To ensure the validity of the solution, it was crucial to collect
experimental data when L was sufficiently large compared to w,
thereby ensuring that the system had reached a post-transient
state. We examined two cases with central angles of 90 and
180° (Figures 6 and 7). The flow layer set model-predicted
water front penetration length, which was the location of
82.5% saturation in the fan areas, overlapped with experimental
data for both cases. The RMSE between the model and
experiment was computed to be 3.69% for a central angle of
90° (Figure 6G) and 3.07% for a central angle of 180° (Figure
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7G). These results confirmed a robust agreement between the
flow layer set model and experimental outcomes.

Spherical Problem. In three-dimensional paper net-
works,””** liquid flows along and through multiple layers of
paper stacked together. While flow is controlled with
hydrophobic or solid-phase barriers, knowing that the
unbounded conditions can help to design efficient porous
matrices. To demonstrate the model in 3D space, we solved a
spherical problem involving a water source at the center from
which water migrated radially in all directions in three-
dimensional space. Given the symmetry of the sphere, an
analytical solution can be obtained (see Supporting Informa-
tion). To visually represent the solution, we incorporated the
nitrocellulose parameters to depict the water content
distribution (Figure 8), which indicated that saturated and
partially saturated regions radially grew over time in all
directions.

Permeability. Permeability, as used in Darcy’s law, was
typically determined through experimental measurements.*>**
Our flow layer set model allowed for an analytical expression of
permeability given the knowledge of pore size, standard
deviation, and porosity. The volumetric flow rate Q in a porous
medium was calculated by Darcy’s law, denoted as Qp, and our
flow layer set model, denoted as Qg,. The Q calculated by two
different methods should be equal to Qp = Qg (see equation
derivation in the Supporting Information), where Qp contains
permeability k. Solve for k and simplify the expression

k= {I/)P
(1 + er{%)]]}/{f[exp{—:—;}aa + \;‘?(az +6%)
(1 T J;ff])} (15)

where ¢, was the porosity, @ and ¢ were the mean and the
standard deviation of the pore size, and erf was the error
function. Using this expression, the permeability can be
calculated based on the provided parameters, eliminating the
need for experimental measurements.

2
exp _Lz ac(a® + 56%) + /?((14 + 6a’c” + 30")
20 V2

B DISCUSSION

We found some researchers measured paper membranes’
capillary pressure based on an inaccurate method,”"*> which
might mislead the analysis and design of paper devices. In their
method, a saturated porous membrane strip was placed in a
centrifuge, and the centrifugal force removed some of the water
from the strip. They assumed that the remaining water resulted
from the equilibrium between the centrifugal and capillary
forces. However, this assumption may induce problems. The
water—air interface is a closed Gaussian surface. If the water in
porous media is not connected to an external water source, the
capillary pressure in the porous media is balanced in all
directions. Therefore, the presence of residual water in the
membrane strip after centrifugation was due to the flow
resistance and water—solid adhesion. Capillary pressure results
from surface tension, surface energy, and pore size. The
measured value by this method was larger than the actual
capillary pressure.

Cummins et al. developed a porous media flow model based
on the Washburn equation and Darcy’s law.*® The number of
governing equations was equal to the number of pore sizes,
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which was hard to apply if the size range was large.
Additionally, their model was restricted to 1D scenarios
based on the Washburn equation. However, our flow layer set
model was not restricted to these two aspects. The size range
was continuous and determined by the upper and lower limits
in the model eq (eq 11). The complexity did not increase as
the pore size range grew. Furthermore, the flow layer set model
was not limited to the 1D cases. We have demonstrated the
feasibility of our model in 2D and 3D scenarios.

We excluded gravity from the flow layer set model and
experiments for two reasons. First, all experimental procedures
involved nitrocellulose membranes placed horizontally on the
laboratory bench, rendering gravity inconsequential to the fluid
flow direction. Furthermore, as assessed by Bond number,*” a
dimensionless parameter in fluid mechanics used to evaluate
the relative influence of gravity and surface tension in fluid
motion, it became evident that gravity’s impact was minimal
compared to surface tension. In our specific case, we calculated
the Bond number to be 8.7 X 107/, signifying a significantly
small value that justified the omission of gravity.

In the circular problem with the water supply at the center
(Figure 4), we observed that the penetration front moved
slower than that of the 1D problem. This discrepancy arose
due to the differing geometries of the two scenarios.
Specifically, as the radius r increased in the circular case, the
surface area of the circle S followed a squared growth pattern
described by S = 7%, Consequently, for an arbitrary increment
dr in the radius, the corresponding increase in the surface area
became dS = 27zr dr, resulting in a larger wetted membrane
area for the same dr as r increases. However, the relationship
between the surface area and distance (radius) remained linear
for a one-dimensional paper strip, leading to a faster growth
rate than the 2D circular case. Similarly, the 3D spherical
problem’s penetration front advanced even slower than the
two-dimensional case. This was attributed to the additional
dimension, where the volume increased as dV = 4+ dr in a
sphere. Consequently, more time was required to pump the
water and achieve saturation within the spherical shell domain.
As a result, the penetration front of the 3D spherical problem
exhibited the slowest migration rate among all of the cases
investigated in this study. Hence, it should be noted that liquid
flow within a 3D paper network was expected to necessitate a
longer time and a larger volume of liquid compared to those of
1D and 2D systems, a factor that warranted careful
consideration by researchers.

In the context of the limited source volume problem, when
the pore size range is considerably broad, water may continue
to spread, even after the water source has been exhausted. This
phenomenon arises from the fact that smaller pores possess
lower capillary pressure compared with larger pores.
Consequently, water within the larger pores can function as
micro water sources, enabling the extraction of water by
smaller pores, a scenario aptly described by the Richards
equation. However, in porous media with a narrow pore size
range, as exemplified by the nitrocellulose material employed
in this study, the differences in capillary pressures between
large and small pores are insufficient to facilitate water flow.
Thus, upon depletion of the water source, the surface tension
acts radially to establish equilibrium, ultimately halting the
spread of water.

In the 180° case of the fan-strip problem (Figure 7), we
observed a slight elongation of the wetting area in the
horizontal direction within the fan region (Figure 7A—C),
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whereas the model predicted a semicircular shape (Figure 7D—
F). This shape disparity arose from the simplification of the
line source in the model, which assumed a circular solution
resulting in a half-circle shape. When the condition w/L < 1
was satisfied, the experimental wetting area within the fan
could be approximated as a half-circle. In the experiment, the
penetration propagated synchronously in all directions while
the line source expanded the wetting area predominantly
horizontally. A similar trend was observed in the case of the
fan-strip problem with the central angle of 90°. The wetting
area near the two edges exhibited a slightly extended
movement, resulting in an imperfect quadrant (Figure 6D—
F). This behavior can also be attributed to the line source of
the water.

Notably, we utilized a CCD camera and an inverted
microscope to measure the refractive index change, to calculate
the water content. We did not use a refractometer because the
microscope can focus on a smaller measurement point (46 ym
in diameter) than a refractometer (usually 1 mm to 1 cm in
diameter). Therefore, the microscope can give better accuracy
of the refractive change measurement.

In our analysis, we employed the assumption of an infinite
pore size range, which was consistently applied throughout this
study. Nevertheless, it is worth noting that pores exceeding a
certain threshold value became inconsequential, as most
porous media in experimental settings do not exhibit
exceedingly large pores. Therefore, it is advisable to define
specific upper and lower limits based on empirical measure-
ment data, thereby refining the pore size range to better align
with the characteristics of the porous medium under
investigation. Such refinement not only enhances the accuracy
of the analysis but also reduces the computational intensity,
particularly in numerical simulations.

We highlight several key points in our study. First, it is
notable that we assumed that the pores within the porous
media are randomly distributed to maintain properties such as
the porosity and permeability isotropic throughout the entire
domain of interest through this study. Nonisotropic media can
also be modeled but only with knowledge of the spatial
distribution of pore size. Second, our analytical solutions
consider only capillary pressure without other pressures, and
the influence of gravity was negligible. Our model is based on
the Navier—Stokes equation, allowing for the inclusion of
additional pressures in the pressure gradient term Vp. Third,
our solutions only included two-phase flows, focusing on the
capillary pressure at the water/air/solid interface. During the
solution of the analytical solutions, we exclusively calculate the
water phase while disregarding the airflow due to the
significantly low air pressure. In cases where a membrane is
enclosed on both sides, the air pressure becomes a crucial
factor, necessitating the solution of the Navier—Stokes
equation in both phases. Moreover, our model can be
extended to handle systems with more phases, such as three
immiscible phases, where capillary pressures exist at all fluid/
fluid/solid interfaces, such as oil/water/air interfaces.

We also implemented experiments (1D, circular, fan-strip
with central angles of 90 and 180°) on cellulose membranes.
The measured cellulose parameters were plugged into the
solution to obtain model results. The measured experimental
data agreed closely with the model (see Supporting
Information). This model exhibited consistent performance
on both nitrocellulose and cellulose substrates.
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B CONCLUSIONS

We developed a novel two-phase porous media flow model,
named the flow layer set model, based on the Navier—Stokes
equation. We expanded the tubing concept to higher
dimensions and created 2D and 3D “virtual tubing” by the
configuration of a flow layer. The flow layer heights were
assumed to obey the Gaussian distribution. The water content
in the porous media can be calculated by integrating the
saturated flow layers. The key parameters of this model were
the pore size distribution and the contact angle. We identified
five analytical solutions (one-dimensional problem, circular
problem, fan-strip problem, spherical problem, and perme-
ability of Darcy’s law). Experimental data agreed closely with
the model solutions for both nitrocellulose and cellulose,
confirming the validity and accuracy. Our model can be readily
employed in other research areas where a two-phase porous
media flow is of significant interest.
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