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Abstract—We address the design and optimization of real-
world-suitable hybrid precoders for multi-user wideband sub-
terahertz (sub-THz) communications. We note that the conven-
tional fully connected true-time delay (TTD)-based architecture is
impractical because there is no room for the required large num-
ber of analog signal combiners in the circuit board. Additionally,
analog signal combiners incur significant signal power loss. These
limitations are often overlooked in sub-THz research. To overcome
these issues, we study a non-overlapping subarray architecture
that eliminates the need for analog combiners. We extend the con-
ventional single-user assumption by formulating an optimization
problem to maximize the minimum data rate for simultaneously
served users. This complex optimization problem is divided into
two sub-problems. The first sub-problem aims to ensure a fair
subarray allocation for all users and is solved via a continuous
domain relaxation technique. The second sub-problem deals with
practical TTD device constraints on range and resolution to
maximize the subarray gain and is resolved by shifting to the phase
domain. Our simulation results highlight significant performance
gain for our real-world-ready TTD-based hybrid precoders.

Index Terms—Sub-THz communication, multi-user, true-
time delay, joint delay and phase precoding, non-overlapping
subarrays, and hybrid massive MIMO.

I. INTRODUCTION

Sub-terahertz (sub-THz) band (90-300 GHz) communication
is a promising technology for achieving hundreds of Gbps
data rates in the sixth-generation (6G) wireless systems [1].
For sub-THz communications, a hybrid massive multiple-input
multiple-output (MIMO) system combined with orthogonal
frequency division multiplexing (OFDM) has been popularly
studied [2]. The considerably wide bandwidth and large array
sizes of the hybrid massive MIMO OFDM system, however,
cause beam squint, which deviates the beam direction across
OFDM subcarriers, severely deteriorating array gain [3], [4].

Recently, the true-time delay (TTD)-based hybrid precoding
has emerged as a method to address the beam squint [S]—
[9]. Unlike phase shifter (PS)-based hybrid precoding, which
applies frequency-independent phase adjustments, TTD-based
hybrid precoding introduces frequency-dependent phase mod-
ifications to cope with the beam squint. Previous works [5]-
[9] mainly studied single-user TTD-PS precoders for the fully-
connected architecture, where each data stream uses the whole
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antenna array. We note that this fully connected TTD-PS
architecture is impractical due to the significantly increased
hardware complexity and power loss [10]. These practical
limitations are often neglected in sub-THz hybrid precoders
design research.

To reduce the hardware complexity of the fully-connected
architecture, a non-overlapping subarrays architecture is intro-
duced for the downlink multi-user TTD-based hybrid precoding
systems. One data stream is conventionally mapped to a subar-
ray dedicated to a user [11], an issue remaining is then when
the number of subarrays is larger than the number of users.
Moreover, most of the prior works assumed either unbounded
[5]-[7], [11] or infinite resolution [5]-[8], [11] TTD values,
which are impractical [12].

Rate fairness among users in downlink multi-user networks
is a pragmatic objective that has been widely studied in
massive MIMO literature [13]-[16]. These works use power
control and/or precoder optimization to maximize the minimum
rate or minimum signal-to-interference-plus-noise-ratio (SINR)
performance. The underlying assumption is a fully-digital array
architecture, which is unsuitable for wideband sub-THz massive
MIMO systems [5]. Addressing the challenges in designing
and optimizing real-world-suitable TTD-based hybrid precoders
for fair multi-user wideband sub-THz communications is still
nascent.

This paper investigates the non-overlapping TTD-based sub-
array architecture and aims to achieve rate fairness in downlink
multi-user wideband sub-THz massive MIMO OFDM systems.
The rate fairness is achieved through the design and opti-
mization of subarray allocation and hybrid precoding methods.
This problem is divided into two sub-problems. The first sub-
problem deals with a fair subarray allocation to users, which
addresses the case when there is more number of subarrays
than the number of users and is solved by continuous domain
relaxation techniques. The second sub-problem addresses the
practical TTD device constraints on range and resolution to
maximize the subarray gain at each subarray which is resolved
by a phase domain transformation approach. Our simulations
verify the advantages of the proposed framework compared to
the existing approach [11].

Notation: A bold lower case letter x is a column vector and
a bold upper case letter X is a matrix. X, X, X(%,4), R
and |x| are, respectively, the transpose, conjugate transpose,
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ith row and jth column entry of X, 2-norm of x, and modulus
of z € C. blk(Xy,Xs,...,Xy) is an NN; x NN; block
diagonal matrix such that its main-diagonal blocks contain
X, € CN1xN2 forn =1,...,N, and all off-diagonal blocks
are zero. I,, denotes the n x n identity matrix. e/* denotes the
vector [eI®1 %2 | eI®n]T ¢ C"*! obtained by applying €’
element-wise to x = [v1 o3... x,]T € R*¥L,

II. CHANNEL MODEL

We consider a downlink multi-user wideband sub-THz mas-
sive MIMO OFDM channel. The transmitter is equipped with
an N;-element uniform linear array (ULA) and communicates
with NV distributed users. Each user is equipped with an N,.-
element ULA. We let f., B, and K be, respectively, the central
(carrier) frequency, bandwidth of the OFDM system, and the
number of OFDM subcarriers (an odd integer so that there is
a central subcarrier). The kth subcarrier frequency is given by

fr :fc+§<k—1—%>, fork=1,....K. ()

Due to the sparsity of the sub-THz channel [17], we assume
that there is one path from the transmitter to each user.
Assuming the far-field communication, the channel between the
transmitter and the nth user at the kth subcarrier is modeled by

=727 fiTn Ny XNy
Hyp = /N Npoyne 77yl e CV N (2)

where o, € C and 7, € R are the channel path gain and
propagation delay, respectively. The molecular absorption
property of sub-THz propagation waves is characterized by the
frequency-dependent gain oy, [18], [19]. The vy, € CNrx1
and uy,, € CVt*1 are the receive and transmit array response
vectors, respectively. The ith entry of ug, is given by
uy (i) = 1 1 o—im G- Dsin(¥n)  where the U, is the
angle of departure (AoD), and c is the speed of light. We
define vy, = Qdf L sin(¥,,) as the spatial direction from the
transmitter to the nth user at the kth subcarrier Assuming
the half-wavelength antenna spacing, i.e., d = 55, the spatial
direction at the central frequency is reduced to wn = sin(V,,).

Defining (;, = fc yields vy », = (r¥y and
B k—1-%+
Ck:1+f—(T2), 3)

where (3) follows from the definition of fi in (1). As a result,
the transmit array response vector uy_, in (2) is

1 .
Uy = [1 eImVrm

t

ejﬂ(Ntfl)wk,nT c CNext, )
The receive array response vector vy, is defined similarly,

c CNT, x1 , (5)

Vin = |:1 6’]7r¢k‘" e 6J7T<N7'71)¢1€,'n,j|

1
VN,
where ¢i., = EpPn, ¢ = sin(®,,), and P,
arrival (AoA) at the nth user.

is the angle of

Fig. 1: Non-overlapping subarray TTD-based hybrid precoding for
multi-user massive MIMO

III. SYSTEM MODEL AND PROBLEM FORMULATION

We consider a non-overlapping subarray TTD-based hybrid
precoding architecture, as shown in Fig. 1, where the transmit
ULA is fed by Ngrp radio frequency (RF) chains to transmit
N, data streams (Nrr > N;) simultaneously to /N single-RF
chain users. In what follows, we assume Ny = N and use
N to denote both the number of users and the number of data
streams. Each RF chain corresponds to a subarray, as illustrated
in Fig. 1. Particularly, each RF chain drives M TTDs and each
TTD is connected to P PSs, i.e., N; = NrpMP. We note
that analog combiners are no longer required with this subarray
architecture. This is in contrast with the prior works like [5]-[9]
that need the use of analog combiners for precoding.

A TTD delays the transmit signal at the kth subcarrier by
t in the time domain, equivalent to —27 f;,t phase rotation in
the frequency domain. Unlike prior works [S]-[8], [11], we
assume that the time delay ¢ is chosen in a finite set 7 such
that t € 7 = {0,7,27,...,(Q — 1)7}, where 7 is the step size
and () is the quantization level. Due to the non-overlapping
subarray in Fig. 1, the transmit array response vector ujj,
in (4) can be rewritten as ug, = [u}, ; ul,, ... T

T
uk,n,NRF} ’
where uy,,; € CMP*! is the [th subarray response vector, for

l=1,...,Ngp, and is given by
, , . t
Ui = \/ﬁe—mz—nMPwk.n[l eIk “emMP—lm,n}_ (6)
t

To facilitate the subarray allocation to multi-users, we define a
subset of subarra 1\?] 1ndlces that are used to sever the nth user
as S, where |, _ ={1,2,...,Ngr}, Sp # 0, and S, N
Sp =0, Vn # 0. To reduce demgn complexity, we assume
a consecutive subarray allocation to each user such that S; =
{1,2,...,|81|}, Sy = {‘31| + 1,...,|$1| + ‘82|},...,SN =
{1+ Zg:_ll |Snl, .., Nrr}, where |S,,| denotes the cardinal-
ity of S,,. This simplification turns the problem of subarray
allocation into the problem of determining {|S,|})_;

The received signal of the nth user at the kth subcarrier is
then given by

Yin = VoHp nF1F2 ; Wisy + 2, @)
where p is the transmit power, Hy, € CN-*Ne jg
defined in (2), F; € CNexNrrM g the PS precoder,

Fy ) € CNerMXNRrr jg the TTD precoder, Wy, € CNrrxN
is the digital precoder, zj, ,, € CN~*1 is the complex Gaussian
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random noise vector with zero mean and covariance I, , and
Sk = [Sk.1--.skn]T € CNXLis the vector of transmit symbols
such that E[sys}] = +1Iy. Specifically, the nth symbol sy ,,
is mapped to the nth user. The PS precoder F; is defined as

Fy :blk(Xl,...,XNRF), (8)
where X; = blk(e/™u1, ... /™M) ¢ CMPXM g the [th
PS sub-precoder and X, = [Zim1---Zim,p]t € REXL s

the phase shifter sub-vector connected to the mth TTD of
the /th RF chain. We denote X, n,,. a as the set of all Fy
defined in (8). The TTD precoder F ;. is given by

Fy i = blk(e 72m/ktr | o= d2mIktNgp ), ©)
where e~727fktt ¢ CMX1 js the [th TTD sub-precoder and
t, = [tia ...tl’M]T € TMx1 is the delay values of the M
TTDs connected to the [th RF chain. We denote Fj, nj,. a as
the set of all Fyj, defined in (9). Combining (8) and (9), we
have the analog precoder at the kth subcarrier

F1Fy ) =blk(fe 1, ..., fnpr), (10)
where f;,; € CMP*1 s the Ith analog sub-precoder and is
given by )

£ = Xpe 92kt v . (11)

The digital precoders {W;}5 | in (7) are normalized to
satisfy the transmit power constraint ||[F,Fs ;W |% = N, Vk.

Taking into account the inter-user interference, the received
signal at the nth user can be rewritten as

Yin = \/ﬁHk,nFlFkakank,n

+ Z\/ﬁHk,nFlF21kwk7n’5k.n’ + Zk,n € CNTXla (12)

n'#n

where the second term on the right-hand side (r.h.s) of (12)
represents the inter-user interference and wy, € CNrrx1
denotes the nth column of Wy. Based on (12), the achievable
rate of the nth user is given by

& FIF o F1Fs g w1

R, =S log (1+ NI Zkn T 17 2k Wkon ) (13)

" ; ? D onign N IHkaF1F2 pwie |2 +1

The objective is to design the subarray allocation {|S,|}, and
precoders Fq, {F2 ;}, and {W}} that maximize the minimum
R, in (13), ensuring a fair rate performance for all users:

max min R, (14a)
{ISnl}F1,{F2,1},{Wr} 7

N

subject to » |8, = Ngr, |Sa| € N,Vn,  (14b)
n=1

Fi e XN, Npr M, (14c)

|F1Fs Wi||% = N, (14d)

Fo € Fi Npr,M> (14e)

where the constraint in (14b) corresponds to the total number
of subarrays and N denotes the set of natural numbers.
The constraints in (14¢) is due to the structure of the PS
precoder F'; in (8), (14d) indicates the normalized power of
the precoders, and (14e) is due to the structure of Fz 5 in (9).

The problem (14) is not directly solvable due to the coupling
between the precoders and the non-convex constraints (14b)—
(14e). In this paper, this difficulty is approached by devising

efficient algorithms through decomposition of the original
max-min problem in (14) into two sub-problems: (i) user
subarrays allocation problem and (ii) joint PS and TTD sub-
precoders design problem. Subsequently, the digital precorders
{W,} are designed by standard approaches [20], [21]. In the
following sections, we focus on the design and optimization
of the analog precoders and fair subarray allocation.

IV. FAIR SUBARRAY ALLOCATION

In this section, we propose a max-min optimization approach
for allocating the number of subarrays {|S,,|} to each user while
fixing the precoders Fy, {F5;}, and {Wy}. To incorporate a
tractable objective function, we consider an asymptotic upper
bound of R,, in (13) as the number of antennas at each subarray
tends to infinity (M P — o0). To this end, the analog sub-
precoders {f;,;} in (11) are assumed to be ideal analog sub-
precoders (IASP) to maximize the respective subarray gains
[4], [5], which are designed to perfectly match the subarray
response vectors for [ € S,, such that

s)

where uy, ,,; is defined in (6). Furthermore, (14d) implies that
the power of each column of Wj must be bounded:

.0 = wp 1, VE,

(16)

max ||[wy.,||? = w < oo.
k,n ’

Given the latter assumptions, an assymptotic upper bound of
R,, in (13) is presented in Lemma 1.

Lemma 1. The following bound holds, limyp_oo R, <

pw |Sn | K 2 —
)N Nex Yopeqlrnl? forn=1,... N.

Proof. See Appendix A. O

Incorporating the asymptotic upper bound in Lemma 1, the
max-min fairness subarray allocation problem is given by

max min - a,|S,|, (17a)
{ISal} n
N
subject to > [Su| = Nar,|Sn| € N, Vn, (17b)
n=1

where &, = Zszl |k n|? is the sum of the channel gains at
the nth user and the constraint in (17b) corresponds to (14b).

The integer programing in (17) can be conventionally
addressed by a branch, bound, and reduced [22], [23] and
cutting plane algorithms [24]. Albeit straightforward, the worst
case complexity of these algorithms is combinatorial with
N. Instead, we address the discrete constraint in (17b) via a
continuous domain relaxation technique:

max min - @,|S,|, (18a)
{Is.ly

N
subject to " [Sy| = Ngp, [Sa| > 0,¥n. (18b)

n=1

The following lemma characterizes the closed-form solution
to (18).

Lemma 2. The closed-form solution to (18) is given by |S,| =
Nrr/an n
no1 1/En
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Proof. See Appendix B. O

Remark 1. Lemma 2 implies that we should allocate more
subarrays to the users that experience more severe path-loss
to provide a fair subarray allocation among users.

Discretizing the solution in Lemma 2 yields an approximate
solution to (17), which is given by
N Ngr/ay,
ISnl* = {%
> on=1 1/an

N-1
NRF - Z |$n|*v
n=1

where (19b) is to ensure the first constraint in (17b) and |z ]
is the largest integer that is less than or equal to x.

J,forn:l,...,NRF—l, (19a)

|Sn* = (19b)

V. JOINT PS AND TTD SUB-PRECODERS DESIGN

Given the subarray allocation in (19), we now jointly design
PS and TTD sub-precoders at the /th subarray to achieve the
IASP in (15) for maximizing the subarray gain. However,
solving for the K coupled equations in (15) is ill-posed. Hence,
we attempt to best approximate u, r; with the construction
of f;,; in (11) as presented,

K
in D IXpe P — )7, (20a)
k=1
1
subject to [X;(i, /)| € {0,—},%4, (20b)
1 X (4, 5)] o
tim € T, Vm, (20¢)

where the constraints in (20b) and (20c) are restatements of
(14c) and (14e), respectively. These non-convex constraints in
conjunction with the coupling between X; and e 72"/t make
the problem in (20) still difficult to solve. In conventional
approaches [25], [26], the problem in (20) is addressed via al-
ternating optimization. Unlike the previous work [25], [26], we
transform (20) to a problem in the phase domain to remove the
non-convex constraint in (20b), and then the discrete constraint
in (20c) is dealt by an alternating optimization method.

From (6), the objective function in (20a) can be rewritten as

K M P

N E E E ‘e—JWerEka m eI Tl m,p _ o= ITERYn lm, ,,| ., (21)

k=1m=1p=1

where v, 1mp = (I = 1)MP + (m —1)P +p — 1)1, and & is in
(3). We recall a lemma in the previous work [8, Lemma 1]
that allows us to transform the problem in (20) into a relaxed
problem in the phase domain.

Lemma 3. ( [8, Lemma 1]) For a given x € R, and a closed set
Y C (z—m,z+7], argmin, ¢y, [/ —e?¥| = argmin, ¢y, [ —y|.

Incorporating Lemma 3 into (21) transforms (20) to a relaxed
problem:
K M P

ZZZ 2f(£ktlm+$lmp+£kf}/nlm,p)

k=1m=1p=1
subject to t;,, € T,Vm,

{z1,m, p} {tl m}

which can be decomposed into M separable problems, for m =
1,...,M:

min
{Zt,m.phti,m

K P
ZZ(fQ.fcfktl,m + Zimyp t+ fk’}/n,l,m,p)%

k=1p=1
subject to ¢, € T.

(22)

To circumvent the difficulty in dealing with the discrete
constraint in (22) and the coupling between t; ,, and {z . ,},
we devise an alternating optimization algorithm. In particular,
optimizing one parameter by fixing the other parameter in (22)
addresses the coupling issue. First, ¢; ,,, is optimized while fix-
ing {x; m p} and temporarily neglecting the constraint in (22):

Z Z (_2fc§ktl,m + Tl m,p + gk’Yn,l,m,p)Z-
k=1p=1

Since (23) is convex, the optimal solution to (23) is found
by setting the first-order derivative of (23) with respect to
t1m to zero, ie., Zle 25:1 —2fe&i(—2fckktim +Timp +
&kVni,m,p) = 0. From (3), one can confirm that Zszl & =

_ B*(K*-1) : :
I'K, whereI' =1+ R leading to the solution to (23),

min
ti,m

(23)

1 1 P P
tl,m = ﬁ (f Z Tl,m,p + Z ’Yn,l,m,p) . (24)
p=1 p=1
Next, {2 m,p} are optimized while fixing #;
K P
{IILn:rnp} Z 2(72fc£ktl,m + Ty m,p + gk'Yn,lJn,p)? (25)

k=1p=1

Similarly to (23), (25) is also convex and its solution is
attamed by equating its first-order derivative to be zero,
Zk 1 2fc£ktl m T X mp+£k7nlm p) 0, Vp. From (3),
it is not difficult to verify that Zk 1 & = K, implying the
solution to (25),

Tlm,p = 2fctl,m (26)

— Yn,l,m,p> vp~

Algorithm 1 Alternating optimization of PS and TTD values
Require: {¢}, {Vnimp}> Niter, T, and €
Output: {t;, } and {27, }
1: Initialization: t{") = 0,vm, «{’)
2: form=1:M do
3:  while i < Ny, do

=0,Vm,p,and i =1

(i+1) _ 1 (4) P
4 t — 2f.P\T Zp:l lll,m,p + Zp:l ’Yn,l,m,p)
. t(z+1) Q (tl7+1))
6: for p=1:Pdo
1

7 Ty = 2ot = Yntm,p
8: end fo f

fo:”fx, P ) )?
9: if |x, “1)”2 (t(z;:l))2 < ¢ then
10: return ¢}, t(7+1) and zj,, = xl(zlllz Vp
11: end if
12: =1+ %) )
13: thm =t and zf, = xl(mp, Ym, p
14:  end whlle
15: end for
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Fig. 2: (a) CDFs of min,, &»|Sy| of the proposed-SA and uniform-SA. (b) Average subarray gain performances of Algorithm 1 with Q = 400,
IASP with @) = oo, and benchmarkc [11] with @Q = 400. (¢) CDFs of min,, R,, of the proposed approach with @ = 400, IASP with QQ = oo,

and benchmark [11] with @ = 400.

A formal description of the alternating optimization is pre-
sented in Algorithm 1. Encountering the discrete constraint in
(20c), it finds an approximate solution {¢;,,} and {zj,, ,} to

(20). In Step 1, we set tl(lr)n =0, Vm and xﬁlw =0, VYm,p, as
the initial TTD and PS values, respectively. At the (i41)th iter-

ation, we update t}_”l) based on (24). Then, in Step 5, the TTD

,m
value tl(%l) is quantized by Q7(-), where Q7 (x) =  such that
t = argmin, . |z —t|. In Step 7, the {xl(tntlg} is updated based

on (26). These steps are repeated until either the convergence
condition is satisfied or the maximum number of iterations
Nier 1s reached. The convergence condition is met when the
normalized mean square error (NMSE) at the (i + 1) iteration
(i+1)_x(f) H2+(t(i+1)_f(l) )2

l,m ‘l,m < €.

L,m l,m

L m.
ll" V220 )2

lIx

is upper bounded by ¢, i.e.,

VI. SIMULATION RESULTS

This section presents numerical simulations that evaluate
the cumulative distribution function (CDF) of the asymptotic
min-subarray gain min,, &,|S,|, the average subarray gain,
and the CDF of the minimum achievable rate min,, R,, of the
proposed approach.

The channel matrices is generated based on the sub-THz
channel model in [18], [19]. We set the system parameters to
fe =300 GHz, B = 30 GHz, K = 1025, N =4, Ngr = 16,
M =16, N, = 1024, N, = 4, and SNR = p = 10 (dB).
The communication distances from the transmitter to the four
users are, respectively, {10,15,20,25} meters. The channel
path gains {ay ,} and delays {7,} are randomly generated
following [18], [19]. The AoAs and AoDs are uniformly drawn
in [-7,%]. The maximum TTD value is (Q — 1)7 = 1596
ps, where Q = 400 and 7 = 4 ps. We set N, = 50 and
€ = 0.01 in Algorithm 1. The performance curves are averaged
over 500 channel realizations.

Fig. 2a demonstrates the CDF of the asymptotic min-subarray
gain min,, &,|S,| performance of the proposed subarray alloca-
tion (proposed-SA) approach. The uniform subarray allocation
(uniform-SA) in Fig. 2a allocates |S,,| = 4, forn = 1,...,4.
Fig. 2a illustrates a substantial improvement of the proposed
approach compared to the uniform-SA. For example, the
proposed-SA allocates |S1| = 2, |Sa| = 3, |S3| =5, and |S4| =
6 because the channel in Fig. 2a is realized such that the third

and fourth users experience more severe path-loss than the first
and second users. This confirms the observation in Remark 1.

The average subarray gain at the kth subcarrier is defined as
%RF ZnN:1 Zlesn uLmekﬂ, where uy, ,; and fy, ; are defined
in (6) and (11), respectively. Fig. 2b compares the average sub-
array gain performances of Algorithm 1 with @ = 400, bench-
mark [11] with @ = 400, and IASP in (15) with () = co. It can
be observed in Fig. 2b that the average subarray gain of Algo-
rithm 1 with the finite TTD resolution ) = 400 shows a similar
performance as that of the IASP with () = co. Additionally, the
Algorithm 1 achieves higher average subarray gain performance
than the benchmark [11] with the same TTD resolution.

Fig 2c illustrates the CDFs of the minimum achievable rate
(min,, R,) of the proposed Algorithm 1 with the uniform-
SA and the proposed-SA compared with the benchmark [11].
When @ = 400, it is seen from Fig. 2c¢ that the proposed-SA
outperforms the uniform-SA substantially. This is consistent
with the asymptotic min-subarray gain trend shown in Fig. 2a.
The Algorithm 1 achieves a close performance to the IASP in
(15) with @ = oo and substantially outperforms the benchmark
[11], which is aligned with the subarray gain trend in Fig. 2b.

VII. CONCLUSION

A signal processing approach has been proposed to ensure
a fair rate performance of a real-world-suitable wideband
sub-THz massive MIMO OFDM system that employs no
analog combiners. The no-combiner architecture is critical
in practical deployment due to space limitation and power
loss. First, a subarray allocation problem was formulated to
provide a fair allocation to each user when the number of
subarrays is larger than the number of users. An approximate
solution to the first sub-problem was obtained by continuous
relaxation, which suggests that the allocation of subarrays to
each user should be inversely proportional to its channel gain.
Second, a joint PS and TTD sub-precoders design problem
was formulated to maximize the subarray gain subject to
the limited range and finite TTD resolution. A solution was
attained by transforming it to the phase domain and applying
an alternating optimization technique, which achieves a close
subarray gain performance to the ideal analog sub-precoders
that maximize the subarray gain. The advantages of the
proposed approach were demonstrated by numerical results.
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APPENDIX A
PROOF OF LEMMA 1

Plugging Hy, ,, in (2) into R,, in (13) gives
K
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k=1

—

K
p
= h@N ; e P12 0] P 2 Wi |2, (27D)

27¢)

K

wp 2 T 2
< E n F,F

— 1H(2)N P Iak«, | Hukn 1 2:k|| 9

where (27a) follows from removing the inter-user interference

term in R,, (27b) is due to the fact that In(1 + z) < =z

for + > 0 and applying Cauchy-Schwartz’s inequality to

||vk,nuLnF1F2,kwk,n||2, and (27¢) follows from (5) and (16).
We note that

uf PPkl = > fuf, feall>+ D Il fell®,  (28a)
leSy €S,/ ,n'#n
= >l e+l weaal? (28b)
leS, 1€S,,/,n'#n
S,
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where (28a) follows from (10), (28b) is due to (15), and (28c¢)
is due to (6). For n # n/, the subarray response vectors Uy,
and uy ,; are orthogonal, as MP — oo [25]. Hence, the

r.h.s of (27¢) tends to 1nEU2’))N ]‘\f;; Zle |k 2 as MP — oo,
completing the proof.
APPENDIX B

PROOF OF LEMMA 2

. |Snl N 1/6,
(minn 1721) (Z001 s 7) <
SN ISn]

Note that min, a,|S,.| =

[Sal __ 1/& 4 ... 4 ISyl _ 1/&y . i

ey 0 1/an + +1/&N Yo van 71\1 SN 1/an? imply

ing that maxs, ) min, &a|S.| < ZF=472L. The up-
—1 1/an

per bound is achieved as the equality if and only if

1 Nrn sz n’ ~n :
|| = 1/ ”Z)szll ;|S l_ Z]YVRF /1 (/l~ , completing the proof.
n=1 Qn n=1 Qn
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