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Adaptive Cooperative Load Transportation
by a Team of Quadrotors With Multiple
Constraint Requirements

Xu Jin"™, Member, IEEE, and Zhongjun Hu

Abstract— Cable-suspended load carried by multiple unman-
ned aerial vehicles (UAVs) has applications in many areas.
However, most existing aerial load transportation works are
tailored to a specific type of load transportation tasks, or assume
simplified system models or transportation scenarios. Further-
more, no existing works on this topic can provide a unified
framework to address multiple performance and safety con-
straints during the cooperative transportation operation. In this
paper, we propose and investigate a new constrained cooperative
control architecture for an UAV team, which are collaboratively
carrying a three-dimensional load, subject to multiple user-
defined time-varying performance and safety constraint require-
ments. A unified framework using universal barrier functions
has been proposed to deal with different types of constraint
requirements. Moreover, control saturation and uncertainties
in UAV inertia matrices are dealt with by employing adaptive
estimators. Exponential convergence on the distance and attitude
tracking errors can be guaranteed by the algorithm. Lastly,
we discuss a simulation example that further shows the efficacy
of the proposed cooperative control framework.

Index Terms— Adaptive cooperative transportation, cable-
suspended payload, multiple system constraints.

I. INTRODUCTION

ABLE-SUSPENDED load transportation by unmanned

aerial vehicles (UAVs), especially quadrotors, has
attracted significant attention over recent years [1], [2], [3], [4],
due to its vertical take-off and landing abilities and wide range
of potential applications including search/rescue missions and
package delivery. However, a single UAV usually suffers from
limited payload capacity, and is prone to failure in the face
of mechanical breakdowns. Therefore, it is advantageous to
use a group of UAVs to collaboratively transport a common
payload together, which is a modular design where the number
of UAVs can depend on the mission scenarios.

There has been a fruitful discussion on cooperative aerial
load transportation during the past decade. However, most
of existing works are tailored to a specific type of aerial
load transportation tasks, or assume simplified system models
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or transportation scenarios. For example, [5], [6] discuss
two quadrotors carrying a rod-shaped payload, [7], [8], [9],
[10] address quadrotors carrying a dimensionless point-mass
payload using three or more multirotor systems, and [11],
[12], [13], [14] consider simplified UAV models. These works
are not positioned to address a more generic class of load
transportation tasks where the load can be a three-dimensional
object, and the UAV models are highly nonlinear and uncer-
tain.

To overcome these limitations, other works, including [15],
[16], [17], [18], consider more generic operation scenarios,
with discussion on more realistic UAV models and/or pay-
load dimensions. Unfortunately, these works only focus on
unconstrained system operations during load transportation.
In reality, both the UAV team and load need to stay close to
the desired path, so that to ensure desirable formation pattern
and avoid collision with nearby obstacles. This demands that
the cooperative system needs to satisfy certain performance
constraint requirements. Moreover, for a team of UAVs to
cooperatively transport a common load, the distances between
any two UAVs in the team cannot be either too small or
too large, which can lead to inter-UAV collision and break-
down of the suspension cable, respectively. This implies the
load-carrying UAV team needs to satisfy certain safety con-
straint requirements. Failing to address these performance and
safety considerations can lead to failures of the cooperative
transportation tasks.

To address constrained operations during the load trans-
portation tasks, [19] addresses collision avoidance during path
planing, [20] discusses obstacle avoidance for two UAVs when
transporting a point-mass payload, [21], [22] consider payload
collision avoidance with environment obstacles during trans-
portation, and [23], [24] address constraints in the suspension
cable. However, these works fail to discuss constraints for
inter-UAV distances during the operation, which is a techni-
cally challenging problem due to the interconnections of UAVs
via payload. [25] discusses inter-UAV collision avoidance, but
ignores constraint requirements on the maximum allowable
inter-UAV distances, and fails to consider constraints for the
payload movement. Furthermore, most existing works that
discuss constrained load transportation tasks, including the
aforementioned [22], [23], [24], [25], use optimization-based
approaches. Solving the optimization problem in itself puts
a high demand for on-board real-time computation, which
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may not be realistic for small-size UAV platforms. Moreover,
no existing works, to the best of our knowledge, proposed
a unified framework to address both performance and safety
constraint requirements during the cooperative aerial load
transportation task, where both the UAV team and the payload
need to stay close to the desired trajectories, and the inter-UAV
distances cannot be either too small or too large. The main
difficulty is due to the coupling of nonlinear dynamics of
both the load and the UAVs, which are interconnected via
the cables.

In this work, we propose and investigate a new con-
strained cooperative control architecture for an UAV team,
which is collaboratively transporting a cable-suspended three-
dimensional rigid-body load. User-defined time-varying per-
formance and safety constraint requirements are considered
and addressed under this new and unified formation control
architecture. Specifically, to ensure operation performance,
constraint requirements on distance tracking errors of the
payload and each UAV are addressed. To guarantee safety,
we consider safety constraints on the inter-UAV distances,
which cannot be either too large or too small. Universal barrier
functions [26], [27], [28] are used to deal with the constraint
requirements, which can address different types of constraints
in a unified framework. Moreover, uncertainties in the UAV
inertia matrix, and control saturation effects of UAVs are
addressed by the use of adaptive laws. We demonstrate that the
proposed cooperative control law can guarantee exponential
convergence on the relative distance and attitude tracking
errors, with all constraint requirements met during the load
transportation operation.

The notations used in this work are fairly standard. Specif-
ically, R represents the real number set, R* represents the
non-negative number set, and [, is the identity matrix in
R™>*™ ()T denotes the transpose operation, | - | means the
absolute value of scalars, and ||-|| represents vectors’ Euclidean
norm or matrices’ induced norm. Furthermore, we use cO
to denote cosd@, sf to denote sind, and tf to denote tand.
We also write (:) as the first order time derivative of (.),
if (+) is differentiable. Next, C" denotes the class of functions
that are n-times differentiable with respect to time, with the
derivatives being in the class of C"~!. Besides, for any two
vectors vy, vy € R3, the cross-product operator S(-) gives
S(v1)va = vy X vy. Itis also true that S(v1)vy = —S(v2)v; and
vIS(v2)v1 = 0. Finally, SO(3) = {Q € R¥3 | QTQ = I3} isa
set of orthogonal matrices in R3*3, and $? = {x e R | ||x| =
1} is a set of unit vectors in R3.

II. PROBLEM FORMULATION
A. System Dynamics

Consider a group of N (N > 3) UAVs that are cooperatively
transporting a rigid body payload connected via cables (for
example, see Figure 1), where the dynamics are given as

m; pi(t) = —sat(F; (1)) R(®;(t))e; + m;ge;
+T; (1) R(OL(2))e; (t)

Oi(t) = T(®; (1) wi (t)

Jioi (1) + S(w; (1)) Jiw; (1) = 7 (1),

UAVs ey

Fig. 1. Cable-suspended load transportation by UAVs (illustration only).

N
mppL(t) = mLge; — Z Ti(t)R(OL(1))e;(7)

i=1
Load ®LFI) =T(OL1)oL(?) @)
JLop(t) + S(ewp (1)) JLwL (1)

N
= > S0)(Ti(e (),

i=1

where m; € RT is the mass of the ith quadrotor
(i =1,---,N), and J; € R33 is a symmetric positive
definite matrix representing the inertia. The position and
attitude in the inertial reference frame are represented as
pi(t) = [xi(), yi(1), z()]" € R? and ©;(t) = [¢i (1),
0;(1), wi(®]" e R3, respectively. R(0;(t)) € SO(3) is the
rotation matrix, which relates the body-fixed frame to the
inertial frame and is expressed as

R(©;)
clicy; spisbicy; — coisy; coisbicy; + spisy;
= | cOisy; spisOisy; + chicy; coisOisyi — spicy; | . (3)
— S@i S¢i Cei C¢i C@i

The rotational velocities with respect to this body-fixed frame
are denoted by w; (1) = [wy; (1), wy;(t), w.i(1)]T € R3, and
I'(®;(t)) is the transformation matrix that relates the angular
velocity in the body-fixed frame to the rate of change of the
Euler angles in the inertial frame, and is given by

1 S¢it9i C(f)itel'
r@©)={0 cp —s¢i |, )
0 Sgb,‘ /C(9,' C¢,‘/C(9,‘

which is well defined and invertable when —% < ¢;(1) < %
and —% < 60;(t) < 5. Furthermore, g € R is the gravitational
acceleration and e, = [0, O, 11T € R3 is the unit vector.
Next, T;(t) € Rt represents the tension in the ith rigid cable,
sat(Fj(r)) € RT denotes the thrust of the ith quadrotor F; (1) €
R* (i =1,---, N) which is subject to saturation nonlinearity

described in [29]:

(Fi(1) = Fyi,  Fi(t) = Fui
YT RO RO < P

where F)y; is the saturation limit for thrust Fj(¢) and sign(-)
is the sign function. Finally, 7; () € R? represents the torques
of the ith quadrotor (i = 1,---, N).
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Similarly, m;, € RT is the load mass, and J € R¥3
is the load inertia that is symmetric and positive definite,
where the subscript L stands for “Load”. pp(r) = [xL(7),
yL(), 21T € R? and OL(r) = [4L(1), OL(t), wL()]T €
R3 represent the load position and attitude in the inertial
reference frame, respectively, and wr (1) = [wxL(), wyL(1),
.1 (1)]T € R3 represents the load rotational velocity with
respect to its body-fixed frame. Furthermore, as shown in
Figure 1, r; € R? is the attachment point on the payload by
the ith link, represented in the payload body-fixed frame.
Finally, e;(r) € S? is the unit direction vector from the
ith UAV mass center towards the ith link attachment point.

As shown in Appendix A (see (66)—(74)), the angular
motion dynamics of the UAV can be rewritten as

M;(®;(1))0;(r) + C;(0;(1), ©;(1))O; (r)
= v1(0,1)J] 7 ), )

where ¥(0;(1)), M;(®;(r)), and C;(0;(r), ®;(r)) are given
in (66), (70), and (71), respectively. Similarly

My (OL(1))OL (1) + CL(OL(r), OL(1))OL (1)

N
= YT OLO)I DSt (=Ti(0)ei (1)), (6)
i=1
where My (Or(r)), and CL(OL(r), OL(r)) are given in (73)
and (74), respectively.

B. System Constraint Requirements

In the cooperative transportation task, the payload is sup-
posed to track its desired trajectory, denoted by pq(f) £
[xaL(t), var(t), za()]T € R3. Moreover, all UAVs need
to track a desired formation pattern, with the coordinate of
the reference trajectory for the ith vehicle i = 1,---,N)
denoted by pa;(t) £ [xai (1), yai(), zai(0)]" € R3.

Now, define the line-of-sight (LOS) distance tracking error
for the payload dep (1) as

der. = \/(XL —xa)? + OL = ya)? + L —za)? (D)

which is the distance between the desired and actual position
of the payload. Furthermore, for the ith quadrotor (i =
1,---,N), define the line-of-sight distance tracking error
dei(t) as

dei = \/(Xi —xai)? + i — yai)? + (@ —za)? 8

Besides, the desired LOS relative distance between any two
quadrotors 9J;; (¢) is formulated as

0y = \/(xdi'_ xdj)? + (vai — yaj)* + (zai — 2a))%  (9)

and the actual LOS relative distance d;; (¢) is

diy 2\ i =3, + Gi=y)? + @ — 7))

The configurations in the case of three quadrotors can be seen
in Figure 2.

During the cooperative transportation, there are certain
system constraint requirements that need to be satisfied,

(10)

§ - o U12(1 D
g T R S
Desired 1/ Desired 2 Q)j

(1), ylbf 20 0) N (waa®) vaa(t), za(t))_of

P

/

I
4
de3 (t) '/ Desired 3
Quadrotor 3 ! (wa3(t), yas(t), zas(t))
1
1

(23(t), y3(t), z3(t))

Fig. 2. Illustration in the case of three quadrotors: for i, j = 1,2,3,
J # i, quadrotors represented in dark colors and solid black are the real-time
positions (x;(7), y;(t), z;(t)), quadrotors represented in light colors and
dashed black are the reference locations (xq; (t), yq;(¢), zqi(t)), dashed lines
in red are the desired path for each UAV, dashed lines in black are the desired
inter-quadrotor distances 9;; (), solid lines in black are the real-time inter-
quadrotor distances d;;(¢), and solid lines in blue are the real-time distance
tracking errors de; (1).

in order to ensure the precise and safe functioning of the
system. First, the payload position tracking error dep (¢) needs
to meet the performance constraint requirement that

deL (1) < QquL(2), (11)

where, for all 1 > 0, Quu1.(¢) > 0 is a time-varying constraint
function that can be user defined, and is C3. This means the
payload should not deviate much from its desired trajectory.
Moreover, d¢;(t) has to meet the user-defined performance
constraint

dei (1) < Qqu;i(1),

where Qgp;(¢) > 0 is a time-varying constraint function, and
is C3. This means each UAV cannot deviate too much from
its desired trajectory.

Next, define the LOS relative distance tracking error
between the ith and jth quadrotors (i, j = 1,---, N, j # i)
as de;j (1) = d;j(t) — U;j(¢), which has to meet the following
safety constraint

—Qwij (1) < deij (1) < Qmyj (1),

where Qp;;(f) > 0 is the upper constraint for de;;(¢), and
—Qyy;j (1) < 0is the lower bound, with 0 < Qw;; (1) < ¥;;(1).
Both Qp;; (1) and Qyy;; () are C3. The constraint requirement
(13) means that the inter-quadrotor distance cannot be either
too large or too small.

Remark 1: Both (11) and (12) belong to the performance
constraint requirements. The physical meaning is that during
the cooperative load transportation, both the load and the UAV
team should stay close to the desired trajectories. Violation
of such performance constraint requirements will result in
failure to keep the desired formation and/or collisions with
environment boundaries. (13) belongs to the safety constraint

(12)

13)
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requirement. The physical meaning is that any two UAVs in
the team cannot be too close or too far apart, which will result
in inter-UAV collisions or the suspension cables being over
stretched, respectively.

C. Control Objective

The control objective for the cooperative transportation
problem is to design a control framework such that:

1) The payload distance tracking error de (¢) and the UAV
distance tracking errors dg; () (i = 1, ---, N) can all converge
into arbitrarily small neighbourhoods of zero;

2) The relative distance errors de;j () between any two
quadrotors can converge into arbitrarily small neighbourhoods
of zero;

3) The payload attitude tracking error @1 () — @gr(¢) and
the UAV attitude tracking errors ®; () — @q;(¢) can converge
into arbitrarily small neighbourhoods of zero;

4) The system constraint requirements (11), (12), and (13)
are met during the operation.

We now present the following assumptions that will be used
in the theoretical analysis and controller synthesis.

Assumption 1: The payload reference trajectory xqr (),
yaL(t), and zgr(¢r) are all C3, and for the ith quadrotor
(i=1 ,N) x4i(t), yai(?), and zg;(r) are C3. Moreover,
the reference payload attitude ©qy (¢) is C2, and the reference
yaw angle wq; (¢) is C2.

Assumption 2: The cables are massless and cannot be
stretched, and the tensions in the cables are unknown but
bounded.

Assumption 3: The payload mass mp and UAV mass m;
for the ith quadrotor (i = 1,---, N) are known. However,
the payload inertia Ji, and UAV inertia J; are unknown, and
are assumed to be both upper and lower bounded, such that
foranyz e R3, JLzz < zTJLz < JLzzanszz <

TJ 7 < J,z z, where Ji, J;, J,, and J; are unknown positive
constants. As a direct result, the symmetrlc positive definite
matrices M;(©®;) and My (®r) in (70) and (73), respectively,
are both unknown and bounded, such that for any z € R3,
Miz"z < 7" M; (@ )z < M,z zand M1 z"z < 2TMp(Or)z <
MLz z, where M,, M;, ML, and My are unknown constants.

Assumption 4 ([16]): Let

_[13 I - I

(14)

S(r) S(r2) - - S(rm} RO,

we assume rank(P) = 6.

Remark 2: This full row rank assumption in Assumption 4
can be realized when N > 3.

Assumption 5: The UAV and load attitudes satisfy —% <
$L(t) <5, —F <O0Lt) <5, -5 <¢i(t) <7, and —F <
0;(t) < %, wherei =1,---, N.

Remark 3: Assumption 5 is necessary to ensure that
I'(®;(t)) defined in (4), as well as ['(®rL(¢)), are both
invertable.

In order to simplify representations of signals, we will omit
the time and state dependence of signals for the rest of the
discussion in this work.

III. UNIVERSAL BARRIER FUNCTION (UBF)

Here we introduce the UBF to be used later in the analysis,
which is modified from our earlier work [26] to address the
issue of constraint requirements that can be time-varying and
asymmetric. Specifically, to address the constraint require-
ments (11), (12), and (13), the following transformed error
variables are introduced for the load and quadrotors as follows

poL = —2andel o Qattidei
¢ Qi —de.” T Quui — dei”
Neij = Hijs&Wijleij ) (15)
(Qnuij — deij) (Qwij + deij)

The universal barrier functions used to deal with the con-
straint requirements (11), (12), and (13) for the ith quadrotor

(i=1,---,N) are then defined as
1, 1, 1,
VeL = E”CL’ Vei = E”ei’ Veij = 57731] (16)

Take V.;; for an example. It is easy to see that #e;; = 0 if
and only if de;; = 0. Besides, when de;; — Qup;j, we have
Neij — 400, hence Ve;; — +oo. Alternatively, when de;; —
—Qy;j, we have 7¢;; — —o0, therefore V¢;; — +o0.

IV. CONTROL SYNTHESIS AND ANALYSIS

In this section we present the backstepping controller syn-
thesis procedure, followed by our main theoretical results. The
main idea is to first treat the cables as “actuators” for the
payload, and design the “desired cable tension” for the payload
to track the desired payload trajectory. Then design the UAV
control laws with the “desired cable tension” to achieve the
desired formation pattern tracking.

The next lemma will be used in the controller synthesis.

Lemma 1: For any ¢ > 0 and any z € R, we have 0 <

|z| i <e
< 722+e2 ’

A. “Desired Cable Tension” Design

Step 1:
We first consider the position kinematics of the payload.
The time derivative of the UBF V., leads to

a7’]eL . a7’]eL
Q —d,
Qg L ST “L}

VeL = 7]eL7:]eL = 7]eL|:

677 L 1
adeL deL

0neL
- O ( -
feL [ FTo (xL, — xaL)xL

+ (L — yaL)yL + (2L — zaL)iL — éL)}, (17)
where
&L = (xp — xaL)XaL + (YL — ydr)YaL + (2L — ZdL)ZdL.
Now, denote Ef, = d [xL —XaL, YL —ydL, 2L —zaL]T € R?,

note that ETEL = 1. Furthermore, let zo1. = pL — a,L, we
design the stabilizing function a1, as

EL (_ Ol
el 0QgHL

0 deL

apL = Qanr, — KlL’?eL) + pdaL,  (18)
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where

2
el __ Qin ;
. = g —di)? > 0, and K. > 0 is a control

constant. Therefore, (17) further leads to

VeL = 7]eL ELZZL — K1L77eL (19)

8de

Step 2:

Now we address the translational dynamics of the pay-
load. Design the Lyapunov function candidate as Vp1, =
%mngLmL, and its time derivative leads to

. T . .
VoL = 251, [mLPL - mLapL]

= Z;L|: Z Tqi Rareqi —

N

+ D Ri(Taieai — Tie;) +mige; — depLi|, (20)
i=1

Z Tai (RL — Rav)edi
i=1

where R, £ R(OL(1)), Ra. = R(OqL(1)), and Ty; = Tg; (1) is
the desired cable tension in the ith cable. Under Assumption 3
and Lemma 1, we have

Z2L|: Z Tai(RL — Rav)eqi + Z Re(Tyieqi — Tez)}
i=1

i=1
lzoL|?

/ 2, 2
llzoL = + ef

with 911, > 0 being an unknown upper bound, and &1 being a
small positive constant.

Next, treat — vaz 1 Tyi RaLeq; in (20) as a virtual control
signal, represent it as — Fgr, for convenience, and design it as

< llzaLllo1L < eLdiL + 1L

N
- Z Tqi Rareqi
i=1
= —Fa
. O7feL,
= —mpge; +myapL — Korzor, — e —— EL
adeL

2L

/ 2. .2
lzoLll= + ef

where K1, > 0 is a control constant, and 31L is the adaptive
estimate of the unknown constant d1p., which is designed as

— oL 21)

R llzoL ]2

oL = nami2 — O5ILOIL,
Vlzol? +ef

with ng1L and o511 being positive adaptive gains.
Now, design the Lyapunov function as

(22)

VLoad1 = VeL + VoL + Vs1L,

VsiL = 51L, (23)

2ns1
where SlL = 31L — 0y, and from (19), (20), (21), and (22),
we can get

O51L
2ns1L

Vioadl < —KiLnd — Kovza zo1 — O+, (24)

where ¢, £ (eL(S]L + poL 52 ) is a constant.

Step 3:

Next, we discuss the attitude kinematics of the payload.
Define 731, = O — Oqr and z4;, = O — aeL, where the
stabilizing function is designed as

aeL = —K3Lz3L + Oqr, (25)

where K31 > 0 is a control constant. Now, design the
Lyapunov function candidate as V31, = %szz3L, its derivative
gives rise to

VaL = —K3L20, 231 + 24 74L. (26)

Step 4:

Finally, for the load dynamics control, we design the
Lyapunov function candidate as Vi, = %z}LMLuL. With
some algebraic analysis shown in Appendix B (see (75)—(77)),
treat ZZVZ 1 S(r;)(—Tgieq;) in (75) as a virtual control signal,
represent it as — Mgy, for convenience, and design it as

N
> S(ri) (= Taiea)) = —MaL
i=1 Przall ALl Ag,

= , (27
M Pl +
where
_ A Iy 22
L = K4LFEZ4L + FEZ3L +a
T N lzaLlI2E? + &
A l—‘LZ4L

+ 0oL (28)

/ 2. .2
llzaLll= + ef

Here, K41, > 0 is a positive control gain. Zp is introduced
in (77). pyvL is the adaptive estimate of the unknown lower
bound pjp = (L is the adaptive estimate of the unknown

bound (L that is 1ntr0duced in (77), and 52L is the adaptive

estimate of the unknown bound Jp. that is introduced in (76),
where the adaptive laws are designed as

pIL = npLzi PLAL — 0psLpIL, (29)
3 lzaLI*E7 .
0 =n1———Lt— 0, (30)
JzaL P22 + &f
A llzar |1
ML = noL (31

72 - 0-52L52L)
VlzaLll? +ef

WiFh NpJLs OpJLs ML, O¢L, 2L, and o1, are positive adaptive
gains.
Next, we design the Lyapunov function candidate as

Vioad2 = V3L + VaL + VL + VoL + VoL, (32)
I - L -2
Vi = — VL= == ., Vo= 2,
(L= LCL pL=o JLp]L 2L = 5 0L
¢ p
(33)
where (L = (L — (L, puL = puL — paL (psL = fLL and
S = b — 0. The time derivative of Vioaqa leads to
. Ky 1 OcL ~
Load2 3LZ31.23L L 241, MLZ4L 2L O
opiLdy oL
- - o5+ cors (34)
20,01 PIL 21l 2L
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where c¢»1, is a constant and is defined as ¢y 2
s p oL 22 OpJL oL 52
eL(OL + (1) + 5 G0+ 3 JL + Zno 0L
Step 5:
Now we will derive the “desired cable tension” from (21)
and (27), therefore we can get

ey +

Tqiedi

~1[RY F,
— pT(ppT)! | MatdL | 35
. (prr) [ 3
Tanedn

with details presented in Appendix C (see (78)).

B. UAV Distance Control Design

Step 6:

From this step onwards, we will look into the kinematics
and dynamics of each UAV. At this step, we first consider the
position kinematics of the quadrotors. Design the universal
barrier function as

N N
= Vet D Vey), (36)
i=1 j=1,j#i

with Ve; and V;; defined in (16).
With algebraic analysis shown in Appendix D (see
(79)-(82)), for V; we have

N

VlZZ[—ﬂeifi—

i=1

N

Z Neijleij + El-Tﬁi], (37)
J=1j#i

where ¢; is introduced in (80), &;; is introduced in (82), and
E; =[Eyi, Eyi, E;]T € R with

Exi
onei 1 al oneij 1
ei eij
— . —(x; — xq;) + E Xi—Xi),
fei Odei de; (xi = xai) | Tl S dei; Odeij djj ay ¢ 2
J=Lj#i
Eyi
onei 1 al onei; 1
Hei ——— (i — Yar) + E 2Meij =t — i = ¥)),
Odej de; |~ 0dejj djj
J=Lj#i
Ezi
onei 1 al ONeij
ei eij
Nei ode; dor (zi —zai) + E Neij adeij dij (zi Z])

j=Lj#i

Next, define the fictitious velocity tracking error as z; = p; —

api, with the stabilizing function ap; € R3G=1,---,N)
designed as
E.
Qpi = —Tl [_ el’7el_ Z Kel]”/e;j
E; E;
J=Lj#
N
el + Y ﬂeijfeij], (38)
J=1j#i
where K¢; > 0 and K;; > O are the control gains.
Remark 4: In (38), singularity can occur when | E;| = 0.
Since ||E;|| = 0 if and only if E,; = 0, E,; = 0, and
E.i = 0 at the same time, there are two cases when this

can happen. First, ||E;|| = 0 when both de; =0 and d¢;; = 0.

In this situation, all the terms in the bracket on the right-hand-
side of (38) are also zero, and L"Hopital’s rule we simply
have ap; = 0. Second, Ey; =0, Ey; =0, and E;; = 0 can
happen at the same time when the position error vector p; — pg;
and the relative position vectors p; — p; (j # i) are linearly
dependent, which is a “deadlock situation” [30]. This situation
can be bypassed by changing the reference trajectories and/or
the constraint functions at the deadlock, in order to allow
the vehicle breaking away from the deadlock. For the rest
of discussion it is assumed that || E;|| > O is guaranteed.
With the controller design, (37) becomes
N

Vl = Z(E,TZ% - el”le, - Z Keij ﬂe,,)

i=1 j=1,j#i

(39)

Step 7:

At this step, we consider the translational dynamics of the
quadrotors. To address the saturation nonlinearity sat( ) the
following smooth function [29] is first introduced

Fi
FMi)
CXP(FM)—CXP(——)
exp (#£5) + exp (— £

Y (F;) = Fy; tanh (

= I'mi

Then, from (1), the translation dynamics of the ith quadrotor
can be expressed as

. 1 1
pi = ge; — —sat(F;)(Ra; + R; — Ryi)e; + —TiRye;
mj mj

1 1 1
= ge;, — —Y(F;)Ragie; + —TiRLe; — —(FiRudie;
m; n; n;

1
— —sat(F;)(R; — Rqi)ez,
mi

where (p; = sat(F;) — Y(F;), which is bounded and satisfies
the following condition [29]

CFil = |sat(F;) — Y(F;)| < Fyi(1 — tanh(1)) = dF;,

where dp; is unknown.

By invoking the mean value theorem [31], the function
Y (F;) can be expressed as Y (F;) = T(FO) + ilhv F#F
where F0 is an non-negative constant and F’ =(1- )FO
WF; w1th u € (0,1). Selecting on =0 makes T(Flo) =0,
hence Y (F;) = M|F,»:F,."Fi-

Let V, = vaz | 325;22i, and its time derivative gives

1
ZZZI (gez + _RL(leedlel)el - — bpiu;

i=1

1
— —sat(F;)(R; — Rai)e; — —CFiRdiez
n; nm;

1
+ m—iRL(Ti - (Tdiegiei))ei), (40)

where we denote u; = F;Rgie., with R; £ R(®;), Ry, £
FH
R(Oq;), and bmi = ;- L(F)IF, F" = L,(l - tanhz(F_lm))

satisfying 0 < b,,; < by < - (31D with b, . being
an unknown positive constant. Now, for the ith quadrotor
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(i=1,---,N), thAe control law u; € R3, and adaptive laws
for the estimators o; and p,,; are designed as
- 1242
29: |lits )
ul — 2!” l” pml , (41)
Jlleai 211252, + &2
_ ) A 22i
ui = Ei —api + ge; + Koizoi + O ————
Vlz2i 1 + &?
1 T
+ —RL(Tuieg;eiei, (42)
mi
; 22 I 5
i = g ———o— — 0si0;, (43)
Jlz2il? + &7
pAmi = npm[Z;ilzi - O-pn1[pAmi’ (44)

where K; > 0 is a control gain, &; > 0 is a design constant,
0; 1s the estimation of the unknown constant d; such that under
Assumptions 2, 3 and the boundedness of (F;,

1
H —sat(F;)(R; — Rai)e;
m;

1
+ H %RL(TL' — (Tuiegei))ei
1

<,

1
+ H—CFiRdiez
mj

Pmi is the estimation of the unknown constant p,; = %, and
Nsis Osis Np,,» and o, are positive adaptive gains.
Now, choose the following Lyapunov function candidate

Vpos =Vi+WVa+Vs+ Vﬂrm
N N

= byyi 52
2n mi?

i=1 Pmi

(45)

where 6; = 6 — &; and pmi = pmi — pmi (Pmi = #). We can
further get N
N N
Vpos < Z ( - Kei’?Zi - z Keijﬂgij - KZiZgiZZi
i=1 J=1,j#i

05i 0 bnip.i
o0 T o Pmi i) (46)
noi M ppi
where ¢y, is a constant defined as ¢|; £ ¢; (b, +5i)+ 2‘;—25124-
O pmi L '
Mpmi Cmi ’

Denote  Vuavi = Vioadl + Vioad2z + Vpos, after some
algebraic manipulation, we can get

Vuavi < —x1Vuavi + o1, 47)
where
2K 2K
k1 = min (2K1L, L ooky, 2L ok, 2Keij, 2K>;,
ij My, M,

O51L, 0§L7 Up]L» 0521, 06i 5 o-pm,')y

N
01 EciLtoL+ chi~
i=1
The above backstepping design for the payload and the
position of the quadrotors leads to the following results.

Theorem 1: With the UAV thrust laws designed as (41) and
(42), and adaptive laws (22), (29), (30), (31), (43), and (44) the
position control of the quadrotors and the payload described
in (1) and (2) under Assumptions 1-5 have the following
properties:
i) The user-defined constraints (11), (12), and (13) will be
satisfied for ¢+ > 0.

ii) The transformed distance tracking errors #eL, #ei, #eij,
@ =1,---,N,j # i) and attitude tracking error of
payload z3p, will converge into the sets

201
X = 7L, Nei > Meij ‘ x| <&y, &y = ~ (48)

20
k1 |’

[zsL | Nzswll < 2y, 2y = (49)

and as a result, the actual distance tracking errors dey,
dei, and de;; will converge to the sets

[¥ = dew.dei | 2 < e, ), (50)
[deij | = ems <deig <ew,}s D
where
ey Qqui
Eppy = (52)
T Qi + &y

and we have ¢, ; expressed in (53), with ¢, ; expressed

in (54), shown at the bottom of the next page, where

Qy = Qy;j and Qw = Qw;j fori, j=1,--- , N, j #1.

iii) The control laws as (41) and (42), and adaptive laws (22),

(29), (30), (31), (43), and (44) are all uniformly bounded.

Proof: See Appendix E. [ |
Remark 5: In Theorem 1, using L'Hopital’s rule we get

hm0 e =0,

lim &, =0,
en—> 0 ’

En—>

li =0 55
Jim e =0 (59

fori =1,---, N. This implies that the transformed error vari-
ables 7eL, 7ei, and 7e;j, converge into small neighbourhoods
of zero, so does the actual distance tracking errors de., dei,
and de,'j.

Remark 6: To reduce the size of the set in (48) and (49),
we need to select large x; and small p;. To make «; large,
we can select large control gains Ky, Ko, K31, Kar, Kei,
Keij, and Kp; fori, j=1,---,N, j #1i, and large adaptive
control parameters os1L, 0sL, OpJL, O52L, 0o, and o), for
i = 1,---,N. To make p; small, we can select small ef,
and ¢;, and large adaptive control parameters nsiL, /L, RpJL,
nsL, nei, and ny,

C. UAV Attitude Control Design

Step 8:

Here we consider the attitude kinematics of the quadrotors.
Define z3; = ©; —®4; and z4; = O; —a@;, where Og; is shown
in Appendix F and ag; is a stabilizing function designed as

aoi = —(Ksi + 2 )zai, (56)

2
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with K3; and v; being a positive control gain and a positive
design constant, respectively. Now, design the Lyapunov can-
didate as V3 = ZZNZI %Zgizy, its derivative gives rise to

N

. 1 -

Vs> (- Kaidhizai + haa + E@31-). (57)
i—1 1

Details including the definition of ©@g; can be seen in
Appendix F.

Step 9:

Now, choose the Lyapunov function candidate as Vjy =
ZZVZ 1 %inMiui. With some algebric analysis shown in
Appendix G (see (88)—(89)), design the control law for the
ith UAV as

= 1282
740 || T
5 = l 4!” l” pjl (58)
Wiz I R, + 6
. A TTzyE?
7, = Ky F,-TZ4,' + F,-TZ3,' + Cil—ll, (59)
Vlzai 1287 + &
A TwT= A
pPJi = I’lpjiZ4ilPi Ti —0pJiPJis (60)
222
2 z4i |17 24
Ci - n || 41” i (61)

(i —F—— — 0;i(i,
Iz 2B + &?

where K4; > 0 is a positive control gain. Z; is introduced

in (89). py; is the adaptive estimate of the unknown constant

pIi = %, and ¢; is the adaptive estimate of the unknown
—L

constant ¢; that is introduced in (89). ny i, 6 i, n¢i, and oy

are positive adaptive gains. Denote

Var = Va+ Va+Vy + V),
N N

1 J.
VC:ZZn (” Vp_Zanl

where &- = &- — 51- and py; = pji — pyi. After some algebraic
manipulation, we can arrive at

i (62)

X Ka; Ori
T L. T {rz2
Var < E (— K3iz3;23i — f_Z4iMiZ4i - i
. 14!

2]’10‘
O'p]zi, ~2 )

63
anj, pyitc2 (63)

where ¢y; is a constant and is defined as ¢2; = &;(J; + o)+
Ori 22 OpJi 1 1 @2
S Yo, L T

Hence, let the Lyapunov function for the attitude part of

the quadrotor be Vyava = Va, We can get

Vuava < —k2Vuave + 02, (64)

where

2K4;
K2 £ min (21(3,-, f‘h,
i M;

1

N
A
i=1

The above backstepping design for the attitude part of UAVs
leads to the following theoretical result.

Theorem 2: With the UAV torque laws as (58) and (59),
and adaptive laws (60) and (61), the attitude control of the
quadrotor system described by (1) under Assumptions 1-5 has
the following properties:

i) The attitude tracking error of the quadrotor z3; (i =

1,---, N) will converge into the set

202
23i ||Z3l|| < 811, 811 = D B
K2

ii) The torque laws (58) and (59), and adaptive laws (60)
and (61) are all uniformly bounded.
Proof: See Appendix H. [ |
Remark 7: To reduce the set size in (65), large x» and small
02 can be selected. To make x, large, we can select large
control gains K3; and Ky4; fori = 1,---, N, and large adaptive
control parameters o;; and o,;; fori =1,---, N. To make
02 small, we can select small ¢;, and large adaptive control
parameters n;; and n,;; fori =1,---, N.
Remark 8: Once the thrust and torque of the ith quadrotor

(65)

(i =1,---,N) are determined, the propeller speeds can be
calculated using the following relation
2
Fi U Ui Ui U; w&otil
Toi _ 0 —li U 0 li U; wrotiZ
T9i —li U 0 li Ui 0 wrzotiS ’
where F; e R%T is subject to saturation, 7; =

[74i> T0is Tt//i]T e R3. Wroti 1> Oroti2» Wroti3> aNd Wroyi4 TEPrEsent
the front, right, rear, and left propeller speeds of the ith
quadrotor, respectively. /; is the distance between the center of
the propeller and the center of the ith quadrotor, v; is a thrust
factor of the ith quadrotor, and z; is a drag factor of the ith
quadrotor (i = 1,---, N).

The overall control algorithm can be summarized into the
following block diagram (Figure 3).

V. SIMULATION STUDIES

In this section, a simulation example is carried out with a
team of N = 4 quadrotors and an irregular payload. The model
parameters of the quadrotors are m; = lkg, g = 9.81m/s?
Ji = diag[0.109, 0.103, 0.0625]kg - m?2, and Fy; = 75N
i = 1,2,3,4. The mass and inertia matrlx of the payload

—(QHOw — £,(Qn — QW) + [ QDY + £3( Qi + Qw)? — 26, QO (Qnt — Qw)

Sip; =

53
2, ; (33)

Sy, =

—(QuQw + £,(Qu — Qw)) + \/QIZ{Q%V +&7(Qu + Qw)? + 26, QuQw (Qu — Qw)

2ey >4
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Payload’s Dynamics
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Fig. 3. Block diagram of the overall control algorithm.

are mp, = 2kg and Jp = diag[0.095, 0.14, O.2388]kg~m2,
respectively. Note that J; and Ji. are unknown to the controller
design. The length of cables is /; = 2.5m, i = 1,2,3,4,
and they are attached to the points of the payload r; = [0.25,
—0.2, —0.45]", r, = [-0.5, —0.4, —0.15]T, r; = [-0.5,
0.4, 0.15]T, and r4 = [0.5, 0.4, 0]T. Note that the units of the
position, attitude, translational and angular velocities are m,
rad, m/s, and rad/s, respectively. The desired trajectory of the
payload is selected as pqr.(t) = [xaL(t), yar(t), zaL()]T =
[0.2¢ — 0.35, 3.5sin(0.157), —0.2¢ + 0.01sin(25¢) — 1.5]T.
The desired attitude of the payload is ®q. = [0, O, 017.
Next, the desired unit direction vector from the mass center

of the ith UAV towards the ith link attachment point is sele-

cted as eq;(t) = [eqi1(t), eain(t), edi3(t)]" where eqii (1) =
_XdL(O)—xar (t+@a1i) edin(t) _yaL () —ydL (t+@dii)
PiTpa ) =parG+ma)> €42 Pi Tpar ) =par G+ma)’

) _ 2 2 e —zaLC+wa)®>
eai3(1) = \/1 07 + 0 Tpa = paG oy 90 = 0.35, and

waLi = 2,1 = 1,2,3,4. Thus, the desired trajectory of the
ith UAV can be written as pg; = paL + R(OgqL)ri — lieq;.
Besides, the desired yaw angle of the ith UAV is selected as
wai = 0,1 = 1,2,3,4. Moreover, the constraint functions
are selected as Quu; = (7.8 — 0.2)e %% 4+ 0.2, Quur. =
(7.8 — 0.2)e7 0% + 0.2, Qu;j = (2 - 0.1)e """ + 0.1, and
Qwij = (1.8 —0.)e " +0.1,4,j =1,2,3,4,i # j.
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Fig. 4. [Initial conditions of the load and quadrotors in 3D space at t = 0.

To implement the proposed control framework, the design
parameters are chosen as nsiL = 0.25, n,yL = 0.25, n,p =
0.25, ng,rL = 0.25, O51L. = 0.1, OpJL = 0.1, oL = 0.1,
o5 = 0.1, L = 0.1, & = 0.1, ngi = 0.15, npji = 0.15,
n;i = 0.15, Npmi = 0.1, o5 = 0.05, OpJi = 0.05, O-Ci = 0.05,
opmi = 0.01,andi =1, 2, 3, 4. The control gains are designed
as K11, = 3.55, Ko, = 3.55, K31, = 2.35, K4 = 2.35,
Kei =3.15, Kejj = 0.45, Ky; =3.15,v; = 0.5, Kg; = 0.75,
and Koy =1.2,i=1,2,3,4.

The initial position and attitude of the payload are pr (0) =
[0.6, 0.6, 4.5]T and O (0) = [—0.2, —0.2, 0.3]T, respec-
tively. Thus, the initial position of the ith UAV can be
expressed as p;(0) = pL(0) + R(@L(O))pi — l;e; (0), where
e1(0) = [0.2208, —0.2208, 0.95]T, e>(0) = [—0.1407,
0.1407, 0.98]T, e3(0) = [—0.1407, —0.1407, 0.98]T,
e4(0) = [—-0.1719, —0.1719, 0.97]T, and the initial attitude
of the ith UAV is ®;(0) = [0, 0, 0.3]T, i = 1,2,3,4.
The initial positions of quadrotors and the payload in 3D
space are recorded in Figure 4 to show the shape of this
irregular payload, the initial attitude of the payload, the cable
connection locations, and the initial positions of UAVs. The
initial conditions of the translational and angular velocities of
every UAV and the payload are zero.

The simulation results are presented in Figures 5-10. The 3D
trajectories of four quadrotors and one payload are depicted
in Figure 5. A YouTube video for the simulation process can
also be viewed at: https://youtu.be/XrKB_DVg3DU
(To view the video, copy and paste the complete URL to
a web browser). It can be observed that the quadrotors and
payload can track the desired N-shaped paths around two
obstacles represented by cylinders. The LOS distance tracking
errors de; and de1, under the proposed controller are shown in
Figure 6 with Qup; and Qgp1., i = 1,2, 3, 4. From this figure,
we see that de; and d.1 can converge to small neighborhoods
of the origin without violation of the performance constraints
Qqni and Qgpy,, respectively. Figure 7 gives the profile of
the inter-quadrotor distance tracking errors de;; under the
proposed controller, i, j = 1,2,3,4,j # i. It is clear
that the safety constraint requirements are met during the

—p1—P2 —P3 —Pa—PL = -Pd1 = ~Pdz * Pd3 ~~-Pda ~ “PdL
®p,t =0s
® po,t =0s 15.
p3,t = Os [~ ¢ _ ava
.p4,t:OS 0p1,t—37S
o pa,t = 37s
®pr,t =0s 10 | .
p3,t = 37s
¥*p1,t =12s .
i o pg,t = 37s
% p2,t = 12s
—~ o pL,t = 37s
p3,t = 12s(g B «
= %X p1,t = 50s
¥ pg,t = 1288
% p2,t = 50s
*pr,t = 12s
p3,t = 50s
Ap,t = 25s 0
R X p4,t = 50s
Ap2,t =255 X pr,t = 50s
p3, t = 25s | X Pr, bt = oUS|
Apy,t = 25s 5.
AprL,t = 25s 4 -
2 0 10
y(m) "2 S x(1m)
0
Fig. 5. Trajectories of the quadrotors and the load in 3D space.
g
~— "'de4
3 - ~der |
b O, O
- —44dHiy 3 6dHL
3
'B 0.2 i
0
45 50
0 10 20 30 40 50
Time(sec)
Fig. 6. The profile of the LOS distance tracking errors de; with Qgp;,

i=1,2,3,4, and d., with Qg py..

N de1g = -de1s
de1q = ders
B

40 44 48
0 10 20 30 40 50
Time(sec)

Fig. 7. The profile of the relative inter-quadrotor distance tracking errors
deij with QHij and 7QWij» i,j=1,2,3,4,i #j.

cooperative transportation operation since d.;; always stays
between the constraint functions, —Qw;; and Qg;;. The profile
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Fig. 8. The profile of the attitudes of the payload and the quadrotors, ¢r ,
O, wL, ¢i, 0;, and w;, i =1,2,3,4.
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Fig. 9. The thrust F; of quadrotors, i =1, 2, 3, 4.
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Fig. 10.  Torques 74;, 79;, ty; of quadrotors, i =1,2,3,4.

of the attitudes of the payload and quadrotors, ¢, 6, wi,
¢i, 0;i, and w;, i = 1,2,3,4, presented in Figure 8 shows

that the convergence of the attitudes to their own desired
values despite the lack of model parameters. The thrust
F; subject to saturation and the torques of ¢;, 6; and v,

= 1,2,3,4, are plotted in Figure 9 and 10, respectively.
The sum of thrusts provided by every quadrotor can make
this cable-suspended cooperative system track the reference
trajectory with desired acceleration. The torques can stabilize
the attitude of quadrotors and make the payload to track its
desired angles despite the lack of accurate model parameters.
From the aforementioned discussion, we can now conclude
that the simulation results align with the theoretical results
discussed in Theorem 1 and 2.

VI. CONCLUDING REMARKS

In this paper, we propose a new constrained cooperative
control architecture for load transportation by a group of
UAVs. Multiple user-defined time-varying system constraint
requirements on performance and safety during the operation
are dealt with by the universal barrier function structures.
Control saturation and uncertainties in UAV inertia matrices
are dealt with by employing adaptive estimators. Exponential
convergence of the distance and attitude tracking errors can be
guaranteed. Future research includes experiment verification
of the framework, and mitigation of measurement noise and
environment disturbances during cooperative load transporta-
tion tasks.

APPENDIX
A. System Dynamics
Denote
¥(0) =T""(0)), (66)
from (1) we get
w; = ¥(0,)0;. (67)

Hence, multiply Jl.T on both sides of the third equation in (1),
and substitute (67) into the third equation in (1), the angular
motion dynamics of the UAV can be rewritten as

I3 (¥ (©)8; +¥(0)6)
+ JiTS(\P(@,-)@,-) I¥(©)0; = ITr.  (68)

Now, multiply ¥T(®;) on both sides of (68), we can get

M;i(©)0; + Ci(0;,0,)0; = ¥1(0,)/ s, (69
where
M;(©;) = Y1 (©) I 1¥(0)), (70)
Ci(61, 0) = ¥(©)JS(¥(©)6;) /¥ (©))
+¥1(0) 1 1 ¥(0)). (71)

It is easy to verify that M;(®;) is symmetric and positive
definite, and for any x € R3,

xT(Mi (©;) — 2Ci (0, é)i))x —0.
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In a similar way, for the payload we can also obtain
ML(®L)OL + CL(OL, 61)0,

N
=¥T(OL) ] D Sti)(~Ten,

(72)
i=1
where
ML(®L) = ¥T(OL) ] 1LY (OL), (73)
CL(®L, 61) = ¥T(OLS(¥(0L)6L) 1L ¥ (1)
SR ACHYARICH) (74)

B. Step 4 of Backstepping Design
Taking derivative of V41 leads to
) 1o . N )
VaL = EZILMLZ4L + iy, (ML®L - MLOC@L)
N
=z (‘PEJ]T > Si)(Taieai — Tier)
i=1
N
+ LD S (—Tarear) — Midor — CL(Z@L),
i=1
(75)
where %zIL(ML — 2C1L)z41, = 0. Under Assumption 2 and
Lemma 1, from (75) we have

N
2 YL D St (Tuieai
i=1

— Tie;)

llzar|?

b
2 2
VllzaLll® +&f,

where dy;. > 0 is an unknown constant bound. Furthermore,
using the notation definitions in (73), we can obtain the
following

< llzaLlldoL < eLdoL + oL (76)

zi (~MLéeL — CLaeL)

—za YL (‘I’Ld@L + \i"LO‘@L)

— 2 PES(PLOL) L PLaeL

< llzar L] ||JL||2(||\PL(5‘G)L + YLoeLll

+IS(¥LOL) I LaoL )

A

llzaL?EL2

eLqL + (L ,
JIzaLPEL? + &

where (. £ ||JL||? is unknown, and Z £ ||‘I—‘L||(||‘I’Ld@L +

PLao |+ IS(¥LOL)WLaoL ) is known,

(77)

C. Step 5 of Backstepping Design
From (21) and (27), we have
Tareqi

L B - B _ [RiLFau (78)
S(r1) S(r2) -+ S(ra) Mg |’
P
where P has full row rank under Assumption 4.

Tanedan

D. Step 6 of Backstepping Design

The derivative of V| with respect to time leads to

Z(Ve, + Z Veij)

Jj= 1/#1
= Z(’?eiﬁei + z Meij ﬁeij)~ (79)
i=1 j=1,j#i
First we examine the dynamics for #e; (i = 1, -+, N).
From (15), we have
Ofei - ONei -
R Q i d.:
Nei oQun: dHi + odu; ei
onei 1 . onei 1 .
= adel. o (i — xai)%i + ﬁel-f(yi — Ydi)Yi
el el el el
0nei 1 .
0 — 2 — & (80)
(57 €l
where
onei 1 . 7’]ez .
A
= odu; dez( — Xdi)Xdi + oda; dez( — Ydi)Vdi
0nei 1 . O0Nei
—(zi — zdi)Zdi — Quni
adei dei l ' ' anHl a
Hence for Vo; (i = 1,---, N) we have
. onei 1 onei 1 .
V . .
= Neiz>— odu; dur —(X; — Xdi)Xi + Nei = odu; dez( — Ydi)Vi
0 .
e af;’ (@ = 2 = i (81)
€l (73
Similarly, for Veij (i,j=1,---,N, j#1i) we have
Veij
Oneij 1 0neij 1 .
= Meij ad:lj d—(xi —Xj)xl + 7eij ad:lj d_( i~ yj))’i
ij iy 1
on on .
+ Neij ad:lj d_(Zl Zj)Zl Neij ad:lj _( Xi xj)x]'
ij Ly
neij 1 ) Ofeij 1 .
— Neij ad:lj d_( i =Yy — ﬂeijﬁ;(zl' —zj)Zj
ij dij ij dij
— Neij érel] 5 (82)
where
OMeij OMeij - Oneij -
A eij el J
. A Qi — Qi OQwi:
fetj adeij ij (aQHij Hij + aQWij Wij
a”letj . .
=4 ﬁ_(xdz xd;)(Xdi — Xdj)
eij
on . .
p de” I (vai — ydj)(¥di — Ydj)
eij
on . .
adiﬂ—(ztn 2d;)(Zdi — 2dj)
eij
OMNeij - O0Neij -
(aQHij Hij 0Quwyi; Wij
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E. Proof of Theorem 1
Proof: First of all, from (47), we have

ﬂ)eikll‘ + &7
K1 K1

Vuavi (1) < (VUAVl(O) - (83)
hence Vyayi is uniformly bounded. The boundedness of
Vuavi implies boundedness of #eL, #ei, and #e;;. Hence,
the constraints requirements (11), (12), and (13) are satisfied
during the operation.

Moreover, we have lim sup,_, ., Vuavi = K—l, hence %’7§L <
i—: when t — o0, therefore 71, will converge to the set (48).
Similar relationships hold for #e;, #¢;;, and z3L. Furthermore
boundedness of the adaptive estimates 51L, PJILs [L, 52L, 5 i
Pmi» as well as boundedness of the fictitious error zor, and zp;
(i=1,---,N), can be implied by the boundedness of Vyavi.
The boundedness of these variables implies the boundedness
of the desired cable tension Ty and the control law u;
i=1,---,N).

Next, note that in the range dep. < Qgur and de; < Qgni
i=1,---,N),(11)and (12) give rise to the range for d.;. and
de; given as in (50). Besides, within the range of (13), 7¢;; is
quadratically related to de;;. Hence, satisfying the constraints
(13) means that the relative distance tracking errors de;; will
be confined in the ranges defined by (51). [ ]

F. Step 8 of Backstepping Design

First, we need to extract the reference attitude from the

position control design. Recall that u; = F;Rg;e;, and
from (41) we have
Cpaistaicydi + spdisydi
u; = F; | ¢PdisOaisydi — sedicydi |, (84)
Cehdi COdi

in which we recall that F; is the thrust of the ith quadrotor.
Here, for any designated reference yaw angle wgq; satisfying
Assumption 1, we define

Fi = lluill, (85)
CSUA — U CU
bai = arcsin(ul1 Vai = 4i2 Wdl), (86)
floas |l
bai = arctan(uilcwdi + UiaSYai ), (87)
ui3

where u; = [u,-l, u2, I/t,‘3]T € R3.
Next, taking derivative of ¢q; in (86) and 6y; in (87) with
respect to time yields

. 0ddi . 0ai . 0d; . 0ddi -
Pai = ¢lui1+ gbluiz-l- gblui3+ ¢ll//dia
Oujy ouj ou;3 owdi
: 00q; . 00q; . 8<9dz . 00q4; -

di ouil il U uip2 aul3 Ay Vdi

where u;1, u;2, u;3 are bounded according to Theorem 1, and

wg; and wq; are bounded according to Assumption 1, such

Ofdi  Oddai  Oddai  Ofdi  00ai  00ai  00ui
t;leat the terms Ouj1’ Oujpp’ Ouiz’ Owdi’ Oujy’ Oujn’ ouiz’ and
di

Fya Are all bounded. The result of differentiating u; in (41)
with respect to time can be combined with Theorem 1 to

conclude the boundedness of Uil i;2, and u;3. Therefore, G)dl
is bounded, which satisfies ||@g;|| < @g;, where @g; is an
unknown positive constant. Note that for any v; > 0,

1
®d1 = ”Z?t”(adt ®dl +

= =2, 131131

2

Therefore, we can obtain the result shown in (57).

G. Step 9 of Backstepping Design
The rate of change of V4 is

N
V4 = Zz}i (‘I"Z-TJZ-TTi — Mid(ai — CiOC@i), (88)

i=1

where, for z}i(—M,-d@,- — Cjag;), we can get

T .
23 (=M;oe; — Ciae;)

Vi . . .
—2 W (Wi (K + 5@ — Oun) + Fiaor )

— 2, YT ITS(9:0,) 7 ¥iao;

A

. V; .
< zas I 119517 (1ol + (K + 5) ¥4

. - V;
+ISCE O ¥itor | + Ourl|(Ksi + )W)

2202

- - llz4i I~ Ei

< &{i +Ciﬁ,
lz4i 1 Ei* + &

(89)

where & 2 ||Ji|I?(0 + BOg) is unknown, and Z;

II‘PiII(II‘Pia@iII + 1(K3i + 5) W0l + [S(¥iO) || ¥iaeill +
(K3 + g)trfin) is known.

(>

H. Proof of Theorem 2
Proof: First of all, (64) leads to

02

2\ _
Vuava(t) < (VUAVZ(O) - Q—)e R (90)
KD KD
hence Vyav2 is uniformly bounded.
Next, we have lim sup,_, ., Vuav2 = i—, hence %z%i < i—;

when ¢ — oo, therefore z3; will converge to the set (65). Fur-
thermore, boundedness of the adaptive estimates p; and 4:,-, as
well as boundedness of the fictitious error z4; (i = 1,--- , N),
are now apparent since Vyay2 is bounded. Therefore, it is
straightforward to prove the boundedness of the torque laws
(58) and (59), as well as adaptive laws (60) and (61). [ |
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