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A B S T R A C T 

We investigate the time-varying electromagnetic emission of a low-mass-ratio supermassive black hole binary (SMBHB) 
embedded in a circumprimary disc, with a particular interest in variability of shocks driven by the binary. We perform a 
2D, locally isothermal hydrodynamics simulation of an SMBHB with mass ratio q = 0.01 and separation a = 100 R g , using 

a physically self-consistent steady disc model. We estimate the electromagnetic variability from the system by monitoring 

accretion on to the secondary and using an artificial viscosity scheme to capture shocks and monitor the energy dissipated. The 
SMBHB produces a wide, eccentric gap in the disc, previously only observed for larger mass ratios, which we attribute to our 
disc model being much thinner ( H / R ≈ 0.01 near the secondary) than is typical of previous works. The eccentric gap drives 
periodic accretion on to the secondary SMBH on a time-scale matching the orbital period of the binary, t bin ≈ 0 . 1 yr , implying 

that the variable accretion regime of the SMBHB parameter space extends to lower mass ratios than previously established. 
Shocks driven by the binary are periodic, with a period matching the orbital period, and the shocks are correlated with the 
accretion rate, with peaks in the shock luminosity lagging peaks in the accretion rate by 0.43 t bin . We propose that the correlation 

of these quantities represents a useful identifier of SMBHB candidates, via observations of correlated variability in X-ray and 

ultraviolet monitoring of active galactic nuclei, rather than single-waveband periodicity alone. 

Key words: accretion, accretion discs – black hole physics – hydrodynamics – shock waves. 
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 INTRODUCTION  

ince most galaxies are host to a supermassive black hole (SMBH;
ormendy & Ho 2013 ) and galaxy mergers are a regular occurrence

Lotz et al. 2011 ), it is expected that there should exist a population
f post-merger galaxies containing a supermassive black hole binary 
SMBHB; Begelman, Blandford & Rees 1980 ). These binaries are a 
ecessary precursor to SMBH mergers, and both binaries and merg- 
rs are sources of gra vitational wa ves (GWs) which may be detected
y pulsar timing array (PTA) collaborations and the upcoming Laser 
nterferometer Space Antenna ( LISA ) mission (Amaro-Seoane et al. 
017 ), respectively. While there is no conclusive detection yet for a
ontinuous-wave GW signal of an individual binary (Arzoumanian 
t al. 2023 ; Antoniadis et al. 2023a ; Agazie et al. 2023c ), several
TA collaborations have recently reported detection of a nanohertz 
ra vitational wa ve background (GWB), consistent with what would 
e produced by a population of SMBHBs (EPTA Collaboration 2023 ; 
u et al. 2023 ; Agazie et al. 2023a , 2023b ; Reardon et al. 2023a ;
ntoniadis et al. 2023b ; Reardon et al. 2023b ). 
These disco v eries and future continuous-wave GW detections of 

ndividual binaries can best be used for astrophysical inference when 
ombined with electromagnetic (EM) observations, necessitating the 
evelopment of methods for identifying and studying candidate 
 E-mail: kwhitle@umich.edu 
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MBHBs with EM data alone. At wider separations, candidate 
ultiple-SMBH systems can be identified through spatially resolving 

hem (down to ∼1 kpc; Komossa et al. 2003 ; Comerford et al.
012 ; Blecha, Loeb & Narayan 2013 ; Foord et al. 2019 ), through
 I absorption lines with different Doppler shifts implying the 
resence of a second relativistic jet (down to approximately a few pc;
odriguez et al. 2009 ; Tremblay et al. 2016 ; Bansal et al. 2017 ), or

hrough identifying spectrally distinct broad line emission regions 
down to ∼0.1 pc; Eracleous et al. 2012 ; Runnoe et al. 2017 ).
o we v er, at the v ery close ( �1 pc) separations most rele v ant to
ultimessenger studies with GWs, we rely on searches for active 

alactic nuclei (AGNs) with periodically modulated light curves 
Graham et al. 2015 ; Liu et al. 2019 ; Chen et al. 2020 ; Liu et al.
020 , among others). Unfortunately, even single-SMBH AGNs are 
ntrinsically variable sources, such that distinguishing periodicity 
rom stochastic variability requires observing man y c ycles of the
ypothetical period (Vaughan et al. 2016 ). It is important, then, to
nderstand the properties of binary-induced EM periodicity which 
istinguish it from other sources of AGNs variability. 
A great deal of numerical simulations have been performed to 

nderstand the nature of SMBHB variability and evolution, investi- 
ating trends with binary mass ratio, separation, and eccentricity, 
s well as with disc temperature and viscosity (MacFadyen & 

ilosavljevi ́c 2008 ; D’Orazio, Haiman & MacFadyen 2013 ; Farris
t al. 2014 , 2015 ; D’Orazio et al. 2016 ; Tang, MacFadyen & Haiman
017 ; Tang, Haiman & MacFadyen 2018 ; Moody, Shi & Stone 2019 ;
is is an Open Access article distributed under the terms of the Creative 
h permits unrestricted reuse, distribution, and reproduction in any medium, 
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uffell et al. 2020 ; Tiede et al. 2020 ; D’Orazio & Duffell 2021 ;
erdzinski et al. 2021 ; Westernacher-Schneider et al. 2022 ). 
The vast majority of the existing literature has used a locally

sothermal equation of state, with accretion rate on to the binary
omponents being used as the proxy for EM v ariability. Ho we ver,
ang, Haiman & MacFadyen ( 2018 ) have shown in a non-isothermal
imulation that shock-heating of the cavity wall produces significant
eriodicity at high energies. This shock-induced periodicity can still
e monitored in locally isothermal simulations via shock capturing,
s binary-induced shocks are still present and dissipating energy,
ffering a second proxy for EM variability to analyse alongside
ccretion rates. 

A particularly interesting case to examine is low- q SMBHBs. The
ajority of galaxy mergers are unequal-mass, and thus are expected

o produce unequal-mass SMBHBs, with the caveat that smaller
Hs are likely to form binaries less efficiently . Additionally , there
re other proposed formation channels for low- q SMBHBs, such as
he presence of low-mass (10 2 –10 4 M �) SMBH seeds (Bellovary
t al. 2011 ), in situ growth of stellar mass BHs to intermediate
ass black hole (IMBH) masses in the disc (McKernan et al.

012 ), and disruption of IMBH-hosting globular clusters (Fragione &
apuzzo-Dolcetta 2016 ; Arca-Sedda & Gualandris 2018 ; Fragione,
insburg & Kocsis 2018a ; Fragione et al. 2018b ; Rasskazov et al.
019 ). Ho we ver, it has been found previously that accretion on to
he binary components becomes steady for q < 0.05 (D’Orazio et al.
016 ). It is of interest, then, to determine whether periodic shocks
lso vanish for low- q SMBHBs, or whether the parameter space for
M-variable SMBHBs extends to lower mass ratios than previously
stablished. 

In this work, we perform a 2D hydrodynamic simulation of a
 = 0.01 SMBHB and examine its implied variable electromagnetic
roperties via monitoring of both accretion and shocks. Shock
apturing is performed using an artificial viscosity to both identify
hocks and calculate the energy dissipated by them (Von Neumann &
ichtmyer 1950 ). Further, we relax the common assumption of
onstant disc aspect ratio in fa v our of a physically self-consistent
isc model in order to better reproduce the real environments of
hese systems. 

This paper is organized as follows. In Section 2 , we describe the
imulation set-up, including the models used for the disc, gravity,
ccretion, and shock capturing. Section 3 presents our analysis of
he disc dynamics and morphological evolution and our monitored
ccretion rate and shock outputs. We discuss the implications of these
esults in Section 4 , in particular the dynamical and morphological
ifferences from past works at this mass ratio (Section 4.1 ) and
M observables (Section 4.2 ). Section 5 summarizes our findings.
ppendix A provides a deri v ation for the disc model used in this
ork. 

 METHODS  

n this section, we describe the set-up of the numerical simulation
erformed for this work. We re vie w the initial conditions used for
he system, the physics included in the simulation, and methodology
or monitoring accretion and shock dissipation, which will serve as
roxies for electromagnetic variability in our analysis. 

.1 FARGO3D 

he simulations run for this work were performed on a two-
imensional, Eulerian, cylindrical grid using the FARGO3D code
NRAS 527, 6569–6580 (2024) 
Ben ́ıtez-Llambay & Masset 2016 ). FARGO3D solves the hydrody-
amics equations 

∂ � 

∂ t 
+ ∇ · ( � v ) = 0 , (1) 

 

(
∂ v 
∂ t 

+ v · ∇v 
)

= −∇ P − �∇ � + ∇ · �, (2) 

here � is the surface density, v is the fluid velocity, P = �c 2 s is
he isothermal pressure with c s the isothermal sound speed, � is the
ravitational potential, and � is the viscous stress tensor. We use
ARGO3D ’s built-in α-prescription to set the viscosity as ν = αc s H
Shakura & Sunyaev 1973 ), where H is the local scale height of the
isc. 
For the transport step in the azimuthal direction, FARGO3D employs

he FARGO orbital advection algorithm (Masset 2000 ), which greatly
ncreases the solution accuracy and allowable simulation time-step
or systems dominated by rotation, such as accretion discs. 

.2 Disc set-up 

ur simulated domain is that of a disc centred on a primary SMBH
ith mass M 1 = 10 8 M � and extends from R min = 10 R g to R max =
000 R g , where R g = GM 1 / c 2 is the gravitational radius of the primary
MBH. The secondary SMBH has mass M 2 = 10 6 M � and is placed
t a separation a = 100 R g from the primary, resulting in a binary
rbital time-scale t bin ≈ 0 . 1 yr . We use the torque-free boundary
onditions described by Dempsey, Lee & Lithwick ( 2020 ) for our
nner boundary, including the use of the de Val-Borro et al. ( 2006 )
a ve-killing prescription, b ut allo w outflo w at the outer boundary
ith no wave-killing. 
The initial conditions of the disc are derived from the steady disc

quations (Frank, King & Raine 2002 ), 

ρ = �/H ; 

H = c s R 
3 / 2 / ( GM ) 1 / 2 ; 

c 2 s = P /ρ; 

P = 

ρk B T c 

μm p 
+ 

4 σ

3 c 
T 4 c ; 

4 σT 4 c 

3 τ
= 

3 GM Ṁ 

8 πR 
3 

[ 
1 −
(

2 R g 

R 

)1 / 2 
] 

; 

τ = �κR ( ρ, T c ) = τ ( �, ρ, T c ) ; 

ν� = 

Ṁ 

3 π

[ 
1 −
(

2 R g 

R 

)1 / 2 
] 

; 

ν = ν ( ρ, T c , �, α, ... ) , 

⎫ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎬ 

⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎭ 

, (3) 

here ρ is the gas density, � is the surface density, H is the scale
eight, c s is the sound speed, R is the radial distance from the central
bject, M is the mass of the central object, Ṁ is the accretion rate
hrough the disc, P is the total pressure, T c is the temperature at the
isc midplane, ν is the viscosity, τ is the optical depth, and κR is
he Rosseland mean opacity, which throughout this work is assumed
o be dominated by electron scattering, κR ≈ κe = 0.4 cm 

2 g −1 . We
hoose an α-viscosity, ν = αc s H (Shakura & Sunyaev 1973 ), and
ntroduce a prescription for the scale height in order to control where
he disc transitions from radiation-dominated to gas-dominated and
he proportionality of H to r in the gas-dominated region: 

 ( r) = h ( r) d( r) 1 / 2 ; (4) 
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Figure 1. The initial conditions used for the simulation, calculated from the disc model described in Section 2.2 . The vertical dotted line on each panel shows 
the position of the secondary SMBH. For H / R ( solid purple ), H r / R ( dashed orange ) and H g / R ( dotted magenta ), where H 

2 
r ≡ P r / ( �
2 

K ) and H 
2 
g ≡ P g / ( �
2 

K ), 
are also plotted to illustrate the relative contributions of radiation and gas pressure, respectively, throughout the disc. 
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 ( r) ≡ 3 

2 

GM �
ηc 2 

m ̇m 

[ 
1 −
(

2 R g 

R 

)1 / 2 
] 

, (5) 

( r) ≡
⎡ 
⎣ ( r 

r c 

)2 k 

+ 

1 

2 

⎛ 

⎝ 1 + 

√ 

1 + 4 

(
r 

r c 

)2 k 
⎞ 

⎠ 

⎤ 
⎦ . (6) 

ere, m ≡ M / M � is the mass of the central object in units of solar
asses, r ≡ R / R g is the radial coordinate in units of gravitational

adii ( R g ≡ GM / c 2 ), and ṁ ≡ Ṁ / Ṁ Edd is the accretion rate in units
f Eddington, where Ṁ Edd ≡ 4 πGMm p / ( ησT c ) with m p being the
ass of a proton, σ T the Thomson cross-section, and η ≡ L/ ( Ṁ c 2 )

he accretion efficiency. The parameters r c and k set, respectively, the 
adius at which the disc pressure transitions from radiation to gas-
ominated and the power-law slope of H in the gas-dominated region 
i.e. H ∝ r k far from the central object). With these prescriptions for
and H in hand, we are able to solve the system in equation ( 3 ) for

he surface density and sound speed distributions, 

( r ) = 

16 

27 

m p 

σT 
ηα−1 ṁ 

−1 r 3 / 2 

( 

1 −
√ 

2 

r 

) −1 

d ( r ) −1 , (7) 

 s ( r) = 

3 

2 
c η−1 ṁ r −3 / 2 

( 

1 −
√ 

2 

r 

) 2 

d ( r ) 1 / 2 . (8) 

A full deri v ation of these expressions [equations ( 4 )–( 8 )] can be
ound in Appendix A . For this work, we use α = 10 −2 , ṁ = 10 −1 ,
= 10 −1 , r c = 300, and k = 1. Fig. 1 shows the surface density,

emperature, and scale height distributions calculated from equations 
 7 ), ( 8 ), and ( 4 ) for our initial conditions. Note that throughout
his deri v ation we consider P = P gas + P rad , the sum of the
as and radiation pressures. The resulting c s ( r ) from equation ( 8 )
sed in our simulation is then an ef fecti ve isothermal sound speed
hich includes the contributions from both the gas and radiation 
ressure. 
The simulation is run on a cylindrical grid of N r = 2560, N θ =

493 cells. The radial spacing of the grid is logarithmic, with 
 R / R = 0.0018. This is chosen in order to resolve the 2:1 eccentric

orotation resonance (ECR), which is necessary to correctly capture 
he evolution of eccentricity in the disc (Teyssandier & Ogilvie 2017 ). 
.3 Gravity 

he regions of interest to this work, namely the secondary’s minidisc
nd the gas comprising and surrounding the gap, are non-relativistic, 
nd so we use a purely Newtonian potential for each black hole. We
pply a softening length based on the local disc scale height, giving
ach black hole a potential of the form 

 i = 

GM i √ 

r 2 i + ξ 2 H 
2 
, (9) 

here M i is the mass of black hole i , r i is the distance between black
ole i and the point of interest, H = c s / 
K is the disc scale height
t that point, with 
K the local Keplerian angular velocity, and ξ is
 constant parameter controlling the magnitude of the softening. We 
hoose ξ = 0.6, following from considerations made by Duffell & 

acFadyen ( 2013 ). The calculations do not include the self-gravity
f the disc, as the disc is much less massive than the secondary SMBH
 M disc / M 2 ∼ 0.04). The mass of the secondary is increased from 0
o M 2 o v er the first 20 orbits of the simulation in order to soften
purious waves generated by the introduction of this asymmetry to 
he initially symmetric system. 

We set the binary on a fixed, circular orbit. The disc is less massive
han the secondary SMBH and so torques from the surrounding gas
re not expected to significantly alter the orbit o v er the duration of
he simulation (verified in Section 4.3 ). Likewise, we do not expect
ignificant orbital evolution due to the emission of gravitational 
aves. We can demonstrate this by calculating the ratio of the

imulation time to the gravitational inspiral time (Peters & Mathews 
963 ), 

t sim 

t GW 

= 

512 π

5 
N orb ̃  r 

−5 / 2 q(1 + q) 1 / 2 (1 − f 4 sep ) 
−1 , (10) 

here N orb = 10 3 is the number of orbits in the simulation, ˜ r = 10 2 

s the initial separation in units of R g , q = 10 −2 is the mass
atio, and f sep is the fraction of the initial separation to which the
rbit decays. For a small decay to f sep = 0.99 and our binary
arameters, this ratio is below unity, indicating that the orbit will
ecay by < 1 per cent of the initial separation o v er the course of our 
imulation. 
MNRAS 527, 6569–6580 (2024) 
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.4 Accretion model 

he purpose of including accretion of gas on to the secondary SMBH
s twofold: first, the removal of gas from the minidisc is a natural part
f the disc accretion flo w, pre venting spurious buildup of material at
he location of the secondary; second, the mass accretion rate of an
-disc is directly linked to its radiative emission, so monitoring this
roperty allows an estimation of the minidisc’s luminosity o v er time.
he secondary remo v es gas from within an accretion radius r accr =
.5 r hill , where r hill = a ( q /3) 1/3 is the Hill radius of the secondary, on
n accretion time-scale, t accr . t accr varies as a function of distance r
rom the secondary SMBH, based on the viscous time-scale for our
isc model, 

 accr = 

4 

9 

GM �
c 3 

η2 α−1 m ̇m 
−2 r 7 / 2 

( 

1 −
√ 

2 

r 

) 2 

d ( r ) , (11) 

here we use the same values as in our initial conditions for all
arameters except that m = 10 6 and r is now measured in gravitational
adii of the secondary. A disc-like accretion time-scale such as
his steeply increases with distance from the central body, causing
ccretion to be dominated by the inner parts of the minidisc and
elati vely insensiti ve to the specific value of r accr chosen. 

The fraction of mass remo v ed from cells within r accr is computed
s 

 accr = 

�t 

t accr 
, (12) 

here � t is the simulation time-step. We monitor mass, momentum,
nd angular momentum accreted on to the secondary, binned o v er
very 10 −3 t bin . 

.5 Shock capturing 

or shock capturing and characterization, we adapt FARGO3D ’s von
eumann–Richtmyer artificial viscosity (Von Neumann & Richt-
yer 1950 ), using the tensor implementation described in appendix B

f Stone & Norman ( 1992 ). This artificial viscosity has the form 

 = 

{ 

l 2 �x 2 �∇ · v [∇v − 1 
3 ( ∇ · v ) e ] , if ∇ · v < 0 

0 , otherwise , 
(13) 

here � x is the zone size, ∇v is the symmetrized velocity gradient
ensor, e is the unit tensor, and l is a parameter controlling the number
f zone widths a shock is spread o v er. In this work, we use l = 5.
he key properties of the artificial viscosity are that it broadens
hocks such that they are resolved on the grid, is sensitive only to
ompressi ve flo ws ( ∇ · v < 0), and is large inside shocks, but small
lsewhere. 

In this work, we estimate the EM radiation emitted by shocks
rom the energy dissipated by the shock capturing scheme, ∂ e/ ∂ t =
Q : ∇v . This estimate assumes that shock energy is radiated

fficiently, such that the thermal energy escapes the disc and does not
ignificantly contribute to heating the gas on long enough time-scales
o affect the disc evolution. 

For the range of typical shock Mach numbers in the simulation
 M � 10), the thermal time-scale due to radiati ve dif fusion t diff =
 
2 (3 C p /16 σ )( ρ2 κR / T 3 ) (Kippenhahn & Weigert 1990 ), with C p the

pecific heat at constant pressure, is less than t bin in the region of
nterest R < 300 R g , supporting this assumption. 

Like the accretion monitoring, we bin the shock emission o v er
very 10 −3 t bin . The Hill sphere of the secondary is excluded from
he analysis of this monitoring. 
NRAS 527, 6569–6580 (2024) 
 RESULTS  

n this section, we present outputs from the simulation as well as
ur analysis of the dynamics and of the accretion rate and shock
issipation, which stand in as predictors of the electromagnetic
ariability of the system. When indicated, we restrict our analysis
o simulation outputs after the system has reached a quasi-steady
tate, when t > 700 t bin , the angular momentum deficit (AMD) has
aturated, and the r > a shock luminosity and average accretion rate
n to the secondary have plateaued. 

.1 Disc morphology and dynamics 

n contrast to previous works at this mass ratio, we find that a q =
.01 binary is able to sustain a lopsided gap in the disc. In Fig. 2 ,
e show snapshots of the disc surface density at various times and
 v erplot ellipses showing the orbits taken by gas in the disc. The
llipse-fitting procedure is based on that of Teyssandier & Ogilvie
 2017 , see their §4). First, we calculate orbital elements for each cell
n the simulation: the semimajor axis a , eccentricity e , and argument
f pericentre ω . We then bin cells by semimajor axis and average the
rbital properties of cells in the bin to obtain an o v erall fit to the orbit
or a given value of a and bin width δa . Throughout this analysis, we
se a bin width of δa = 1.0 R g . 
The eccentricity of the disc can be seen to grow o v er time and, as

as done by Teyssandier & Ogilvie ( 2017 ), we measure this growth
ate using the disc’s angular momentum deficit, 

MD = 

∫ R out 

R in 

∫ 2 π

0 
�R 

2 

(

1 −
√ 

1 − e 2 
)

R d R d φ, (14) 

hich is shown in Fig. 3 . Similar to Kley & Dirksen ( 2006 ) and
eyssandier & Ogilvie ( 2017 ), we observe an early relaxing phase
here the gap is opened, followed by an exponential growth phase
f the eccentric mode, and, finally, saturation. The saturation of the
MD indicates the settling of the large-scale dynamics of the system

nd coincides with the settling of behaviour in other monitored
uantities (see Section 3.2 ), moti v ating our use of it as an indicator
f reaching a quasi-steady state. 
Fig. 4 shows the time-averaged eccentricity profile of our disc at

he end of the simulation, both in terms of the radial coordinate of
he simulation, r , and the semimajor axes, a , of the gas orbits. The
ap edge, at approximately r , a = 200 R g , reaches an eccentricity
f 0.25, larger even than the e ≈ 0.1–0.2 measured for higher mass
atios in past works with hotter discs (MacFadyen & Milosavljevi ́c
008 ; Farris et al. 2014 ). 
It can also be seen from Fig. 2 that the eccentric gap is precessing.

sing the same orbit-fitting as was used to produce the orbital
ontours shown in Fig. 2 , we calculate the rotation angle of the a =
00 R g ellipse, corresponding to the gap edge, o v er time. From this,
e obtain a precession time-scale of ∼1.41 × 10 3 t bin , comparable

o the ∼3.85 × 10 3 t bin calculated from the linear theory developed
y Teyssandier & Ogilvie ( 2016 ). 
Fig. 5 shows the time-averaged torque density, defined in Mac-

adyen & Milosavljevi ́c ( 2008 ) as 

d T 

d r 
= −2 πR 

〈
� 

∂ � 

∂ φ

〉
, (15) 

nd integrated torque, T ( r) = 

∫ r 
0 ( d T / d r ) d r , of the secondary

MBH acting on the disc, averaged over 50 t bin . The strongest
eak in the torque density occurs near r = 2.5 a , coinciding with
he peak in the surface density distribution of the disc. Beyond
his, the torque density quickly decays to oscillations about zero.
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Figure 2. Snapshots of the gas surface density o v er time. The white circle indicates the extent of the secondary SMBH’s Hill sphere, and the black ellipses 
show fits to the orbits taken by gas in the disc, with the circles on each ellipse indicating pericentre for that orbit. The snapshot at t = 1000 t bin includes a 50 R g ×
50 R g inset showing the minidisc and accretion streams, with the colourbar rescaled to span 3–3 × 10 3 g cm 

−2 to better highlight the structure in this region. 
The snapshot at t = 450 t bin has dashed lines showing the boundaries used in the torque analysis in Section 3.1 . Early on, the gap opened by the secondary is 
circular, but interactions with the binary subsequently drive rapid eccentricity growth, which saturates between 400–500 t bin . The orientation of this eccentric 
gap precesses relative to the binary over long time-scales. 
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he total torque experienced by the disc is positive, with T ( ∞ )
7.89 × 10 50 g cm 

2 s −2 . The reciprocal torque of the disc on the
econdary is thus ne gativ e, serving to shrink the binary separation
n a time-scale t T = M 2 a 2 
BH2 / T ( ∞ ) = 3.62 × 10 6 t bin . This is
ubstantially longer than the runtime of the simulation, but much 
horter than the time-scales computed for the accretion of momentum 

nd the emission of gravitational waves, implying that the binary’s 
volution is dominated by the gravitational torque of the disc at this
ime. 

We can further explore where this negative torque comes from 

y following a similar procedure to Tiede et al. ( 2020 ) and Mu ̃ noz,
iranda & Lai ( 2019 ). We divide our domain into three regions

ased on the distribution of the torque density shown in Fig. 5 : (1)
n inner region R < 0.7 a , consisting of the inner disc, (2) an outer
egion R > 1.4 a , which includes the entire outer disc, and (3) a gap
egion 0.7 a < R < 1.4 a . It can be seen from the integrated torque
n Fig. 5 that the torque is dominated by the contributions from the
uter disc, with | T out | ≈ 9 | T in | , and, further, that these contributions
ecome negligible past R ∼ 3 a . We plot guides showing each of
hese regional boundaries in the bottom-left panel of Fig. 2 , which
eveals that the outer region 1.4 a < R < 3 a dominating the torque
orresponds to the approximate extent of the o v erdense re gion near
he eccentric gap edge. This is in line with the results of Tiede et al.
 2020 ), who found that the enhanced buildup of material near the
ap edge in cold discs drives the total torque on the binary to be
e gativ e. 

.2 Electromagnetic emission 

he primary aim of this work is to investigate the time-varying
lectromagnetic properties of a low-mass-ratio SMBHB embed- 
ed in a realistic disc. To this end, we have emplo yed tw o k ey
roxies for variable electromagnetic emission generated from the 
ystem: shocks, tracked via dissipation in the artificial viscosity 
Section 2.5 ), and accretion rate on to the secondary (Section 2.4 ),
tanding in for the radiative emission of the minidisc. We find
lear evidence for periodicity in both of these markers, each with a
eriod matching the binary orbital period and a peak-to-trough ratio 
f ∼1.2. 
MNRAS 527, 6569–6580 (2024) 
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M

Figure 3. Total angular momentum deficit between r = 200 R g and r = 

400 R g . The orange box highlights the time during which the AMD grows 
exponentially. Linear fits to the growth rate are plotted for two separate times, 
one during the exponential phase and one immediately after as the AMD 

begins to saturate. These fits are labelled with the corresponding eccentricity 
growth rate, calculated by multiplying the slope of each fit by log (10)/(2 π ×
2), which corrects for the log scaling, the time unit, and the proportionality 
AMD ∝ e 2 , as was done in Teyssandier & Ogilvie ( 2017 ). 

Figure 4. Eccentricity profile of the disc as a function of radial coordinate 
r (solid purple) and semimajor axis a (dashed orange). These profiles were 
time-av eraged o v er 50 t bin from t = 950 t bin to t = 1000 t bin . The peak in 
eccentricity occurs at the approximate location of the gap edge. 
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Figure 5. Torque density (thin purple) and integrated torque (thick orange) 
e x erted by the binary on the disc. Quantities were time-av eraged o v er 50 t bin 

from t = 950 t bin to t = 1000 t bin . The total torque on the disc is positive, 
and thus the reciprocal torque on the binary is ne gativ e, shrinking the binary 
separation o v er time. The disc can be separated into an inner, gap, and outer 
region based on the distribution of the torque density, indicated with the 
v ertical gre y lines at 0.7 a , 1.4 a , and 3 a . The total torque is plainly dominated 
by the contributions of the material near the outer disc edge. 
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.2.1 Shocks 

here are two major modes in which shocks occur in our disc:
piral shocks in the inner disc and shocks at the outer edge of the
ccentric gap, driven by a portion of the gas streams feeding the
econdary being flung back into the gap edge. The behaviour of
hocks in these regions can be observed in Fig. 6 , which shows
he surface density and shock dissipation flux as a functions of
ime and radius through the disc. We see that, in the quasi-steady
tate, the shock dissipation in the inner disc is steady, while the
uter gap edge displays clear repeating shock waves, which map
n to similar behaviour in the surface density. It is these shock
aves in the outer gap edge that dri ve v ariability in the total shock

mission. 
NRAS 527, 6569–6580 (2024) 
We produce a shock ‘light curve’ (Fig. 7 , top left panel) by
onitoring the total energy dissipated by artificial viscosity across

he disc o v er our output time-scale DT = 10 −3 t bin . First, we note
hat the shocks are bright, producing an average luminosity L shock ≈
 . 13 L Edd late in the simulation, with L Edd being the Eddington
uminosity of the primary. For comparison, the unperturbed disc of
ur initial conditions has a luminosity L disc ≈ 0 . 25 L Edd , assuming
n opacity dominated by electron scattering. 

The bottom-left panel of Fig. 7 shows the Fourier transform of
he light curve. There is a clear peak corresponding to the orbital
requency of the binary, with the first few harmonics of this frequency
lso present, but weak. This periodicity is plainly visible in the
oomed-in inset of the light curve itself, where we also note that
he peak-to-trough ratio of the shock luminosity is only 1.17, though
his rises to ∼1.4 when considering emission from r > a only, as
ay be rele v ant if the r < a emission continues decaying to zero on

onger time-scales. 

.2.2 Accretion 

he accretion rate on to the secondary, shown in the top-right panel of
ig. 7 , is highly super-Eddington, ho v ering at around ∼ 130 Ṁ Edd in

he steady state. Enhancement of accretion through the circumbinary
isc and comparable accretion rates on to unequal-mass binary
omponents has also been seen in preceding works such as Farris
t al. ( 2014 ). Enhancement of accretion through the disc is also, in
eneral, e xpected giv en the enhancement of Re ynolds stresses due
o the secondary’s perturbation of the flow. 

The bottom-right panel of Fig. 7 shows the Fourier transform
f the secondary’s accretion rate. Like the shock light curve, the
ccretion rate varies on the orbital frequency of the binary, with
lear but weaker harmonics also apparent. The accretion rate is less
teady from orbit to orbit than the shock light curve, but has a similar
verage peak-to-trough ratio of ∼1.2. The once-per-orbit peaks in
ccretion rate occur when the secondary makes its closest approach
o the gap edge, stripping off material, some of which is accreted
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Figure 6. Azimuthally averaged surface density �̄ (top) and azimuthally summed shock flux F shock (bottom) as functions of time. The left column shows the 
quantities o v er the full simulation, while the right zooms in on 10 orbits during the quasi-steady state to highlight the parallel periodic structure in both quantities. 
The white bar on the left column plots indicates the times co v ered by the right column plots. The inner disc behaviour is steady on short time-scales, while a 
regular pattern is seen in both quantities at the outer edge of the gap ( ∼150–250 R g ), indicating periodic shock waves excited by the binary. Shock dissipation in 
the inner disc gradually decreases o v er the course of the simulation, caused by depletion of surface density in the inner disc as gas is accreted across the inner 
boundary of the domain. 
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n to the minidisc, and the rest of which is flung back into the gap
dge. Similar behaviour is discussed in e.g. D’Orazio, Haiman & 

acFadyen ( 2013 ). 
We also monitored the linear and angular momentum accreted by 

he secondary to consider the resulting evolution of the secondary’s 
rbit and spin, respectively. In the steady state, the secondary accreted 
omentum at a rate � p / t bin = 1.01 × 10 −10 p BH2 , where p BH2 

s the initial momentum of the secondary on its orbit. This net
ccretion torque is positive and therefore acts to increase the binary 
eparation, but its magnitude is very lo w, v alidating our choice
ot to evolve the binary orbit based on the accreted momentum 

uring the simulation. The accreted angular momentum is likewise 
nconsequential. Expressed as a rate of change of the dimensionless 
pin parameter, the secondary SMBH accretes angular momentum 

t a rate � a / t bin = 1.30 × 10 −10 . 

 DISCUSSION  

n this section, we discuss the implications of our results in greater
etail. First, we examine the disc dynamics and why the dynamics 
bserved in this work differ from previous low-mass-ratio SMBHB 
imulations. Then, we discuss our proxies for electromagnetic 
ariability and their implications for observational identification of 
MBHB candidates. Finally, we look at the various torques acting 
n the binary and their implications for the binary orbital evolution. 

.1 Disc dynamics 

revious SMBHB works have found that eccentric cavities as drivers 
f accretion variability are not present at low mass ratios, q < 0.05
D’Orazio et al. 2016 ). Conversely, in this work, with the use of a
elf-consistent disc model for the surface density and scale height, 
e show that such behaviour can be present in mass ratios as low as
 ∼ 0.01. 
At a similar mass-ratio regime, simulations of super-Jupiters 

mbedded in protoplanetary discs also produce eccentric gap sys- 
ems with comparable eccentricity distributions to those in Fig. 4 
Dempsey, Mu ̃ noz & Lithwick 2021 ). They also find that the mass
atio for which eccentricity is excited coincides with the transition 
rom inward to outward migration due to gravitational torques. 
ontrary to this, we are able to develop an eccentric gap while
aintaining an inward migration of the secondary. Whether this 
MNRAS 527, 6569–6580 (2024) 
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Figure 7. Top: Shock dissipation rate summed o v er the disc (left) and accretion rate onto the secondary SMBH (right), shown o v er the full runtime of the 
simulation. The insets zoom in on 10 orbits late in the run to highlight the periodic structure of each quantity. The thin orange curves are mo ving av erages of 
each quantity, taken o v er 10 orbits. F or the shock light curv e, the horizontal dotted line shows, for comparison, the thermal luminosity of the unperturbed disc 
model used for our initial conditions, though we note that the shocks will primarily emit in X-rays, while the thermal luminosity will peak at optical wavelengths. 
The pink and grey curves are, respectively, the shock luminosity from outside and inside the secondary’s orbit, revealing that the variability is dominated by 
regions outside the secondary’s orbit (see also Fig. 6 ) and that the behaviour of shocks in that region have reached a steady state. The thin lilac curve is a 
mo ving-av erage of the r > a shock luminosity, taken o v er 10 orbits. The large, long-duration flare in the shock luminosity between 300 t bin and 400 t bin coincides 
with the exponential growth in gap eccentricity illustrated in Fig. 3 . Bottom: Fourier transforms of the shock light curve (left) and accretion rate (right). Only 
data from after the system reached a quasi-steady state around ∼700 t bin were included in these calculations. Both quantities exhibit clear periodicity on the 
orbital time-scale of the binary. 
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ecoupling of the two phenomena is due to our disc being much
hinner than the thinnest H / R tested in Dempsey, Mu ̃ noz & Lithwick
 2021 ), our H / R being non-uniform throughout our domain, or some
ther difference in the two set-ups is an interesting question, but
eyond the scope of the present investigation. 
The greatest difference between the disc in this study and those

f preceding works is the disc model used for our initial conditions.
n particular, our disc aspect ratio H / R varies with radius and is, in
eneral, much thinner than the constant H / R = 0.1 discs common
n the literature, with the disc having H / R ≈ 10 −2 at the location of
he secondary (see Fig. 1 ). The efficiency of gap-opening depends
n the relationship between opposing torques: the tidal torque,
 tid ∝ ( H / R ) −3 , and the viscous torque T visc ∝ ν ∝ ( H / R ) 2 , which
ork to open the gap and to fill it in, respectively. In a colder, thinner
isc, the tidal torque gets stronger and the viscous torque gets weaker,
eading to wider, deeper gaps and allowing gap-opening to extend to
MBHBs with lower secondary masses (Crida, Morbidelli & Masset
006 ; Duffell 2015 , 2020 ). This phenomenon of wider gaps in colder
iscs has been observed in simulations of equal-mass binaries which
est dif ferent v alues of H / R (Ragusa, Lodato & Price 2016 ; Tiede
t al. 2020 ), and here we demonstrate that this behaviour continues
o lower mass ratios. 

So a colder, thinner disc makes gap-clearing more ef fecti ve. In
learing a deeper gap, the secondary remo v es material near its
rbit, weakening the damping of eccentricity occurring at ECRs,
NRAS 527, 6569–6580 (2024) 
nhancing the ability for the binary to drive eccentricity growth in
he disc (Teyssandier & Ogilvie 2017 ). In summary, thinner discs
re conducive to opening deeper gaps at lower mass ratios, which in
urn drives eccentricity evolution in the outer disc and the consequent
ariable accretion on to the binary. Given that AGNs have discs with
 / R ≈ 10 −2 –10 −3 (Krolik 1999 ), consistent with the disc model
sed in this study, this suggests that the electromagnetic variability
ignatures seen in this and previous works may exist for lower
ass ratios than previously indicated, increasing the population of
MBHB candidates identifiable in observations. 

.2 Variability 

he underlying moti v ation of this work and many other simulations
f SMBHBs is to better characterize the periodic electromagnetic
mission which can differentiate binaries from single-SMBH AGN.
revious works generally find that high-mass-ratio binaries exhibit
eriodic accretion rates, but that accretion becomes steady for q �
.05 (Farris et al. 2014 ; D’Orazio et al. 2016 ; Duffell et al. 2020 ).
he time-scale of accretion variability depends on the mass ratio,
ith lower mass ratios 0.05 � q � 0.25 being modulated only on the
inary orbital time-scale, while at larger mass ratios an o v erdense
ump forms on the gap wall, causing periodic accretion on a time-
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Figure 8. Examination of the timing relationship between shocks and accretion. Left: Shock light curve ( thick purple ) and accretion rate ( thin orange ), each 
normalized by their mean value. Right: Cross-correlation of the shock and accretion ‘light curves.’ The cross-correlation is itself periodic due to both signals 
being periodic, and peaks at a lag of 0.43 t bin . Since the two signals have a period of t bin , this affirms that they are almost fully out of phase with one another, as 
is apparent by eye in the left panel. 
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cale linked to its own orbital time (D’Orazio, Haiman & MacFadyen 
013 ; Farris et al. 2014 ). 
In contrast, we find periodic accretion onto our secondary even 

ith q = 0.01, with a time-scale matching the orbital time-scale 
f the binary. This matches the properties seen for binaries in the
.05 � q � 0.25 regime in these past works, and implies that this
egime may simply extend to lower mass ratios given a thinner disc.

e note that the exact structure of this periodicity is dependent 
n the sink prescription used for the accretion. In the broadest 
ense, the accretion time-scale used determines how quickly the 
inidisc around the secondary is drained. If this time-scale is very 

hort, the minidisc vanishes, and the amplitude of variability is 
agnified, being dependent only on the rate at which material enters 

he accretion zone. For slower sink accretion, where the minidisc 
ersists o v er man y orbits, the minidisc acts as a ‘buffer,’ smoothing
ut the ‘spiky’ events of material being added to the minidisc (see
uffell et al. ( 2020 ) for one investigation of this relationship between

ccretion variability and sink accretion time-scale). Here, we have 
hosen to model the minidisc as a steady α-disc using the same
odel as for our initial conditions, which resulted in a stable minidisc
ith moderate accretion variability. Other disc models, such as an 

ccentric or shock-dominated disc, may be appropriate to consider 
or modelling the sink accretion time-scale, but will likely impact 
he variability seen here primarily by being either faster or slower 
han the time-scale used in this work, resulting in variability which 
s more or less pronounced, respectively. 

Shocks have not been used as a signifier of variable EM emission
n preceding isothermal works, though they have been shown to be 
 source of periodic X-rays in non-isothermal simulations such as 
ang, Haiman & MacFadyen ( 2018 ), implying that shock capturing 
nd characterization is necessary to understand a potentially crucial 
ource of periodic emission driven by the binary. We find from our
hock monitoring scheme that, like Tang, Haiman & MacFadyen 
 2018 ), shocks occur periodically from rejected accretion streams 
triking the gap wall. This periodic shocking, like our variable 
ccretion, occurs on a time-scale equal to the orbital time-scale of
he binary. 

One important caveat to the variability seen in our accretion and 
hocks is that the amplitude is modest, with both proxies peaking 
 10 per cent abo v e their mean. Ho we ver, the time-scale is well
onstrained and short ( t bin ≈ 0 . 1 yr ), allowing man y c ycles of such
 system to be obtained from continued monitoring with ultraviolet 
UV) or X-ray instruments, alleviating the difficulties discussed by 
aughan et al. ( 2016 ) in distinguishing genuine periodicity from

nsufficiently sampled red noise. 
Further still, in Fig. 8 we examine the timing relationship between

he shock light curve and the secondary’s accretion rate via cross-
orrelation and find that they are nearly fully out-of-phase with one
nother, with a timing offset of � t lag ≈ 0.43 t bin between peaks in
he accretion rate and peaks in the shock luminosity. This parallels
he relationship found between the optical light curve and accretion 
ate for a circular binary in the fully adiabatic simulations performed
y Westernacher-Schneider et al. ( 2022 ). This timing offset is poten-
ially valuable as an identifier of SMBHB candidates, as the shocks
an produce X-ray variability (Tang, Haiman & MacFadyen 2018 ), 
hile the minidisc emission will typically peak at UV or longer
avelengths, depending on the mass of the secondary (Shakura & 

unyaev 1973 ). This type of correlated variability across wavebands 
s not expected for red noise, and thus cross-correlation analysis 
etween UV and X-ray monitoring of AGNs could be a valuable
bservational pursuit for identifying candidate SMBHBs. 

.3 Binary orbital evolution 

 recurring point of discussion around SMBHBs is the sign of the
ravitational torque acting on the binary, as this tends to dominate the
volution of the separation prior to the gravitational wave-dominated 
hase. We find that our disc e x erts a ne gativ e torque on the binary,
educing the binary separation o v er time, which matches Duffell et al.
 2020 ), which finds that the torque is ne gativ e for mass ratios below
 ∼ 0.05, albeit for a much warmer disc with constant H / R = 0.1.
he majority of the ne gativ e torque can be attributed to the build
p of material at the outer edge of an eccentric gap – as seen in
he case of equal-mass binaries in Tiede et al. ( 2020 ) in which this
ffect is greater in magnitude for colder discs that accumulate more
aterial at the gap edge. Conversely, Derdzinski et al. ( 2021 ) find, for

ower mass ratios than ours, that the torque on the binary flips from
e gativ e to positiv e as the disc becomes thinner, though they note that
MNRAS 527, 6569–6580 (2024) 
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he density asymmetry key to determining the gravitational torque is
nresolved, falling within the smoothing length of the secondary in
ome of their simulations. In general, these works and ours suggest
hat the magnitude of this effect is dependent on the specific disc

odel as well as the mass ratio of the embedded binary, likely due
o whether the system leads to the opening of an eccentric gap. A
ystematic study of the gravitational torque o v er a wide range of gap
pening scenarios is an interesting avenue for future investigation. 
While not explored in this work, it is expected that, just as

he binary excites eccentricity in the disc, the disc should excite
ccentricity in the binary orbit. There are several works which have
xplored the case of eccentric binaries (Miranda, Mu ̃ noz & Lai 2017 ;
’Orazio & Duffell 2021 ) finding that the eccentricity of the binary

ffects the variability of accretion, the morphology and dynamics
f the disc gap, and the evolution of the binary orbit. Franchini
t al. ( 2023 ) have also found that fixing the binary orbit leads to
 v erestimation of the gravitational torque and underestimation of
ccretion torques for equal-mass binaries. Exploring the effects of
ccentric and live binaries in our cold disc model and how these
ompare to the existing warmer disc works is an interesting path for
uture investigation. 

 CONCLUSIONS  

e performed a 2D, locally isothermal hydrodynamic simulation of
 low-mass-ratio ( q = 10 −2 ) SMBHB embedded in a disc with initial
urface density and sound speed profiles derived from a physically
elf-consistent disc model. We monitored the dynamical evolution of
he system as well as two proxies for electromagnetic variability, the
ccretion rate on to the secondary SMBH, and the energy dissipated
y shocks. 
Our main findings can be summarized as follows. 

(i) The binary opens a wide, eccentric gap which precesses on
ong time-scales. This behaviour is seen throughout the literature at
arger mass ratios, but has not generally been observed for q � 0.05.

e attribute this change to our disc model, which is much thinner
han the H / R = 0.1 discs common in the existing literature, and in line
ith the H / R ∼ 0.01–0.001 expected for real AGNs discs. A thinner
isc is both more susceptible to gravitational torques from the binary,
hich open the gap, and experiences weaker viscous torques, which

erve to close it. Wider cavities in thinner discs have been seen in a
ew works which explored changing H / R with q = 1 binaries, and
ere we have shown that this behaviour extends to q = 0.01 binaries.
(ii) We find that accretion onto the secondary SMBH is clearly

ariable, with a period matching the orbital period of the binary
nd a peak-to-trough ratio of ∼1.2. As with the eccentric gap, this
ehaviour was previously not seen for q � 0.05 in works using thicker
iscs. We find, as has been the case in previous works, that the peaks
n the accretion rate occur due to the passage of the secondary near
he o v erdensity at the edge of the gap, stripping off material to feed
he minidisc. This process is necessarily linked to the gap becoming
ccentric. Since we find that a thinner disc leads to eccentricity
t smaller mass ratios than previously seen, it is unsurprising that
ccretion variability follows. Importantly, since real AGN discs are
xpected to be thin ( H / R ∼ 0.01–0.001), we expect that the parameter
pace for which real binaries are variable is wider than has been
reviously established by works with thicker discs. 
(iii) We find that shocks excited by the binary are also periodic,

ith a period matching the orbital period of the binary and a peak-
o-trough ratio of 1.17. Shocks have been found to be an important
NRAS 527, 6569–6580 (2024) 
ource of periodic X-ray emission in non-isothermal works, but have
ot previously been monitored in isothermal simulations. 
(iv) We find that there is a correlated lag between the accretion and

hock light curves. The two quantities are nearly fully out of phase,
ith the shocks lagging behind accretion by 0.43 t bin . This presents
 potential smoking gun for binary candidacy in observations. Since
ccretion tracks the minidisc luminosity, which will typically be
rightest at UV wavelengths, and shocks are seen to be bright in X-
ays, the timing correlation between shock dissipation and accretion
ate implies correlated variability in separate wavebands. Observa-
ions can then be made to search for such correlated variability as
 sign of a possible SMBHB rather than more ambiguous single-
aveband variability. 
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PPENDIX:  DISC  MODEL  

he moti v ation behind the disc model used in this work is to have
 model which is both consistent with the equations describing a 
teady disc as well as intuitively tunable in regards to where gas and
adiation pressure dominate in the disc. For this, we start, as indicated,
rom the equations for a steady disc, as presented in Frank, King &
aine ( 2002 ): 

a . ρ = �/H ; 

b . H = c s 
K ; 

c . c 2 s = P /ρ; 

d . P = 

ρk B T c 

μm p 
+ 

4 σ

3 c 
T 4 c ; 

e . 
4 σT 4 c 

3 τ
= 

3 GM Ṁ 

8 πR 
3 

[ 
1 −
(

2 R g 

R 

)1 / 2 
] 

; 

f . τ = � κR ( ρ, T c ) = τ ( � , ρ, T c ) ; 

g . ν� = 

Ṁ 

3 π

[ 
1 −
(

2 R g 

R 

)1 / 2 
] 

; 

h . ν = ν ( ρ, T c , �, α, ... ) , 

⎫ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎬ 

⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎭ 

, (A1) 

The symbols used throughout these equations are all defined in 
ection 2.2 of the main text. 
F or conv enience, we introduce the convention f ≡ [1 − (2 R g / R ) 1/2 ].
e also take that our disc’s kinematic viscosity is represented by a

onventional α-viscosity, of the form 

= αc s H . (A2) 

Finally, we introduce a parametrization of the scale height H ,
eparating the contributions from gas and radiation pressures: 

 
2 ≡ H 

2 
g + H 

2 
r , (A3) 

here 

 
2 
g ≡ P g 

ρ
2 
K 

, 

 
2 
r ≡ P r 

ρ
2 
K 

. (A4) 

nd 

 g = 

ρkT c 

μm p 
, 

P r = 

4 σ

3 c 
T 4 c . (A5) 

Then, for H r , we have 

 
2 
r = 

4 σ

3 c 
T 4 c ρ

−1 
−2 
K . (A6) 

hen, combining this with equations ( A1 e), ( A1 f), and ( A1 a), we
btain 

 
2 
r = 

3 

8 πc 
κR Ṁ Hf 

= hH , (A7) 

here, for convenience, we have defined 

 ≡ 3 κR Ṁ f / (8 πc) . (A8) 

e note here that far from the central object, where R 
 2 R g , f ≈ 1
nd so, for κR = constant , as is chosen for this work, h also goes to
 constant. Further, when radiation pressure dominates, H ≈ H r ⇒ H r 

h . This combination of facts allows h to be interpreted as a kind
f ‘minimum scale height’ of the disc, whose value is set by the
ccretion rate Ṁ . 
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Squaring both sides of equation ( A7 ) and recalling our definition
f H in equation ( A3 ), 

 
4 
r = h 

2 
(
H 

2 
g + H 

2 
r 

)
. (A9) 

he only positi ve-v alued solution for H r from this is 

 
2 
r = 

h 
2 

2 

(
1 + 

√ 

1 + 4 h 
−2 H 

2 
g 

)
. (A10) 

F ollowing conv ention, we choose to parameterize H g as a power-
aw in R , 

 g ≡ h 

(
R 

R c 

)k 

. (A11) 

ince h ≈ constant at large R, which is where gas pressure domi-
ates, this expression ef fecti vely prescribes H g as a powerlaw of slope
 . R c sets the radius at which H g = h . Since H r ≈ h in the radiation-
ominated region, R c then determines the approximate radius where
he disc transitions from radiation-dominated to gas-dominated. 

Taking this expression for H g , H r now becomes 

 
2 
r = 

h 
2 

2 

⎛ 

⎝ 1 + 

√ 

1 + 4 

(
R 

R c 

)2 k 
⎞ 

⎠ , (A12) 

nd for the total scale height H we obtain 

 
2 = h 

2 d 

(
R 

R c 

)
, (A13) 

here we define 

 

(
R 

R c 

)
≡
⎡ 
⎣ ( R 

R c 

)2 k 

+ 

1 

2 

⎛ 

⎝ 1 + 

√ 

1 + 4 

(
R 

R c 

)2 k 
⎞ 

⎠ 

⎤ 
⎦ (A14) 

From here, we are ready to solve for the properties of our disc. We
tart with surface density by combining equation ( A2 ) with equations
 A1 b) and ( A1 g) to get 

 = 

1 

3 π
α−1 
−1 

K H 
−2 Ṁ f . (A15) 
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We can likewise obtain an expression for the midplane temperature
y combining equations ( A1 e) and ( A1 g), 

 
4 

c = 

9 G 

32 πσ
M Ṁ R 

−3 κR �f . (A16) 

hen, substituting in our expression for � from equation ( A15 ), 

 
4 

c = 

3 G 

32 π2 σ
α−1 κR M Ṁ 
−1 

K H 
−2 f 2 . (A17) 

We obtain the sound speed from combining equation ( A13 ) with
quation ( A1 b), 

 s = 

3 

8 πc 
κR Ṁ 
K d 

(
R 

R c 

)
f . (A18) 

Finally, we choose, for convention, to recast equations ( A8 ),
 A15 ), ( A17 ), and ( A18 ) in terms of r ≡ R / R g , m ≡ M / M �, and
˙  ≡ Ṁ / Ṁ Edd . R g ≡ GM / c 2 is the gravitational radius of the central
bject, M � is the mass of the Sun, and Ṁ Edd ≡ 4 πGMm p / ( ησT c ) is
he Eddington accretion rate of a pure hydrogen gas onto the central
bject with an accretion efficiency η. Taking these definitions and
lso that 
K ≡

√ 

GM/R 
3 , we obtain 

 ≡ 3 

2 

GM �
ηc 2 

m ̇m f , (A19) 

( r ) = 

16 

27 

m p 

σT 
ηα−1 ṁ 

−1 r 3 / 2 

( 

1 −
√ 

2 

r 

) −1 

d 

(
r 

r c 

)−1 

, (A20) 

 
4 

c ( r ) = 

2 c 5 

3 σGM �
κ−1 

R α−1 m 
−1 r −3 / 2 d 

(
r 

r c 

)−1 

, (A21) 

 s ( r) = 

3 

2 
c η−1 ṁ r −3 / 2 

( 

1 −
√ 

2 

r 

) 2 

d 

(
r 

r c 

)1 / 2 

, (A22) 

here r c ≡ R c / R g . Equations ( A19 ), ( A20 ), and ( A22 ) are then,
espectively, the same as equations ( 5 ), ( 7 ), and ( 8 ) presented in the
ain body of this work. 
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