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1. Introduction

For a graph H, the Turan number ex(n, H) is the maximum number of edges in an n-vertex
graph without a copy of H. Keevash, Mubayi, Sudakov and Verstraéte [6] introduced a rainbow
variant of the Turan problem. In an edge-coloured graph, we say that a subgraph is rainbow if
no two of its edges have the same colour. The rainbow Turan number ex*(n, H) is the maximum
number of edges in a properly edge-coloured graph on n vertices which does not contain a rainbow
copy of H. Clearly, ex*(n, H) > ex(n, H) for every n and H. Among other things, Keevash, Mubayi,
Sudakov and Verstraéte [6] proved that if H is non-bipartite then ex*(n, H) = (1 + o(1))ex(n, H)
where the asymptotic value of ex(n, H) is known by celebrated Erdés-Stone-Simonovits theorem.
However, if H is bipartite much less is known. Keevash, Mubayi, Sudakov and Verstraéte [6] showed
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that ex*(n, Cox) = £2(n't/%) for all k > 2, and conjectured that ex*(n, Cox) = ©(n'T1/%). They

verified this conjecture f%r k f {k2, 3} and for general k, Das, Lee and Sudakov showed that for every
+¢i ) log
k > 2, ex*(n, Cy) = O(n % ) where g, — o0 as k — oo. Very recently, Janzer [3] proved the

conjecture by showing that ex*(n, Cor) = O(n'+/%),

It is well-known that a graph on n vertices without any cycle has at most n — 1 edges. It is
then natural to ask how many edges a properly edge-coloured n-vertex graph can have if it does
not contain any rainbow cycle. Keevash, Mubayi, Sudakov and Verstraéte [6] showed that there are
graphs with £2(nlogn) edges that can be properly coloured with no rainbow cycle by colouring
an m-dimensional cube Q as follows. The vertices of Q are subsets of {1,2,...,m} and for any
S C{1,2,...,m}and any i € S, there is an edge between S and S \ {i} of colour i. To see that
Q has no rainbow cycle, consider any cycle C in Q and an edge e from A to A \ {i} of colour i on
C. Observe that there is a subpath of C connecting A \ {i} back to A which does not contain e but
contains at least one other edge of colour i, as A contains the element i. It follows that C is not
a rainbow cycle. Moreover, since 2™ = n, Q has %mn = %nlogn edges, as desired. On the other
hand, Keevash, Mubayi, Sudakov and Verstraéte showed an upper bound of O(n*3). Das, Lee and
Sudakov [1] improved this bound as follows.

Theorem 1.1 (Das, Lee, Sudakov [1]). If n > 0 and n is sufficiently large, then any properly

. 1+ ) )
edge-coloured n-vertex graph with at least ne(°¢™2"" edges contains a rainbow cycle.

Recently Janzer [3] improved the bound in Theorem 1.1 by showing that a properly edge-
coloured graph on n vertices with average degree at least c(logn)* contains a rainbow cycle, for
some constant ¢ > 0. The main result of our paper extends Theorem 1.1 by establishing an
analogous theorem for the family of rainbow subdivisions of the clique as stated below.

Theorem 1.2. For every integer t > 2 there exists a constant ¢ > 0 such that for every integer n > t if
G is a properly edge-coloured graph on n vertices with at least nev1°8™ edges then G contains a rainbow
subdivision of K;, where each edge of K; is replaced with a path of length at most 1300 log? n.

Note that the problem we address here is a “rainbow” instance of a well studied class of problems
that explore edge density conditions forcing the existence of a minor/subdivision of small size.
A well-known result of Mader [10] states that for every integer t, there is a constant c(t) such
that every graph with c(t)n edges contains a K;-minor. Estimates on c(t) have been improved
in [8,15,16]. Fiorini, Joret, Theis and Wood [2] asked the following natural question: how many edges
suffice to guarantee that a graph contains not only a K;-minor, but one which has few vertices?
Addressing this question, Shapira and Sudakov [13] showed that for every ¢ > 0 and t > 3, there
exists np such that every graph on n > ng vertices and (c(t) 4+ €)n edges contains a K;-minor
of order O, (lognloglogn). Montgomery [12] subsequently improved this bound on the order of
the K;-minor to the optimal bound O, ((logn). In confirming a conjecture of Erdds, it was shown
by Kostochka and Pyber [9] that any graph with 4 pi+e edges contains a K;-subdivision of order
O(t? logt/¢). The bound on the order of the K;-subdivision was improved to the optimal O(t?/¢)
by Jiang [4]. Theorem 1.2 is a rainbow version of these results. Our proof establishes an interesting
connection between rainbow Turan problems and expanders, building on the method of Sudakov
and Tomon used in [14].

An overview of the proof

Our method builds on the method used by Sudakov and Tomon in [14] together with some
new ideas. We incorporate the minimality notion commonly used in the study of graph minors
and adapt the notion of “expander” conveniently to our setting (see Definition 2.3). We show that
most of the edges of a sufficiently dense graph can be covered by edge-disjoint expanders. In a
properly edge-coloured expander, from any given vertex v, we can reach almost all of the other
vertices by a rainbow path of poly-logarithmic length avoiding a given set of vertices and colours.
Additionally, the notion of minimality ensures that the set of these “reachable” vertices induces
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most of the edges in the expander (see Lemma 2.7). This additional feature of the expander is used
to show the existence of a common large intersection of reachable vertices for a pair of vertices x
and y in a general graph (not necessarily an expander). Eventually we are either able to join any
pair of vertices by a rainbow path of poly-logarithmic length avoiding a bounded set of colours and
vertices (thus allowing us to build a copy of the desired rainbow K;-subdivision) or find a much
denser subgraph (see Lemma 3.2). We then complete the proof via a density increment argument
as in [14].

Notation and standard tools

Let G be a graph, we denote its vertex set by V(G) and the edge set by E(G), and let v(G) = |V(G)|,
e(G) = |E(G)|. For any subset S of V(G) let e(S) = e(G[S]). Similarly, for two disjoint subsets S and
T of V(G) write e(S, T) = e(G[S, T]). Let d(G) be the average degree of G. For a properly coloured
graph F, let C(F) denote the set of colours used on the edges of F.

Lemma 1.3 (Chernoff bounds, [11]).Given a binomially distributed variable X € Bin(n, p) for all
0 < a < 3/2 we have

a2
P[|X — E[X]| > aE[X]] < 2¢~ 3 EX],
2. Expanders

Definition 2.1. We say that G is d-minimal if d(G) > d, but d(F) < d for every proper subgraph
F CG.

Note that for any graph G with d(G) > d, there exists a smallest subgraph H that satisfies

d(H) > d. Such a subgraph H is a d-minimal subgraph of G. Note also that, by definition, if G is
d-minimal, then it is also d(G)-minimal. We will utilize the minimality notion in two ways. One is
based on the definition, which, roughly speaking, says that any subset of vertices spans at most the
expected number of edges. The other way we utilize minimality is that whenever we delete a set
of vertices we must lose at least the expected number of edges, as stated in the following lemma.

Lemma 2.2. If G is d-minimal, then for every set S C V(G), the number of edges having at least one
endpoint in S is at least d|S|/2, that is

d|s
s) +e(s, 5= .
In particular, 5(G) > g.

Proof. Let S C V(G). Suppose for a contradiction that e(S) + (S, S°) < @. Then

div| _dis| _ d(vi-IsD)
2 2 - 2

a contradiction to the d-minimality of G. O

e(s¢) >

’

Definition 2.3. Given ¢, A € (0, 1) and d > 1, an n-vertex graph G is called a (d, A, €)-expander if
G is d-minimal, and for every subset S C V(G) of size at most (1 — £)n, we have d(S) < (1 — A)d.

Note that by the remarks after Definition 2.1, if G is a (d, A, ¢)-expander then it is also a
(d(G), A, e)-expander. Hence, we will often say let G be a (d, A, ¢)-expander with d = d(G).
Lemma 24. Letn,d > 1andlet A,e € (0, 1). Let G be a (d, A, €)-expander on n vertices. Then every
S € V(G) with |S| < (1 — ¢)n satisfies e(S, S¢) > 21S].
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Proof. Let S C V(G) and let |S| < (1 — &)n. Since G is a (d, A, €)-expander, it is d-minimal by
definition. So by Lemma 2.2, e(S) + (S, §¢) > @ and e(S) = @Bl < @lﬂ. It follows that
e(S, S9) > 2415|, as claimed. O

Lemma 2.5. Let n be a positive integer. Let d, €, A be positive reals where d > 1,¢ € (0, 1) and
A< Zlgj. Let G be a graph on n vertices with average degree d. Then G contains a (d’, A, &)-expander,
with d' > 4.

Proof. Let Go = G. We run the following process for i > 0:

(a) Let d; = d(G;). Let H; be a d;-minimal subgraph of G;.
(b) If H; is a (d;, A, &)-expander, stop. Otherwise, there exists Si.qy < V(H;), with |Siyq1] <
(1 — &)|V(H;)], such that d(S;+1) > (1 — A)d;. Take Giy1 = G[Siy1].

Suppose that the process stopped right after H, was defined; so H, is a (d,, A, €)-expander. Since
[V(Gip1)l < (1 — &)|V(G))| for every i > 1 and |V(G;)| > 1, it follows that (1 — &)n > 1,
implying that £ < ]o_g(‘]’%':) 10%. Since diy; > (1 — A)d; for every i > 1 and dy > d, we have

de>(1-2)d=(1—-r0)d>(1-22d >4 O

=
=

The next corollary says that we can iterate the previous lemma to cover almost all the edges of
any graph by expanders.

Corollary 2.6. Let n be a positive integer. Let d, e, A be positive reals where d > 1,& € (0, 1)
and A < 21;‘"? Let G be a graph on n vertices with average degree d. Then G contains edge-disjoint
subgraphs Gy, G, ..., G such that for each i € [k], G; is a (d(G;), 1, €)-expander, where d(G;) > %
and e(U_,Gi) > (1 — #)e(G).

Proof. Let 7 = {G1, Gy, ..., G} be a maximal collection of edge-disjoint subgraphs such that for
each i € [k], G; is a (d(G;), A, e)-expander, where d(G;) > %. Let G’ be the subgraph of G consisting
of edges not covered by G1, Gy, ..., Gi. If e(G') > ce(G) then d(G') > &d. By Lemma 2.5, G’ contains a
(di+1, A, €)-expander Gyiq with d(Ggsq) = dgq > % contradicting the maximality of F. It follows
that e(G') < e(G), as required. O

Given an edge-coloured graph and some path P in it, we say P avoids a colour c if it does not
contain any edge of colour c. More generally, we say P avoids a set of colours C if P avoids each
colour ¢ € C. Analogously, we say P avoids a vertex v if it does not contain v, and it avoids a set of
vertices F if it avoids each vertex v € F.

Lemma 2.7. Letn, ¢, M > 1 be integers and let d, , A be reals whered > 1and ¢, » € (0, 1). Suppose
that ¢ = f‘“iﬁw and d > M. Suppose that G is a properly edge-coloured (X, d, ¢)-expander on n
vertices, let x € V(G) and let F be a set of at most M vertices and C be a set of at most M colours. Then
there is a set of vertices U such that each vertex u € U can be reached from x by a rainbow path of
length at most ¢ + 1 avoiding C and F, and furthermore,

(i) U] > (1 — &)n, and
(ii) e(G[U]) = (1 — /2 — &)e(G).

Proof. By the remarks after Definition 2.3, we may assume that d(G) = d. For each i > 0, let U;
be the set of vertices reachable from x by a rainbow path of length at most i avoiding C and F. For
each u € U, fix a rainbow path P(u) from x to u of length at most i that avoids C and F.

A

Claim 1. Forany i < ¢, e(Ui1) > (1— %)

diui|
5
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Proof. Write E; = E(U;, Uf), and let E} be the set of edges uw, with u € U; and w € Uf, such that
either the colour of uw appears on P(u) or in C or w € F. Then

; Ad
|Ef| < (i+ 2M)|Uj| < (£ + 2M)|U;| =< 7 Uil (2.1)

Consider an edge uw € E; \ Ef, with u € U; and w e Uf. Then, by definition, P(u) U uw is a
rainbow path from x to w of length at most i + 1, avoiding F and C, so w € Uj,4, implying that
uw € E(U;, Uirq1 \ Uj). It follows that E; \ Ef* € E(U;, U1 \ U;). Hence, for any i < ¢,

diuil  Ad|Uj (1 B &) d|Ui]

e(Ui1) = e(Up) + |E \ 7| = e(Up) +e(Us, Up) — || = —= — —— = 5) 2

where we used Lemma 2.2 and (2.1). This proves the claim. O

)

Claim 2. Leti < €. If [Ui4] < (1 — &)n, then [Uiq] > (14 5)|Uj.

Proof. Suppose that |Uiy1| < (1 — &)n. Since G is a (X, d, ¢)-expander and |Uj1¢| < (1 — &)n, by

definition, we have e(U;1) < “’2”‘1 |Ui11]. Combining this with the lower bound on e(U;, ) obtained

from Claim 1, we get |Ui1q| > %W,-I >(1+ %)IU,-l. O

Suppose that |U,| < (1 — &)n. By iterating Claim 2 we get [U;| > (1+ 5)" > et > elosn 5
a contradiction. This implies that |U,| > (1 — &)n. Now, by definition, Uy, 1 2 Uy, hence |Upy1| >
(1 — &)n and furthermore, by Claim 1,
A\ diU|
e(Ugt1) > (1 - *) 5

5 = (1=2/2)(1 - &)e(G) = (1 - 21/2 — £)e(G),

where in the second inequality we used that |Uy| > (1 — ¢)n and e(G) = dn/2. So it follows that
e(Upy1) > (1 — 1/2 — €)e(G). The lemma holds with U = U, y;. O

3. Proof of Theorem 1.2

Lemma 3.1. Let G be a graph with §(G) >
e(G") = (1 — y)e(G) then v(G') > (1 — 3y )u(G).

%d(G) and G' be a subgraph of G. For any y > 0, if

Proof. Let V = V(G). Let S = V \ V(G'). Suppose for contradiction that |S| > 3y - v(G). The number
of edges in G that have at least one endpoint in S is at least
3(G)IS d(G) 3y -v(G
@ISl _ d©) 3700 _ o
2 3 2
This is impossible since the set of edges of G that are incident with S is disjoint from E(G’) and
e(G) = (1—y)e(G). O
The following is our main lemma of the paper.
Lemma 3.2. Let0 < ¢ < % be a fixed real. For all sufficiently large integers n the following holds. Let

b= gy Let € = [4198"7 Let K, L be positive integers. Let M > L + 12(¢ + 2). Let d be a real that

satisfies d > w. Let G be a properly edge-coloured (d, A, g)-expander, with d = d(G). Suppose G
contains no subgraph on at most g vertices with average degree at least % Then for any two vertices
x,y € V(G), any set C of at most L colours and any set F of at most L vertices in G — {x, y}, there exists
a rainbow x, y-path in G of length at most 4¢ + 4 that avoids F and C.

Proof. Since G is a (d, A, e)-expander, §(G) > d/2 = d(G)/2 by Lemma 2.2. Place each colour used
in G in group 1 or 2 with probability 1/2. For i € {1, 2}, let G; denote the spanning subgraph of
G that consists of edges whose colour lies in group i. Using Chernoff bounds, we can show that,
with positive probability, every v € V(G) satisfies d¢,(v) = (% =+ 0(1))dg(v). In particular, when n is
sufficiently large, one can ensure that
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Claim 3. Fori € (1,2}, we have d(G;) > 1d and §(G;) > 1d(G)).

=3
By Corollary 2.6, for i = 1, 2, G; contains edge-disjoint subgraphs G; 1, ..., G5 such that each
j e lsil, Gij is a (d(Gj;), A, e)-expander with d(G;;) > M > %. and e(UJS,":]Gi,j) > (1 — g)e(G)).

Claim 4. Fori € {1,2}, we have s; < %

Proof of Claim 4. By our discussion, for eachi € {1, 2} andj e {1,...,s;} we have d(G;;)

the assumption of the lemma, we must have v(G;;) > ¢. Hence e(G;;) = %v(G,J) (Gij) =

- G) . This implies that s; < . O

> £
— 6
lﬂ&
2K 6

Let S, denote the set of vertices in G which can be reached from x by a rainbow path of length at
most ¢ + 1 avoiding F and C. Since G is a (d, A, €)-expander and d > 4(%2’\’” and [F|,|C| <L <M,
by Lemma 2.7, |S| = (1 —¢&)n. Let J; = {j € [s1] : V(G1;) N Sy # @}. For each j € J;, fix a vertex
Xj € SxNV(Gy;) and a rainbow path P; from x to x; in G whose length is at most £ + 1 avoiding F
and C. Let Fy == Uj, P;.

Let S, to be the set of vertices in G which can be reached from y by a rainbow path of length at
most £ + 1 avoiding F U V(F;) and C U C(Fy).

Note that since

[FUV(F)], ICUCF)l = L+s1(€+2) <L+ (€+2) =M

and d > w by Lemma 2.7, |Sy| > (1 —¢&)n. Let J, = {j € [52] : V(G2;) NS, # @}. For each j € J5,
fix a vertex y; € Sy N V(G, ;) and a rainbow path Q; from y to y; in G whose length is at most £ + 1
avoiding F U V(F;) and C U C(F;). Let F, = Uj¢j, Q;. Note that

[FUV(F))UV(R)|, [CUCF)UCE) <L+(s1+s2)l+2)<L+ ]i—K(lZ +2)<M. (3.1)

For each j € J;, let Uy j denote the set of vertices in G;; that are reachable from x; by a rainbow
path in Gy j of length at most % +1 < £41 that avoids FUV(F;)UV(F,) and CUC(F;)UC(F,).
For each j € J», let U, j denote the set of vertices in G, j that are reachable from y; by a rainbow path
in Gy of length at most {MW 41 < £+1 that avoids FUV/(F;)UV(F,) and CUC(F,)UC(F, ). For
eachi=1,2,j € Jj, since G is a (d(G;j), 1, e)-expander and d(G;;) > & > %42M by [emma 2.7,
we have

1 |Uijl = (1 — e)v(Gij)

2. e(Gij[Uij]) = (1 = 1/2 — €)e(Gij) = (1 — 2¢)e(Gyj).

Fori= 1,2, let G: = Ujejl.G,-qj[Uf,j].

Claim 5. Fori=1,2, we have e(G]) > (1 — 6¢)e(G;) and v(G}) = (1 — 15¢)n.

Proof. By our discussion above, for eachi € {1, 2}, j € J;, e(G;;[U; ;1) = (1 —2¢)e(G;;). Since the G;'s
are pairwise edge-disjoint, we have
e(G) = Ze(Gi,j[Ui,j]) > (1 —2¢)e(Ujey;Gij)- (3.2)
Jeli
By the definition of J; and J5, V(Ujg,G1;) €
is d-minimal with d = d(G), e(G[V(G) \ S]) <
e(G[V(G) \ Sy]) < ee(G). Hence, for i = 1, 2, e(Y;
(1 —3e)e(G;). By (3.2), we have fori = 1,2

e (G)) = (1 — 2e)e(Ujey;Giy) = (1 — 2&)(1 — 3e)e(Gy) = (1 — 5¢)e(Gy).
By Claim 3, 6(G;) > d( i), so by Lemma 3.1 it follows that v(G}) > (1 — 158)v(G;). O
6

(G)\ Sx and V(Ujg,Gy;) € V(G)\ S,. Since G
[V(G)\ Sx|/2 < den/2 = ee(G) and similarly

1%
d
JG,J) < ¢€e(G) < 3ee(G;) and thus e(UjejiGi,j) >
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By Claim 5 and the fact that ¢ < 40, V(G)) NV(G)) # . Let z be any vertex in V(G) N V(G,).
Suppose z € Uy ; N Uzj By definition, there exists a rainbow path P/ in G; going from x; to z and
a rainbow path Q; in G, going from y; to z, both of which have length at most £ + 1 and avoid
F U V(F;) U V(F,) and C U C(F;) U C(F,). Since Gy, G, are colour-disjoint, and P{ € G, Qj/ C Gy,
C(P))N C(Qj’) = {. Also, since P/ and ij avoid F U F; U F, while P;,Q; € F; UF,, P/ and Qj’ are
colour-disjoint from P;, Q;. Finally, recall that Q; avoids F; and hence C(P;) N C(Q;) = @. Hence,
P;UP/ U Qj’ U Q; is a rainbow walk of length at most 4¢ 4 4 from x to y, that avoids F and C and
hence contains a rainbow x, y-path of length at most 4¢ + 4 that avoids F and C, as desired. O

Corollary 3.3. For every integer t > 2,0 < ¢ < 4 and sufficiently large n the following holds. Let
A= gregn- Let € = [41827 Let L = (5)(4€+4)+t. LetK be a positive integer. Let M > L+12£(¢+2). Let
d be a real that satisfies d > w Let G be a properly edge-coloured n-vertex graph with d(G) > d.
Suppose G contains no subgraph G/ satisfying both d(G') > Q) and v(G) < % Then G contains a

12
rainbow subdivision of K;, where each edge of K; is replaced with a path of length at most 4¢ + 4.

Proof. By Lemma 2.5, G contains a subgraph H which is a (d(H), A, ¢)-expander with d(H) >

We may assume that H does not have a subgraph H’' on at most # vertices with d(H") >
Indeed, otherwise, such a subgraph H' would be a subgraph of G on at most ¢ vertices with

d(H") > @ > 81(2@’ contradicting our assumption about G.

Let S = {x1,...,x:} be any set of t distinct vertices in H. Let A be a maximal collection of pairs
(i,j)with 1 <i <j < t such that there exist paths P;; for (i, j) € A satisfying the following.

d(G)
cddt)
=

1. For each (i,j) € A, Pij is an x;, x;-path of length at most 4¢ + 4 in H such that V(P;;) N
(X1, ..., xe} = {x5, x5}
2. The sets V(P;;) \ {x;, x;} are pairwise disjoint over different (i, j) € A and Uy; j,eaP;; is rainbow.

If A consists of all pairs (i, j) with 1 <i < j < t, then the union of the paths P;; forms the required
subdivision of K; and we are done. Hence, we may assume that there existi,jsuchthat 1 <i<j <t
and (i, j) ¢ A.

Let C be the set of colours used on U ¢)eaPr¢ and let F = V(Uy peaPre) U S \ {xi, X;}. Then
IC|, |F| < (;)(46 + 4) + t = L. Since n is sufficiently large and d(H) > g, we may assume v(H) is
sufficiently large. Also, d(H) > % > w. Hence, by Lemma 3.2, H contains a rainbow x;, x;-path
P;; that avoids C and F and whose length is at most 4¢ + 4. The pair (i, j) could thus be added to A,
contradicting maximality of A. O

Now we are ready to prove Theorem 1.2.

Proof of Theorem 1.2. Lete = 4—10. The choice of ng is not explicit; we assume it is sufficiently large
with respect to t so that various inequalities below hold. .
Choose ¢ = max{+/logng, 2 log( E)}. By our choice of ¢, eZ > 12, We may assume n > ny. Let

A= Let ¢ = [11%"7] Let L = (})(4¢ +4) +t. Let K = | eV™8™ | Let M = L+ 12(¢ + 2). Note

that by our choice of ¢ and ng, we have e2 Vg1 > BlLtaM),

Let G be a properly edge-coloured graph on n vertices with at least nev'°8" edges, so d(G) >
eVlogn et Gy = G. We define a sequence of subgraphs of G as follows. For each i > 0 S g}aose
Go, . .., G; have been defined. If G; contains a subgraph F with d(F) > 5d(G;) and v(F let
Gi+1 = F.If no such subgraph of G; exists then we stop the process. Suppose the process stops when
considering the graph G, so no such subgraph F can be found inside G,. Then 1 < v(Gp) <

logn : £ 12 .
Hence m < logy n < ogevoTT — = J/logn. Also, since ez > = by our assumption, we have

Zlogn

_n
Km*

d(Gn) > ( ° )md(c) > (i)@ecm > e§VioEn.

12 12
By our ch01ce of ¢ and no, we have d(G,) > ezVPE" > BLM) > B¢ X,ZM) where ' =

= [Blosdon)] 1 = ()40 +4)+ 6, M =L + 12’<(e’+2) Also, v(Gp) > d(Gm)
7

v

2log v(Gm) ’



T. Jiang, A. Methuku and L. Yepremyan European Journal of Combinatorics 110 (2023) 103675

eaviogn o ny, and by the definition of Gy, G, contains no subgraph F satisfying both d(F) > 5 d(Gp)
and v(F) < %

So by Corollary 3.3, G, contains a rainbow subdivision of K;, where each edge of K; is replaced
with a path of length at most 4¢ + 4 < 1300 log? n. This completes our proof.

4. Concluding remarks

This paper establishes that a properly edge-coloured graph on n vertices with average degree at
least (ef*/m ) contains a rainbow subdivision of a clique. The proof of Theorem 1.2 in fact explicitly
gives the following slightly stronger result. Given a positive integer t > 2, we call a properly edge-
coloured graph G rainbow t-linkable if for any set of t vertices X1, ..., x; in G there is a rainbow
K:-subdivision with xi, ..., x; playing the role of the t branching vertices. For every t > 2, there
is a constant ¢ such that for every n > t, if G is a properly coloured n-vertex graph with average
degree at least eVIogn then G contains a subgraph H with average degree at least .Q(e%‘/m ) that
is rainbow t-linkable.

After the initial submission of our paper, there has been further improvements on the average
degree that enforces the existence of a rainbow cycle and a rainbow subdivision of a clique. For
rainbow cycles, Janzer’s result was improved first by Tomon [17] to (log n)?*t°(") and by Kim, Lee,
Liu, Tran [7] to 100(log n)?. As for the family of subdivisions of a clique, in a subsequent paper with
Letzter [5] we improved the average degree bound to (log n)®°. Subsequently, Tomon [17] improved
this average degree lower bound to (logn)®*t°"), and finally Wang [18] improved it to (logn)**°.
We pose the following question (also stated in [5]).

Question 4.1. Given t > 3, what is the smallest c such that for all sufficiently large n, if G is a properly
edge-coloured graph on n vertices with £2(n(log n)‘) many edges then G contains a rainbow subdivision
of K;? In particular, is c = 1?

In the above question, our guess of ¢ = 1 is motivated by the only lower bound of order
£2(nlogn) given by the construction of a colouring of the hypercube by Keevash, Mubayi, Sudakov
and Verstraéte [6] described earlier in the introduction.
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