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a b s t r a c t

We show that for any integer t ≥ 2, every properly edge-
coloured graph on n vertices with more than n1+o(1) edges
contains a rainbow subdivision of Kt . Note that this bound on
the number of edges is sharp up to the o(1) error term. This
is a rainbow analogue of some classical results on clique sub-
divisions and extends some results on rainbow Turán numbers.
Our method relies on the framework introduced by Sudakov and
Tomon (2022) which we adapt to find robust expanders in the
coloured setting.

© 2023 Elsevier Ltd. All rights reserved.

1. Introduction

For a graph H , the Turán number ex(n,H) is the maximum number of edges in an n-vertex
graph without a copy of H . Keevash, Mubayi, Sudakov and Verstraëte [6] introduced a rainbow
variant of the Turán problem. In an edge-coloured graph, we say that a subgraph is rainbow if
no two of its edges have the same colour. The rainbow Turán number ex∗(n,H) is the maximum
number of edges in a properly edge-coloured graph on n vertices which does not contain a rainbow
copy of H . Clearly, ex∗(n,H) ≥ ex(n,H) for every n and H . Among other things, Keevash, Mubayi,
Sudakov and Verstraëte [6] proved that if H is non-bipartite then ex∗(n,H) = (1 + o(1)) ex(n,H)
where the asymptotic value of ex(n,H) is known by celebrated Erdős–Stone–Simonovits theorem.
However, if H is bipartite much less is known. Keevash, Mubayi, Sudakov and Verstraëte [6] showed
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that ex∗(n, C2k) = Ω(n1+1/k) for all k ≥ 2, and conjectured that ex∗(n, C2k) = Θ(n1+1/k). They
verified this conjecture for k ∈ {2, 3} and for general k, Das, Lee and Sudakov showed that for every

k ≥ 2, ex∗(n, C2k) = O(n
(1+εk) log k

k ) where εk → ∞ as k → ∞. Very recently, Janzer [3] proved the
conjecture by showing that ex∗(n, C2k) = O(n1+1/k).

It is well-known that a graph on n vertices without any cycle has at most n − 1 edges. It is
then natural to ask how many edges a properly edge-coloured n-vertex graph can have if it does
not contain any rainbow cycle. Keevash, Mubayi, Sudakov and Verstraëte [6] showed that there are
graphs with Ω(n log n) edges that can be properly coloured with no rainbow cycle by colouring
an m-dimensional cube Q as follows. The vertices of Q are subsets of {1, 2, . . . ,m} and for any
S ⊆ {1, 2, . . . ,m} and any i ∈ S, there is an edge between S and S \ {i} of colour i. To see that
Q has no rainbow cycle, consider any cycle C in Q and an edge e from A to A \ {i} of colour i on
C . Observe that there is a subpath of C connecting A \ {i} back to A which does not contain e but
contains at least one other edge of colour i, as A contains the element i. It follows that C is not
a rainbow cycle. Moreover, since 2m = n, Q has 1

2
mn = 1

2
n log n edges, as desired. On the other

hand, Keevash, Mubayi, Sudakov and Verstraëte showed an upper bound of O(n4/3). Das, Lee and
Sudakov [1] improved this bound as follows.

Theorem 1.1 (Das, Lee, Sudakov [1]). If η > 0 and n is sufficiently large, then any properly

edge-coloured n-vertex graph with at least ne(log n)
1
2

+η

edges contains a rainbow cycle.

Recently Janzer [3] improved the bound in Theorem 1.1 by showing that a properly edge-
coloured graph on n vertices with average degree at least c(log n)4 contains a rainbow cycle, for
some constant c > 0. The main result of our paper extends Theorem 1.1 by establishing an
analogous theorem for the family of rainbow subdivisions of the clique as stated below.

Theorem 1.2. For every integer t ≥ 2 there exists a constant c > 0 such that for every integer n ≥ t if

G is a properly edge-coloured graph on n vertices with at least nec
√
log n edges then G contains a rainbow

subdivision of Kt , where each edge of Kt is replaced with a path of length at most 1300 log2 n.

Note that the problem we address here is a ‘‘rainbow’’ instance of a well studied class of problems
that explore edge density conditions forcing the existence of a minor/subdivision of small size.
A well-known result of Mader [10] states that for every integer t , there is a constant c(t) such
that every graph with c(t)n edges contains a Kt-minor. Estimates on c(t) have been improved
in [8,15,16]. Fiorini, Joret, Theis andWood [2] asked the following natural question: howmany edges
suffice to guarantee that a graph contains not only a Kt-minor, but one which has few vertices?
Addressing this question, Shapira and Sudakov [13] showed that for every ε > 0 and t ≥ 3, there
exists n0 such that every graph on n ≥ n0 vertices and (c(t) + ε)n edges contains a Kt-minor
of order Oε,t (log n log log n). Montgomery [12] subsequently improved this bound on the order of
the Kt-minor to the optimal bound Oε,t (log n). In confirming a conjecture of Erdős, it was shown

by Kostochka and Pyber [9] that any graph with 4t2n1+ε edges contains a Kt-subdivision of order
O(t2 log t/ε). The bound on the order of the Kt-subdivision was improved to the optimal O(t2/ε)
by Jiang [4]. Theorem 1.2 is a rainbow version of these results. Our proof establishes an interesting
connection between rainbow Turán problems and expanders, building on the method of Sudakov
and Tomon used in [14].

An overview of the proof

Our method builds on the method used by Sudakov and Tomon in [14] together with some
new ideas. We incorporate the minimality notion commonly used in the study of graph minors
and adapt the notion of ‘‘expander’’ conveniently to our setting (see Definition 2.3). We show that
most of the edges of a sufficiently dense graph can be covered by edge-disjoint expanders. In a
properly edge-coloured expander, from any given vertex v, we can reach almost all of the other
vertices by a rainbow path of poly-logarithmic length avoiding a given set of vertices and colours.
Additionally, the notion of minimality ensures that the set of these ‘‘reachable’’ vertices induces
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most of the edges in the expander (see Lemma 2.7). This additional feature of the expander is used

to show the existence of a common large intersection of reachable vertices for a pair of vertices x

and y in a general graph (not necessarily an expander). Eventually we are either able to join any

pair of vertices by a rainbow path of poly-logarithmic length avoiding a bounded set of colours and

vertices (thus allowing us to build a copy of the desired rainbow Kt-subdivision) or find a much

denser subgraph (see Lemma 3.2). We then complete the proof via a density increment argument

as in [14].

Notation and standard tools

Let G be a graph, we denote its vertex set by V (G) and the edge set by E(G), and let v(G) = |V (G)|,
e(G) = |E(G)|. For any subset S of V (G) let e(S) = e(G[S]). Similarly, for two disjoint subsets S and

T of V (G) write e(S, T ) = e(G[S, T ]). Let d(G) be the average degree of G. For a properly coloured

graph F , let C(F ) denote the set of colours used on the edges of F .

Lemma 1.3 (Chernoff bounds, [11]).Given a binomially distributed variable X ∈ Bin(n, p) for all

0 < a ≤ 3/2 we have

P [|X − E[X]| ≥ a E[X]] ≤ 2e− a2

3
E[X].

2. Expanders

Definition 2.1. We say that G is d-minimal if d(G) ≥ d, but d(F ) < d for every proper subgraph

F ⊆ G.

Note that for any graph G with d(G) ≥ d, there exists a smallest subgraph H that satisfies

d(H) ≥ d. Such a subgraph H is a d-minimal subgraph of G. Note also that, by definition, if G is

d-minimal, then it is also d(G)-minimal. We will utilize the minimality notion in two ways. One is

based on the definition, which, roughly speaking, says that any subset of vertices spans at most the

expected number of edges. The other way we utilize minimality is that whenever we delete a set

of vertices we must lose at least the expected number of edges, as stated in the following lemma.

Lemma 2.2. If G is d-minimal, then for every set S ⊆ V (G), the number of edges having at least one

endpoint in S is at least d|S|/2, that is

e(S) + e(S, Sc) ≥
d|S|
2

.

In particular, δ(G) ≥ d
2
.

Proof. Let S ⊆ V (G). Suppose for a contradiction that e(S) + e(S, Sc) <
d|S|
2
. Then

e(Sc) >
d|V |
2

−
d|S|
2

≥
d(|V | − |S|)

2
,

a contradiction to the d-minimality of G. □

Definition 2.3. Given ε, λ ∈ (0, 1) and d ≥ 1, an n-vertex graph G is called a (d, λ, ε)-expander if

G is d-minimal, and for every subset S ⊆ V (G) of size at most (1 − ε)n, we have d(S) ≤ (1 − λ)d.

Note that by the remarks after Definition 2.1, if G is a (d, λ, ε)-expander then it is also a

(d(G), λ, ε)-expander. Hence, we will often say let G be a (d, λ, ε)-expander with d = d(G).

Lemma 2.4. Let n, d ≥ 1 and let λ, ε ∈ (0, 1). Let G be a (d, λ, ε)-expander on n vertices. Then every

S ⊆ V (G) with |S| ≤ (1 − ε)n satisfies e(S, Sc) ≥ λd
2

|S|.
3
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Proof. Let S ⊆ V (G) and let |S| ≤ (1 − ε)n. Since G is a (d, λ, ε)-expander, it is d-minimal by
definition. So by Lemma 2.2, e(S) + e(S, Sc) ≥ d|S|

2
and e(S) = d(S)

2
|S| ≤ (1−λ)d

2
|S|. It follows that

e(S, Sc) ≥ λd
2

|S|, as claimed. □

Lemma 2.5. Let n be a positive integer. Let d, ε, λ be positive reals where d ≥ 1, ε ∈ (0, 1) and

λ ≤ ε
2 log n

. Let G be a graph on n vertices with average degree d. Then G contains a (d′, λ, ε)-expander,

with d′ ≥ d
2
.

Proof. Let G0 = G. We run the following process for i ≥ 0:

(a) Let di = d(Gi). Let Hi be a di-minimal subgraph of Gi.

(b) If Hi is a (di, λ, ε)-expander, stop. Otherwise, there exists Si+1 ⊆ V (Hi), with |Si+1| ≤
(1 − ε)|V (Hi)|, such that d(Si+1) ≥ (1 − λ)di. Take Gi+1 = G[Si+1].

Suppose that the process stopped right after Hℓ was defined; so Hℓ is a (dℓ, λ, ε)-expander. Since

|V (Gi+1)| ≤ (1 − ε)|V (Gi)| for every i ≥ 1 and |V (Gℓ)| ≥ 1, it follows that (1 − ε)ℓn ≥ 1,
implying that ℓ ≤ − log n

log(1−ε)
≤ log n

ε
. Since di+1 ≥ (1 − λ)di for every i ≥ 1 and d0 ≥ d, we have

dℓ ≥ (1 − λ)ℓd ≥ (1 − λℓ)d ≥ (1 − λ log n

ε
)d ≥ d

2
. □

The next corollary says that we can iterate the previous lemma to cover almost all the edges of

any graph by expanders.

Corollary 2.6. Let n be a positive integer. Let d, ε, λ be positive reals where d ≥ 1, ε ∈ (0, 1)

and λ ≤ ε
2 log n

. Let G be a graph on n vertices with average degree d. Then G contains edge-disjoint

subgraphs G1,G2, . . . ,Gk such that for each i ∈ [k], Gi is a (d(Gi), λ, ε)-expander, where d(Gi) ≥ εd
2
,

and e(∪k
i=1Gi) ≥ (1 − ε)e(G).

Proof. Let F = {G1,G2, . . . ,Gk} be a maximal collection of edge-disjoint subgraphs such that for

each i ∈ [k], Gi is a (d(Gi), λ, ε)-expander, where d(Gi) ≥ εd
2
. Let G′ be the subgraph of G consisting

of edges not covered by G1,G2, . . . ,Gk. If e(G
′) ≥ εe(G) then d(G′) ≥ εd. By Lemma 2.5, G′ contains a

(dk+1, λ, ε)-expander Gk+1 with d(Gk+1) = dk+1 ≥ εd
2
, contradicting the maximality of F . It follows

that e(G′) ≤ εe(G), as required. □

Given an edge-coloured graph and some path P in it, we say P avoids a colour c if it does not

contain any edge of colour c . More generally, we say P avoids a set of colours C if P avoids each

colour c ∈ C . Analogously, we say P avoids a vertex v if it does not contain v, and it avoids a set of

vertices F if it avoids each vertex v ∈ F .

Lemma 2.7. Let n, ℓ,M ≥ 1 be integers and let d, ε, λ be reals where d ≥ 1 and ε, λ ∈ (0, 1). Suppose

that ℓ =
⌈

4 log n

λ

⌉

and d ≥ 4(ℓ+2M)

λ
. Suppose that G is a properly edge-coloured (λ, d, ε)-expander on n

vertices, let x ∈ V (G) and let F be a set of at most M vertices and C be a set of at most M colours. Then

there is a set of vertices U such that each vertex u ∈ U can be reached from x by a rainbow path of

length at most ℓ + 1 avoiding C and F , and furthermore,

(i) |U | ≥ (1 − ε)n, and

(ii) e(G[U]) ≥ (1 − λ/2 − ε)e(G).

Proof. By the remarks after Definition 2.3, we may assume that d(G) = d. For each i ≥ 0, let Ui

be the set of vertices reachable from x by a rainbow path of length at most i avoiding C and F . For

each u ∈ Ui, fix a rainbow path P(u) from x to u of length at most i that avoids C and F .

Claim 1. For any i ≤ ℓ, e(Ui+1) ≥
(

1 − λ
2

)

d|Ui|
2

.

4
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Proof. Write Ei = E(Ui,U
c
i ), and let E∗

i be the set of edges uw, with u ∈ Ui and w ∈ U c
i , such that

either the colour of uw appears on P(u) or in C or w ∈ F . Then

|E∗
i | ≤ (i + 2M)|Ui| ≤ (ℓ + 2M)|Ui| ≤

λd

4
|Ui|. (2.1)

Consider an edge uw ∈ Ei \ E∗
i , with u ∈ Ui and w ∈ U c

i . Then, by definition, P(u) ∪ uw is a
rainbow path from x to w of length at most i + 1, avoiding F and C , so w ∈ Ui+1, implying that
uw ∈ E(Ui,Ui+1 \ Ui). It follows that Ei \ E∗

i ⊆ E(Ui,Ui+1 \ Ui). Hence, for any i ≤ ℓ,

e(Ui+1) ≥ e(Ui) + |Ei \ E∗
i | = e(Ui) + e(Ui,U

c
i ) − |E∗

i | ≥
d|Ui|
2

−
λd|Ui|

4
=

(

1 −
λ

2

)

d|Ui|
2

,

where we used Lemma 2.2 and (2.1). This proves the claim. □

Claim 2. Let i ≤ ℓ. If |Ui+1| ≤ (1 − ε)n, then |Ui+1| ≥ (1 + λ
2
)|Ui|.

Proof. Suppose that |Ui+1| ≤ (1 − ε)n. Since G is a (λ, d, ε)-expander and |Ui+1| ≤ (1 − ε)n, by
definition, we have e(Ui+1) ≤ (1−λ)d

2
|Ui+1|. Combining this with the lower bound on e(Ui+1) obtained

from Claim 1, we get |Ui+1| ≥ 1−λ/2

1−λ
|Ui| ≥ (1 + λ

2
)|Ui|. □

Suppose that |Uℓ| ≤ (1 − ε)n. By iterating Claim 2 we get |Uℓ| ≥ (1 + λ
2
)ℓ ≥ e

λℓ
4 ≥ elog n > n,

a contradiction. This implies that |Uℓ| ≥ (1 − ε)n. Now, by definition, Uℓ+1 ⊇ Uℓ, hence |Uℓ+1| ≥
(1 − ε)n and furthermore, by Claim 1,

e(Uℓ+1) ≥
(

1 −
λ

2

)

d|Uℓ|
2

≥ (1 − λ/2)(1 − ε)e(G) ≥ (1 − λ/2 − ε)e(G),

where in the second inequality we used that |Uℓ| ≥ (1 − ε)n and e(G) = dn/2. So it follows that
e(Uℓ+1) ≥ (1 − λ/2 − ε)e(G). The lemma holds with U = Uℓ+1. □

3. Proof of Theorem 1.2

Lemma 3.1. Let G be a graph with δ(G) ≥ 1
3
d(G) and G′ be a subgraph of G. For any γ > 0, if

e(G′) ≥ (1 − γ )e(G) then v(G′) ≥ (1 − 3γ )v(G).

Proof. Let V = V (G). Let S = V \ V (G′). Suppose for contradiction that |S| > 3γ · v(G). The number
of edges in G that have at least one endpoint in S is at least

δ(G)|S|
2

≥
d(G)

3
·
3γ · v(G)

2
> γ · e(G).

This is impossible since the set of edges of G that are incident with S is disjoint from E(G′) and
e(G′) ≥ (1 − γ )e(G). □

The following is our main lemma of the paper.

Lemma 3.2. Let 0 < ε ≤ 1
40

be a fixed real. For all sufficiently large integers n the following holds. Let

λ = ε
2 log n

. Let ℓ =
⌈

4 log n

λ

⌉

. Let K , L be positive integers. Let M ≥ L + 12K
ε

(ℓ + 2). Let d be a real that

satisfies d ≥ 24(ℓ+2M)

ελ
. Let G be a properly edge-coloured (d, λ, ε)-expander, with d = d(G). Suppose G

contains no subgraph on at most n
K

vertices with average degree at least εd
6
. Then for any two vertices

x, y ∈ V (G), any set C of at most L colours and any set F of at most L vertices in G− {x, y}, there exists
a rainbow x, y-path in G of length at most 4ℓ + 4 that avoids F and C.

Proof. Since G is a (d, λ, ε)-expander, δ(G) ≥ d/2 = d(G)/2 by Lemma 2.2. Place each colour used
in G in group 1 or 2 with probability 1/2. For i ∈ {1, 2}, let Gi denote the spanning subgraph of
G that consists of edges whose colour lies in group i. Using Chernoff bounds, we can show that,
with positive probability, every v ∈ V (G) satisfies dGi (v) = ( 1

2
± o(1))dG(v). In particular, when n is

sufficiently large, one can ensure that

5
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Claim 3. For i ∈ {1, 2}, we have d(Gi) ≥ 1
3
d and δ(Gi) ≥ 1

3
d(Gi).

By Corollary 2.6, for i = 1, 2, Gi contains edge-disjoint subgraphs Gi,1, . . . ,Gi,si such that each

j ∈ [si], Gi,j is a (d(Gi,j), λ, ε)-expander with d(Gi,j) ≥ εd(Gi)

2
≥ εd

6
. and e(∪si

j=1Gi,j) ≥ (1 − ε)e(Gi).

Claim 4. For i ∈ {1, 2}, we have si ≤ 6K
ε
.

Proof of Claim 4. By our discussion, for each i ∈ {1, 2} and j ∈ {1, . . . , si} we have d(Gi,j) ≥ ε
6
d. By

the assumption of the lemma, we must have v(Gi,j) > n
K
. Hence e(Gi,j) = 1

2
v(Gi,j)d(Gi,j) ≥ 1

2
n
K

εd
6

=
εe(G)

6K
. This implies that si ≤ 6K

ε
. □

Let Sx denote the set of vertices in G which can be reached from x by a rainbow path of length at
most ℓ + 1 avoiding F and C . Since G is a (d, λ, ε)-expander and d ≥ 4(ℓ+2M)

λ
and |F |, |C | ≤ L ≤ M ,

by Lemma 2.7, |Sx| ≥ (1 − ε)n. Let J1 = {j ∈ [s1] : V (G1,j) ∩ Sx ̸= ∅}. For each j ∈ J1, fix a vertex
xj ∈ Sx ∩ V (G1,j) and a rainbow path Pj from x to xj in G whose length is at most ℓ + 1 avoiding F
and C . Let F1 := ∪j∈J1Pj.

Let Sy to be the set of vertices in G which can be reached from y by a rainbow path of length at
most ℓ + 1 avoiding F ∪ V (F1) and C ∪ C(F1).

Note that since

|F ∪ V (F1)|, |C ∪ C(F1)| ≤ L + s1(ℓ + 2) ≤ L +
6K

ε
(ℓ + 2) ≤ M

and d ≥ 4(ℓ+2M)

λ
, by Lemma 2.7, |Sy| ≥ (1− ε)n. Let J2 = {j ∈ [s2] : V (G2,j)∩ Sy ̸= ∅}. For each j ∈ J2,

fix a vertex yj ∈ Sy ∩ V (G2,j) and a rainbow path Qj from y to yj in G whose length is at most ℓ + 1
avoiding F ∪ V (F1) and C ∪ C(F1). Let F2 = ∪j∈J2Qj. Note that

|F ∪ V (F1) ∪ V (F2)|, |C ∪ C(F1) ∪ C(F2)| ≤ L + (s1 + s2)(ℓ + 2) ≤ L +
12K

ε
(ℓ + 2) ≤ M. (3.1)

For each j ∈ J1, let U1,j denote the set of vertices in G1,j that are reachable from xj by a rainbow

path in G1,j of length at most
⌈

4 log v(G1,j)

λ

⌉

+1 ≤ ℓ+1 that avoids F∪V (F1)∪V (F2) and C∪C(F1)∪C(F2).

For each j ∈ J2, let U2,j denote the set of vertices in G2,j that are reachable from yj by a rainbow path

in G2,j of length at most
⌈

4 log v(G2,j)

λ

⌉

+1 ≤ ℓ+1 that avoids F∪V (F1)∪V (F2) and C∪C(F1)∪C(F2). For

each i = 1, 2, j ∈ Ji, since Gi,j is a (d(Gi,j), λ, ε)-expander and d(Gi,j) ≥ εd
6

≥ 4(ℓ+2M)

λ
, by Lemma 2.7,

we have

1. |Ui,j| ≥ (1 − ε)v(Gi,j)

2. e(Gi,j[Ui,j]) ≥ (1 − λ/2 − ε)e(Gi,j) ≥ (1 − 2ε)e(Gi,j).

For i = 1, 2, let G′
i = ∪j∈JiGi,j[Ui,j].

Claim 5. For i = 1, 2, we have e(G′
i) ≥ (1 − 6ε)e(Gi) and v(G′

i) ≥ (1 − 15ε)n.

Proof. By our discussion above, for each i ∈ {1, 2}, j ∈ Ji, e(Gi,j[Ui,j]) ≥ (1−2ε)e(Gi,j). Since the Gi,j’s
are pairwise edge-disjoint, we have

e(G′
i) =

∑

j∈Ji

e(Gi,j[Ui,j]) ≥ (1 − 2ε)e(∪j∈JiGi,j). (3.2)

By the definition of J1 and J2, V (∪j̸∈J1G1,j) ⊆ V (G) \ Sx and V (∪j̸∈J2G2,j) ⊆ V (G) \ Sy. Since G
is d-minimal with d = d(G), e(G[V (G) \ Sx]) ≤ d|V (G) \ Sx|/2 ≤ dεn/2 = εe(G) and similarly
e(G[V (G) \ Sy]) ≤ εe(G). Hence, for i = 1, 2, e(∪j̸∈JiGi,j) ≤ εe(G) ≤ 3εe(Gi) and thus e(∪j∈JiGi,j) ≥
(1 − 3ε)e(Gi). By (3.2), we have for i = 1, 2

e
(

G′
i

)

≥ (1 − 2ε)e(∪j∈JiGi,j) ≥ (1 − 2ε)(1 − 3ε)e(Gi) ≥ (1 − 5ε)e(Gi).

By Claim 3, δ(Gi) ≥ 1
3
d(Gi), so by Lemma 3.1 it follows that v(G′

i) ≥ (1 − 15ε)v(Gi). □

6
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By Claim 5 and the fact that ε ≤ 1
40
, V (G′

1) ∩ V (G′
2) ̸= ∅. Let z be any vertex in V (G′

1) ∩ V (G′
2).

Suppose z ∈ U1,i ∩ U2,j. By definition, there exists a rainbow path P ′
i in G1 going from xi to z and

a rainbow path Q ′
j in G2 going from yj to z, both of which have length at most ℓ + 1 and avoid

F ∪ V (F1) ∪ V (F2) and C ∪ C(F1) ∪ C(F2). Since G1,G2 are colour-disjoint, and P ′
i ⊆ G1,Q

′
j ⊆ G2,

C(P ′
i ) ∩ C(Q ′

j ) = ∅. Also, since P ′
i and Q ′

j avoid F ∪ F1 ∪ F2 while Pi,Qj ⊆ F1 ∪ F2, P
′
i and Q ′

j are
colour-disjoint from Pi,Qj. Finally, recall that Qj avoids F1 and hence C(Pi) ∩ C(Qj) = ∅. Hence,
Pi ∪ P ′

i ∪ Q ′
j ∪ Qj is a rainbow walk of length at most 4ℓ + 4 from x to y, that avoids F and C and

hence contains a rainbow x, y-path of length at most 4ℓ + 4 that avoids F and C , as desired. □

Corollary 3.3. For every integer t ≥ 2, 0 < ε ≤ 1
40

and sufficiently large n the following holds. Let

λ = ε
2 log n

. Let ℓ =
⌈

4 log n

λ

⌉

. Let L =
(

t

2

)

(4ℓ+4)+t. Let K be a positive integer. Let M ≥ L+ 12K
ε

(ℓ+2). Let

d be a real that satisfies d ≥ 48(ℓ+2M)

ελ
. Let G be a properly edge-coloured n-vertex graph with d(G) ≥ d.

Suppose G contains no subgraph G′ satisfying both d(G′) ≥ εd(G)

12
and v(G′) ≤ n

K
. Then G contains a

rainbow subdivision of Kt , where each edge of Kt is replaced with a path of length at most 4ℓ + 4.

Proof. By Lemma 2.5, G contains a subgraph H which is a (d(H), λ, ε)-expander with d(H) ≥ d(G)

2
.

We may assume that H does not have a subgraph H ′ on at most v(H)

K
vertices with d(H ′) ≥ εd(H)

6
.

Indeed, otherwise, such a subgraph H ′ would be a subgraph of G on at most n
K

vertices with

d(H ′) ≥ εd(H)

6
≥ εd(G)

12
, contradicting our assumption about G.

Let S = {x1, . . . , xt} be any set of t distinct vertices in H . Let A be a maximal collection of pairs
(i, j) with 1 ≤ i < j ≤ t such that there exist paths Pi,j for (i, j) ∈ A satisfying the following.

1. For each (i, j) ∈ A, Pi,j is an xi, xj-path of length at most 4ℓ + 4 in H such that V (Pi,j) ∩
{x1, . . . , xt} = {xi, xj}.

2. The sets V (Pi,j) \ {xi, xj} are pairwise disjoint over different (i, j) ∈ A and ∪(i,j)∈APi,j is rainbow.

If A consists of all pairs (i, j) with 1 ≤ i < j ≤ t , then the union of the paths Pi,j forms the required
subdivision of Kt and we are done. Hence, we may assume that there exist i, j such that 1 ≤ i < j ≤ t
and (i, j) /∈ A.

Let C be the set of colours used on ∪(k,ℓ)∈APk,ℓ and let F = V (∪(k,ℓ)∈APk,ℓ) ∪ S \ {xi, xj}. Then
|C |, |F | ≤

(

t

2

)

(4ℓ + 4) + t = L. Since n is sufficiently large and d(H) ≥ d
2
, we may assume v(H) is

sufficiently large. Also, d(H) ≥ d
2

≥ 24(ℓ+2M)

λ
. Hence, by Lemma 3.2, H contains a rainbow xi, xj-path

Pi,j that avoids C and F and whose length is at most 4ℓ + 4. The pair (i, j) could thus be added to A,
contradicting maximality of A. □

Now we are ready to prove Theorem 1.2.

Proof of Theorem 1.2. Let ε = 1
40
. The choice of n0 is not explicit; we assume it is sufficiently large

with respect to t so that various inequalities below hold.

Choose c = max{
√
log n0, 2 log( 12

ε
)}. By our choice of c , e

c
2 ≥ 12

ε
. We may assume n ≥ n0. Let

λ = ε
2 log n

. Let ℓ =
⌈

4 log n

λ

⌉

. Let L =
(

t

2

)

(4ℓ + 4) + t . Let K =
⌈

e
√
log n

⌉

. Let M = L + 12K
ε

(ℓ + 2). Note

that by our choice of c and n0, we have e
c
2

√
log n ≥ 48(ℓ+2M)

ελ
.

Let G be a properly edge-coloured graph on n vertices with at least nec
√
log n edges, so d(G) ≥

ec
√
log n. Let G0 = G. We define a sequence of subgraphs of G as follows. For each i ≥ 0, suppose

G0, . . . ,Gi have been defined. If Gi contains a subgraph F with d(F ) ≥ ε
12
d(Gi) and v(F ) ≤ v(Gi)

K
, let

Gi+1 = F . If no such subgraph of Gi exists then we stop the process. Suppose the process stops when
considering the graph Gm, so no such subgraph F can be found inside Gm. Then 1 ≤ v(Gm) ≤ n

Km .

Hence m ≤ logK n ≤ log n

log e
√
log n

=
√
log n. Also, since e

c
2 ≥ 12

ε
by our assumption, we have

d(Gm) ≥
( ε

12

)m

d(G) ≥
( ε

12

)

√
log n

ec
√
log n ≥ e

c
2

√
log n.

By our choice of c and n0, we have d(Gm) ≥ e
c
2

√
log n ≥ 48(ℓ+2M)

ελ
≥ 48(ℓ′+2M ′)

ελ′ , where λ′ =
ε

2 log v(Gm)
, ℓ′ =

⌈

8 log v(Gm)

λ

⌉

, L′ =
(

t

2

)

(4ℓ′ + 4) + t , M ′ = L′ + 12K
ε

(ℓ′ + 2). Also, v(Gm) > d(Gm) ≥
7
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e
c
2

√
log n > n0, and by the definition of Gm, Gm contains no subgraph F satisfying both d(F ) ≥ ε

12
d(Gm)

and v(F ) ≤ v(Gm)

K
.

So by Corollary 3.3, Gm contains a rainbow subdivision of Kt , where each edge of Kt is replaced
with a path of length at most 4ℓ + 4 ≤ 1300 log2 n. This completes our proof.

4. Concluding remarks

This paper establishes that a properly edge-coloured graph on n vertices with average degree at

least (ec
√
log n) contains a rainbow subdivision of a clique. The proof of Theorem 1.2 in fact explicitly

gives the following slightly stronger result. Given a positive integer t ≥ 2, we call a properly edge-
coloured graph G rainbow t-linkable if for any set of t vertices x1, . . . , xt in G there is a rainbow
Kt-subdivision with x1, . . . , xt playing the role of the t branching vertices. For every t ≥ 2, there
is a constant c such that for every n ≥ t , if G is a properly coloured n-vertex graph with average

degree at least ec
√
log n, then G contains a subgraph H with average degree at least Ω(e

c
2

√
log n) that

is rainbow t-linkable.
After the initial submission of our paper, there has been further improvements on the average

degree that enforces the existence of a rainbow cycle and a rainbow subdivision of a clique. For
rainbow cycles, Janzer’s result was improved first by Tomon [17] to (log n)2+o(1) and by Kim, Lee,
Liu, Tran [7] to 100(log n)2. As for the family of subdivisions of a clique, in a subsequent paper with
Letzter [5] we improved the average degree bound to (log n)60. Subsequently, Tomon [17] improved
this average degree lower bound to (log n)6+o(1), and finally Wang [18] improved it to (log n)2+o(1).
We pose the following question (also stated in [5]).

Question 4.1. Given t ≥ 3, what is the smallest c such that for all sufficiently large n, if G is a properly
edge-coloured graph on n vertices with Ω(n(log n)c) many edges then G contains a rainbow subdivision
of Kt? In particular, is c = 1?

In the above question, our guess of c = 1 is motivated by the only lower bound of order
Ω(n log n) given by the construction of a colouring of the hypercube by Keevash, Mubayi, Sudakov
and Verstraëte [6] described earlier in the introduction.
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