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Abstract
A classical result of Erdés and, independently, of Bondy and Simonovits [3] says that the maximum
number of edges in an n-vertex graph not containing C,, the cycle of length 2k, is O(n'*'/*). Simonovits
established a corresponding supersaturation result for C,,s, showing that there exist positive constants C, ¢
depending only on k such that every n-vertex graph G with e(G) > Cn'*"/* contains at least c(e(G) /v(G))*
copies of C,;, this number of copies tightly achieved by the random graph (up to a multiplicative constant).
In this paper we extend Simonovits result to a supersaturation result of 7-uniform linear cycles of even
length in r-uniform linear hypergraphs. Our proof is self-contained and includes the r =2 case. As an
auxiliary tool, we develop a reduction lemma from general host graphs to almost-regular host graphs that
can be used for other supersaturation problems, and may therefore be of independent interest.

2020 MSC Codes: 05C65, 05D05

1. Introduction

One of the central problems in extremal graph theory is the Turdn problem, where, for a fixed
graph H and fixed n, we wish to determine the maximum number of edges an n-vertex graph can
have without creating a copy of H as a subgraph. This number is called the Turdn number of H
and is denoted by ex(n, H). The celebrated Erdds—Stone-Simonovits [6] theorem says that

ex(n, H) = (1 )n2 + o(n?),

x(H) =1
where x (H) is the chromatic number of the graph H. This solves the Turan problem asymptot-
ically for all non-bipartite graphs H. However, asymptotic results or exact results are known for
only a handful of bipartite graphs. While the Turan problem asks for the threshold on the num-
ber of edges on n vertices that guarantees at least one copy of H, it is natural to ask what is the
minimum number of copies of H guaranteed in a host graph once its number of edges exceeds
ex(n, H). Such problems are referred to as supersaturation problems. When H is non-bipartite, we
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know the correct order of magnitude of the answer. Let H be a graph with x (H) = p > 3 and v(H)
vertices. A simple averaging argument (see e.g. Lemma 2.1 in [17]) can be used to show that for
any € > 0 there exist 8, np > 0 such that if G is a graph on n > n vertices with

e(G) > (1 _ p%l +e) (Z)

then G contains at least 8(V(’I’{)) copies of H. This count is tight up to a multiplicative constant, as
shown by the random graph of the same edge density as G. The threshold on the number of edges
on G for which the count is valid is also asymptotically best possible, as shown by the Turdn graph
Typ—1, which is defined as the balanced blowup of the complete graph on (p — 1) vertices. For
the supersaturation problem for bipartite graphs, Erdés and Simonovits [9] and also separately
Simonovits [26] made the following conjecture in the 1980s.

Conjecture 1 ([9, 26]). Let H be a bipartite graph with v vertices and e edges. Suppose that
ex(n, H) = O(nz_“)for some real 0 < o < 1. Then there exist o' < o and constants C,c > 0 such
that if G is an n-vertex graph with

e(G) = Cn> (1.1)
edges, then G contains at least c(e(G))e /n?e" copies of H.

The Erdds-Rényi random graph G(n, p) with p = e(G)/(}) shows that if Conjecture 1 is true
then it is best possible up to a multiplicative constant. Simonovits [26] made a weaker conjecture
that for every bipartite graph H with v vertices and e edges, there exist reals «, C, ¢ > 0 such that
every n-vertex graph G with e(G) > Cn?~“ contains at least c(e(G))¢/n**~" copies of H. A slight
reformulation of this conjecture (with ¢ replaced by 1 and the number of copies of H replaced by
the number of homomorphic copies of H) was made by Sidorenko [24, 25]. Note that this weak-
ened version and Sidorenko’s conjecture focus on the counting statement eventually being true
when the host graph becomes very dense. When we study these conjectures, we are therefore con-
cerned with host graphs with Q(n?~) edges where c is as small as we want. On the contrary, works
on Conjecture 1 typically aim at finding the best possible threshold beyond which the counting
statement holds and hence the host graphs we work with are (much) sparser. In fact, Erdés and
Simonovits [9] made two conjectures even stronger than Conjecture 1 by replacing condition (1.1)
with e(G) > C - ex(n, H) and e(G) > (1 + e)ex(n, H), respectively. At this stage, resolving these
stronger versions seems hopeless since the exact value or even just the order of magnitude of
ex(n, H) is only known for very few bipartite graphs H.

Now we turn our attention to the main focus of this paper, that is, the supersaturation of linear
cycles of even length in linear r-uniform hypergraphs, or in short, r-graphs. First let us give the
background for r =2. A classical result of Erdés (unpublished) and of Bondy and Simonovits
[3] establishes that ex(n, Cy) = O(n'T1/*). The explicit upper bound that Bondy and Simonovits
gave was ex(n, Cyr) < 100kn'+1/k, This upper bound was later improved by Verstraéte to 8(k —
Dnttl/k for sufficiently large n, by Pikhurko [21] to (k — Dn't1/k 4 O(n), and by Bukh and Jiang
[4] to 80+/klog kn'*'/k 4 O(n). Erdés and Simonovits conjectured that ex(n, Cyr) = Q(n'*+1/%)
also holds. This is known to be true for k=2, 3, 5.

For supersaturation of even cycles, it was mentioned in [9] that Simonovits proved
Conjecture 1 with « =’ =1 — 1/k. The proof was not published at the time but is expected to
appear in an upcoming paper of Faudree and Simonovits [13]. Very recently, Morris and Saxton
[20] developed a balanced version of the supersaturation result for even cycles, which they use to
obtain a sharp result on the number of Cy-free graphs via the container method. Since Morris and
Saxton require a balanced version of supersaturation where the collection of C,4’s they obtain are,
informally speaking, uniformly distributed, their proof is quite involved. In this paper we extend
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the result by Simonovits to a supersaturation result of even linear cycles in linear r-graphs, for all
r > 2. Our proof is self-contained and includes the r = 2 case.

Before stating our main result, we need a few definitions. An r-graph G is called linear if any
two edges share at most one vertex. For instance, all 2-graphs are linear. The linear Turdn number
of an r-graph H, denoted by ex,(#n, H), is defined to be the maximum number of edges an n-vertex
linear r-graph can have without having a copy of H. The study of linear Turan numbers of linear
r-graphs is motivated in part by their similarity to the Turdn numbers of 2-graphs. Also, such
studies were implicit in some classical extremal hypergraph problems, such as the famous (6, 3)-
problem (see [2] and [23]), which is asymptotically equivalent to determining the linear Turdn
number of a linear 3-cycle. The (6, 3)-problem asks for the maximum size of an n-vertex 3-graph
in which no six vertices span three or more edges. Note that the usual Turdn number ex(n, H) of
a linear r-graph H and the linear Turan number ex,(n, H) of H are typically very different. The

n—1

"~ ) aslong as H contains two disjoint edges, while the latter is O(n?).

An r-uniform linear cycle Ci,?of length m is obtained from a 2-uniform m-cycle vivy ... vy

by extending each v;v;y; (indices taken modulo m) with an (r — 2)-tuple I; such that the tuples
I; are pairwise disjoint for distinct indices. Collier-Cartaino, Graber and Jiang [5] extended the
aforementioned result of Bondy and Simonovits on even cycles in 2-graphs to linear cycles in
linear r-graphs. They showed that for all ¥ > 3 and m > 4,

exy(n, CS;)) = O(n'H1/Lm/2ly,

For even linear cycles, their result also works for uniformity r = 2. In the case r = 3, it is known
that the upper bound above is sharp when m =5,7,9, 13 (see [11]). It is interesting to note that
when r > 3, the linear Turan number of an odd linear cycle resembles that of an even linear cycle,
which is very different from the situation for r = 2.

Our main result is the supersaturation version of the linear Turan result for linear cycles, but
only for even linear cycles.

former is already at least (

Theorem 1.1. Given k, r > 2, there exist constants C = C(k, r) and c = c(k, r) such that if G is an
n-vertex linear r-graph with e(G) > Cn'tVk then G contains at least c(e(G)/n)Zk copies ofcgz.

It is not hard to see that this lower bound on the number of copies of linear cycles is tight, up
to a multiplicative constant. Indeed, for r =2, in the Erd6s-Rényi graph G(n, p), in expectation
there are @ (p*n?k) 2k-cycles. For r > 3, one may consider random subgraphs of almost complete
partial Steiner systems. An (u, A, r, q)-Steiner system is defined to be an r-graph on n vertices such
that every g-tuple is in exactly A r-edges. A partial (n, A, r, q)-Steiner system is defined to be an
r-graph on n vertices such that every g-tuple is in at most A r-edges. Rodl [22] proved that for all
n there are partial (n, 1, r, q)-Steiner systems with

(/)

edges. (Note that this is also implied by a recent solution of the existence conjecture by Keevash
[18], while the g =2 case was proved much earlier by Wilson [28, 29, 30].) By taking random
subgraphs of such partial Steiner systems with A = 1 and g = 2, one can show that for every n and
0<e< (;) there is a linear r-graph G on n vertices and e(G) = e in which the number of copies of

the linear cycles of length 2k is O((e/n)Zk) (see Proposition 2.1).

Our Theorem 1.1 includes r =2 as a special case and has a much simpler proof than that of
Morris and Saxton of their stronger version of supersaturation. We use an approach developed
by Faudree and Simonovits [12] in the study of the Turan numbers of theta graphs, which in
its original form is not well suited for effective counting of C,;’s. So we adapt their approach to
facilitate counting. The proofs are greatly simplified via a reduction tool which allows us to reduce
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the supersaturation problem in a general host r-graph to one which has some regularity property.
This regularization tool is an analogue of a regularization theorem of Erdés and Simonovits for
the Turdn problem and can be used for supersaturation problems in general. We refer the reader
to Section 3 for the precise statement (see Theorem 3.3).

We organize the rest of the paper roughly as follows. In Section 2 we present notation and
definitions. In Section 3 we develop our reduction results. In Section 4 we give an overview of the
proof for r =2. In Sections 5 and 6 we give proofs of the r =2 and r > 3 cases of Theorem 1.1,
respectively. Even though we could have proved Theorem 1.1 for general r directly, we feel that
proving the r =2 case first helps to illustrate the main ideas. However, we will give two slightly
different proofs for r = 2 and r > 3, modulo the reduction mentioned earlier. Both of these proofs
could be written for all » > 2. The proof we present for =2 is more constructive and gives a
better bound on constants. The proof we present for r >> 3 follows the approach of Faudree and
Simonovits more closely and is perhaps more intuitive and easier to follow for some readers. In
Section 7 we give some concluding remarks.

2. Notation and definitions

For an r-graph G, we let v(G) and e(G) denote its number of vertices and edges, respectively. Let
A(G), §(G) denote the maximum and minimum degree of G, respectively. If S is a subset of V(G),
then we use G — S to denote the graph obtained from G by deleting the vertices in S as well as
edges of G that contain at least one vertex in S. Given a vertex v € V(G), the link of vin G, denoted
by Lg(v), is defined to be

Lew) ={I € [V(G)]" "V |TU {v} € E@G)},

recalling that [V(G)]"~D refers to the family of all (r — 1)-subsets of V(G).

Given a real g > 1, we say that an r-graph G is g-almost-regular if A(G) < q8(G) holds. Given
positive constants C, y, we say that an r-graph G is (C, y)-dense if e(G) > C(v(G))".

We let ty(G) denote the number of copies of an r-graph H in an r-graph G. Given a 2-graph
F, the r-expansion of F is the r-graph obtained by replacing each edge e of F with e U I, where I,
is an (r — 2)-tuple of new vertices, such that the I.’s are pairwise disjoint for distinct edges e. Note
that F?) = F. If G is an r-expansion of a 2-graph F, then we call F a skeleton of G. So, for example,

the linear r-cycle, C is the r-expansion of the 2-uniform m-cycle. Now we define the notion of
supersaturation of expansions in linear r-graphs.

Definition 2. Given a 2-graph F with v vertices and e edges, r > 2 and ¢ a positive real, we say that
alinear r-graph G c-supersaturates F if

(e(G))*
tr(G) 2 c——5—.
() > Gy
Note that for r = 2 this definition is the usual supersaturation for 2-graphs (as in Conjecture 1),
that is, a graph G c-supersaturates another graph F with e edges and v vertices if

(e(G))°

tF(G) 2 CW.

As we have discussed earlier, for 2-graphs the bound on the number of copies of F") =F in
Definition 2 is achieved up to a multiplicative constant by the random graph of the same edge
density. For general r > 3, the bound is tight as well, obtained by random subgraphs of appropri-
ate edge density in almost complete partial Steiner systems. The proof of this is quite standard but
we include it here for brevity.
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Proposition 2.1. Let F be a 2-uniform graph with v vertices, e edges and no isolated vertices. Let
r > 2. For all n sufficiently large and all 0 < E < n*/4r? there exists an n-vertex linear r-graph G
with e(G) > E and O(E¢/n**~") copies of F).

Proof. Since F has no isolated vertex we must have v < 2e. By our earlier discussion we know there
exist almost complete r-uniform Steiner systems, that is, we can find an n-vertex linear r-graph
G with e(G) > n?/2r. If v = 2e then the bound we are trying to prove on the number of F") is
O(E®), which holds trivially. So we may assume v < 2e. Note that the number of copies of F”) in
G is at most n”. This is because there are at most n" injections o from V(F) to V(G), and since G
is linear for each uv € E(F) there is at most one edge of G containing {o (1), o (v)}.

Now, let p =2E/e(G). Let H be a random subgraph of G obtained by picking each edge of
G independently with probability p. Let X denote the number of edges in H and let Y denote the
number of copies of F) in H. Then E[X] = 2Eand E[Y] < n"p® < E¢/n?¢~V If E°/n**"V < E, then
by linearity of expectation, we have E[X — Y] = E[X] — E[Y] > E. So there is a subgraph H of G
with X — Y > E. By deleting one edge from each copy of F") in H, we get a subgraph G’ of H with
at least E edges and no copy of F"). Hence we may assume that E°/n?*~" > E, from which we get

E[X] = 2E = Qn2~=2/=D)y — Q(n*) for somea > 0
(here we use v < 2e). Using the Chernoff bound (Lemma 3.4), one can show that P[X < E] <

1/2 for sufficiently large n. Also, by Markov’s inequality, P[Y > 2E[Y]] < 1/2. So with positive
probability, H has at least E edges and contains at most O(E¢/n*¢~") copies of F"). O

Let us remark that the bound given in Definition 2 is specific to the setting where the host graph
is linear and embedded graphs is an expansion. In a different setting, the supersaturation problem
typically becomes very different and the expected optimal count is expected to be different. In fact,
as mentioned in the Introduction, the thresholds for forcing even just one copy of F") can be very
different depending on whether or not we require the host graph to be linear.

An r-graph G is r-partite if there exists a partition of V(G) into r subsets Ay, . . ., A, such that
each edge of G contains exactly one vertex from each A;. We call (A1, ..., A,) an r-partition of
G. Given an r-partite r-graph G with an r-partition (A, ..., A;) and 1 <i<j < r, we define the
(i, j)-projection of G, denoted by P; ;(G), to be a 2-graph with edge set

E(P;j(G)) ={eN(A;UAj) | e € E(G)}.

We call a 2-graph H a 2-projection of G if H=P;j(G) for some 1<i<j<r. The following
proposition follows immediately from the definition of P;j(G) and the linearity of G.

Proposition 2.2. Let G be a linear r-partite r-graph with an r-partition (Ay, ..., A,). Let 1<
i <j<r. Then the mapping f: E(G) — E(P;j(G)) defined by f(e) =eN (A;UAj) is bijective. In
particular, e(G) = e(P;j(G)).

Next we give the following slightly technical definition of what we call projection-restricted
supersaturation in linear r-partite r-graphs. In the next section we show that we can obtain the
supersaturation of an expansion F in linear r-graphs from projection-restricted supersaturation
in linear r-graphs which have an almost-regular 2-projection.

Definition 3. Given a 2-graph F with v vertices and e edges, r > 2 and c a positive real. For a linear,
r-partite r-graph G and any 2-projection of it, say P, we say that (G, P) c-supersaturates F") if
(e(P))*
tr (G) 2 c—5—.
F () > e

Note that for 2-graphs, Definition 3 coincides with Definition 2.



Combinatorics, Probability and Computing 703

3. Reduction results
Erdés and Simonovits [7] proved the following ‘regularization’ theorem for 2-graphs.

Theorem 3.1 ([7]). Let 0 <« < 1 be a real and g =20 - 20727 There exists no = no(a) such that
if Gis a (1,14 «)-dense graph on n > ng vertices then there exists a q-almost-regular subgraph of
G, say G, which is (2/5,1 + «)-dense such that v(G') > n®(1=@)/(+e),

Theorem 3.1 is a useful tool for the Turan problem for H. Indeed, given a dense enough G, we
may first find an almost-regular subgraph G’ that has similar density to G and look for a copy of
H in G'. This theorem itself is not sufficient for establishing supersaturation results for 2-graphs
since we aim to force many copies of H in G. By going into G/, we might lose many copies of H.
What we probably need is the existence of a collection of dense enough almost-regular subgraphs
of G which together supply the number of copies of H that we need. Indeed, this is the rough idea
behind the following lemma, which may be viewed as some kind of extension of Theorem 3.1. For
any s, t integers, t > s > 1, and a graph H, we define

_ (el
TS D=y

Lemma 3.2. Let « be areal and s, t integers, where 0 < o < 1andt > s > 1, then there exist positive
reals Cy = Co(w, s, t) and q = gs,(a, s, t) such that the following holds. For every C > Cy, if G is a
(C, 1 + «)-dense graph then it contains a collection of edge-disjoint subgraphs Gy, . . ., Gy, satisfying

(1) forallie [m], Gjis g-almost-regular and (iC, 1 + «)-dense,
2) Y f(Girs, ) = ££(Gy s, 1),

Proof. While we specify the choice of q explicitly, we do not do so for Cyp. We assume Cy is
sufficiently large as a function of o, s and ¢. Let

p= |'2max{4/oz,(2$+t)/(t—s+1)}'|
and g = 8p. By the definition of p, we have
p*>16 and p'— T > 2% (3.1)

Suppose G has n vertices. Let us partition V(G) into p sets Ay, ..., A, of almost equal sizes,
i.e. each of size [n/p] or |n/p], such that A; contains vertices of the highest degrees in G. For
convenience, we will drop the ceilings and floors in our arguments as doing so does not affect the
arguments except for the slight changes to constants.

We now prove our statement by induction on n. When n < g the claim holds trivially, since
either G itself is g-almost-regular or no (C, 1 4+ «)-dense graph on n < g vertices exists. For the
induction step, we consider two cases.

Case 1. The number of edges in G with at least one endpoint in A; is at most e(G)/2.

Let d = d(G) be the average degree of G. By our definition of A, for each vertex v € V(G) \ A1,
we have dg(v) < pd; otherwise ZueAl dg(u) > pd(n/p) = nd, a contradiction. Let G' = G — A;.
Then

AG) < pd,
and e(G') > e(G)/2, by initial assumptions. By iteratively deleting vertices whose degree becomes
less than d/8, we obtain a subgraph G” C G’ with

d _ e(G)

e(G") > e(G) — % >=" and 5(G")>3.

o |
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Since A(G”) < A(G') < pd and 8(G”) > d/8, G” is 8p-almost-regular, that is, G” is g-almost-
regular. Also,

«(G") > 4_11 e(G) > ~Clv(G)] e > L-IIC[v<G“>11+“.

e

Thus, G” is (;IIC, 1 + «)-dense. Now

[e(G")]° . Le(G)/4F 1 1 [e(Q)) 1
VGO T V@I T #[vO &
So the claim holds by letting our collection of subgraphs be {G”}.

f(G', s, 1) =

—f(G,s, t).

Case 2. The number of edges in G with at least one endpoint in A; is more than % e(G).

For each i=2,...,p, let G;=G[A; UA;], n;=v(G;) and e; =e(G;). Then, for each ie
{2,...,p}, ni=2n/p. Also,

p
Z (] 2 @
‘ 2
i=2
Let ¥ ={2,...,p}. Define
S=lieI:e=Cn ™) and SH=.9\ 4.
Recall that p* > 16. By the definition of .#, and the fact that n; = 2n/p for each i € [p], we have
C|.7 21+a 14+o 4C 14« C G
Z € < ta Z( 2m)'te 7] <= <—n1+°’<e( )

~

pl+0{ = pO{ 4 = 4

i€ i€s
Hence

D ez @. (3.2)

For eachie .4 sincee; > CniH'o‘ and n; < n, by the induction hypothesis, G; contains a collection
of edge-disjoint subgraphs G/, ..., G!" each of which is g-almost-regular and (iC, 1 + «)-dense
such that

Zf(c f(Giys, ).
Hence
mj S
> fGhsn > LY f(Gus )= - Z —; 5 . (3.3)
ies j=1 i€ S i
Hence, by (3.2), (3.3), p'~*t! > 22+ and the convexity of the function x°, we have
P Cies @) t—s+1 s
3 Zf(G,, s, Lien @ p e /—f(G st
43(2 )t |f1|s—1 4252[ nt

i€ j=1

Hence the claims holds by letting { i€ 71,1 <j < mj}beour collection of subgraphs of G. This
completes Case 2 and the proof. O

Now we are ready to state our main result of the section. Informally, it says that we can
obtain the supersaturation of an expansion F(") in linear r-graphs from projection-restricted
supersaturation in linear r-graphs which have an almost-regular 2-projection.
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Theorem 3.3. Let « € (0,1) be a real and r > 2. Let F be a graph with v vertices and e edges,
where e > v. There exists a real q = q(a, F) > 1 such that the following holds. Suppose C, ¢ > 0 are
constants such that, for every linear r-partite r-graph G that has a (C, 1 + «)-dense and q-almost-
regular 2-projection P, (G, P) c-supersaturates F\"). Then there exist C', ¢’ such that every linear
r-partite r-graph that is (C', 1 + a)-dense ¢'-supersaturates F",

Proof. Lets=e¢,t=2e — v. By our assumption, t >> s > 1. We show that the theorem holds for g

to be chosen as g;,(e, s, t), derived from Lemma 3.2 applied with constant «, s and t. Finally, let
2e—v
cr

C' =4C, =—1—.
24e—v

Let G be an r-partite r-graph on n vertices such that e(G) > 4Cn' ™. Suppose G has an r-partition
(A1, Ay, ..., A,), such that |[Aj| > |Az] >...|A,]. Tt follows that |A{ UA,|>2n/r, and H =
P1,(G) is a (4C, 1 + a)-dense graph. By Lemma 3.2, there exists a collection of edge-disjoint
subgraphs Hy, . . ., Hy, of H, each of which is (C, 1 + «)-dense and g-almost-regular, such that

m
1

> f(His)> f(H,s 1),

i=1
For each i € [m], let G; be the subgraph of G such that P; »(G;) = H;. For each i € [m], since H; is
(C, 1 + a)-dense and g-almost-regular, by the hypothesis of the theorem, (G;, H;) c-supersaturates
F")_ That is,
(v(H;))!
Since the H;’s are edge-disjoint, the G;’s are also edge-disjoint (i.e. there is no edge contained in
two different G;’s). Thus we have

trn(Gi) = ¢ =cf(Hj, s, 1).

m

tpn (G) = Z tr (Gi)
i—1

m

> f(His )

i=1
> %f(H, 5 1)
¢ (e(H))®

T4 (v(H)*
CrZe—v (e(G))e

7 pde—v ’ nle=v ’

O

Theorem 3.3 says that to establish supersaturation of F) in an n-vertex linear r-partite r-graph
G, we may assume G has a dense enough almost-regular 2-projection P. Our next lemma can be
used to show that we may further assume P to have edge density exactly ®(v(P)!*®), where « is
any fixed real for which ex(#n, F 0y = O(n'*®). The proof uses random sampling and the classical
Chernoff bound, which we state here for completeness.

Lemma 3.4 (Corollary 2.3 of [16]). Given a binomially distributed variable X € BIN (n, p) we have
P(IX — E[X]| = aE[X]) < 2e_(“2/3)E[X], aslongas0<a<<3/2.

Lemma 3.5. Let r > 2 be an integer. Let o € (0, 1) be a real. Let F be a graph with v vertices and
e edges, where e > v. There is a constant mo = mo(«) such that the following holds for all M > my.



706 T. Jiang and L. Yepremyan

Suppose D, g, ¢ > 0 are reals where q > 1 such that, for every linear r-partite r-graph G' that has a
2-projection P' on m > M vertices satisfying Dm* < §(P') < A(P') < 3qDm®, we have that (G, P’)
c-supersaturates F7. Then, for every linear r-partite r-graph G that has a (gD, 1 + a)-dense and
g-almost-regular 2-projection P on at least M vertices, (G, P) ¢/2¢T -supersaturates F"),

Proof. The choice of m( will be given implicitly in the proof. Let G be a linear r-partite graph with
an r-partition (A1, Ay, . . ., A,), where without loss of generality P = P; 5(G) is (gD, 1 + «)-dense,
q-almost-regular, and has m = v(P) > M vertices. The idea is to sample randomly a subgraph G’
of G with an appropriate edge probability, count F") in G', and then use it to bound the count of
F") in G. Now let §(P), A(P) and d denote the minimum, maximum and average degrees in P,
respectively. Then

_ 2¢(P) - 2qDm'*¢
v(P) ~ m
Since P is g-almost-regular, we have §(P) > d/q > 2Dm®.
Let p =2Dm®/3(P) and let G’ be a random subgraph of G, obtained by including each edge of
G in G’ independently with probability p. Then
Ele(G)]=pe(G) and Eltpn(G)] =t (G) - p°,
Eldg (v)] =pdg(v) forallve V(G)ve V(G).

Since G is linear and P is a 2-projection, for each v € V(P) = A; U A, we have dg(v) = dp(v). Since
P is g-almost-regular, A(P)/8(P) < q. So, for each v e A} U A,, we have

=2qDm*.

o

D
Eldg ()] = pdg(v) = pdp(v) < 2o

A(P) < 2gDm®,
5(P) (P) < 2qDm

and similarly E[dg (v)] > 2Dm".
Now random variables dg (v) and e(G’) have binomial distributions. Hence, using Markov’s
inequality and Chernoff’s inequality, one can show that

1
P[tp(r)(G/) > ZtF(V)(G) ‘Pe] < 5’

Ple(G) < 15) e(G)] < :11

and
P[3v € A; U A; such that dg (v) < Dm® or dg (v) > 3gDm*] < 1/4.

In some of the inequalities above, we used Chernoff (and the union bound for the last one).
The desired inequalities hold when m is large enough as a function of «, which is guaranteed
by choosing my to be large enough. So there exists a subgraph G of G satisfying

e(G) > ‘5’ e(G), ) (G) < 2151(G) - pF, (3.4)

and that foreachve A; UA,;
Dm* < dg(v) < 3gDm“. (3.5)
Now let P’ = P; 5(G). Since there is a bijection between E(G’) and E(P’), for each v € V(P), we
have dp (v) = d (v). By (3.5), for each v € V(P') = A} U A, we have
Dm* < dp(v) < 3gqDm“.
Thus, by the hypothesis of our theorem, (G', P’) c-supersaturates F ), By (3.4), we have

1 , c (G)° _ ¢ pie(G)F c  (e(G)F
v Z —Iper Z— - > —. = . )
tF( )(G) zpe tF( )(G ) 2pe mZe—v Zpe ZemZe—v 2€+1 m2e—v 0
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Applying Theorem 3.3 and Lemma 3.5 we obtain the following reduction tool for supersatura-
tion of expansions. In this paper we use it on Cg;()

Corollary 3.6. Let r > 2 be an integer and a € (0, 1) a real. Let F be a graph with v vertices and
e edges, where e > v. Let q=q;5(«, F) be given as in Theorem 3.3 and mo = mo(«) be given as
in Lemma 3.5. Suppose there exist reals D, ., M, ¢ > 0, where A > 3q, M = my, such that, for every
linear r-partite r-graph G that has a 2-projection P on m > M vertices satisfying Dm* < §(P) <
A(P) < ADm®, we have that (G, P) c-supersaturates F). Then there exist C', ¢ such that every
(C', 1 + a)-dense linear r-graph G ¢ -supersaturates F\").

Proof. Suppose there exist reals D, A > 0, where A > 3¢, such that, for every linear r-partite r-
graph G that has a 2-projection P on m > M vertices satistying Dm® < §(P) < A(P) < ADm%, we
have that (G, P) c-supersaturates F (r), By Lemma 3.5, there exists a constant ¢; 5 such that, for every
linear r-partite r-graph G that has a (gD, 1 + «)-dense g-almost-regular 2-projection P on at least
M vertices, (G, P) c;s-supersaturates F Set C= max{gD, M}. Then, for every linear r-partite
r-graph G that has a (C, 1 + «)-dense g-almost-regular 2-projection P, we have that (G, P) ¢;5-
supersaturates F) (as P must have at least C > M vertices). Applying Theorem 3.3 with the C
above and ¢ = ¢;35, there exist constant C}, and ¢}, such that every linear r-partite r-graph that is
(C.,, 1+ a)-dense ¢, ,-supersaturates F),

Let C' = (r"/r!)C,,. Let G be a linear (C', 1 + «)-dense r-graph. By a well-known fact, G con-
tains an r-partite subgraph G’ with e(G') > (r!/r") e(G). Clearly, G’ is (C,,, 1 + «)-dense. By our
discussion above, G’ ¢, ,-supersaturates F, Hence G ¢} ,-supersaturates F(", O

Corollary 3.7. Let r, k > 2 be integers. There exist constants my, qx depending only on k such that
the following holds. Suppose there are reals D, ., M, ¢ > 0, where A > qiD and M > my, such that,
for every n-vertex linear r-partite r-graph G that has a 2-projection P on m > M vertices satisfying
Dmk < §(P) < A(P) < ADmY*, we have tc(r)(G) > cm?. Then there exist constants C', ¢’ such that
2k
every n-vertex linear r-graph G with e(G) > C'n' /¥ satisfies ton(G) = d(e(G)/n)?k. O
2%

4. Overview of the proof of Theorem 1.1

In this short section, we give a brief outline of the proof strategy for r = 2. The strategy for r > 3
is similar and relies on establishing some coloured version of the r =2 case. See Section 6 for
details. By Corollary 3.7, to prove Theorem 1.1 for r =2, it suffices to prove that every almost-
regular n-vertex bipartite graph with average degree ©(n'/¥) contains at least 2(1?) linear cycles
of length 2k. Suppose we are given an n-vertex almost-regular bipartite graph G with average
degree O(n'/*). The key ingredient is to show that for each vertex x, there exists a j = j(x) € [k — 1]
such that the number of C,;’s containing some vertex that lies in the jth distance classes from x
is at least Q(n!17/k). Suppose we have established that. Then, for some t € [k — 1], there are Q(n)
different vertices x in G with j(x) =t. Since A(G) = O(n'/k) by almost-regularity, any vertex in
G lies in the jth distance class of at most O(n'’*) different vertices x. Hence G contains at least
Q(n - n' 1k jnt/ky = Q(n?) distinct Cyy’s and we are done.

To establish the above-mentioned key ingredient, we adapt the Faudree-Simonovits method
as follows. From each vertex x we use breadth-first search (BFS) to obtain the distance classes
Lo ={x}, Ly, Ly, . ... Using the minimum degree assumption, we can find the smallest i € [k — 1]
such that the subgraph G[L; U Li+1] of G induced by L; U Li;1 has average degree at least some
given constant, depending on k and i. The choice of i together with the condition §(G) = Q(nl/k)
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also ensures that |L;| = Q(n'/*) and e(G[L; U L)) = Q(n+1/k) Let T be a BFS tree rooted at x
with vertex set Lo U Ly U - - - U L;. We divide vertices in L;4 into L:fH and Ly where the former
consists of those in L, that send edges in G to many components of T — x (i.e. many different
subtrees of T under x) and the latter consists of the rest of L;;1. If most of the edges of G[L; U
Li+1] go into L;fH, we build many paths of length 2k — 2i in G[L; U L;11] whose two ends lie in L;
and under different children of x in T. These paths then extend to different C,x’s going through
x. If most edges of G[L; U L;41] go into L ;, then we do some cleaning to find vertex-disjoint
subgraphs of G[L; U L;11] which together capture at least a constant proportion of the edges of
G[L; U Li}1] such that each is attached to a different component of T — x. Since the height of
these components of T — x, viewed as subtrees rooted at children of x, is one shorter than that of
T, we can apply some form of induction to show that these subgraphs together with the different
subtrees of T that they are attached to collectively supply the needed collection of Cyy’s.

Let us now describe a variant of this method, which avoids induction (on the height of a BES
tree) and appears more versatile. The key to the Faudree-Simonovits method is that any path of
length p in G[L; U L;fH] that starts in some vertex a in L; and ends in some vertex b in L;Srl can
be extended at b to end at a vertex ¢ in L; so that a and c lie under different children of x in T.
This allows us to round out the path into a cycle through x of length p + 2i + 1, as the paths in
T from a and ¢ to x are internally disjoint. The useful feature of a vertex v in L;fH is that it is
well-linked to x by some measure. A variant to the Faudree-Simonovits method is to locate for
each vertex v in Liy; some vertex r(v) in T (which may not be x itself) that v is well-linked to,
which we may call the ‘local root’ for v (see Lemma 5.1 for details). Then we partition L;y; based
on the level r(v) lies in over all v € L;;1. This new approach has the advantage that even if T is
replaced with some non-tree structure, we will still be able to extend a path in G[L; U L;y;] to a
cycle through alocal root in a well-controlled way. Indeed, in [5], this variant is key to establishing

that ex¢(n, CJ), ) = O(n'*+1/k),
In our proot of Theorem 1.1 we will use the Faudree-Simonovits inductive approach for r > 3
and the ‘local root’” approach for r = 2. As we mentioned before, one could prove Theorem 1.1 in

its generality using one of the two approaches.

5. Supersaturation of even cycles in graphs

5.1 Preliminary lemmas

Lemma 5.1. Let T be a tree of height h with a root x. For each v e V(T), let T,, be the subtree of T
rooted at v. Let b be a positive integer. Let S be a set of at least bh + 1 vertices in T. Then there exists
a vertex y at distance i from x, for some 0 <i < h — 1, such that |V(T,) N S| > |S| — ib and that for
any child z of y in T, |V(T,) N S| < |V(T)) N S| — b.

Proof. We define a sequence of vertices as follows. Let xo = x. Among all the children of xo, let
x1 be one such that Ty, contains the maximum number of vertices in S. Among all the children
of x1, let x, be one that contains the maximum number of vertices in S, and so on. Suppose the
sequence we define this way is xo, x1, . . ., xp, where p < h and |V(Txp) N S| = 1. Since |V(Tx,) N
S| > bh+1and |V(Txp) N S| = 1, there must exist a smallest index 0 < i < p such that [V(Ty,, ) N
S| <|V(Ty;) NS| — b. Let y = x;. Then y satisfies the claim. O

Given a bipartite graph G with a bipartition (A, B), we will use d4(G) and dp(G) to denote the
average degree in G of vertices in A and in B, respectively. Also, we will use §4(G) and 8g(G) to
denote the minimum degree in G of vertices in A and in B, respectively. When the graph G is clear,
we will drop G from the notation above and write dy, dg, §4, 8B, respectively.
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Lemma 5.2. Given a bipartite graph G with a bipartition (A, B) there exists a subgraph G' of G with
a bipartition (A', B') where A’ C A, B' C B such that e(G') > 1 5 e(G) and that § 4 (G') > 1dA(G) and
55(G') > 1dp(G).

Proof. Let dy =d4(G) and dg = dp(G). Let us iteratively delete any vertex in A whose degree
becomes less than A—lde and any vertex in B whose degree becomes less than %dB. We continue
until we no longer have such vertices or run out of vertices. Let G’ denote the remaining graph.
Let A’ denote the set of remaining vertices in A and B’ the set of remaining vertices in B. The
number of edges removed in the process is at most

1 1 1 1 e(G)
—dalA|l 4+ —dp|B| < - e(G) + — e(G) = —.
4A||+4B||4()+4() 5
Hence G’ is non-empty. By the procedure, each vertex in A’ has degree at least id 4 and each vertex
in B’ has degree at least {dg in G'. O

We also need the following crude bound on the number of paths of a given length in an asym-
metric bipartite graph. Even though sharper estimates exist in the literature, the lemma suffices
for our purposes and is self-contained.

Lemma 5.3. Let p be a positive integer. Let G be a bipartite graph with a bipartition (A, B). Let
da, dp denote the average degrees of vertices in A and in B, respectively. Suppose da, dg > 8p. Then
the number of paths of length 2p + 1 in G is at least

JopiT e(G)(dadp)".

Proof. By Lemma 5.2, G contains a subgraph G’ with a bipartition (A’, B') such that e(G) >
%e(G) and that §4/(G') > %LdA’ Sp(G) > ;lldB. Consider growing a (2p — 1)-path vivy... vy
where vi € A, vy € B. There are e(G') ways to pick viv;. Then there are at least ]_[ 83/ -
i)(84r — i) ways to pick the remaining vertices one by one. Since 4 > dA >2pandép > dB

2p, we have 84 —i > sz/ > sdA and ép —i> dB/ dB forall i e [ ]. Hence the number of
(2p + 1)-paths in G is at least

1 1
3 e(G) - 2 (dAdB)p ST e(G)(dadg)’. O

5.2 Proof of Theorem 1.1 forr=2

Lemma 5.4. Let h, k be positive integers where h < k. Let G be a graph. Let T be a tree of height h
in G with a root x. For each i € [h], let L; be the set of vertices at distance i from x in T. Let W be
a set of vertices in V(G) \ V(T). Let F denote the bipartite subgraph of G containing all the edges of
G between Ly, and W. Let dy, dw be the average degree in F of vertices in Ly, and in W, respectively.

Suppose d, dw > 16k>. Then there exists j € [h] such that the number of Cys in G that contain

k—h k—h 1
+Jd = , where

1 1 2k—2
oA = —\| — .
AT

Proof. For each vertex y in T, let T, denote the subtree of T rooted at y. We clean up F to get a
subgraph F’ of F as follows. First we delete vertices w in W with dp(w) < kh. Let W’ denote the set
of remaining vertices in W. Let w € W’. Applying Lemma 5.1 to T and S = Ng(w), we conclude

some vertex in L is at least a|Ly|d;
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that there exists some vertex (w) € L; for some j € [h — 1] such that there are at least |Np(w)| — kj
members of Nr(w) that lie in Ty(,). Furthermore, for any child z of r(w) in T, there are at least
k members of Np(w) N V(T},)) that lie outside T,. To form F’, we include edges between w and
NE(w) N V(Tyyy)) for each w € W. By our assumptions, in forming F’ from F we have deleted at
most kh edges incident to each w € W. Hence

e(F') > e(F) — kh|W|.

For each j € [h — 1], let W;={w e W’': r(w) € L;} and let F; be the subgraph of F" induced by
Ly U W;j. Let us choose an j € [h — 1] such that e(F;) is maximum. Then (as h < k)

1 1 1 1
e(Fj) = E@(F/) > %E(F/) > %(E(F) —kh|W|) > ﬂe(F% (5.1)
where the last inequality follows from the fact that e(F) = dyw/|W| > 16k*|W| > 2kh|W|.

Suppose Lj = {z1, 22, . . ., zt}. For each e € [t], let S, = L, N V(T,). By our definition of F' and
Fj, in Fj each w € W; has edges to precisely one S,. Let N, = NFJ.(Se). Then Ny, . .., N; partition W;
and F; is the vertex-disjoint union of Fj[S, U N,], for e € [t]. Let m =k — (h — j).

Claim 1. Every (2m — 1)-path P in F; extends to a Cyy in G that contains a vertex in L;.

Proof of claim. Consider any (2m — 1)-path P in F;. By our discussion, P C Fj[S, U N,] for some
e € [t]. Suppose Q=v1v;...Vyy, where v; €S, and vy, € N,. Then r(v,) =r(vam) = z.. Let a
denote the child of z, in T, such that v; lies under a. Since r(v2,) = z., by definition, v,,, has
at least k neighbours in T, that lies outside T,. Among them, at least one, say u, lies outside V(P).
Let Q, Q denote the unique (v, z.)-path and the unique (1, z.)-path in T, respectively. Since v,
and u lie under different children of z,, V(Q) N V(Q') = {z.}. Now PU v,,,u U QU Q' is a cycle of
length 2m — 1 4+ 1 + 2(k — m) = 2k in G that contains z. [

By Claim 1 the number of Cy’s in G that contain a vertex in L; is at least the number of
(2m — 1)-paths in Fj. To complete our proof, it suffices to find a corresponding lower bound on
the number of (2m — 1)-paths in F;. For convenience, let A = L;, and B= W;. Let d4, dp denote
the average degrees in F; of vertices in A and B, respectively. By (5.1),

1

]
dy>—d; >8k>8 d dg>—dy >8k>8m.
AZ % meoand dp =g paw "

By Lemma 5.3 with p = m — 1, the number of (2m — 1)-paths in F; is at least

11\
26(mﬁ€(13j)[dAdB]mf1 > 26_m<ﬁ> e(Fdy 'y !
> oy | Ly |dy iy
— Ll dE T,
where
1 /1 \22
()
This completes our proof. O

In the next theorem, we use Lemma 5.4 to quickly obtain the desired lower bound on the
number of Cyy’s in almost-regular n-vertex graphs whose number of edges is @ (n'+1/k),
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Theorem 5.5. Let k > 2 be an integer. Let D, . > 0 be constants where D > 64k% and » > 1. Let
no = (80). Let G be an n-vertex bipartite graph, n > ny such that, for each v € V(G), Dn'/k <
d(v) < 2Dn'/k. Then there exists a positive constant = B(D, A, k) such that tc, (G) > Bn.

Proof. For each x € V(G), let L;(x) denote the set of vertices at distance i from x. Let h(x) be the
minimum i < k — 1 such that |Li1(x)|/|Li(x)] < n'/k. Clearly h(x) exists or else we run out of
vertices. Let i1 = h(x). Let T be a BES tree rooted at x that includes Ly(x), L1 (x), . . ., Ly(x). By our
assumption,

L) = n"* and Ly, ()] < nVRILL (01

Recall that |Liy1(x)|/|Li(x)| > n'/* forall i=0,1,...,h — 1. Since n > ny > (81)k, n'/k > 81. By
our assumption,

[V(T)\ Ly(x)] |Lh|2<8k) —| n(%)l.

Let F be the bipartite subgraph of G consisting of all the edges of G between Lj,(x) and Ly, (x). The
total number of edges of G incident to Lj,(x) is at least Dn'/ kL, (x)1/2. Among them, the number
of edges that are incident to V(T) \ Ly (x) is at most

(1/43)3.Dn' ¥ Ly ()] = (1/49) D' | Ly ()]
Hence
e(F) > (1/9)Dn Ly ()]
Let dy, dp denote the average degrees in F of vertices in Lj(x) and Ly (x), respectively. Then
da > (1/4)Dn'/* > 16k*n'/* > 162,
and
dp > (1/4)Dn'/¥| Ly (x)| /| Lp1 (x)] > (1/4)D > 16K%.

By Lemma 5.4, there exists a j € [h — 1] such that the number of C,¢’s in G that contain a vertex in
Lj(x) is at least

k—h+j —h+ij i
aleh|dA ] > Olki’lh/k(l’ll/k)k h+j =O[k7’ll+]/k.

Let us denote this j value by j(x). For each t € [ — 1], let S; = {x € V(G): j(x) = t}. By the pigeon-
hole principle, for some t € [h — 1], we have |S;| > n/(h — 1). Let us fix such a ¢. By our discussion,
for each x € S;, the number of Cy;’s that contain a vertex in L;(T) is at least azn' /%K. On the other
hand, a vertex y lies in L+(Ty) for at most [ADn'/k]t different x. Hence the number of distinct Cyy’s
in Gis at least

|St|akn1+t/k/XtDtnt/k > (Olk/k)\ka)nz
The claim holds by setting 8 = o/ kakDk, O
Proof of the r = 2 case of Theorem 1.1. Theorem 5.5 applies as long as D > 64k?, A > 1, and

no > (81)k. To apply Corollary 3.7, we set D = max{64k?, my}, » = ;D and M = (81)K, where
my, qx are as given in Corollary 3.7. The claim follows readily from Corollary 3.7. O
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6. Supersaturation of even linear cycles in linear hypergraphs
6.1 Notation and preliminary results

Let H be a graph and S be a set of vertices, where possibly SN V(H) # ¢J. Let ¢ be any colouring
of the edges of H using non-empty subsets of S. Given any subgraph F of H, we let

cB = ¢,

ecE(F)

and call it the colour set of F under ¢. We say that ¢ is strongly proper on H if, for any e, ¢’ € E(H)
that share a vertex, we have ¢(e) N ¢(¢') = (). We say that ¢ is rainbow on F (or that F is rainbow
under @) if, for every two edges e, ¢ in F, we have ¢(e) N ¢(¢') = @ and that € (F) is disjoint from
V(F). Note that if ¢ uses (r — 2)-subsets of S and F is rainbow under ¢, then F U €(F) forms an
r-expansion of F. Observe that if G is an r-partite linear r-graph with an r-partition (4, ..., A,),
then the natural colouring ¢ of P; j(G), where, for all f € E(P;;(G)), ¢(f) is the unique (r — 2)-tuple
Iy for which f U Iy € E(G), is strongly proper on P;;(G) by the linearity of G.

Let G be an r-graph and v € V(G). Recall the definition of Lg(v) from the Introduction. For any
subset S C V(G), we let Lg(v)|s denote the restriction of the link of v to S, that is,

LeWIs={ISS|Ie L)}

We give a very crude analogue of Lemma 5.3, this time counting rainbow paths of a given
length in an asymmetric bipartite graph.

Lemma 6.1. Let p, m be positive integers and H be a bipartite graph with a bipartition (A, B). Let
@ be a strongly proper edge-colouring of H using m-sets. If §4,8p > 4p(m + 1) then the number of
rainbow paths of length 2p + 1 in H is at least

2%, e(H)(6485)".

Proof. Consider growing a rainbow path P =v1v; ... v, where v; € A and vy, € B. There
are e(H) choices for v v,. In general, suppose the subpath Py =v;v; . . . v has been grown, where
2<t<2p+ 1. If v, € A then we let v,41 be a neighbour of v; in B such that {v;;1} U @(viviy1)
is disjoint from (V(P¢) \ {v¢}) U €' (Ps). If v € B, v¢4 is defined symmetrically. Assume first that
vt € A. Note that

(VPO {viH UE(P)) <t —1+(f—1Dm<2p(m+1).

Since ¢ is strongly proper, the set {u U ¢(u): u € Ny (v¢)} is an (m + 1)-uniform matching of size
dr(v¢). At most 2p(m + 1) of these members contain a vertex in (V(P;) \ {v¢}) U € (Py). So there
areatleast dy(ve) —2p(m+1) > 864 —2p(m+1) > %BA choices for v;y 1. Similarly, if v¢ € B, there
are at least %83 choices for v;41. Hence the number of ways to grow P is at least

1 \/1 .\ 1
C(H)(E(SA> <583> ZZTPC(H)((SA(SB)I) O

Lemma 6.2 (splitting lemma). Suppose we are given D € R, y € (0, 1) and integersk, r > 2. There
exists ng = ng,(D, k, 1, y) such that, for all n > ny, if G is a linear r-partite r-graph such that two of its
r-partition classes, say A and B, satisfy that |A U B| = n and that |Lg(v)| > Dn” for eachve AU B,
then there exists a partition of V(G) into S1,Sa, .. ., Sk such that, for every ve AUB and every
i€ [k], we have

14

Dn
ILeWls| = 52
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Proof. Let us independently assign each vertex x in V(G) a colour from [k] chosen uniformly at
random. Let S; be the vertices of assigned colour i. For a vertex v € A U B, we let X;(v) denote the
number of edges (which are (r — 1)-sets) in Lg(v) that are completely contained in S;. For each
IeLg(v),

1
PIICS] = F
Since G is linear, edges in L(v) are pairwise disjoint. Hence the events {I C S;} are independent for

different I € Lg(v)’s. Therefore X;(v) has the binomial distribution BIN (dg(v), 1/k™1). Writing d
for dg(v), we have E(X;(v)) =d/k"!. By the Chernoft bound,

d

Therefore the probability that the event {X;(v) < d/2k"~!} occurs, for some vertex ve AU B
and some i € [k], is less than

Xi(v) — >

d } - ze—d/(lzk’*l) - 2e—Dn3’/(12k’*1)
kr—l .

2kr—1

kn - 2e~ D" /2K 1,

when n; is large enough and n > n,. Thus there exists some colouring which guarantees that every
vertex v € A U B satisfies

d Dn”
>

> . ]
2kr—1 zkr—l

[La(v)ls;] =

Before we establish supersaturation of C;;()’s in linear r-partite r-graphs that have an almost-
regular 2-projection with the right density, we need another lemma. Given an r-graph G, where
r>2,and S C V(G), S is a vertex cover of G if S contains at least one vertex of each edge of G.

Lemma 6.3. Let r > 2. Let G be an r-graph and S a vertex cover of G. There exist a subset S C S
and a subgraph G' C G such that e(G') = (r/2") e(G) and that, for all e € E(G'), [eN §'| = 1.

Proof. Let §' be a random subset of S obtained by including each vertex of S randomly and inde-
pendently with probability 1/2. Let e be any edge of G. Suppose [e N S| = m. Then 1 < m < r. The
probability that exactly one of these m vertices of eN S is chosen for § is m/2™ > r/2". So the
expected number of edges of G that meet §' in exactly one vertex is at least (r/2") e(G). So there
exists §’ C S such that at least (r/2") e(G) of the edges meet §' in exactly one vertex. Let G’ be the
subgraph of G consisting of these edges. O

6.2 Rainbow rooted trees
We now introduce the following adaptation of the BFS tree to linear hypergraphs.

Definition 4 (maximal rooted rainbow tree). Given r > 3, let G be a linear r-partite r-graph
with two of its partition classes being A and B, and let ¢t > 0 be an integer. Suppose there exists
a partition of V(G) into 81, Sy, . . ., S¢ such that, for every v € AU B and for every i € [¢],

LW)ls, # 9 6.1)

For every x € A U B, we define a tree Ty, rooted at x and of height t, together with a colouring ¢ of
its edges by (r — 2)-sets as follows. We define the tree by defining its levels L; iteratively. The L;’s
will alternate between being completely inside A and being completely inside B. Without loss of
generality, suppose x € A. The tree T is defined symmetrically if x € B.
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(1) Let Ly = {x}.

(2) Having defined L;, we define L;y; as follows. Without loss of generality, suppose L; C A.
Let F = UveLi LG(v)ls;,,- Since G is r-partite with A, B being two partite sets and L; C A,
V(F) is disjoint from A and each edge of F contains exactly one vertex in B. Let M;; be a
maximum matching in F. By condition (6.1), M;; is non-empty. Define

Liy1 =Mi1|p={beB|3I € Mjy; such that b e I}.

It remains to define how the vertices of L; are connected to L;;;. For each b € L4, there
exists a unique I, € M;11 which contains b, and due to linearity of G there is a unique v € L;
such that I, U {v} € E(G). We add the edge vb to Ty and let p(vb) =1I;, \ {b}.

(3) Repeat step (2) until all vertices of G are exhausted or i > f.

Proposition 6.4. Under the assumptions of Definition 4, Ty is a tree of height t rooted at x that is
rainbow under the assigned colouring ¢. In particular, if P is a path in Ty then PU € (P) is a linear
path of the same length in G with P being its skeleton.

Proof. It is clear from the definition that Ty is a height ¢ tree rooted at x. We now show that
Ty is rainbow under c. By the way we define Ty and ¢, €(Ty) N V(Ty) = 0. Let e, ¢ be any two
edges in Ty. Suppose ¢ joins a vertex in L; to L;11 and ¢’ joins a vertex in Ly to Ly 1. If i # 7/, then
p(e) Np(e) =0, since p(e) C S;y1 and p(e') C Sy and Sip1 NSy =0. Ifi=17, then e C 1T and
¢ C I for two different members I, I’ € My ;. Since M;4 is a matching, ¢(e) N (') = . So Ty is
rainbow under c.

The second statement follows immediately from our discussion in Section 6.1 that a rainbow
subgraph F together with its colours forms an expansion of F. O

We are now ready to prove the following analogue of Lemma 5.4. As mentioned in the
Introduction, we will give a proof slightly different from that of Lemma 5.4. Instead of using
Lemma 5.1, we will use the strong/weak level notion used by Faudree and Simonovits [12] in the
study of theta graphs. Note that we could also prove Lemma 6.5 using Lemma 5.1 and Lemma 6.1,
but we think that the Faudree-Simonovits approach is more intuitive and less technical for the
hypergraph case.

Lemma 6.5. Let i, k, m be integers where k > i+ 1> 1, m > 1. Let b, d be reals satisfying b, d >
16'(2m + 2)k. Let Ty be a tree of height i rooted at x. For eachj =0, . . ., i, let L; be the set of vertices
in Ty at distance j from x. Let W be some set of vertices disjoint from V(T) and let H be a bipartite
graph with bipartition (L;, W) such that

e(H) > max{d|Li|, b| W|}.

Suppose c is an edge-colouring of G = Tx U H such that c is rainbow on T and strongly proper on
H and that €(G) N V(G) =0 and € (Tx) N € (H) = 0. Then there exist 0 < q < i and some positive
real a; = a;(i, k) such that there are at least a;(bd)* =114 e(H) rainbow Cys in G that contain a
vertex in Lg.

Proof. We proceed by induction on the height i of the tree. It holds vacuously for i = 0. For all
i > 1 we prove the result by splitting the argument into two cases, and we use induction in only
one of the cases. It is important to point out that when i = 1 we are in Case 1 and thus need not
use the vacuous case of i = 0 as our induction hypothesis.

Let x1,x2, . . ., xp denote the children of x in Ty. For each j € [p], let T(x;) be the subtree of Ty
rooted at x;. For each j € [p], we define the jth sector to be S; = L; N V(T (x;)). Note that since Ty is
a tree, the Sj’s are pairwise disjoint. For a vertex v € L;, we let S(v) denote the sector that v lies in.
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We say that a sector S; is dominant for a vertex w € W if

INg(w) N Sj| > max{ INg(w)| — 2km, |NH2(W)| }
We say that w € W is strong if it has no dominant sector and weak otherwise. Note that, by our
definition, if w € W has a dominant sector then there is only one such dominant sector for w.

Let W, be the set of strong vertices and let W), be the set of weak vertices, respectively. Let H;
denote the subgraph of H induced by L; and W, and let H,, denote the subgraph of H induced by
L; and W,,. The argument splits into two cases, depending on whether the majority of the edges
of H lie in H; or in H,,. In the first case we build the necessary number of rainbow 2k-cycles going
through the vertex x (so in the outcome of the theorem we have j = 0 as x € Ly). In the second case
we use induction to find rainbow 2k-cycles in T(x;)’s for many j.

Case 1.
e(Hy) > e(H)/2. 6.2)

Let davg(L;) and dayg(Ws) denote the average degrees in H for vertices in L; and Wj respectively.
Then by (6.2), we have dayg(L;) > d/2, dayg(W) > b/2. By Lemma 5.2, there is a subgraph H' of
H; with bipartition (A, B), A € L;, BC W, such that

e(Hs) _ e(H) davg(Li) _ d davg(Ws) _ b
H)> >—2, SAH)>—""S>-, SpH)> ">, 6.3
e(H) 5 , A(H) 1 S B(H) 1 s (6.3)
Since b, d > 16'(2m + 2)k, clearly b/8,d/8 > (4m + 4)k > (4m + 4)(k — i — 1). Since c is strongly

proper on H, by Lemma 6.1 with p = k — i — 1, the number of rainbow paths of length 2(k — i) — 1
in H’ is at least

e(H')(Sa(H)Sp(H )1 > e(H)(bd)*—L.

22(k—i1) 25(—i—1)12
Claim 2. Every rainbow path P =v1v, ... vy_; of length 2(k — i) — 1 extends to a rainbow Cyy
in G that contains x.

Proof of claim. By symmetry, we may assume that v; € A, vy_;) € B. For convenience, let t =
2(k — i). It suffices to show that there exists u € Ny (v;) (note that u lies in L; but does not neces-
sarily lie in A) such that P U v;u is a rainbow path in H and that S(v;) # S(u). Indeed, suppose such
a u exists. Then, since S(v;) # S(u), the unique path Q; in Ty from v; to x and the unique path
Q; from u to x intersect only at x. Since Ty is rainbow, Q; U Q; is rainbow. By our assumption,
€ (Tx) NE(H)=9. Thus P, Q;, Q, together form a rainbow Cy, in G.

Now we show that such a u exists. Since v; € Wy, by definition, [Ny (v¢) \ S(v1)| > 2km. Since
@ is a strongly proper edge-colouring using m-sets, {w U ¢(w): w € Ny (v¢) \ S(v1)} is an (m + 1)-
uniform matching of size [Ny (v;) \ S(v1)| = 2km. Since clearly |V(P) U € (P)| < 2km, there exists
u e Npg(ve) \ S(v1) such that (wU ¢(w)) N (V(P)U € (P)) =. It is easy to see that PUvsu is a
rainbow path in H. Also, u ¢ S(v1) by choice. I

Case 2. e(Hy,) > e(H)/2.
In this case we have
d b
e(Hy) > E|Li|) e(Hy) > EIWI- (6.4)

Recall that x1, . .., x, are the children of the root x and for each j € [p], Sj = V(T(x;)) N L;. For
each j € [p], let W; be the set of vertices in W,, whose dominant sector is S;. Now we run the
following ‘cleaning’ procedure. For every vertex y € W, we only keep those edges in H,, joining y
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to vertices in its dominant sector. Let H” denote the resulting subgraph of H,,. By the definition
of W, every vertex y € W,, satisfies

dpr(y) = INH(y)| — 2km.
Hence
e(H") > e(H,,) — 2km|W,,|.
Since b > 8km, by (6.4) e(H,,) > 4km|W|. Therefore

o(H') > %e(Hw > ;11 e(H). (6.5)

For each j € [p], let H; denote the subgraph of H” induced by S; U W;. Note that the Hj’s are
pairwise vertex-disjoint. We want to apply induction to those T(x;) U H; where H; is relatively
dense from both partite sets. For that purpose we partition the index set [p] as follows. Let

. d . b
S = {J € [pl: e(Hj) < 1—6|Sj|}, = {16 [p]: e(H)) < 1—6|Wj|}, 3 =[pI\ (/1 U.7).
By the definition and disjointness of the H;’s, we have
d b 1
D eH) < Tl + eI WI< g e(H).
jeﬁlufz
Hence
1
> elH) > o e(H). (6.6)
]’E,ﬂy,
For each j € .73, by definition, we have

d b
e(Hj) > IS and  e(H)) > L-IWjl.

Since T(x;) has heighti — 1and d/16,b/16 > (16)~1(2m + 2)k, by the induction hypothesis with
d, b replaced with d/16 and b/16 respectively, there exists g =q(j) such that the number of
rainbow 2k-cycles in T'(x;) U H; that contain a vertex in level g(j) of T(x;) is at least

bd k—(i—l)—l+q(j) hd k—i+q(j)
ai—1 (W) e(Hj) = aj—1 (@) e(H;).

Foreacht=0,...,i—2,let #5; ={j € 73: q(j) = t}. By the pigeonhole principle, there exists
te{0,...,i— 2} such that

1 1
D e )= — ) e(H) > o e(H).
je.ﬂg,[ jéjj,

Let us fix such a t. By our earlier discussion and the fact that vertices in level ¢ of each T/(x;) for
j€ s, liein level £ + 1 of Ty, the number of rainbow 2k-cycles in G that contain a vertex from
Ly is at least

b k—i+t )
Y ai (—) e(Hy) > ai(bd)* 1 e(H),

with the choice of
ai—1
28(k—i+])+3

Hence in this case the lemma holds for g =t 4 1. O
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6.3 Proof of the r > 3 case of Theorem 1.1

We are finally ready to prove the supersaturation statement of CZ() for linear r-partite r-graphs
G that have a 2-projection on two parts A, B that is almost-regular and have a number of edges
exactly ©(|A U B|'*1/K). By Corollary 3.7 this would imply Theorem 1.1 for all r > 3. For this we
first define an adequate partition V(G) into Sy, . . ., Sx. From each vertex x we define the maximal
rainbow tree T, rooted at x relative to the partition (Sy, . . ., Sx). Then we apply Lemma 6.5 to find
many rainbow 2k-cycles containing a vertex from some fixed level of T, which corresponds to
linear 2k-cycles in G. Summing over all x and eliminating overcount, we get a lower bound on the
number of 2k-cycles in G.

Theorem 6.6. Let k,r > 2 be integers. Let D be a constant such that D > 2"+ 1kr (16)K. There exist
ng such that if G is a linear r-partite r-graph with an r-partition Ay, . .., A, such that |A; U Ay| =
n = ng and for every v e A; U Ay,

D'k < |L(v)| < ADRVE,
2

where . > 1 is a real, then there exists « = a(k, r, A) such that tc(r)(G) > an”.
2k

Proof. The choice of o will be specified at the end of the proof. We will choose 7 to be large
enough that ng > n,,(D, k, r, 1/k), where n,, is specified in Lemma 6.2. Let §1,S5,...,S; be a
partition obtained by applying Lemma 6.2 to G. In particular, for each x € A; U A, and j € [k], we
have

L1k
ILg(x)ls;| = Py (6.7)
For each x € Aj U Aj, let Ty be a maximal rainbow tree of height k rooted at x relative to the
partition Sy, . . ., S, as described in Definition 4. The proof is similar to that of Theorem 5.5. For

each x, we find an i € [k] such that

(i) there exists some set W’ and a bipartite subgraph H, induced by L; and W’ which has high
average degree from both partite sets;
(ii) the colouring ¢ on Ty is extended to also include a strongly proper edge-colouring of Hy

such that €(H,) N6 (Ty) = 0.

We then use Lemma 6.5 to find many rainbow 2k-cycles that contain some vertex in some fixed
level of T,. Below are the details.
Fix x and write T for Ty. For j=0,...,k, let L; be defined as in Definition 4 and let ¢ be the

assigned edge-colouring of T given in Definition 4. Since |L;| > Dn'/* > n'/k and |Ly| < n, there
exists a smallest i € [k — 1] such that, for all 1 <j <4, |Lj| > wW/k but
|Liy1| < nlHD/k,

Let T’ be the subtree of T induced by U;:O L. Let F =1, Lc(W)ls,,,- Since Si1 is disjoint
from §; U - - - U §; and since L; € A} where A is a partite set in an r-partition of G, we have V(F) N
V(T') = ¥. By the construction of T, |Li| is equal to the size of a maximum matching in F. Since
Fisan (r — 1)-graph, we have t(F) < (r — 1)&/(F), where t(F) and «'(F) denote the vertex cover
number and matching number of F, respectively. Let W be a minimum vertex cover of F. Then

[WI < (r = DILia] < (r— a7,
By Lemma 6.3, there exist W € W and F’ C F such that
r—1
2r—1

e(F) > e(F) and |eNnW/|=1foralleece(F).
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We define a bipartite graph Hy between L; and W’ and extend the edge-colouring ¢ restricted
on T’ to an edge-colouring of T U Hy as follows. We go through the edges of F' one by one.
For each e € E(F'), since G is linear, there is a unique v € L; such that vU e € E(G). Also by our
definition of F, e N W’ has exactly one vertex w. We include vw in Hy and let p(vw) = e\ {w}. By
the linearity of G and our discussion so far, each edge of F’ yields a different edge of H. There is
a bijection between E(F') and E(Hy). Moreover, ¢ (Hy) N €' (T") =, since colours used on Hy are
(r —2)-setsin S;; | while €(T") C S U---US;.

Since G is linear and r > 3, for all v, v/ € L; we have Lg(v)[s,., N Lg(V)ls,,, =¥. By (6.7),

Dnl/k
e(F)=Y_ |Le()NSij1| > Sl
veL;
Hence we have
r—1 D(r—1)
e(Hy) = e(F) > ——re(F) > ——"n" M| Lil. (6.8)
Also, by our choice of 4, |Liy;| < n'/K|L;|. Recall also that |W'| < |W| < (r — 1)|Li41]. Hence
D(r—1)
e(Hy) > W'Liﬂl > SR (W= S [Wl. (6.9)
Let
D(r 1) 1/k
b= 2rkri] and d= W”

Since D > 2T 17k"(16)K, we have d > b > (2(r — 2) + 2)k(16)*. So T’ and H, satisfy the conditions
of Lemma 6.5 with constants b, d and m = r — 2. By Lemma 6.5, there exists some g = g(x) with
0 < g <iand some a; = a;(i, k) > 0 such that there are at least

a;i(bd)F =1t e(H,)

rainbow Cyi’s in T U H, that contain some vertex in level L, of T". Now |L;| > ni/k by definition,
e(H,) > Q(ntitD/k) by (6.8). Also, d = Q(n'/%). Hence the number of rainbow Cyi’s in T U Hy
that contain some vertex in L, is at least

gutk—im1+a)/k (4 0/k — gykta)/k for some B = B(k, 1) > 0.

Soin G there are at least Snt0/k different linear 2k-cycles each of whose skeletons contains some
vertex in L.

For each t € [k — 1], let S; = {x € V(G) | q(x) = t}. By the pigeonhole principle, for some t €
[k — 1], |S¢| = n/(k — 1). Let us fix such a t. Let M denote the number of triples (C, x, y), where
x €8s, Cis a linear 2k-cycle in G whose skeleton contains a vertex in L;(Ty) and y is a vertex on
the skeleton of C that lies in L;(Ty). Let u denote the number of different linear 2k-cycles C in
G that are involved in these triples. By our discussion above, for each x € S;, there are at least
Bnk+D/k different C. For each such C there is at least one y. So

M = || pn*&FE S (B 7k Tk, (6.10)

On the other hand, for each of the p linear 2k-cycles C involved, there are at most 2k dif-
ferent choices of y. For fixed y, there are at most (ADn'/%)! choices of x since such an x is at
distance at most ¢ from y in the (1, 2)-projection P; 5(G) of G, which has maximum degree at most
ADn'/k So

M < (2k)(ADn' /%), (6.11)



Combinatorics, Probability and Computing 719

Combining (6.10) and (6.11) and solving for u, we get

w= %nz.
Let
o=t
2k2(AD)k
Then « is a function of k, r, A and we have tczc) (G) > > an?. I

We are now ready to prove the r > 3 case of Theorem 1.1.

Proof of the r > 3 case of Theorem 1.1. First note that Theorem 6.6 can be rephrased by say-

ing that if G is linear r-partite r-graph that has a 2-projection P on at least m > ng vertices

such that DmY/* < §(P) < A(P) < ADm'/k, then tc(r)(G) > am?. The statement holds as long as
2%

D> 2"tk (16)K, A > 1 and m > ng. To apply Corollary 3.7, we set
D =max{2 k" (16), mi), A= gD and M = max{ng, my},

where my, gj are as given in Corollary 3.7. The claim follows readily from Corollary 3.7. O

7. Concluding remarks

First we would like to mention that the reduction to proving the supersaturation of Cy; for
n-vertex host graphs G with density exactly at @(n'*1/%) is crucial to establishing our general
theorem. For graphs G with density much higher than n!*1/%, the bound resulting directly from
BFS is worse than the optimal c(e(G) /V(G))Zk. One reason is that the subgraph of G induced by
the early levels of a BFS tree is potentially much denser than a tree. In this case, if we use the BFS
structure we may lose many Cy’s in counting.

For all integers k,p > 2, the theta graph ©, is the graph consisting of p internally dis-
joint paths of length k sharing the same endpoints. Faudree and Simonovits [12] showed that
ex(n, ®p,k) = O(n't1/%). The method of our paper can be used to establish the supersaturation

of the r-expansion ®;r])c (where r > 2) of ®, in linear r-graphs. When r = 2 this establishes the

truth of Conjecture 1 for H= 0, with @ =a’ =1 — 1/k. Again, the lower bound is tight up to
a multiplicative constant, obtained by taking a random graph of an almost complete Steiner sys-
tem. Since the arguments are essentially the same, we have not included the results involving theta
graphs in this paper.

It would be very interesting to establish the supersaturation of odd linear cycles in linear
r-graphs, for r > 3. Toward this end, in [5] it is shown that when r > 3 we have ex,(n, Cgc) +1) =

O(n'+1/k), which is very different from the 2-uniform case, where for all sufficiently large n
it is known that ex(n, Cox11) = [1/27[n/2]. The proof of this theorem is much more involved
than its counterpart for even linear cycles. It is unclear if a supersaturation statement similar to
Theorem 1.1 holds for Cg() 41- Atleast, our methods do not readily give this. We raise it as an open
question.

Question 5. Let k, r be integers where k > 2,r > 3. Do there exist positive constants C and ¢
depending only on k and r such that every n-vertex linear r-graph G with e(G) > Cn'*1/¥ contains

at least c(e(G) /v(G))?k+1 copies of Cgk)Jrl?
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Very recently, Balogh, Narayanan and Skokan [1] obtained a balanced supersaturation result
for linear cycles of all lengths in general r-graphs. Note that this is a different setting from ours, as
in our case host graphs are linear, and hence are sparse, while they are working with dense ones.
As Morris and Saxton did for even cycles in graphs, Balogh, Narayanan and Skokan used their

supersaturation result to obtain a bound on the number of of n-vertex C\) free r-graphs. It would
be interesting to obtain such a balanced version of supersaturation for even linear cycles in linear
r-graphs.
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