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Typical Wannier-function downfolding starts with a mean-field or density functional set of bands

to construct the Wannier functions.

Here we carry out a controlled approach, using DMRG-

computed natural orbital bands, to downfold the three-band Hubbard model to an effective single
band model. A sharp drop-off in the natural orbital occupancy at the edge of the first band provides
a clear justification for a single-band model. Constructing Wannier functions from the first band, we
compute all possible two-particle terms and retain those with significant magnitude. The resulting
single-band model includes two-site density-assisted hopping terms with ¢,, ~ 0.6¢t. These terms lead
to a reduction of the ratio U/tes, and are important in capturing the doping-asymmetric carrier
mobility, as well as in enhancing the pairing in a single-band model for the hole-doped cuprates.

Introduction.— What is the minimal model that cap-
tures the important physics of the high-temperature
cuprate superconductors? This has been a central ques-
tion ever since the discovery of the cuprates. It has been
argued that the single-band Hubbard and t-J models, in
their simplest forms, are sufficient to describe the physics
of high T, superconductivity. Unexpectedly, recent nu-
merical simulations find that superconductivity in the
ground state of these single-band models appears to be
quite delicate. For example, in the pure Hubbard and
t-J models (¢',t” = 0), superconductivity is found to
be absent [1, 2]. While the presence of a ¢ > 0 can
induce superconductivity [2-7], this corresponds to elec-
tron doping and the question regarding the presence of
hole-doped superconductivity (¢ < 0) is not completely
resolved [2, 4, 6-8]. The greatest delicacy appears to be
associated with the superconductivity; other aspects of
the models, including antiferromagnetism(AFM) as well
as intertwined spin and charge order, appear to be in
qualitative agreement with the cuprates [2, 9-15].

This subtleness of pairing in the single-band models
calls for a re-examination of the downfolding process
used to derive them, since modest errors could have
significant effects. This downfolding is a two-step pro-
cess, where first one constructs from density functional
methods the intermediate-level three-band Hubbard (or
Emery) model [16], which includes Cu dy2_,2, O p, and
O p, orbitals. Since the three-band model is closer to an
all-electron Hamiltonian of the cuprates, one expects it to
be more reliable than a one-band model—but also more
difficult to simulate. There is evidence that the three-
band model captures various aspects of the cuprates,
particularly magnetic and charge density wave properties
[17-24], with greater uncertainty about the pairing prop-
erties. To downfold to a single band model, Zhang and
Rice argued that holes on oxygen sites bind to holes on
copper sites to form local singlets [25]. The Zhang-Rice
singlet picture has gained support from experiments [26—
28] as well as calculations [18, 19, 29, 30], and motivated

studies of various single-band Hubbard [7, 31-50] and ¢-.J
models [3, 5, 11, 51-58].

Here we demonstrate an alternative way to downfold
the three-band Hubbard model based on a density-matrix
renormalization group (DMRG) [59] construction of Cu-
centered Wannier functions. The general idea of con-
structing effective models using ab initio calculations has
been explored in various contexts [60-64]. Our approach
uses DMRG to compute the natural orbitals of the three-
band model, and from those construct Wannier functions,
similar to a recent work that downfolds hydrogen chains
into Hubbard-like models [65]. The resulting single-band
model includes additional two-site density-assisted hop-
ping terms t,, whose magnitude is comparable to ¢t. On a
mean-field level, these new terms simply reduce the ratio
U/ter, with teg = t + t,(n), where (n) is the average
number of holes per CuOs unit cell. However, beyond
mean-field, the ¢,, terms capture the doping-asymmetric
carrier mobility, and, as revealed by a measurement of
the superconducting phase stiffness, further enhance the
pairing in the hole-doped single-band model.

The three-band model.—We present the lattice struc-
ture and the terms in the three-band Hubbard model in
Fig. 1(a). Each CuOs unit cell consists of three orbitals:
Cudy2_y2, O py and O p,. We study clusters with cylin-
drical boundary conditions. For an L, by L, cylinder,
there are Noy=L,L, Cu sites and No=(2L, + 1)L, O
sites. In the undoped insulator at half-filling, there is
one hole per unit cell, and the model is written in the
hole picture with d; or p;-a creating a hole with spin o
on a Cu site ¢ or O site j. Hole doping corresponds to
(n) > 1 while electron doping corresponds to (n) < 1.
The three-band Hamiltonian is:

H™P = —t,4 Z (dzapjg + h.c) =ty Z (p;ropjg + h.c.)
(ij)o {(ig))o
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FIG. 1. (a): The three-band Hubbard model and our phase
convention for the orbital basis. (b): Charge and spin struc-
ture on a 12x5 cylinder at a hole doping ~ 0.15. The length of
the arrows and the diameter of the circles represent (S*) and
local doping, respectively. The spins are colored to indicate
different AFM domains. There are weak magnetic pinning
fields applied on the boundary sites in the dotted boxes. (c):
Average orbital-resolved local doping pcu/o along the length
of the cylinder with piot=pcu+2po (d) and (e): Pairing order
(AL + A;;) between neighboring Cu sites ¢ and j. The thick-
ness/color of the bond indicates the magnitude/sign of the
pairing. The pairing orders away from the edges are similar
for (d) which has pairfields applied on the shaded left edge
and (e) which spontaneously breaks symmetry.

where t,q4/tp, hops a hole between nearest-neighbor Cu-
0/0-0 sites, and the summation (ij)/((ij)) runs over all
relevant pairs of sites. We have chosen a gauge for the
orbitals as shown in Fig. 1(a) so that all hoppings are neg-
ative; Uy and U, are the on-site repulsion term on the Cu
and O sites; Apg=¢€, — €4 is the energy difference for oc-
cupying an O site compared to occupying a Cu site. We
set the energy scale with t,q = 1.0, and take t,, = 0.5,
Uqs = 6.0, U, = 3.0, and A,q = 3.5, unless otherwise
noted, which appropriately describes a charge-transfer
system where Ug > Apq and A,q > 2t,q. Estimates
for t,q range from 1.1eV [66] to 1.5eV [67]. Comparing
with previously used parameters [21, 67], here we increase
Apq to incorporate the effect of V4, and choose a some-
what smaller Uy for a stronger pairing response [68]. Sys-
tems h1l and el have hole and electron dopings of 0.15.
Another hole-doped case h2 with Ug=3.5 and A,q=5.0
describes a Mott-Hubbard rather than charge-transfer
system [69]. The calculations are carried out using the
ITensor library [70]. We typically perform around 20
sweeps and keep a maximum bond dimension of 7000 to
ensure convergence with a maximum truncation error of
O(1079).

Previous studies of the three-band model have identi-
fied features consistent with the cuprates, including dop-
ing asymmetry, formation of stripes on the hole doped
side and commensurate AFM on the electron-doped
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FIG. 2. At a hole doping of 0.15 (a): occupancies of the natu-
ral orbitals obtained by diagonalizing the single-particle cor-
relation matrix Mag = > (Cl,Cpo) , with CT = {dT,pl,pL}.
The natural orbital states/occupancies correspond to the
eigenvectors/eigenvalues of Mas. The inset is a zoom-in
of the region that shows a sharp drop at the second band
beyond which occupancies are limited (< 2%). (b) and
(c): Cu-centered Wannier functions at two different loca-
tions constructed from the natural orbitals of the first band.
Color/area of the circles indicate the sign/magnitude of the
local orbital component. (e): overlap of Wannier functions
(truncated to a 5x 5 CuOg unit cell) with their centers shifted
to the same site, showing they are almost translational invari-
ant.
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side [20, 21]. There is evidence for d-wave pairing for both
electron and hole doping, with the dominant component
between nearest neighbor Cu sites [18, 19, 23, 71, 72].

Of particular concern for finite size effects is the quan-
tization of stripe filling around a short cylinder [21]; here
we choose a width-5 cylinder so that one stripe can form
lengthwise; see Fig. 1(b). The Cu-Cu pairing is shown in
Fig. 1(e). Along the stripe an additional pairing modu-
lation reflects an edge-induced charge density oscillation,
as shown in Fig. 1(c). Similar pairing occurs whether
it is pinned by edge pair fields [Fig. 1(d)] or allowed to
arise spontaneously as a finite bond dimension broken
symmetry [2] [Fig. 1(e)]. The existance of pairing for a
hole-doped three-band model has also been reported in a
recent infinite projected entangled-pair states study [73].

Downfolding into a Wannier single-band model.—The
occupied bands in the DMRG wavefunctions are identi-
fied by measuring the single-particle correlation matrix
Mag = ZU<C(];UCBU>, with {CT} = {dT,pjﬂ,pL}, whose
eigenvectors and eigenvalues define the natural orbitals
(NOs) and their occupancies, respectively. In a non-
interacting system, the NO occupancies make a step func-
tion at the Fermi level. Here, this step near i ~ 35 is
completely smeared out [Fig. 2(a)], reflecting the strong
correlation in the system. However, there is a sharp drop
in occupancies at i = 60, the total number of Cu sites,
indicating the end of the first band. Beyond the first



band, the total occupancy is < 2%, and for the electron
doped case, < 0.4%. This provides a strong justifica-
tion for downfolding into a single-band, which would be
exact if the higher-band occupancies were zero. We ob-
serve similar sharp drop-offs for narrower width 2 and
4 systems. This indicates that the drop-off is due to
short-range physics involving the Cu and surrounding O
orbitals, which can be seen clearly on small systems. We
observe a similar sharp drop-off for a range of three-band
parameters, including in the Mott-Hubbard regime.
Given the accuracy of the truncation to a single band,
we can derive an effective single-band model through
the standard Wannier construction with a simple single-
particle transformation. We first localize the functions
of this band into Cu-centered Wannier functions (WFs),
see Ref. [68] for details. We show two representative WFs
in Fig. 2(b) and (c), which are evidently highly localized.
Functions on different sites are almost identical; evidence
for this translational invariance is shown in Fig. 2(d).
To construct the effective Hamiltonian in the WF
space, we first organize the WF's into a Ngyu-by-(Ney +
No) real isometric matrix A (AAT=1) , with entry A;;
being the weight of the three-band orbital j in the Wan-
nier function centered at Cu site ¢ [74]. The matrix A
defines a single-particle transformation from the three-
band basis {CT} = {dT,p;ﬂ,pL} to the WF basis {c'}:

T T
¢, = ZAijCj (2)
J

We invert this relationship, taking:

CJT. = Z Ajj cj. + higher bands (3)
i

where we omit the higher bands. The Wannier Hamil-
tonian is obtained by inserting Eq. 3 into the three-
band Hamiltonian [Eq. 1]. The single-particle terms kqg,
which include the t,q, tpp and A,q terms, become

kapCloCho = kap Y AiaAjp clycjo. (4)

ij

The two-particle terms U,, which include the Uy and U,
terms, become

Uanmnai — Ua ZAiaAjaAkaAla CITCjT CLﬁN' (5)
igkl

Although the Wannier Hamiltonian has O(N?) sin-
gle particle and O(N?*) two particle terms, both the
single-particle and two-particle terms decay quickly with
the distance between sites. Magnitudes of the single-
particle hoppings beyond third-nearest neighbors are
smaller than 0.01t and are truncated. The largest two-
particle term is the onsite repulsion U. The second
largest is the nearest-neighbor density-assisted hopping

tnc;Uci,gnia. We also keep the second and third nearest-
neighbor density-assisted hoppings (¢/, and ¢//). All other
two-particle terms are less than 0.05¢ and are truncated.
After these simplifications, we obtain a truncated Wan-
nier model:

H = Z —tfsc;r_"_é’gci’a + Z Unisni,y

1,0,0 i
(ot t (6)
+ Z _tn(ci—&-&,gciﬁ +Ci,ac’i+5,0)nif_f‘
i,éi,o

Here 7 + § is the first, second, or third nearest neighbor
of site 4, with conventional hopping amplitudes ¢, ', and
t”, and with density-assisted hopping amplitudes t,, ¢,
t/’. The resulting model parameters are summarized in
Table. I for downfolding based on three different three-

band systems [75].

TABLE 1. Parameters for the Wannier single-band model
from downfolding the three-band model. h and e correspond
to hole and electron doping of 0.15. t,4 is nominally 1.5eV.

case (Ug, Apa) t/tpa to/t '/t to/t "/t ti/t UJt
hl (6.0,3.5) 0.27 0.60 0.07 0.05 -0.04 -0.09 12.6
el (6.0,3.5) 028 0.52 0.08 0.08 -0.05 -0.04 13.7
h2 (3.5,5.0) 0.21 0.33 0.08 0.05 -0.03 -0.04 11.8

Note that the nearest-neighbor t,, coefficients are al-
most twice the size of an effective exchange coupling
J ~ 4t?/U ~ 0.32. Given their substantial magnitude,
it is surprising how rarely these terms have been consid-
ered [76-79]. The existance of the ¢,, term is guaranteed
by a finite component of the nearest-neighbor Cu orbitals
in the Wannier function, which is robust since regular
Wannier functions must have those components to sat-
isfy orthogonality. Its magnitude is substantial mainly
because of the large value of U;. The t,, term is much
larger for the cuprate-relevant charge-transfer case hl,
compared with the Mott-Hubbard case h2 that has a
similar U/t ratio. This is directly tied to the higher O-
occupancy in the charge-transfer case, which makes the
WFs more extended.

We also note that the WF's and thus the model param-
eters are similar for the hole and electron doped cases,
even if their parental three-band states are quite different
in spin and charge order, indicating that the downfold-
ing is determined by the local physics. Just as the sharp
drop in occupancy after the first band shows little depen-
dence on system size, we find the Wannier Hamiltonian
also exhibits little dependence on cluster size.

Two key questions now arise: (1) does the Wannier
model Hamiltonian give the same properties as the three
band model? Given the straightforward and robust na-
ture of our downfolding, we expect this to be so, and
comparisons detailed in the Supplementary Material [68]
for moderate system sizes support this. (2) Does a mean-
field treatment of the ¢, terms, reducing the system to
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FIG. 3. (a),(b) and (c): action of the ¢, term, and resulting
hopping strengths, depending on the occupations of the sites
involved. (d) On a width-4 cylinder, mobility of a pair of
holes/electrons (in unit of ¢) measured by the slope of pair
energy versus 1/(Les + 1)27 for the t-t,,-U model and the t.g-
U model.

a standard Hubbard model, also match the properties of
the three-band model? Although this may be largely true
for the spin and charge degrees of freedom, we will ar-
gue that the delicate nature of the pairing is not correctly
captured by the mean field /standard Hubbard treatment.
In any case, the large magnitude of ¢,, poses a potential
difficulty for a mean-field treatment since any deviations
could be significant.

Effects of t,—We find that the t, terms have two
primary effects: first, they reduce the effective interac-
tion strength U /tes; and second, they enhance hole hop-
ping, reducing the effective mass of pairs on the hole-
doped side and promoting phase coherence. The reduc-
tion of U/tex can be understood from a mean-field treat-
ment of t, where one replaces tncj-gcw(ni,—, + nj(—,) by
tnc;[acw (n), with (n) being the average density of holes
per Cu site, adding to the conventional hopping. This
changes U/t ~ 13 to U/teg ~ 7.5 (for ¢,=0.6, n=1.15),
close to U/t = 8, which is often used for the cuprates.

Beyond mean-field, we consider specific hopping pro-
cesses in Fig. 3(a-c), written in the hole-picture. For a
doped hole (i.e. a doublon) we expect process (a) to
be relevant, where the ¢, acts with magnitude 2¢,,. For
undoped regions with AF particle-hole virtual hoppings,
process (b) acts with magnitude ¢,. On the electron
doped side, process (c), t, has no effect. It does not
seem possible to capture these various properties cor-
rectly with a mean field treatment.

We find that the resulting hole-pair mobility is en-
hanced with the tnczyaci,ﬂnig term versus its mean-field
tnc;c,cm, (niz), 2.75t versus 2.27t. In contrast, the mobil-
ity of a pair of electrons with ¢,, is much smaller, 1.49¢,
and reduced comparing to its mean-field 2.27¢. Thus, the

t=1.68,t, =0, |
U=126

t=1t,=06 s34
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FIG. 4. Pairing response for the ¢-t,-U model in a 10 x 4
cylinder at a hole doping ~ 0.11(n ~ 1.11). Pair-fields have
been applied to regions near both edges, denoted by the black
boxes, with the phases on the two ends (a) being the same and
(b) having a 7 shift. (c): extrapolation of the energies with
the truncation errors for the two different pairfield boundary
conditions in (a) and (b). The energy difference is a measure-
ment of the superconducting phase stiffness. (d) Same as (c)
for the teg-U model that incorporates the effect of the ¢,, term
only in mean-field.

increased mobility of a single pair hints at the possibility
of enhanced pairing due to t,, on the hole doped side.

To probe for superconductivity, we apply edge pair-
fields to a 10 x4 cylinder with and without a 7w phase shift
between the two edges, to measure the superconducting
phase stiffness a. The results are shown in Fig. 4. Note
that a = 0 indicates the absence of superconductivity.
The applied fields make « proportional to an energy dif-
ference, o o %AE , where AE can be extrapolated using
DMRG. At a hole doping of 0.11 ((n) ~ 1.11), the t-t,,-
U model gives a stiffness a that is five times larger than
the tep-U model [80]. The pure Hubbard model (without
t' terms) is thought to be non-superconducting [1]; our
results hint that the ¢,, terms, even without ¢/, might tip
the balance towards superconductivity. In a more realis-
tic model where ¢’ and ¢/, from Table. I are included, we
also find a larger phase stiffness, AE = 0.012(4) with ¢,
versus 0.002(4) with t.g, for a system at a hole doping of
0.11.

Summary and discussion.— We have revisited the
Zhang-Rice downfolding of the three-band Hubbard
model to a single-band model, basing the downfolding
on a DMRG simulation of the three band model. Our
results give strong support to the applicability of the one
band approach, where the small occupancy of higher nat-
ural orbital bands shows their irrelevance. However, our
Wannier function downfolding also shows that a density-
assisted hopping term which is usually neglected has a
large coefficient. This term renormalizes the hopping in
mean field, but mean field treatments are inadequate to
capture the effects of this term on pairing. The density-
assisted hopping enhances hole mobility and hole-pair



mobility. This leads to enhanced superconducting pair-
ing on the hole-doped side on width-4 cylinders.
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I. THE PARAMETERS CHOICE FOR THE THREE-BAND HUBBARD MODEL

A common choice of the parameters for the three-band Hubbard model is: t,q = 1.0, t,, = 0.5, Apg = 3.0,
Uys=8.0,U, = 3.0, Vg = 0.5 [1]. In a recent density-matrix embedding theory study [2], the appropriate range of Uy
is estimated to be 4.5-9.3 when fixing other parameters as in the common choice. While the common choice U; = 8.0
falls in the upper half of this range, we also consider another Uy = 6.0 in the lower half of this range. In addition, we
omit Vjq but increase A,q to 3.5 to incorporate its effect. A comparison of the pairing responses of these two choices
of Uy are shown in Fig. S1, and Uy = 6.0 exhibits a stronger pairing response, so we choose it for a clearer signal.
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FIG. S1. Pairing response of two different Ugq with pairfields applied on two columns (I = 1,2) on the left edge of a 12 x
5 cylinder, at a hole doping of 0.15 (n = 1.15). Both the applied pairfields and the pairing responses are on nearest-neighbor
vertical Cu-Cu bonds.

II. DETAILS OF CONSTRUCTING WANNIER FUNCTIONS

Our construction of the Wannier functions and subsequent downfolding is patterned after Ref. [3], with the key
difference being that in our study we start with a three band model rather than a continuum all electron calculation
described by sliced basis functions. The goal is to form Wannier functions centered at Cu site j {¢;(7)} by linearly
combining the natural orbitals of the first-band {;(7)}, with both ¢ and j ranging from 1 to the total number of Cu
sites. We would like the Wannier functions to be: (1) orthonormal, (2) translationally invariant, and (3) localized
around Cu sites. These properties ensure the downfolded Wannier Hamiltonian has short-ranged interactions with
site-independent magnitudes. While the translational invariance cannot be completely achieved because we are dealing
with cylindrical systems with open edges, we expect the Wannier functions in the bulk to almost satisfy the above
properties.
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First we construct functions {6;()} localized around each Cu site j by superposing the natural orbitals {¢;} with
coefficients being their respective weight on Cu site j:

(7 = 32 (5= 7)) (1)

where 7 is the position vector corresponding to Cu site j. The functions {4; ()} are localized, but not orthonormal. We
orthonormalize them while preserving their locality using Lowdin symmetric orthogonalization [4], which minimally
rotates these functions (note O is a matrix):

@37 = 310745 8 (),
j @
with Ojjr = (8;(7) | 05/ (7))-

The resulting Wannier functions {¢,(7)} are guaranteed to be orthonormal and are almost translational invariant,
as we show in Fig. 2(e) in the main text. We plot the structure of the resulting Wannier function in Fig. S2. It is
localized around one Cu site with its tail decaying rapidly with the distance away from the center Cu site. Due to the
width-5 cylinder used, there are differences between the coefficient of orbitals in vertical and horizontal directions at
long distance. While we do not further modify the Wannier functions, so as to preserve orthonormality, we do later
average the terms over the two directions in the downfolded Hamiltonian.

ALY ALl 0.0 0.5 1.0 1.5 2.0

0.0 0.8634 | 0.2470 | -0.0402 | -0.0092 | 0.0061

0.5 0.2470 0.0093 -0.0039

1.0 -0.0402 | 0.0093 | -0.0042 | -0.0078 | 0.0027

1.5 -0.0092 -0.0078 0.0031

2.0 0.0061 | -0.0039 | 0.0027 | 0.0031 | -0.0034

FIG. S2. A Cu-centered Wannier function with the color/area of the circles denoting the sign/magnitude of the local orbital
components. The coefficients of the orbitals in the lower-right quadrant are shown in the table, which have been averaged over
the vertical and horizontal directions. The Wannier function here is from downfolding the case hl in the main text.

III. FURTHER CALCULATIONS OF THE WANNIER SINGLE-BAND MODEL

After constructing of Wannier functions, we derive the downfolded single-band model by projecting the three-band
Hamiltonian on the Wannier basis and truncate terms with small magnitude, as described in the main text.

Simulations of the Wannier model (with parameters from the case h1) on a width-6 cylinder for both hole and elec-
tron doping are presented in Fig. S3. The occurrence of stripes (hole doping) and commensurate antiferromagnetism
(electron doping) is consistent with the three-band model as well as the cuprates.

(a) hole doping 0.11 (b)  electron doping 0.09
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FIG. S3. Simulations of the
respectively.

=

annier model on width-6 cylinders for (a) hole doping of 0.11 and (b) electron doping of 0.09,



The validity of the Wannier model is verified by the consistency with the three-band model in the local spin and
charge order, the d-wave pairing order, as well as the single-particle correlations, as shown in Fig. S4. The minor
differences in modulations of the hole density and the pairing order along the y direction could be related to different
finite size effects or virtual processes involving higher bands, which appear to be unimportant.
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FIG. S4. For the case hl, comparisons of physical properties for the three-band wavefunction projected onto the single-band
space defined by the Wannier functions (left), and a direct simulation the truncated Wannier model (right). (a) and (b): The
local charge and spin structure. The length of the arrows and the diameter of the circles represent (S*) and local doping,
respectively. (c) and (d): The d-wave pairing order (Agj + A;;) between neighboring sites ¢ and j, with the color and thickness
of the bond representing the sign and amplitude of the pairing order. (e) and (f): Single-particle correlation functions with the
area and color of the circle on site j indicating the magnitude and sign of ZU<C]TUCioa>7 with 7o being the center reference site.

The biggest difference between the Wannier single-band model with the conventional model is the nearest-neighbor
additional density-assisted hopping term tnc;gcw(nia +n,z) with ¢, ~ 0.6¢, which further enhances pairing comparing
to its mean-field tncj-gcw(n). In Fig. S5, we vary the magnitude of t,, and find that it always produces a bigger

superconducting phase stiffness, compared with the mean-field treatment where the ¢,, term is incorporated into an
ordinary effective hopping t.g.
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FIG. S5. Superconducting phase stiffness measured by the energy difference for different pairfield boundary conditions (see the
main text) as a function of ¢, and the corresponding mean-field teg. ¢ = 1 is the energy unit and U = 12.6 for both models.
System is at a hole doping ~ 0.11.
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