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A B S T R A C T   

Predicting ion uptake and selectivity in ion-exchange membranes is desired for many applications, yet a suitable 
physical description defining the most appropriate ion-specific parameters is still challenging. Here, we sys
tematically develop an ion-association-based approach to modeling ion uptake in ion-exchange membranes from 
solutions of symmetric and non-symmetric salts. The model treats association in an ion-specific manner, self- 
consistently accounting for equilibria between free ions in solution and within the membrane phase (salt in
jection) and between free and associated species within the membrane (association equilibria), subjects to overall 
membrane electroneutrality. The resulting models, including different possible association equilibria, were 
employed to fit the reported data for Nafion 117 and CR61 cation-exchange membranes in equilibrium with 
NaCl, MgCl2, CaCl2, and Na2SO4 single-salt solutions. The results are compared with the previously reported fits 
to the Manning condensation model, which shows that both models produce similarly good fits for NaCl, MgCl2, 
and CaCl2 solutions in the 0.01 to 1 M range. However, the greater flexibility and specificity of the association 
model allow addressing deviations observed for Na2SO4 solutions and for CaCl2 above 1 M as free-ion paring and 
possible formation of charged NaSO4

- and CaCl+ pairs, respectively. The results demonstrate the present model 
may be a sound non-mean-field alternative to the Manning condensation model, capable of addressing ion- 
specificity and multiple modes of association.   

1. Introduction 

Ion exchange membranes (IEMs) are key enabling components in 
many important applications [1], including rapidly expanding fields of 
electrolysis and fuel cells, as well as acid recovery and production, base 
redox flow batteries, and direct and reverse electrodialysis (ED) [2–5]. 
The range of IEMs extends from classical homogeneous cation exchange 
(CEMs) and anion exchange membranes (AEMs) to more sophisticated 
emerging materials such as multilayer mono/divalent permselective 
multilayers [6,7], bipolar membranes [8], polyelectrolyte complexes 
[9], and mixed matrix membranes [10,11]. Despite the fact that IEMs 
have been successfully used for decades and provide the platform for 
many recent technological advances, there are still significant gaps in 
understanding and modeling the underlying thermodynamics, trans
port, and selectivity towards specific ions, which hinders the 

development of next-generation IEM materials [12,13]. This lack of 
fundamental understanding has implications for modeling other mem
brane processes as well, such as pressure-driven membrane desalination, 
targeting total or selective ion rejection. 

Classical thermodynamic modeling of ion uptake, which is central in 
ion transport modeling, usually treats the membrane as a homogeneous 
medium with fixed-charged groups. In some cases, IEMs can be 
microphase-separated and thus contain phases, within ions present 
mainly in the water-rich microphase. A uniform Donnan potential is 
imposed within the membrane or water-rich microphase on all ionic 
species, which are assumed to behave as free dissociated ions [14–16]. 
However, as discussed by Kamcev et al. recently, this picture still shows 
many inconsistencies, and a comprehensive understanding of ion ther
modynamics and transport in charged membranes at the molecular level 
is still missing. The fundamentally sound models that can analyze and fit 
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and, ultimately, predict permselectivity based on physicochemical 
membrane characteristics (chemical structure of membrane phases, 
water content, fixed charge content, etc.) remain a challenge at present 
[17] and are in the focus of the present study. 

Kitto and Kamcev comprehensively reviewed the current state of 
understanding ion equilibria and transport in ion exchange materials 
[18]. Specifically, regarding thermodynamic modeling, they reviewed 
major recent advances beyond the classical Donnan model. The most 
actively pursued approach in the past decade has been the one based on 
Manning’s counterion condensation theory. For several thoroughly 
studied materials, these state-of-the-art models showed a good correla
tion with Manning’s limiting law. However, Yu et al. pointed to de
viations from Manning’s limiting law at concentrations lower than 0.1 M 
[19]. These authors further proposed a polyelectrolyte non-random 
two-liquid (pent) model that was applied to data obtained from Yan 
et al. [20] for a series of AMPS-PEGDA cation exchange membranes of 
varied ion exchange capacity. The peNRTL model combines Manning’s 
limiting law with the electrolyte non-random two-liquid model, which 
considers an unsymmetric scaling of ion activity coefficient and relies on 
knowledge of the (dimensionless) polymer charge density and interac
tion parameters, which are obtained from regression analysis of exper
imental data on single-salt partitioning. 

As emphasized recently [21], in contrast to aqueous solutions, most 
membrane materials, including desalination membranes and a majority 
of IEMs, fall into the category of low-dielectric or low-T* materials, in 
which the range of electrostatic interactions, defined by the Bjerrum 
length λB, is commensurate or exceeds the inter-ionic distances. As a 
result, strong electrostatic ion-ion interactions, including those with 
fixed charges, promote ion association or pairing in the manner first 
considered by Bjerrum. As such, it is no longer amenable to mean-field 
description, i.e., in terms of mean potential fields such as a Donnan 
potential. The same issues arise in narrow nanochannels surrounded by 
low dielectric matrices [22,23]. In this respect, Manning’s condensation 
model does include association, yet as a special case of the mean-field 
treatment for a rod-like polymer geometry above a critical fixed 
charge density in the manner of a phase transition. Thus, it lacks ion 
specificity, unlike Bjerrum’s model, which is not mean-field and 
ion-specific and predicts a gradual change in the degree of association 
with fixed charge density and mobile ion concentration, analogous to 
the behavior of weak electrolytes in solutions. 

The main purpose of the present study is to systematically develop 
the association model of the Bjerrum type outlined previously [21] and 
critically compare it with the Manning-type model using reported data. 
To this end, we employ experimental data and modeling results by 
Sujanani et al. for NaCl, MgCl2, and Na2SO4 salt uptake in Nafion 117 
membrane [24] and by Galizia et al. for CaCl2 in a CR61 membrane [25]. 
Compelling evidence of a strong association in Nafion in equilibrium 
with HCl of different concentrations was reported by Balsara [26]. 
Münchinger and Kreuer [27] explicitly demonstrated ion specificity of 
association in co-ion-free Li+ and Cs+ forms of Nafion and pointed out 
the lack of specificity within Manning’s picture. Here, these arguments 
will be systematically developed into quantitative relations, considering 
the formation of appropriate associated species and their effect on 
observed counter- and co-ion uptake at different salt concentrations. 

2. Model 

As an approximation, the membrane is divided to unit cells, each 
containing a fixed charge group, viewed as a binding site. The volume of 
a unit cell is then L3 = (XNA)-1, where NA is the Avogadro number and X 
is the nominal fixed charge density (ion exchange capacity) of the 
membrane or in the aqueous microphase in the case of a microphase- 
separated membrane in units of mol/m3. Following the general argu
ment put forward previously and applicable to low-T* membranes [21], 
we consider the one-site grand partition function Ξ that sums up sta
tistically the dissociated and appropriate associated states of a fixed 

charge or, equivalently, a unit cell of the membrane, as follows 

Ξ = 1 + KXM[M+] + KXM2 [M+]
2

+ KXMA[M+][A−] + … (1)  

Here, the first term represents the dissociated state of the fixed charges 
X-, the second term the state when it forms a pair with one counter-ion 
M+, the third when it forms a triplet with two counter-ions, the fourth 
when it forms a triplet with one counter-ion M+ and one co-ion A- etc., 
where K’s are the corresponding association constants and square 
brackets designate concentration of corresponding free (i.e., dissoci
ated) ion species in the membrane. The physical meaning of all K’s is the 
difference in the excess free energy of the corresponding state relative to 
the dissociated state X-, therefore the weighing factor for the dissociated 
state, represented by the first term, is 1. Eq. (1) with just the first two 
terms is fully analogous to the Langmuir isotherm that assumes only two 
possible states, free and occupied, which is generalized here it to a larger 
number of possible states. 

The average fraction of each state in the total fixed charge is the ratio 
of the corresponding term in Eq. (1) to the entire Ξ. For instance, the 
fraction of dissociated fixed charges is [X -]/X = 1/Ξ, the fraction of 
fixed charges forming MX pairs is [MX]/X = KMX[M+]/Ξ etc. Free mo
bile ions M+ and A-, not forming pairs, triplets etc. with the fixed 
charges, are assumed to be present in the membrane in addition to the 
associated states and distributed uniformly over the entire membrane, i. 
e., equally likely in each unit cell. This is a gross approximation, as 
explained next, and its validity and applicability will be discussed later 
on. 

It is expedient to define the Bjerrum length λB, as follows 

λB =
zizje2

4πε0εrrikBT
(2)  

where ri is the ion radius, εr is the dielectric constant of the membrane 
phase, kB is the Boltzmann constant, T is the temperature, z is the 
valency of the ions, and e is the elemental charge. Within the Bjerrum 
theory of association, λB/2 is the distance to counter-ion within which 
they are effectively associated. Since, the first counter-ion in a cell is 
within the distance L/2 from the fixed charge, it may not be considered 
free when λB exceeds L, average spacing of fixed charges or, roughly, 
unit cell diameter. Furthermore, this will also be true for any subsequent 
ion when the fixed charge binds a counter-ion of M2+ type, forming a 
charged pair MX+. Yet, when the MX pair is neutral, as for MA or M2A 
salts, the pair aligned to maximize its interaction with the subsequent 
ion will form a triplet within a distance shorter by a factor ~2(b/ λB)1/2, 
where b ≈ 2ri is the ion-ion distance in the pair [21]. For the examples of 
Nafion below, average λB was estimated to be 2.8 nm and b is typically 
0.3-0.4 nm, the association range of triplets such as M2X+ and MAX- is 
about half the association range of a MX0 pair. On the other hand, in the 
examples below, the unit cell size L is of the order 1.5 nm, which would 
still leave no or a small fraction of the total membrane volume where 
ions may considered as free. For divalent ions, it becomes even less 
likely, as the corresponding association ranges are twice longer. 

However, the above estimate of λB represents the macroscopic 
average of the entire membrane, while local values in the aqueous 
microphase, where the ions are present and interact, may be signifi
cantly smaller. While the local value of λB is difficult to estimate, we 
presume this may be small enough to have room for the free mobile ions, 
M+ or M2+ and A- or A2−, and it is not unreasonable to simplify the 
model and “smear” their concentration [M] and [A] uniformly over the 
entire membrane volume. Yet, these free ions, not included in associa
tion equilibria, may still non-negligibly interact with the dissociated 
fixed charge, pairs, triplets etc. This will affect the relation between the 
activities and concentrations of free mobile ions within the membrane 
hence their relation to salt concentration in solution, as expressed by the 
salt injection coefficient S0 defined and used below. The parameter S0 is 
then interpreted as not coming just from solvation or dielectric exclu
sion, as in its original definition [21], but also lumping in the mean-field 
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manner the ion-ion, ion-pair etc. interactions not included in the asso
ciation equilibria. 

The concentrations [M] and [A] represent the actual average con
centrations of these ions, not found in the assumed associated states. 
However, in the association terms in Eq. (1), strictly speaking, they must 
be understood as activities within the membrane phase. That means that 
the association constants K defined in Eq. (1) also include factors related 
to ion-ion interactions, similar to those lumped to S0 but not necessarily 
identical, since relevant (non-uniform) ion-ion potentials average 
differently in K and S0. Ultimately, the concentrations [M] and [A] in the 
membrane are dictated by (i) equilibrium with the salt solution, through 
S0, (ii) equilibrium with the associated species within the membrane i.e., 
each unit cell, through appropriate association constants K, and subject 
to (iii) the overall electroneutrality of the membrane phase. Below, we 
derive ion uptake relations for different types of salts satisfying all three 
conditions. 

2.1. MA salts 

For MA salts (monovalent cation and anion, such as NaCl), we 
consider the MX pairs formed by the membrane’s charged groups X- and 
cations M+ to be the only associated species. We then neglect associates 
of third and higher orders, such as MAX, as well as MA pairs of free ions. 
As explained in Ref. [21], the reason is that their concentrations are 
determined by higher-order products of free-ion concentrations, which 
makes them small. For instance, both [MAX] and [MA] will be propor
tional to the product [M+][A-] that is, in turn, proportional to salt 
concentration in solution squared and should be small, see Eq. (5) below. 
Then Eq. (1) reduces to 

Ξ = 1 + KMX[M+], (3)  

where KMX is the association constant of the MX pair. Since the free fixed 
charges have a charge -1 while their average number per fixed charge is 
1/Ξ, and since the MX pair is not charged, the average residual charge 
per fixed charge is (-1) × 1/Ξ. The membrane electroneutrality is then 
obtained by adding it to the charge of free mobile ions contained in the 
unit volume 1/X and requiring the sum be equal to zero, as follows 

−1
1 + KMX[M+]

+
[M+] − [A−]

X
= 0. (4) 

Finally, the free anion and cation concentration in the membrane, 
[A-] and [M+], must satisfy equilibrium with bulk solution, which for 
MA salts is expressed as [21]. 

[A−] =
(S0Cs)

2

[M+]
(5)  

where S0 is the dimensionless salt injection coefficient that expresses the 
overall affinity of the salt to the membrane, the geometric mean of 
cation, and anion affinities (aka non-Donnan partitioning coefficients), 
and Cs is the molar salt concentration in solution. The affinities were 
originally defined to account for the solvation (dielectric) and steric 
exclusion [21,28], but here they may also contain ion-ion interactions 
not included in the association equilibria, as explained above. Note that 
the specific form of Eq. (5) and analogous relations below avoid any 
explicit consideration of inter-phase (Donnan) potential difference, 
since it cancels out in the [M+][A-] product or analogous products for 
other salts presented below. 

After substituting Eq. (5) to Eq. (4) and solving for [M+], the average 
total number of M+ and A- ions per unit cell (or fixed charge) as a 
function of Cs is obtained as 

nM =
KMX[M+]

1 + KMX[M+]
+

[M+]

X
(6)  

and 

nA =
[A−]

X
=

(S0Cs)
2

X[M+]
, (7)  

where the first term in Eq. (6), reminiscent of the Langmuir isotherm, 
corresponds to associated M+ ions, and the other term in Eq. (6) and Eq. 
(7) correspond to free mobile ions. The total concentration of each ion in 
the membrane, the sum of free and associated, is found by multiplying 
the average number of ions per fixed charge, nM or nA, with the total 
fixed charge density, X. This yields the following relations that may be 
directly compared with the measured content of co- and counterions in 
the membrane 

Cm
M = X + Cm

A = X +
(S0CS)

2

[M+]
; Cm

A = XnA =
(S0CS)

2

[M+]
. (8)  

2.2. MA2 salts 

For MA2 salts of a divalent cation and monovalent anion, such as 
CaCl2, the derivation follows the same line as for MA salts. Again, we 
first assume pairing of the fixed charges with the cations only, but since, 
in this case, the cation is divalent, the pair is charged, MX+, and con
tributes a unit positive charge, turning the electroneutrality to 

−1 + KMX
[
M2+

]

Ξ
+

2
[
M2+

]
− [A−]

X
= 0, (9)  

where now Ξ = 1 + KMX[M2+]. 
The equilibrium relation between free ion concentrations in the 

membrane and solution for an MA2 salt, analogous to Eq. (5), results in 
the following expression for the free anions 

[A−] = 2
(S0CS)

3/2

[
M2+

]1/2 , (10)  

which is substituted to Eq. (9) and solved to yield [M2+] and [A−]. The 
total concentration of mobile ions M2+ and A- in the membrane are 
found as follow 

Cm
M = X

KMX
[
M2+

]

1 + KMX
[
M2+

] +
[
M2+

]
(11)  

and 

Cm
A = [A−] . (12) 

As a next-level scenario, we may consider both MX+ pairs and MAX 
triplets. Note that MAX triplet is neutral and thus does not contribute 
any charge; therefore, the electroneutrality Eq. (9) still holds, but Ξ 
becomes 

Ξ = 1 + KMX
[
M2+

]
+ KMAX

[
M2+

]
[A−]. (13) 

Note the last term is of second order in ion concentration and thus 
may become important at high salt concentrations. Indeed, below, we 
will see that it may explain the behavior of CaCl2 at the highest analyzed 
concentrations (>1 M), where the formation of MX+ species alone is 
unable to explain the observed trends. 

After solving Eq. (9) along with Eqs. (10) and (13), The total con
centration of mobile ions M2+ and A- in the membrane are given by 

Cm
M = X

KMX
[
M2+

]
+ KMAX

[
M2+

]
[A−]

1 + KMX
[
M2+

]
+ KMAX

[
M2+

]
[A−]

+
[
M2+

]
(14)  

and 

Cm
A = X

KMAX
[
M2+

]
[A−]

1 + KMX
[
M2+

]
+ KMAX

[
M2+

]
[A−]

+ [A−]. (15) 

An alternative second-order modification may consider pairing of 
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free ions as charged MA+ pairs instead of MAX triplets. The electro
neutrality condition then becomes 

−1 + KMX
[
M2+

]

1 + KMX
[
M2+

] +
2
[
M2+

]
+ [MA+] − [A−]

X
= 0 (16)  

where 

[MA+] = KMA
[
M2+

]
[A−] (17)  

and, after solving Eq. (16) along with Eqs. (10) and (17) for [M2+] and 
[A-] the total concentration of mobile ions in the membrane are found as 
follows, 

Cm
M = X

KMX
[
M2+

]

1 + KMX
[
M2+

] + KMA
[
M2+

]
[A−] +

[
M2+

]
; (18)  

Cm
A = KMA

[
M2+

]
[A−] + [A−]. (19)  

2.3. M2A salts 

For M2A salts of a monovalent cation and divalent anion, such as 
Na2SO4, assuming MX association only, we obtained the following 
electroneutrality condition 

−
1

1 + KMX[M+]
+

[M+] − 2
[
A2−

]

X
= 0 (20)  

where [A2−] is given by equilibrium with solution as 

[
A2−

]
= 4

(S0CS)
3

[M+]
2 . (21)  

When free MA− pairs are considered as well, Eq. (20) is replaced with 

−
1

1 + KMX[M+]
+

[M+] − 2
[
A2−

]
− [MA−]

X
= 0, (22)  

with [MA−] given by 

[MA−] = KMA[M+]
[
A2−

]
. (23)  

The total ion concentrations in the membrane are obtained after finding 
[M+] and [A2−] by combining and solving these relations, similar to 
other salts, as follows 

Cm
M = X

KMX
[
M2+

]

1 + KMX
[
M2+

] + KMA[M+]
[
A2−

]
+ [M+]; (24)  

Cm
A = KMA[M+]

[
A2−

]
+

[
A2−

]
. (25)  

3. Methods 

The experimental data, including the uptake of cations and anions in 
Nafion 117 membranes for NaCl, MgCl2, and Na2SO4 single salt solu
tions, were digitized from Sujanani et al. [24] and for CaCl2 in a CR61 
membrane from Galizia et al. [25]. The model was fitted to the experi
mentally measured concentrations of cations and anions in the mem
brane. The experimental data, including uptake of cations and anions in 
Nafion 117 membranes for NaCl, MgCl2, and Na2SO4 single salt solu
tions, were digitized from Sujanani et al. [24] and for CaCl2 in a CR61 
membrane from Galizia et al. [25]. The fits were compared with Man
ning’s counterion condensation model, computed as described in the 
above references. 

All the model relations were implemented and fitted to experimental 
data using Python. The fitted parameters include the membrane fixed 
charge density X, appropriate equilibrium association constants K’s, and 
salt injection coefficients S0. Since the parameter space was large, 

especially the range of a priori unknown K’s and S0, the model was 
solved using a genetic global optimization algorithm included in the 
Genetic algorithm Python library. 

4. Results 

Sujanani et al. and Galizia et al. [24,25] reported experimental data 
for salts of different types and well-known benchmark membranes CR61 
and Nafion 117. The ion partitioning data in Nafion span the reasonably 
large range of external salt concentration 0.01 M–1.0 M, and the results 
for CaCl2 in CR61 are further extended up to 6 M CaCl2; therefore, they 
provide a sound basis for modeling. All parameter fitted to corre
sponding models for all four salts are presented and discussed in the 
following sections 4.1 to 4.4 and are summarized in Table 1. 

4.1. NaCl uptake in Nafion 

Fig. 1 compares the results for NaCl uptake in Nafion 117 with the 
fits to the present model and to the Manning model, as reported by 
Sujanani et al. [24]. The concentrations shown are per water volume 
inside the polymer rather than per total membrane volume, which is 
justified given Nafion has a microphase-separated morphology, with 
water and ions sharply segregated from the Teflon-like matrix within 
ionic clusters of a characteristic size of a few nanometers [28–31]. 
Overall, both models show a similar agreement. Notably, while Sujanani 
et al. determined the membrane fixed charge density X = 3.96 ± 0.1 M 
experimentally from sorption experiments with 0.01 M NaCl, the present 
fitting procedure yielded for NaCl solutions a slightly larger value X =
4.2 M, which should be reasonable, given inherent uncertainties of 
measured ion uptake, water content, effects of salt type, and variability 
of the samples stemming from thermal, mechanical and pretreatment 
history [32]. 

4.2. MgCl2 uptake in Nafion 

Fig. 2 shows the measured MgCl2 uptake in Nafion 117, along with 
fits to the present association model including MX+ pairs only, as well as 
the fits to the Manning model, as reported by Sujanani et al. [24]. Both 
model fits are commensurate, but the present model deviates more 
significantly for low concentrations <0.1 M. 

We note that at low solution concentrations, the total molar content 
of Mg2+ within the membrane approaches half the fixed charge X and 
becomes virtually independent of the external salt concentration. This 
suggests that the association-dissociation equilibrium between the MX+, 
M2+, and X- species within the membrane is negligibly affected by Cl- 

anions whose content is 2-3 orders smaller. Since the total fixed charge 
content is constant, the concentration [M2+] becomes about constant in 
the dilute regime, and then 2[M2+] plays the role of an effective fixed 
charge of the membrane, replacing a genuine constant fixed charge 
assumed in the Donnan model. As a result, as follows from Eq. (10), the 
logarithmic slope of the co-ion concentration in the membrane [A-] 
versus solution concentration Cs approaches the ideal value 3/2 for the 
Donnan equilibrium of a dilute MA2 salt with a charged membrane. This 
is what is expected at the lowest solution concentration for both the 
present and Manning models as well. For the same reason, the results in 
Fig. 1 for NaCl show that the ideal slope of 2 for MA salts (cf. Eq. (5)) is 
closely approached by both models as the concentration drops. Similar 

Table 1 
Fitted model parameters for data in Figs. 1 to 4.  

Salt/membrane S0 KMX, [M-1] KMA, [M-1] X [M] 

NaCl/Nafion 0.4 4.6×102 ————— 4.2 
Na2SO4/Nafion 0.02 5.8×104 7.9×103 4.0 
MgCl2/Nafion 0.006 3.4×106 ————— 3.7 
CaCl2/CR61 0.006 6.1×106 1.7×105 2.8  
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to NaCl, it is also observed in the present fit for MgCl2 in Fig. 2; however, 
the Manning fit shows a slightly lower slope due to the small correction 
of the Debye-Hückel type for ion-ion interactions, which makes the 
intra-membrane activity coefficient progressively smaller as the salt 
concentration increases. This correction is rigidly related to the same 
parameter that controls the counterion condensation in the Manning 
model; however, it would be an independent correction in the present 
model, with more parameters required. In this first analysis, we deem it 
not critical and therefore examine the relative importance of this 
correction simply by removing it from the Manning fit rather than 
adding it to the present model (see Eqs. S1 and S2 and the accompanying 
discussion in section S1 of the SM). The result is shown in Fig. 2 as the 
dashed-dotted line and, indeed, nearly eliminates the difference be
tween the two fits. In any case, this correction is small and insignificant 

here, given the limited amount of available experimental data and 
possibly, other uncertainties. 

Figs. 1 and 2 and Table 1 also show a large difference between fitted 
S0 and KMX values for NaCl and CaCl2; thus, S0 is significantly smaller, 
and KMX is much larger for CaCl2. This is well expected, given the double 
charge of Ca2+, resulting in stronger dielectric exclusion and, on the 
other hand, stronger binding to fixed charges, compared with Na+. 

4.3. Na2SO4 uptake in Nafion 

Fig. 3 shows fits for Na2SO4 uptake in Nafion 117. While the present 
model yields a reasonable fit, the Manning fit significantly deviates, as 
noted by Sujanani et al. However, for a fair comparison, we stress that 
Sujanani et al. employed the same Bjerrum length for the shown 
Manning fit as for the above two salts rather than an independent fit to 
adjust the Bjerrum length. The observed deviation of the Manning model 
may then primarily reflect issues specific to Na2SO4 rather than to the 
Manning model if its parameters were allowed to be salt-specific. 

In this particular case, for the monovalent sodium interaction with 
the fixed sulfonate charges, we expect a relatively weak electrostatic 
attraction, similar to NaCl. This is well reflected in the magnitude of the 
fitted association constants, KMX. For the Mg-sulfonate pair, KMX is 
3.4×106 M-1, which means that, for X ~4 M, the vast majority of fixed 
charges is associated. For NaCl and Na2SO4 uptake, the fitted KMX values 
for the Na-sulfonate pair are several orders of magnitude lower, i.e., a 
significant proportion of fixed charges is dissociated. However, even if 
not as much as for MgCl2, the fitted KMX values for NaCl and Na2SO4, 
4.6×102 and 5.8×104 M-1, respectively, differ significantly as well, 
despite the fact that they represent the same NaX pair. We presume that 
it may be related to numerical redundancy, making parameters inter- 
dependent, as discussed in Section 4.5. 

4.4. CaCl2 uptake in CR61 

Like MgCl2, CaCl2 is an MA2-type salt. Fig. 4 shows its uptake in 
CR61 up to 6 M reported by Galizia et al. [25]. A wider studied range, 
compared with MgCl2 in Nafion (Section 4.2), enables better analysis of 
the high-salt regime, where pairing should be greatly enhanced. Fig. 4a 
indicates that both the regular Manning and the present model, 
including MX+ pairs only, clearly deviate from experimental data above 

Fig. 1. Concentrations of chloride and sodium ions in the water phase within 
Nafion vs. sodium chloride concentration in the external solution. Symbols are 
experimental data from Sujanani et al. [24], solid lines represent fit to the 
present model, and dotted lines are fit to the Manning model. Fitted parameters 
values for the present model are S0 = 0.4, KMX = 4.6×102 M-1, and X =4.2 M. 

Fig. 2. Concentrations of chloride and magnesium ions in the water phase 
within Nafion vs. magnesium chloride concentration in the external solution. 
Symbols are experimental data from Sujanani et al. [24], solid lines represent fit 
to the present model, and dotted lines are fit to the Manning model. Fitted 
parameters values for the present model are S0 = 0.006, KMX = 3.4×106 M-1, 
and X = 3.7 M. 

Fig. 3. Concentrations of sulfate and sodium in the water phase within Nafion 
vs. sodium sulfate concentration in the external solution. Symbols are experi
mental data from Sujanani et al. [24], solid lines represent fit to the present 
model, and dotted lines are fit to the Manning model. Fitted parameters values 
for the present model are S0 = 0.02, KMX = 5.8×104 M-1, KMA = 7.9×104 M-1 

and X =4.03 M. 
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1 M (See also Fig. S1 and the accompanying discussion in section S2 of 
Supplementary Material). For this region, improved fits are shown in 
Fig. 4b. One proposed by Galizia et al. modifies the Manning-model 
using an empirical correction that allows a high ion activity with an 
ion activity coefficient greater than one [25]. The present model pro
duces an improved fit by allowing the formation of both MX+ and 
charged free-ion pairs MA+, similar to the case of Na2SO4. Indeed, the 
existence of CaCl+ ion pairs was reported even in pure water [33,34] 
therefore it is well expected in the lower dielectric environment within 
the membrane. Note that an activity coefficient smaller than one, i.e., 
higher salt concentration in the membrane compared with solution in 
the most concentrated range in Fig. 4, is a likely indication of ion as
sociation that is known to occur at high CaCl2 concentrations in solution, 
>2 M [35,36], and justifies the need to include CaCl + pairs here as a 
natural extension of the present model. We also note that fitted salt in
jection coefficients S0 are of the same order of magnitude for CaCl2 and 
Na2SO4, as expected for MA2 and M2A salts (see Figs. 3 and 4). 

4.5. Numerical redundancy of the model parameters 

The above models for different salts contain 3 or 4 parameters that 
are supposed to be mutually independent. However, deriving the full set 
requires that the range of salt concentration allow transition between 
several regimes of ion uptake, where parameters combine differently, 
which is unfortunately not the case. Specifically, we observe that, except 
for the highest concentration of CaCl2 in CR61, the measured amount of 
co-ions remains fairly insignificant relative to counterions in the entire 
range. In this case, arbitrary variation of some of them is effectively 
offset by variation of other parameters, i.e., there is a numerical redun
dancy thus not all parameters may be fitted with confidence. 

This may be illustrated using as an example the relations for uptake 
of NaCl. The much lower content of anions in the membrane compared 
with cations (Fig. 1) and, on the other hand, high cation content that 
may strongly promote the formation of MX pairs makes it likely that Eq. 
(4), electroneutrality condition, is simplified to 

−
1

KMX [M+]
+

[M+]

X
≈ 0. (26)  

thereby Eqs. (26) and (8) yield 

[M+] ≈

(
X

KMX

)1/2

, [A−] ≈

(
KMX

X

)1/2

(S0CS)
2
,Cm

A = [A−] ≈

(
KMX

X

)1/2

(S0CS)
2
.

(27)  

X is relatively rigidly fixed by the plateau of measured Cm
M = X + Cm

A ≈

X, in particular, at the lower salt concentrations, but the last relation in 

Eq. 27 identifies S2
0(KMX/X)

1/2 as a lumped parameter or combination 
that dictates the dependence of the measured anion content Cm

A on Cs in 
the lower concentration range. 

Under an alternative assumption that the MX association is insig
nificant, we would have, [M+] ≈ X, [A−] ≈ (S0CS)

2
/X, hence 

Cm
A ≈ (S0CS)

2/
X. (28)  

and the appropriate lumped parameter is S2
0X−1. Both Eqs. (27) and (28) 

predict that that Cm
A is proportional to CS squared, which is observed in 

Fig. 1 in nearly entire range, as discussed in Section 4.2. This depen
dence confirms that [A-] is far below [M+] and not just smaller than X, 
but only the prefactor F2 that multiplies CS

2 may be determined with 
confidence, while the specific values of S0 and KXM, and even whether F2 
is defined by eq. 27 or 28, are uncertain. 

In the case of Na2SO4 as another example, we observe the counter- 
ion is the same as in the case of NaCl and the anions A2− are far fewer 
than cations in the membrane (Fig. 3) but, likely, they are mainly pre
sent as MA- pairs. If these pairs are still fewer than free M+ ions, i.e., [MA 
-] << [M+], Eqs. (21) and (23) yield 

Cm
A ≈ [MA−]∝C3

S, (29)  

where the prefactor F3 is either 4KMAS3
0(KMX/X)

1/2 in the case of strong 
MX association, when [M+] ≈ (X/KMX)

1/2 or 4KMAS3
0X−1 in the case MX 

association is negligible thus [M+] ≈ X. The cubic dependence Cm
A ∝C3

S 
that seems to be observed in low concentration range in Fig. 3 cannot 
differentiate between these scenarios and, in any case, would not allow 
definitive fitting of all parameters. 

However, Fig. 3 also indicates that the cubic regime does not cover 
the entire concentration range and there is a transition in the middle 
range to a dependence with a smaller exponent, close to 3/2. This is 
successfully fitted only using a sufficiently large value of KMA, i.e., very 
strong MA association. As a result, [MA-] eventually exceeds the free 
cation concentration [M+] ≈ (X/KMX)

1/2 released by fixed charge 
dissociation thus the M+ inherently present in the membrane cannot 
balance the negative charge of invading MA- pairs. Instead, it has to be 
balanced by invasion of M+ ions from solution (see also computed 
speciation of ions in Section S3 and Fig. S2 in Supplementary Material). 
In this regime, electroneutrality condition is approximated as 

[M+] ≈ [MA−] = KMA[M+]
[
A2−

]
, (30)  

whence [A2−] ≈ 1/KMA and, using Eqs. (21) and (23), we obtain 

Cm
A ≈ [MA−] ≈ 2K1/2

MA(S0CS)
3/2

. (31) 

Fig. 4. Concentrations of calcium and chloride ions in the water phase within CR61 vs. calcium chloride concentration in the external solution. Symbols are 
experimental data from Galizia et al. [25]. Solid lines represent fits to the present model and dotted lines are fits to the Manning model. In panel (a), the fits are to the 
present model including MX pairs only and to the regular Manning model; in panel (b), the fits are to the present model, including both MX and MA pairs and to the 
modified Manning-Donnan model of Galicia et al. [25]. Fitted parameters values for the present model in panel (b) are S0=0.006, KMX =6.1 × 106 M-1, KMA =1.7 ×
105 M-1, and X = 2.80 M. 
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This dependence Cm
A∝C3/2

S is indeed close to the one observed at the 
higher concentrations in Fig. 3 and the relevant combination defining 
this dependence is 2K1/2

MAS3/2
0 . 

We note at this point that the observed C3/2
S dependence for Na2SO4 

rules out the scenario of negligible MX association with [M+] ≈ X 
considered above, since this would also rule out Eq. (30), in which case 
the cubic trend would continue for Na2SO4 as long as there are much 
fewer anions than cations in the membrane. Turning back to the pre
vious case of NaCl, this rules out the scenario given by eq. (28), therefore 
the prefactor defining the C2

S dependence of anion uptake must be 
F2 = S2

0(KMX/X)
1/2. 

Ultimately, for Na2SO4, the presence of two regimes defines three 
quantities, Cm

M ≈ X, the prefactor F3/2 = 2K1/2
MAS3/2

0 of the 3/2-exponent 
dependence of Cm

A in the upper range (Eq. (31)), and the prefactor 
F3 = 4KMAS3

0(KMX/X)
1/2

= F2
3/2(KMX/X)

1/2 of the cubic dependence in 
lower range (Eq. (29)). This reduces numerical redundancy but still 
cannot eliminate it, thus all four parameters cannot be defined with 
certainty from these three quantities. Similarly, for NaCl, the corre
sponding quantities are X and F2 = S2

0(KMX/X)
1/2, which cannot deter

mine with certainty the three defined parameters. This uncertainty is a 
likely reason for discrepancy between the fitted KXM values for NaCl and 
Na2SO4. Specifically, we note that fitted X, F3, and F3/2 fully define KXM 
for Na2SO4, therefore its fitted value may be treated with more confi
dence, but X and F2 only fix the combination S2

0K1/2
MX for NaCl. Therefore, 

the fitted values of S0 and KMX for NaCl listed in Table 1 are less certain, 
as well as the values of S0 and KMA combining in F3/2 for Na2SO4. 

Nevertheless, if observable, the transition to the highest- 
concentration regime when salt uptake approaches fixed charge may 
ease the redundancy. Unfortunately, this transition is barely present in 
Figs. 1 to 3 and keeps the significant uncertainty of S0 and K’s in place. 
Its small effect on fits may explain why fitted S0 for Na2SO4 is smaller 
than for NaCl, as expected due to the stronger exclusion of sulfate 
compared with chloride, but the disparate KMX values emphasize the 
remaining uncertainties apparently related to numerical redundance. 
On the other hand, the highly concentrated regime is well resolved in 
Fig. 4 for CaCl2 in CR61 and fitted parameters may be viewed with 
somewhat more confidence. Thus, the KMX values for calcium in CR61 
and for magnesium in Nafion are expectedly commensurate and larger 
than for NaCl, and respective S0 values are correspondingly smaller. 

In summary, the present data cover a limited concentration range for 
each salt and may not include all possible regimes covered by the model, 
namely, full or partial dissociation of fixed charged and free ions as well 
as invading salt being negligible or surpassing the fixed charge. There
fore, certain regimes of the models dominate throughout, while the 
others do not show up. The is seen more explicitly in the speciation of 
ions to different free and associated forms according to the best fits, 
presented in more detail in section S3 and in Fig. S2 in Supplementary 
Material. Without all regimes present in experimental results or addi
tional data quantifying ion association, e.g., electrical measurements, it 
may be difficult to ascertain in each case whether the fitted parameters 
reflect their true values or lump some other effects as well. 

4.6. Manning model versus presented model and physical redundancy 

The defining parameter for Manning’s counterion condensation 
theory is the dimensionless charge density, ξM, for which Sujanani et al. 
used the value determined by Kamcev et al. for HCl sorption in Nafion 
117 [37]. Since this ξM = 0.31 exceeds the critical values, ξc=|zizp|-1, for 
all analyzed salts in Nafion, NaCl, MgCl2, and Na2SO4, the model of 
Sujanani et al. predicts that a commensurate fraction of both counter
ions, Mg2+ and Na+, is condensed. While a strong association should 
indeed be a sound assumption for the divalent Mg2+, it is less likely that 
monovalent Na+ will be dissociated to a similar degree, given their 

different charge and also much different charge densities, respectively, 
120 and 24 C mm-3 [39]. The several orders of magnitude difference in 
fitted association constants KMX of the two counterions seem more 
reasonable than the fairly small factor 2 separating ξc of the two ions in 
the Manning model. The species distribution is quantified and shown in 
Fig. S2, which further illustrates the influence of association constants. 
Münchinger and Kreuer compared Manning’s counterion condensation 
theory with their experimental data on competitive Cs+/Li+ sorption in 
Nafion 117 and spin relaxation measured for these ions by NMR [27]. 
From NMR measurements, they estimated the association constant for 
Cs-sulfonate pairs to be KCsX = 4 M-1. This value is substantially lower 
than our fitted KNaX = 4×102 M-1, while Münchinger and Kreuer argued 
that, within the alkaline metals, Na+ is smaller, harder, and less polar
izable than Cs+, which would lead to a stronger interaction, thus KCsX 
should be smaller than KNaX [27]. The difference might, once again, be 
due to the numerical redundancy and/or KNaX also lumping ion-ion 
interactions. 

We conclude the discussion by noting that apart from numerical 
redundancy discussed in the last section, there may also be physical 
redundancy, resulting in inter-dependence of parameters on the physical 
grounds. Specifically, the relative permittivity of the membrane is sup
posed to affect both ion association and free ion uptake in a correlated 
manner [21], as it does in the Manning model; however, the association 
constants KMX and KMA and salt injection coefficient S0 are treated as 
independent in our model. Some decoupling between the two types of 
parameters is possible if the microenvironment within the membrane is 
not homogeneous; thus, ion pairs, especially of MX type, and free ions 
may face a somewhat different microenvironment and solvation. This is 
likely within Nafion, known to have microphase-separated morphology, 
where sulfonic groups line the boundary of a few nanometers large 
domains containing water and free ions and may be more strongly 
affected by adjacent hydrophobic matrix than co- and counterions 
within such domains. As discussed in the opening of Section 2, ion-ion 
interactions may also affect differently and further decouple these pa
rameters. Additional factors, possibly contributing to the decoupling of 
these parameters, were discussed in Ref. [21]. However, the present 
results seem insufficient to claim conclusively that solvation and asso
ciation are fully decoupled and thus S0 and K’s may be treated as in
dependent. This presents an open question for future research. 

5. Conclusion 

The ion association theory in the formulation going back to Bjerrum 
provides a sound physicochemical basis for understanding ion exchange 
membranes that is distinctly different and potentially better addresses 
ion-specificity than the Manning condensation model. As such, it can 
readily include various types of associates that involve both fixed and 
mobile ions, subject to experimentally observed trends, and better 
match measured results. These features seem most advantageous for 
modeling the ion uptake behavior for M2A- and MA2-type electrolytes, 
especially at the largest salt concentration, where the association is 
significant. This was demonstrated by fitting the present model to the 
available experimental data for the uptake of several salts, including 
Na2SO4, MgCl2, CaCl2, and NaCl, in two cation-exchange resins. The 
fitted values of the defined parameters with a clear physical meaning are 
subject to uncertainties certain due to limited observed range and some 
regimes being absent or insufficiently resolved. Yet, the found values 
appear to be consistent with trends expected for partitioning and 
speciation of different ions based on their charge and with other data. 
Overall, the present model consistently incorporates ion association and 
thus amends the previously used physical picture, based on the Donnan 
model or its modification. It offers a useful framework for modeling, 
understanding, and predicting ion uptake in ion-exchange and related 
materials. 
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