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Abstract—The geometry-based stochastic channel models
(GSCM), which can describe realistic channel impulse responses,
often rely on the existence of both local and far scatterers.
However, their visibility from both the base station (BS) and
mobile station (MS) depends on their relative heights and posi-
tions. For example, the condition of visibility of a scatterer from
the perspective of a BS is different from that of an MS and
depends on the height of the scatterer. To capture this, we propose
a novel GSCM where each scatterer has dual disk visibility
regions (VRs) centered on itself for both BS and MS, with their
radii being our model parameters. Our model consists of short
and tall scatterers, which are both modeled using independent
inhomogeneous Poisson point processes (IPPPs) having distinct
dual VRs. We also introduce a probability parameter to account
for the varying visibility of tall scatterers from different MSs,
effectively emulating their noncontiguous VRs. Using stochastic
geometry, we derive the probability mass function (PMF) of
the number of multipath components (MPCs), the marginal and
joint distance distributions for an active scatterer, the mean time
of arrival (ToA), and the mean received power through non-
line-of-sight (NLoS) paths for our proposed model. By selecting
appropriate model parameters, the propagation characteristics
of our GSCM are demonstrated to closely emulate those of the
COST-259 model.

Index Terms—Multipath Components, Poisson Point Process,
Channel Model, Stochastic Geometry.

I. INTRODUCTION

Owing to their physics-inspired construction and
measurement-driven accuracy, GSCMs have become an
integral part of the design and analysis of many wireless
communications systems. These models place scatterers at
random in a geometric plane to obtain the directionally
resolved impulse response or transfer function from simplified
ray tracing. There is also a different (though some relations
exist) type of model sometimes called GSCM, namely the
3GPP-type channel models where delays and directions of rays
are selected at random [1, Sec. 7.5-7.6]. Typically, GSCMs
consider two types of scatterers: a) local scatterers, that lie
close to the MS and often represent scattering from cars, trees,
and buildings in the vicinity of the MS, and b) far scatterers,
which lie farther from both the BS and MS and often
represent far-away high-rise buildings (in urban environments)
or mountains (in rural environments). Since point processes
are often used to describe the spatial distribution of these
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scatterers, one can hope to study their properties analytically
using ideas from stochastic geometry. It is rather surprising
that this connection has not been explored in sufficient detail
yet, perhaps because of the lack of interaction between the
propagation and stochastic geometry communities. The main
objective of this paper is to fill this gap by introducing a novel
GSCM that adapts to changes in both the height and horizontal
position of BSs, thus altering the visibility of different types
of scatterers. This approach allows us to consider two distinct
types of scatterers, tall and short, each with dual visibility
regions, making it particularly suited for stochastic geometry
analysis.

A. Prior work

Given the topic of this paper, the following two directions
of research are the most relevant to this discussion: (i) design
of GSCMs in the propagation community, and (ii) stochastic
geometry analysis of simple setups in which both users and
environmental scatterers/obstacles are stochastically modeled.

Starting with the first direction, GSCMs are well-studied
in the literature, and a plethora of analytical results exist for
different spatial distributions of the scatterers. The first GSCM,
placing scatterers on a circle, was introduced in [2]. Subsequent
models explored different scatterer distributions such as ellipses
[3], with [4] extending this to three dimensions. Further mod-
els considered multiple circular areas [5] and additional far
scatterers [6]. In all these papers, all modeled scatterers are
assumed to be visible by both BS and MS. The COST family
of GSCMs [7], [8] introduced the concept of noncontiguous
VRs to account for the experimentally observed fact that far
scatterers have an impact on the channel impulse response
only when the MS is in certain regions of a cell. In addition,
there are local scatterers that lie within a disk centered around
the MS. Moreover, the COST IRACON channel model for
vehicle-to-vehicle communication introduced scatterer-centric
visibility and gain functions, where scatterers are distributed in
the environment according to the layout of the intersection [9].
However, such COST models aim to describe realistic channel
measurements without considering analytical tractability.

Coming to the second direction, there has been some
relatively recent work in the stochastic geometry literature
that explicitly models environmental obstacles along with the
locations of the wireless nodes. This has mostly been done in
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the context of 5G millimeter wave (mmWave) system design.
The earliest work in this direction is [10], which considered a
stochastic model for the environmental blockages in a mmWave
system and analyzed the performance of such a system using
stochastic geometry. A similar study focusing on the blind spot
probability in localization networks was done by the authors
of this paper in [11]. An author of this paper has also studied
the effect of single-reflections in such models [12], [13], which
led to the analytical characterization of ToA, angle of arrival
(AoA), NLoS bias, as well as the localization performance in
such setups. Recently, the authors of [14] derive the coverage
probability and exact mean signal-to-noise-plus-interference
ratio of a terahertz cellular network considering scatterers.
While the first-order models studied in this line of work are
reasonable, they were not necessarily intended to describe the
propagation characteristics of a GSCM.

Therefore, while these two directions are clearly related,
the loop was never closed between them, which is the main
inspiration behind this paper.

B. Contributions

The key contribution of this work is to bridge the gap
between the channel modeling works related to GSCM in the
propagation community and some related stochastic geometry
efforts. In particular, we model the dual VRs of each scatterer
for both BS and MS as disks centered at that scatterer.
This, along with the modeling of short and tall scatterers as
two independent IPPPs and the introduction of a probability
parameter to account for the varying visibility of tall scatterers,
results in a tractable GSCM. The tractability is demonstrated
through the derivation of (i) the distribution of the number
of MPCs, (ii) the joint and marginal distance distributions
associated with an active scatterer, (iii) an analytical expres-
sion of the mean ToA, and (iv) the expected received power
through NLoS paths assuming a narrow-band communication
and normally distributed reflection or scattering coefficients.
Finally, we demonstrate that our GSCM can be fine-tuned to a
specific scenario to describe some of the NLoS characteristics
of significantly more complicated GSCMs, such as COST-259
for the same scenario. As a concrete case study, we show that
our proposed model closely resembles the COST-259 model
for the generalized typical urban (GTU) scenario in aspects
of the distribution of the number of MPCs, mean ToA, and
mean NLoS received power. It also successfully reflects the
angular statistics of the scatterers in the COST-259 model to a
considerable extent.

II. DUAL VISIBILITY REGION-BASED SCATTERING MODEL

Fig. 1 demonstrates the VRs along with the BS, the MS,
and two active scatterers. The BS is located at the origin
o = (0, 0) of the two-dimensional (2D) Cartesian coordinate
system and the MS is located at o′ such as ro,o′ = d′ where
rp0,y = ∥p0 − y∥ is the horizontal (2D) distance between a
point located at p0 and a point at y. Additionally, the scatterers
are modeled as realizations of point processes similar to [15],
[16] and consider two types of independent scatterers, i.e.,

Fig. 1: Illustration of Visibility Regions.

short and tall which are represented by subscripts ‘s’ and ‘t’,
respectively. In particular, the short scatterers are distributed
as IPPP Φs with constant density λs while the tall scatterers
are distributed as IPPP Φt with random density Uλt, where
U is a Bernoulli random variable with mean γ. Therefore, the
point process of the scatterers actually becomes a Cox process
or a doubly stochastic Poisson process (since its intensity is
random) [17]. We will explain the rationale behind including
U after introducing the VRs next.

We define the VRs for the BS and the MS around a scatterer
of type k ∈ {s, t} located at pk as concentric circles b(pk, vk,1)
and b(pk, vk,2), respectively, where b(p, r) denotes a circle
of radius r centered at p. While this is meaningful for short
scatterers, we will justify this for tall scatterers shortly. The
BS or MS is said to be in the LoS of a given scatterer if it
lies within the respective VR of that scatterer. Note that the
active scatterers that contribute to the MPCs must exist and
be visible to both the BS and the MS. In other words, for an
existing scatterer to be active, both the BS and the MS must
be inside their respective VRs centered on that scatterer. We
also assume that each MPC from the BS to the MS interacts
with a single active scatterer. Consequently, the active scatterers
follow an inhomogeneous PPP with density

λk,v =


λs, k = s, rps,o ≤ vs,1, rps,o′ ≤ vs,2

Uλt, k = t, rpt,o ≤ vt,1, rpt,o′ ≤ vt,2

0, otherwise
. (1)

Remark 1: Considering a circular VR b(pk, vk,1) around the
scatterer for the BS, the condition for visibility is rpk,o ≤
vk,1. Similarly, drawing the VR around the BS results in the
same condition for visibility ro,pk

≤ vk,1. This implies that a
circular VR around a scatterer of type k for either BS or MS
is equivalent to having that VR around that BS or MS. As a
direct consequence, we can observe that transferring the VRs
around the BS and MS as their centers and denoting the active
scatterers in their intersection area is equivalent to having both
VRs around the scatterers and choosing active scatterers from
(1). For example, if we draw a VR of radius vk,1 around the
BS and another VR of radius vk,2 around the MS, the scatterers
of type k inside the intersection area will follow (1). Based on
this observation, Fig. 1 illustrates the transferring of the VRs
around the BS and MS.

In our model, the VR’s radius depends on the scatterer’s
height, and the height of the BS or the MS. Following this
approach, the probability of visibility of a scatterer from a node
depends on the distance between them. Note that the concept
of short and tall scatterers corresponds to the idea of local and



far scatterers in the relevant literature [6], [18]. Interestingly,
choosing vs,1 ≫ vs,2 gives rise to a local cluster of scatterers
around MS which imitate a generic macrocell model where
MPCs are less likely around the BS. The height of scatterers
primarily impacts the VR radius, while the effect on elevation
angles is disregarded due to the 2D coordinate system analysis.

Now, we are ready to explain the reason for introducing
the random variable U in the density of the tall scatterers.
As discussed above already, this basically means that the tall
scatterer will be visible if two conditions are satisfied: (i) the
value of U is 1 (which happens with probability γ), and (ii)
the condition for visibility described in Remark 1 is satisfied.
Note that the VRs of tall scatterers are usually noncontiguous.
Therefore, some MSs will see the tall scatterers while others
would not. Despite considering a simple circular VR around
the tall scatterers, we are able to emulate this effect through
parameter γ. We will demonstrate this through a comprehensive
case study of COST-259 in Section IV. However, it is crucial
to exercise caution since this approach is only adequate for
examining the channel’s marginal properties (at a single time
and location). To investigate joint properties such as correla-
tions across time and space, we will need to extend this model,
which presents a promising direction for future research.

Note that in our GSCM implementation, the superposition of
different MPCs inherently provides small-scale fading. How-
ever, since our primary focus in this paper is on the spatial
aspects of multipath propagation, we have not included large-
scale fading (shadowing) in this study. One way of including
large-scale fading in our model is through cluster shadow
fading using separate stochastic processes for each cluster or
group of scatterers with similar delay [8]. Since these processes
might exhibit correlation, their inclusion in our model presents
an intriguing opportunity for future research.

III. MATHEMATICAL ANALYSIS

In this section, we derive the PMF of the number of MPCs,
joint distance distributions, mean ToA, and the mean received
power through NLoS paths for our proposed model. These
results have useful applications in various wireless applications
such as synchronization and localization. First, as noted in
Remark 1, the intersection area between two circles plays a
significant role in the analyses. For concise notation in later
derivations, we define A(d0, a, b), as depicted in Fig. 1, which
denotes the intersection area of two circles of radii a and b
whose centers are separated by distance d0 as:

A(d0, a, b) =


0, a+ b < d0

πmin(a, b)2, |a− b| > d0

A′(d0, a, b), otherwise
. (2)

where, A′(d0, a, b) is defined below in (3).

A′(d0, a, b) = b2 cos−1

(
d20+b2 − a2

2d0b

)
+

a2 cos−1

(
d20+a2 − b2

2d0a

)
− 1

2

√
4d20a

2 − (d20 − b2+a2)2.

(3)

We begin our analysis by characterizing the number of
MPCs. In Lemma 1, we show that the PMF of the number
of the MPCs is a Poisson distribution following directly from
the PPP assumption in our model.

Lemma 1: The number of MPCs N has a PMF fN (n) with
mean µ = µs + γµt, where µk = λkA(d′, vk,1, vk,2)∀k ∈
{s, t}. fN (n) is described below:

fN (n) = γP (n, µs + µt) + (1− γ)P (n, µs), (4)

where P (m,φ) = e−φφm

m! denotes a generic Poisson PMF.
Proof: See Appendix A.

The above Lemma, which is a direct consequence of the PPP
assumption on scatterers, is very useful in later derivations of
both the mean ToA and mean received power. Next, we aim to
determine the mean ToA in Proposition 1. To do so, we first
derive the marginal cumulative distribution functions (CDF) of
the distances traveled by MPCs in Lemma 2, which is described
below.

Lemma 2: If an active scatterer of type k is situated at pk,
then Xk = rpk,o and Yk = rpk,o′ denote the distance RVs.
The CDFs of Xk and Yk are given as:

FXk
(xk) =

A(d′, xk, vk,2)

A(d′, vk,1, vk,2)
, amin < xk < amax, (5)

where amin = max(d′ − vk,2, 0) and amax = min(d′ +
vk,2, vk,1).

FYk
(yk) =

A(d′, yk, vk,1)

A(d′, vk,1, vk,2)
, bmin < xk < bmax, (6)

where bmin = max(d′ − vk,1, 0) and bmax = min(d′ +
vk,1, vk,2).

Proof: See Appendix B.
Following these marginal distance CDFs, the mean ToA µToA

is defined as

µToA =
E [τ ]
c

, (7)
where τ = Xk +Yk denotes the distance covered by an MPC,
and c is the speed of light. As the CDFs have positive support,
we present the expected values of these RVs in the following
corollary to facilitate the derivation of µToA.

Corollary 1: The mean distance between the BS and an

active scatterer of type k is E[Xk] =
amax∫
0

(1 − FXk
(xk))dxk,

and the mean distance between an active scatterer of type k is

E[Yk] =
bmax∫
0

(1− FYk
(yk))dyk.

Using the expected values of Xk and Yk, we finally derive the
mean ToA in Proposition 1 next.

Proposition 1: The mean ToA in our proposed model is

µToA =
E [τ ]
c

, (8)

where E [τ ] = γ
∑

k∈{s,t}

µk

µ (E[Xk] + E[Yk]) + (1 −

γ) (E[Xs] + E[Ys]) .

Proof: See Appendix C.
Now, we present the NLoS mean received power using the

ray-tracing models in (9) considering that all the MPCs are
going through the same electromagnetic phenomena but with
different parameters [19]. Note that this equation is based on



Cases ymax

vk,1 − vk,2 ≥ d′ vk,2
vk,2 − vk,1 ≥ d′ min(d′ + x, d′ + vk,1)

|vk,1 − vk,2| < d′, vk,1 & vk,2 < d′ vk,2
|vk,1 − vk,2| < d′, vk,1 or vk,2 > d′ min(d′ + x, vk,2)

TABLE I: ymax in different parameter combinations.

the assumptions of a narrowband channel and isotropic antenna
with unit gain.

Pr =k0

∣∣∣∣ ∑
k∈{s,t}

Nk∑
i=1

Ri
k exp

(
− jθ(Xi

k, Y
i
k )

)
g2(Xi

k, Y
i
k )

∣∣∣∣2, (9)

where Pr is the received power, k0 is the transmission constant,
λ is the wavelength, Nk is the number of active scatterers
of type k, Ri

k is the reflection or scattering coefficient RV
for the i-th active scatterer of type k, θ(X,Y ) = 2πg1(X,Y )

λ ,
g1(X,Y ), g2(X,Y ) are functions of X and Y , Xi

k is the
distance between the i-th active scatterer of type k and the BS,
and Y i

k is the distance between the i-th active scatterer of type
k and the MS through the i-th scatterer. Note that the choice
of k0, g1(X,Y ), g2(X,Y ), and Ri

k dictates how the signal
electromagnetically interacts with the scatterers. For example,
in the case of scattering, g1(X,Y ) = X+Y , g2(X,Y ) = XY ,
and k0 = Pt

λ2

(4π)3 and in the case of reflection, g2(X,Y ) =

X+Y = g1(X,Y ) and k0 = Pt

(
λ
4π

)2
[19], where Pt denotes

the transmit power. However, calculating E[Pr] requires the
joint distance distribution of Xk and Yk for each of the active
scatterers, which is presented in Lemma 3.

Lemma 3: The joint probability distribution function (PDF)
of Xk and Yk for an active scatterer is:

fXk,Yk
(xk, yk) =

 B(d′,xk,yk)
A(d′,vk,1,vk,2)

,
xmin < xk < xmax

ymin < yk < ymax

0, otherwise
,

(10)
where, B(d′, xk, yk) is defined in (11), xmin = max(d′ −
vk,2, 0), xmax = min(d′+ vk,2, vk,1), ymin = max(d′−xk, 0),
and ymax is described in Table I.

Proof: See Appendix D.

Armed with this joint distribution, mean received power nu-
merically can now be found by using the joint PDF described
in Lemma 3 and (9) through the Theorem 1, which is presented
next.

Theorem 1: The mean received power is:

E[Pr] = γk0

(∑
k

(
(gk + h2

k + g′k + h′2
k )µk

)
+ (12)

(
∑
k

hkµk)
2 + (

∑
k

h′
kµk)

2

)
+ (1− γ)k0

(
(gs + h2

s + g′s+

h′2
s )µs + (hsµs)

2 + (h′
sµs)

2

)
,

where,

hk=E

[Ri
kcos

(
θ(Xi

k, Y
i
k )

)
g2(Xi

k, Y
i
k )

]
, gk=Var

[Ri
kcos

(
θ(Xi

k, Y
i
k )

)
g2(Xi

k, Y
i
k )

]
,

Case d′ vt,1 vt,2 vs,1 vs,2
λs

10−5
λt

10−7 γ
GTU 0.2 4.1 4 0.5 0.3 7.07 4.2 0.22

TABLE II: GSCM parameters.

h′
k=E

[Ri
ksin

(
θ(Xi

k, Y
i
k )

)
g2(Xi

k, Y
i
k )

]
, g′k=Var

[Ri
ksin

(
θ(Xi

k, Y
i
k )

)
g2(Xi

k, Y
i
k )

]
.

Proof: See Appendix E.
Although we demonstrated the analytical tractability of our

proposed model with a comprehensive theoretical analysis, we
have yet to show its applicability. To do so, we compare its
scattering characteristics with the COST model in a compre-
hensive case study presented in the next section.

IV. SIMULATION RESULTS

In this section, we compare the propagation characteristics
of our proposed GSCM with COST-259. For comparison, a
GTU scenario with a cell radius of 3 kilometer is chosen for
COST-259 considering only 2D angular measurements.

The scatterers are distributed as PPPs in disks of radii 300
meter [6], [18] centered on cluster positions. The intensities of
the scatterers in the local cluster and far clusters are chosen in
a way such that the mean number of scatterers in each cluster is
20. The GTU scenario is simulated with the COST-259 model
by using the default parameters provided by [18]. Furthermore,
we simulate the GTU scenario in our GSCM according to the
parameters in Table II. In this scenario, we choose vs,1 such
that b(o, vs,1) always encompasses b(o′, vs,2) to preserve the
corresponding local cluster characteristics in COST-259. The
radii parameters for the tall scatterers are chosen via inspection
while a better method will be investigated in future works. For
both of the models, the MS is situated at o′ = (d′, 0) with
d′ = 0.2km. All the distance parameters are in kilometers. For
the mean received power simulation, we use 10 W transmit
power, 2 GHz operating frequency, and normally distributed Rk

i

with arbitrary mean µR and variance σ2
R. For reflection, µR =

−1.17, σ2
R = 0.4, and for scattering, µR = 4, σ2

R = 2 are used.
These parameters are selected to obtain realistic coefficients
per [19]. Note that we consider all the active scatterers in both
models for a fair comparison.

We plot the PMF of the number of MPCs in Fig. 2 for
our proposed model and for COST-259 in the GTU scenario
to demonstrate the performance of our proposed model. The
COST-259 PMF has twin peaks where each peak corresponds
to the effect of the local scatterers and the compound effect
of the far scatterers. This happens as local scatterers are more
common while far scatterers are rare in a GTU scenario [8].
The first peak denotes a higher probability of the existence of
only local scatterers, whereas the second peak denotes a lower
probability of both local and far scatterers existing simultane-
ously. This can be perfectly captured by our proposed GSCM
with appropriate parameters which are chosen to replicate the
GTU scenario. We also demonstrate that the analytical PMF
derived in Lemma 1 is exact.

We plot the AoA and angle of departure (AoD) PDFs for
the GTU scenario in Fig. 3 to compare the angular statistics



B(d′, xk, yk) =
xk

d′
√
1− (d′2−xk

2+yk
2)2

4 d′2 yk
2

+
4xk y

3
k

(
d′2 + xk

2 − yk
2
)(

4 d′2 xk
2 − (d′2 + xk

2 − yk2)
2
)3/2

−
xk

(
d′4 − 2 d′2 xk

2 + xk
4 − yk

4
)

4 d′3 yk2
(
1− (d′2−xk

2+yk
2)2

4 d′2 yk
2

)3/2
(11)

Fig. 2: MPC PMF fN (n). Fig. 3: AoD and AoA Statistics. Fig. 4: Mean ToA v/s d′. Fig. 5: Mean received power.

between our proposed model and the COST model. We can
observe that the AoD distribution is quite similar and centered
at zero for both models as the MS is situated on the positive x-
axis. However, the AoA distribution for our proposed model is
almost uniform while the AoA distribution of the COST model
is slightly distorted from the uniform shape. In our proposed
model, the radii and intensity parameters regulate a localized
scattering disk and rare tall scatterers spread over a wide zone
without any angular bias, leading to a uniformly shaped AoA
distribution. In contrast, as the COST model favors the far
scatterers which are more aligned with the BS and the MS,
many far scatterers are generated on the side of the BS resulting
in higher probabilities around π and −π in the distribution.
However, we demonstrate that our proposed model captures
the angular statistics of the COST model to a good extent.

We plot the mean ToA in microseconds with the distance
between MS and BS d′ in Fig. 4. Curves with different γ are
plotted to demonstrate the effect of increasing γ on mean ToA.
We can observe an increasing mean ToA trend with increasing
γ due to the increase of the probability of the existence of tall
scatterers. As the curve corresponding to γ = 0.22 denotes the
GTU scenario, we also plot the COST-259 simulation results.
We can observe that our proposed GSCM is able to imitate the
mean ToA achieved by the COST model.

In Fig. 5, we plot the mean received power through the NLoS
paths for our proposed GSCM and COST-259 model. The black
curve denotes the case when the electromagnetic interaction is
solely a reflection while the black curve denotes the case of
only scattering. In general, the actual interaction consists of
a combination of the two. Note that the fluctuations for the
scattering case simulations can be attributed to the inaccuracy
in the numerical integration procedures. However, the accuracy
of our proposed GSCM against COST in both those extreme
scenarios implies its applicability to capture more realistic
electromagnetic interactions as well.

V. CONCLUSIONS

In this work, we introduced a novel GSCM that accounts for
two distinct types of scatterers with dual VRs, making it more
amenable to stochastic geometry analysis. The scatterers were
modeled as independent IPPPs, and the VRs are represented as

concentric circles centered at the scatterers. We also incorpo-
rated a probability parameter to emulate the varying visibility
of tall scatterers from different MSs. Our GSCM’s tractability
was demonstrated by deriving the PMF of the number of MPCs,
joint and marginal distance distributions associated with an
active scatterer, mean ToA, and mean received power through
NLoS paths. Furthermore, as a part of a concrete case study, we
showed that our GSCM can be tailored to specific scenarios,
such as the GTU, to capture some of the NLoS propagation
characteristics of the COST-259 model for the same scenario.
In particular, our proposed model accurately describes the
distribution of the number of MPCs, mean ToA, and mean
received power of the COST-259 model for the GTU scenario.
Additionally, it captures the scatterers’ angular statistics in
the COST-259 model to a significant degree. There are many
avenues for future work. Specifically, this involves expanding
scatterer modeling with a Gaussian intensity function, extend-
ing the GSCM to spatially and temporally consistent models,
incorporating fading characteristics, utilizing measurement data
to estimate model parameters, and analyzing power delay
profiles.

APPENDIX

A. Proof of Lemma 1:

The number of MPCs created by scatterers of type k is
equal to the number of active scatterers of that type as each
signal is assumed to interact with a single active scatterer.
Using Remark 1 and (1), Nk active scatterers are distributed
as a PPP in the intersection area of the VRs b(o, vk,1) and
b(o′, vk,2) around BS and MS respectively. By the properties
of PPP, Nk ∼ Pois(µk), which denotes that Nk is a Poisson
RV with mean µk where µk = λkA(d′, vk,1, vk,2). Then, the
number of all active scatterers is N = Ns+UNt, where U is a
Bernoulli RV with mean γ. The PMF and its mean are derived
by deriving the CDF of N using the law of total probability.

B. Proof of Lemma 2:

FXk
(xk) is defined in terms of probability below.
FXk

(xk) = Pr[Xk ≤ xk] = Pr[rpk,o ≤ xk]. (13)



As rpk,o′ ≤ vk,2, (13) denotes the probability that an active
scatterer is situated in the intersection of b(o, xk) around BS
and b(o′, vk,2) around MS. The resulting intersection area on
which the active scatterer must lie is A(d′, xk, vk,2). As the
active scatterers are uniformly distributed in A(d′, vk,1, vk,2),

FXk
(xk) = Pr[rpk,o ≤ xk] =

A(d′, xk, vk,2)

A(d′, vk,1, vk,2)
. (14)

The limits amin and amax are found from the intersection points
between two circles. Similarly, FYk

(yk) is derived.

C. Proof of Proposition 1:

By the law of total expectation,
E[τ ] = E[τ |U = 1]Pr[U = 1] + E[τ |U = 0]Pr[U = 0].

Note that, the second term corresponds to the mean distance
covered by the short scatterers multiplied by 1 − γ. We
derive the first term as: E[τ |U = 1] = E[Xt + Yt]Pr[k =
t] + E[Xs + Ys]Pr[k = s], where Pr[k = t] and Pr[k = s]
denote the probabilities of an active scatterer being tall and
short respectively. By the properties of Poisson distribution,
Pr[k = t] and Pr[k = s] can be shown to be equal to µt

µt+µs

and µs

µt+µs
respectively. The proposition is proved by replacing

these probability values and the expected values calculated
from Corollary 1.

D. Proof of Lemma 3:

Following the proof of Lemma 2, the joint CDF
FXk,Yk

(xk, yk) denotes the probability that an active scatterer
of type k is situated in the intersection of b(o, xk) and b(o′, yk)
around BS and MS respectively. Due to uniform distribution
of scatterers, the probability is FXk,Yk

(xk, yk) =
A′(d′,xk,yk)

A(d′,vk,1,vk,2)

where xmin < xk < xmax and ymin < yk < ymax. The
bounds are found from the intersection points of the circles.
Now, the joint PDF is calculated by double differentiating
FXk,Yk

(xk, yk):

∂2FXk,Yk
(xk, yk)

∂xk∂yk
=

∂2A′(d′,xk,yk)
∂xk∂yk

A(d′, vk,1, vk,2)
=

B(d′, xk, yk)

A(d′, vk,1, vk,2)
.

This completes the proof.

E. Proof of Theorem 1:

Similar to the proof of the Proposition 1, we use the law of
total probability to separate the case U = 1 and U = 0. Next,
conditioning on U = 1 and segregating the real cosine terms
and imaginary sine terms in (9), we can rewrite the expression
as:

Pr|(U = 1) = k0

∣∣∣∣∑
k

Nk∑
i=1

Ri
k cos

(
θ(Xi

k, Y
i
k )

)
g2(Xi

k, Y
i
k )

+

j
∑
k

Nk∑
i=1

Ri
k sin

(
θ(Xi

k, Y
i
k )

)
g2(Xi

k, Y
i
k )

∣∣∣∣2 = k0|α+ jβ|2. (15)

Assuming that the central limit theorem (CLT) can be ap-
plied when conditioned on Nk = nk, we can express the
conditional distribution of α and β in the following way:
α|(Ns = ns, Nt = nt) ∼ N (

∑
k

hknk,
∑
k

gknk), β|(Ns =

ns, Nt = nt) ∼ N (
∑
k

h′
knk,

∑
k

g′knk). The hk, gk, h
′
k, and

g′k terms are defined in the theorem and can be calculated
numerically through the joint distance distribution and both the
mean and variance of Ri

k. Now the mean received power can
be written in terms of expectation and variance terms of α and
β: E[Pr|U = 1] = k0(Var[α] + (E[α])2 + Var[β] + (E[β])2).
We replace the unconditional means and variances through the
laws of total expectation and variance. The theorem is proved
by removing the conditioning by U on the expectation.
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