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Abstract
We study the symmetries of the static effective Hamiltonian of a driven
superconducting nonlinear oscillator, the so-called squeeze-driven Kerr
Hamiltonian, and discover a remarkable quasi-spin symmetry su(2) at integer
values of the ratio η =∆/K of the detuning parameter ∆ to the Kerr coef-
ficient K. We investigate the stability of this newly discovered symmetry to
high-order perturbations arising from the static effective expansion of the
driven Hamiltonian. Our finding may find applications in the generation and
stabilization of states useful for quantum computing. Finally, we discuss other
Hamiltonians with similar properties and within reach of current technologies.
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1. Introduction

Kerr-nonlinear parametric oscillators (KPOs) have been suggested as devices for quantum
computation [1, 2]. A KPO can generate Schrödinger cat states via quantum adiabatic evolu-
tion through its bifurcation point. These states correspond to quantum superpositions of coher-
ent states and they are protected against photon dephasing errors, which has motivated their
use as the logical states of a qubit [3]. A considerable amount of effort has gone in the last
few years in developing KPOs that can generate cat states deterministically, especially with
superconducting circuits with Josephson junctions [4–11]. In these circuits, the non-linearity
of the Josephson junctions is used for achieving large Kerr effects [12–16] and the magnetic
flux of a superconducting quantum interference device (SQUID) is used for the parametric
modulation [17–23].

Theoretical studies [24–32] have inspired the analysis of the results of several experimental
implementations of single KPOs [8–10]. A useful tool for these studies is the conversion of
the time-dependent Hamiltonian describing the experimental system into a static effective
Hamiltonian. Recently, a general method for this conversion has been developed [9, 11, 33,
34], wherein the static effective Hamiltonian is obtained as a boson expansion in terms of one-
dimensional boson annihilation and creation operators, â and â†, with [â, â†] = 1. To second
order in the boson expansion, the static effective Hamiltonian of a driven superconducting
nonlinear (Kerr) oscillator in the quantum regime was obtained as [9, 10],

Ĥ=−∆â†â+Kâ†2â2 − ε2
(
â†2 + â2

)
, (1)

where the detuning ∆, the Kerr coefficient K, and the squeezing amplitude ε2 are expli-
cit functions of the parameters of a driven quantum circuit. We note that, for convenience,
Hamiltonian (1) differs from that in [9, 10] by an overall minus sign. This change in sign was
also made in [2] to conform with standard quantum computing notation.

The spectrum of the driven system was experimentally measured as a function of the con-
trol parameters∆, K, and ε2 [9] and was found to be accurately described by the second-order
Hamiltonian (1), although deviations may occur for large nonlinearities [35]. The observed
spectrum shows remarkable properties for integer values of the ratio η =∆/K, which persist
even when the squeezing amplitude is increased to non-perturbative values [10]. Specifically,
the spectrum presents real crossings when η is even and avoided crossings when η is odd
[10], which implies that by tuning the parameters of the system, one can suppress or enhance
quantum tunneling [10, 36]. The spectrum also exhibits an excited state quantum phase trans-
ition (ESQPT) as a function of the squeezing amplitude ε2 [36, 37]. This ESQPT is similar to
the QPTs observed in other systems, such as driven Rabi and Dicke models [38, 39] and the
Jaynes–Cummings model [38].

In this article, we uncover the symmetries of the squeeze-driven Kerr oscillator, in par-
ticular, the one that occurs as a function of ∆ and which may play an important role in the
generation of stable states for quantum computing [10, 40]. The symmetry, which occurs for
integer values of the dimensionless parameter η =∆/K, is a dynamic symmetry [41] similar
to those observed in the interacting boson model of nuclear physics [42] and the vibron model
of molecular physics [43]. Dynamic symmetries are situations in which the eigenvalues of Ĥ
can be written in terms of quantum numbers labelling the irreducible representations of an
algebra g⊃ g ′ ⊃ . . . and often display degeneracies associated with the subalgebras g ′ ⊃ . . .
of g [44]. They have played a major role in the analysis of data in a variety of fields, including
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molecular, atomic, nuclear, and particle physics. The symmetry which occurs for integer val-
ues of η =∆/K can also be labelled a ‘local’ symmetry, since it occurs for special values in
the parameter space. It differs from the ‘global’ symmetry parity, Π ≡ Z2, of the Hamiltonian
of the squeeze-driven Kerr oscillator (1), which occurs for any value in the parameter space.
(The global Z2 symmetry of the Kerr oscillator (1) and of similar models has been investig-
ated by many authors, especially in connection with the Limbladian operator obtained from
the Hamiltonian operator [45, 46].)

After the identification in sections 2 and 3 of the spectrum generating algebra of the prob-
lem as the symplectic algebra sp(2,R) and of its alternative Heisenberg algebra h(2), we intro-
duce, in section 4.1, the novel and unexpected quasi-spin symmetry su(2) of the Kerr oscillator
Ĥ=−∆â†â+Kâ†

2
â2. We then return to the squeeze-driven Kerr oscillator of (1) and discuss,

in sections 4.2 and 4.3, its relationship with the theory of ESQPTs [47–49]. In section 5, we
discuss other Hamiltonians with similar properties and within the reach of current technolo-
gies. Conclusions are presented in section 6.

2. Algebraic structure of the squeeze-driven Kerr oscillator

To reveal the symmetries of the squeeze-driven Kerr Hamiltonian [9, 10], we rewrite
Hamiltonian (1) as

Ĥ=−∆
(
â†â

)
+K

(
â†â

)(
â†â− 1

)
− ε2

(
â†â† + ââ

)
, (2)

or, in short,

Ĥ=−∆n̂+Kn̂(n̂− 1)− ε2P̂2, (3)

where n̂= â†â is the number operator and P̂2 = â†â† + ââ is the pairing operator of order two.
The three operators in (2),

F̂+ = â†â† , F̂− = ââ , F̂z = â†â, (4)

form a closed algebra with commutation relations
[
F̂z, F̂±

]
=±2F̂± ,

[
F̂+, F̂−

]
=−4F̂z− 2. (5)

This algebra is the symplectic algebra sp(2,R) [50]. The algebra sp(2,R) is isomorphic to
su(1,1), the non-compact version of su(2) [44], as one can see by considering the operators

F̂
′ ′

+ =
1
2

(
â†â†

)
, F̂

′ ′

− =
1
2
(ââ) , F̂

′ ′

z =
1
2

(
â†â+

1
2

)
, (6)

satisfying the standard form of the commutation relations of su(1,1)
[
F̂

′ ′

z , F̂
′ ′

±

]
=±F̂

′ ′

± ,
[
F̂

′ ′

+ , F̂
′ ′

−

]
=−2F̂

′ ′

z . (7)

Since the Hamiltonian is written in terms of elements of this algebra,

Ĥ=−∆F̂z+KF̂z
(
F̂z− 1

)
− ε2

(
F̂+ + F̂−

)
, (8)
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sp(2,R) is the spectrum generating algebra [41] of the Kerr problem at first and second orders.
Also, introducing F̂± = F̂x± iF̂y, the last term can be written as F̂+ + F̂− = 2F̂x.

The boson expansion of the effective Hamiltonian of a squeeze-driven Kerr oscillator was
carried out to orders three and four in [9], since these terms can also be experimentally imple-
mented with the appropriate choice of the parameters in the time-dependent Hamiltonian. At
third order, the additional contributions to the effective Hamiltonian can be written as [9, 10]

Ĥ(3)=−∆(3) (â†â
)
−K(3) (â†â

)(
â†â− 1

)
+ ε(3)2

(
â†2 + â2

)
+ ε ′

2

(
â†2

(
â†â

)
+
(
â†â

)
â2
)
,
(9)

and at fourth order as

Ĥ(4)=−∆(4) (â†â
)
−K(4) (â†â

)(
â†â− 1

)

−λ(4)
((
â†â

)3− 3
(
â†â

)2− 2
(
â†â

))
+ ε(4)4

(
â†4 + â4

)
. (10)

The last term in (10) can also be rewritten as

â†4 + â4 =
(
â†2 + â2

)2 − 2
(
â†â

)(
â†â+ 1

)
− 2. (11)

Since again the Hamiltonian contributions Ĥ(3) and Ĥ(4) are written in terms of elements of
sp(2,R),

Ĥ(3) =−∆(3)F̂z−K(3)F̂z
(
F̂z− 1

)
+ ε(3)2

(
F̂+ + F̂−

)
+ ε ′

2

(
F̂+F̂z+ F̂zF̂−

)
, (12)

Ĥ(4) =−∆(4)F̂z−K(4)F̂z
(
F̂z− 1

)
−λ(4)

(
F̂3
z − 3F̂2

z − 2F̂z
)
+ ε(4)4

(
F̂2
+ + F̂2

−

)
, (13)

this algebra is the spectrum generating algebra of the Kerr oscillator at order four, that is the
Hamiltonian Ĥ=

∑
1!n!4 Ĥ

(n), where n denotes the order in the perturbation parameter [9,
33], is a polynomial in the elements â†â, â†â†, ââ of the sp(2,R) Lie algebra.

3. Alternative algebraic structure

An alternative spectrum generating algebra is obtained by introducing an auxiliary boson s
[44] and constructing the algebra of u(2) as

F̂ ′
− = ŝ†â , F̂ ′

+ = â†ŝ , F̂ ′
z =

1
2

(
ŝ†ŝ− â†â

)
, N̂= ŝ†ŝ+ â†â. (14)

The three operators F̂ ′
+, F̂

′
−, F̂

′
z satisfy the commutation relations of the Lie algebra su(2),

[
F̂ ′
z , F̂

′
±

]
=±F̂ ′

± ,
[
F̂ ′
+, F̂

′
−

]
= 2F̂ ′

z . (15)

Together with N̂, they are the elements of the Lie algebra of u(2).
We introduce now the operators F̂ ′

− = ŝ†â, F̂ ′
+ = â†ŝ, n̂= â†â, n̂s = ŝ†ŝ, replace the oper-

ators ŝ and ŝ† by
√
N, and consider the operators

F̂ ′
−√
N

= â ,
F̂ ′
+√
N

= â† , n̂= â†â ,
n̂s
N

= Î. (16)
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The operators â, â†, â†â, and the identity operator, Î, form an algebra called the Heisenberg
algebra, h(2), with commutation relations

[
â, â†

]
= Î,

[
â†, Î

]
=
[
â, Î

]
= 0,

[
â, â†â

]
= â ,

[
â†, â†â

]
=−â†. (17)

The algebra h(2) is called the contracted algebra of u(2) [44],

u(2)→c h(2) . (18)

The algebra h(2) is an alternative spectrum generating algebra of the squeeze-drivenKerr oscil-
lator. Calculations for the eigenvalues and eigenvectors of the squeeze-driven Kerr oscillator
can therefore also be donemaking use of the algebra u(2) in the limitN→∞. The Hamiltonian
Ĥ at orders 1 and 2 can be rewritten in the u(2) basis as

Ĥ=−∆n̂+Kn̂(n̂− 1)− ε2
(
â†â†ŝŝ+ ŝ†ŝ†ââ

)
, (19)

with contracted form

Ĥ=−∆n̂+Kn̂(n̂− 1)− ε ′
2

(
â†â† + ââ

)
, (20)

where ε ′
2 = ε2N. Hamiltonians as in (19) were considered years ago [51] and are used in the

algebraic approach to stretching vibrations of molecules [43].

4. Symmetry and classification of states

The Hamiltonian (1) has a remarkable set of symmetries. For purposes of studying these sym-
metries, it is convenient to divide by a scale K and consider the dimensionless Hamiltonian

Ĥ
K

=−ηn̂+ n̂(n̂− 1)− ξ P̂2 =−η ′n̂+ n̂2 − ξ P̂2, (21)

where η =∆/K and ξ = ε2/K are control parameters and η ′ = η+ 1. In what follows, we
analyze first the symmetries of parts of the Hamiltonian (21), namely −ηn̂+ n̂(n̂− 1) in
section 4.1 and n̂(n̂− 1)− ξ P̂2 in section 4.2, before investigating the complete Hamiltonian
in section 4.3.

4.1. Symmetries of the Hamiltonian −ηn̂+ n̂(n̂− 1)

We consider first the Hamiltonian

Ĥ1 =
Ĥ
K

=−(η+ 1) n̂+ n̂2 =−η ′n̂+ n̂2. (22)

The spectrum of eigenvalues of this Hamiltonian, counted from the lowest state, is shown in
figure 1. It is divided into two parts (phases) with separatrix Es = η/2+ η2/4 marked in the
figure with a dashed black line.
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Figure 1. Excitation energy of the Hamiltonian (22) as a function of the control para-
meter η =∆/K (ratio of detuning to Kerr coefficient). The quasi-spin | j,m⟩ classifica-
tion of the degenerate states with energies E(η = odd) = m2, E(η = even) = m2 − 1

4 is
included. Crossings are marked with blue dots and labelled by their associatedm values.
The separatrix, marked with a dashed black line, is Es = η/2+ η2/4. The parity of the
eigenstates is positive (orange) and negative (blue). The two phases are marked by blue
and yellow backgrounds.

To the left of the separatrix (blue filled region), states are singly degenerate with u(1) sym-
metry, u(1)! â†â, and eigenvalues

E=−(η+ 1)n+ n2 =−η ′n+ n2. (23)

To the right of the separatrix (yellow filled region) and for η ′ = η+ 1= integer, degeneracies
occur. These degeneracies are due to a remarkable (and hitherto unknown) quasi-spin sym-
metry su(2).

The degeneracy points can be characterized by quasi-spin quantum numbers | j,m⟩. The
values of the quasi-spin are j = η ′

2 = η+1
2 , as given in table 1. For each j value, the values of

m are

m=±j,±( j− 1) , . . . ,±1/2 ; j = half-integer ; η = even,

m=±j,±( j− 1) , . . . ,0 ; j = integer ; η = odd. (24)

The eigenvalues E of Ĥ/K, counted from the lowest state, are

E= m2 − 1
4
; m=±1

2
,±3

2
,±5

2
, . . . ,±j, (25)
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Table 1. The values of the quasi-spin are j = η ′

2 = η+1
2 .

η ′ 1 2 3 4 5 . . .
η 0 1 2 3 4 . . .
j 1/2 1 3/2 2 5/2 . . .

for half integer j (even η) and

E= m2 ; m= 0,±1,±2, . . . ,±j, (26)

for integer j (odd η). Both sets of eigenvalues correspond to the dynamic symmetry su(2)⊃
so(2). Note that each eigenvalue is doubly degenerate,±m, except for m= 0, when it is singly
degenerate. This result can be verified from figure 1 where the values of j and m at the degen-
eracy points are shown.

To elucidate this quasi-spin symmetry, it is convenient to construct the representations | j,m⟩
with two boson operators b̂1, b̂2 (see [44]) with eigenvalues of the number operators n̂1, n̂2
satisfying n1 + n2 = N. The values of j and m are

j =
(
n2 + n1

2

)
, m=

(
n2 − n1

2

)
. (27)

For example, the values of m for the representation n2 + n1 = N= 5, j = 5/2, η ′ = 5, η =
even= 4 are given in table 2. One can verify from figure 1 that the doubly degenerate states at
η ′ = 5,η = even= 4 have precisely the values of n1,n2 as given in table 2. Similarly, the values
of m for the representation n2 + n1 = N= 4, η ′ = 4, η = odd= 3 are given in table 3 and are
precisely those in figure 1, with a singly degenerate state at zero energy and doubly degenerate
states with energy given bym2. The degeneracies stem from the fact that for a givenN, there are
two values of n1 and n2 satisfying N= n1 + n2, except for N= even,n1 = n2 = N/2, where the
two values merge into a single value. The dynamic symmetry stems from the simple identity

m2 =

(
n2 − n1

2

)2

=
N2

4
+
(
n21 −Nn1

)
, (28)

which, for η ′ = N, gives energies counted from the lowest state

E= n21 − η ′n1. (29)

In terms of two boson operators b̂1 and b̂2, the wave functions of the degenerate states can
be written as

|n1,n2⟩=
1√

n1! (N− n1)!

(
b̂†2
)N−n1 (

b̂†1
)n1

|0⟩. (30)

The notation |n1,n2⟩ can be converted to the usual quasi-spin notation by means of (27) giving

| j,m⟩= 1√
( j−m)! ( j+m)!

(
b̂†2
)j+m(

b̂†1
)j−m

|0⟩. (31)

Note that the degenerate states are related by the transformation m→−m (also related in
quantum mechanics to time reversal T). In the two boson construction, it is also possible to

7
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Table 2. Values of m for the representation n2 + n1 = N= 5, j = 5/2, η ′ = 5,
η = even= 4.

n1 n2 m m2 m2 − 1/4

0 5 5/2 25/4 6
1 4 3/2 9/4 2
2 3 1/2 1/4 0
3 2 −1/2 1/4 0
4 1 −3/2 9/4 2
5 0 −5/2 25/4 6

Table 3. Values of m for the representation n2 + n1 = N= 4, η ′ = 4, η = odd= 3.

n1 n2 m m2

0 4 2 4
1 3 1 1
2 2 0 0
3 1 −1 1
4 0 −2 4

associate a parity P= (−)n1 to the states. For N= odd,η = even, the two degenerate states
have opposite parity, while for N= even,η = odd, the degenerate states have the same parity.
Thus, forN= odd,η = even, the degenerate states change sign under PT transformation, while
for N= even,η = odd they do not. All properties of the degenerate points for integer values of
η can be verified in figure 1.

4.2. Symmetries of the Hamiltonian n̂(n̂− 1)− ξ P̂2

The Hamiltonian

Ĥ2 =
Ĥ
K

= n̂(n̂− 1)− ξ P̂2 (32)

is of importance in the theory of quantum phase transitions (QPTs) and of their associated
ESQPTs [47–49]. Its structure in terms of elements of the sp(2,R)∼ su(1,1) algebra is

Ĥ
K

= F̂z
(
F̂z− 1

)
− 2ξ F̂x, (33)

and is therefore in the same universality class of the one-dimensional vibron model [43,
51], Ĥvibron = εF̂z+ δF̂2

z −AF̂2
x and of the Lipkin-Meshkov-Glick model [52], ĤLMG = ωF̂z+

v
(
F2
x −F2

y

)
. Its spectrum generating algebra is sp(2,R) with two subalgebras

u(1)
↗

sp(2,R)
↘

so(1,1)

, (34)

8
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where u(1)! â†â= F̂z and so(1,1)! 1
2

(
â†â† + ââ

)
= F̂x. Since sp(2,R) is non-compact, in

order to study its symmetries, it is convenient to consider the alternative algebraic structure of
the Heisenberg algebra u(2)→c h(2). The algebra of u(2)⊃ su(2) has two subalgebras

u(1)
↗

u(2)⊃ su(2)
↘

so(2)

. (35)

States are characterized by the quantum numbers

u(1) : |[N] ,n⟩ ,
so(2) : |[N] ,σ⟩ , (36)

where n are the eigenvalues of â†â(n= 0,1, . . . ,N) and σ those of â†ŝ+ ŝ†â(σ =±N,±(N−
2),±(N− 4), . . . ,±1 or 0, for N= odd or even). The ± sign comes from the fact that so(2) is
an orthogonal algebra in even dimension [44]. The notation |[N] ,σ⟩ can be converted to the
usual | j,m⟩ notation of the quasi-spin algebra su(2) by

∣∣∣∣ j =
N
2
,m=

σ

2

〉
, m=±N

2
,±

(
N
2
− 1

)
, . . . ,±1

2
or 0, (37)

for N odd or even. The dimension of the representation is

dim [N] = 2j+ 1= N+ 1. (38)

The value of j is half-integer (integer) for N odd (even). Another notation, used in molecular
physics, is [43, 51]

∣∣∣∣[N] ,v
π ′

=
N−σ

2

〉
, π ′ =± , v= 0,1, . . . ,

N− 1
2

or
N
2
, (39)

for N odd or even. The quantum number v is called the vibrational quantum number and π ′ is
the sign of σ (or of m). In the large system size limit, N→∞, the contracted so(2) operator
becomes

(
â†ŝ+ ŝ†â

)
→c

(
F̂+ + F̂−

)

√
N

=
(
â† + â

)
. (40)

Another important operator is the quadratic Casimir operator of so(2)

Ĉ2 =
(
â†ŝ+ ŝ†â

)2
= â†â†ŝŝ+ ŝ†ŝ†ââ+ 2â†âŝ†ŝ+ â†â+ ŝ†ŝ, (41)

with eigenvalues
〈
Ĉ2

〉
= σ2 = 4m2. (42)

With the vibrational quantum number v, the eigenvalues of Ĉ2 can be written as

〈
Ĉ2

〉
= N2 − 4Nv

(
1− v

N

)
, v= 0,1, . . . ,

N− 1
2

or
N
2
, (43)

9
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Figure 2. Eigenvalues of the operator −Ĉ2 as a function of v for N= 50. Each point is
doubly degenerate, π ′ =±, except v= N/2= 25.

for N odd or even and π ′ =±. The eigenvalues of Ĉ2 are doubly degenerate π ′ =±, except
for σ= 0 (v= N/2, even N) which is singly degenerate. Introducing the pairing operator
of su(2)

P̂ ′
2 = â†â†ââ+ ŝ†ŝ†ŝŝ− â†â†ŝŝ− ŝ†ŝ†ââ= N2 − Ĉ2, (44)

one has
〈
P̂ ′
2

〉
= N2 −σ2 = 4Nv

(
1− v

N

)
, v= 0,1, . . . ,

N− 1
2

or
N
2
, (45)

for N odd or even and π ′ =±. The eigenvalues of −Ĉ2 are shown in figure 2.
The contracted form of the operator Ĉ2 is

Ĉ2 →c N
(
â†â† + ââ

)
+ 2n̂(N− n̂)+N, (46)

where n̂s = ŝ†ŝ has been replaced by N− n̂. Unfortunately, because of the additional terms,
the eigenvalues of the pairing operator of sp(2,R), P̂2 = â†â† + ââ, cannot be obtained simply
from those of the quadratic Casimir operator of so(2) and must be calculated numerically.

Going from su(2) to sp(2,R), while the u(1) classification | [N] ,n⟩ remains the same, the
classification | [N] ,σ⟩ in terms of a quasi-spin j and component m needs to be modified, since
there is a doubling of representations [53]. To this end, we consider the eigenvalues of the
operator

−P̂2 =−
(
â†2 + â2

)
=−2F̂x. (47)

Introducing the parity π = (−)n, for a given N, there are two representations, one with even
parity π =+ and one with odd parity π =−, with values of j given by

N= 4ν ; j = N
4 , π =+ ; j = N

4 −
1
2 , π =−

N= 4ν+ 2 ; j = N
4 , π =+ ; j = N

4 −
1
2 , π =−

N= 4ν+ 1 ; j = N−1
4 , π =+ ; j = N−1

4 , π =−
N= 4ν+ 3 ; j = N−1

4 , π =+ ; j = N−1
4 , π =−

(48)
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Figure 3. Eigenvalues of the operator −P̂2 as a function of v for N= 50.

and ν = 1,2,3, . . .. The values of m are

m= j, j− 1, . . . ,−( j− 1) ,−j = j− v, (49)

with v given by

N= even ; v= 0,1, . . . , N2 , π =+ ; v= 0,1, . . . ,
(
N
2 − 1

)
, π =−,

N= odd ; v= 0,1, . . . , N−1
2 , π =+ ; v= 0,1, . . . , N−1

2 , π =−.
(50)

For example, for N= 50, the even parity states are classified by the representation j =
25
2 ,−

25
2 " m"+ 25

2 , with a total number of states 2j+ 1= 26. The odd parity states are
classified by the representation j = 24

2 = 12,−12" m"+12, with a total number of states
2j+ 1= 25. For each representation, the eigenvalues come in pairs, corresponding to posit-
ive and negative values of m=±j,±( j− 1), . . . ,±1/2 or 0 for j half-integer or integer (π ′,
m→−m), except for m= 0. The results of a numerical diagonalization are shown in figure 3
for N= 50. For each parity π =±, there are two branches with π ′ =±. Note that π ̸= π ′.

In the limit N→∞, the spectrum of the operator−P̂2 is a straight line extending from−N
to +N. The line is doubled, one for each parity π =±. This property stems from the fact that
the operator F̂x changes n by±2 units and thus conserves parity. The spectrum of energies can
be written as

E=−2m. (51)

The spectrum extends to±∞ due to the non-compact nature of sp(2,R), the representations of
which are discrete but infinite dimensional,−∞< m<+∞. Note that in theN→∞ limit, the
two representations, jeven and jodd, which form the two components of the sp(2,R) represent-
ation, become degenerate. However, as seen from figure 3, the convergence to the asymptotic
limit is very slow, and it is far from reached at N= 50.

Consider now the Hamiltonian (32). The spectrum of this Hamiltonian, calculated numer-
ically in the u(1) basis with nmax ≡ N= 800, is shown in figure 4. The value of N= 800 is
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Figure 4. Excitation energy of Hamiltonian (32) as a function of the control parameter
ξ. Quasi-spin | j ′,m ′⟩ classification of the degenerate states at the point of maximal
rate of approach, ξc = π v is shown. The separatrix, marked with a dashed black line,
is Es = ξ2. The size of the Fock space is truncated at N= 800. States to the left of the
separatrix are singly-degenerate with positive (blue) and negative (red) parity. States to
the right of the separatrix are labeled by the number v= 0,1,2, . . . of equation (39) and
are doubly degenerate with parity ±.

chosen here in order that the eigenvalues in the range 0" ξ " 25 of the figure are well con-
verged. While the convergence of the eigenvalues of the pairing term P̂2 is very slow due
to its non-compacteness, the convergence of the Hamiltonian (32) is faster due to the pres-
ence of the Kerr term n̂(n̂− 1) which increases as n2 for large n. The spectrum exhibits an
ESQPT [37] similar to that encountered in the one-dimensional vibron model and the Lipkin-
Meshkov-Glick model [49, 54, 55]. It is divided into two parts (phases) with separatrix Es. To
the left of the separatrix, states are singly degenerate with u(1) symmetry. To the right, states
are doubly degenerate with so(2) symmetry. The degenerate states have opposite parity π. The
classification of states in terms of a quasi-spin | j ′,m ′⟩ is, however, as discussed in the para-
graphs above, rather complicated. At values of ξ = 4v= 0,4,8,12, . . . states can be classified
by a quasi-spin |j ′,m ′⟩ with j ′ = ξ/4+ 1/2= 1/2,3/2,5/2, . . . and −j ′ " m ′ "+j ′, where
we have used j ′,m ′ instead of j,m to emphasize that the quasi-spin here is not the same of the
previous subsection. This classification is also valid at values of ξc = (π/4)4v, which are the
values of the critical points as obtained from the maximal rate of approach [9] and shown with
circles in figure 4.

In the large N limit, the separatrix is Es = ξ2, the energy of the states to the right of the
separatrix isEv = 4ξ v (v= 0,1,2,3 . . .) and the critical value obtained by the conditionEs = Ev
is ξc = 4v. The values of Ev to which the numerical calculation converges cannot be obtained
in explicit analytic form. By analogy with (45), which applies to the compact version of the
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Figure 5. Panel (a): The gap (E(odd)
v −E(even)

v )/K as a function of ξ for v= 1, . . . ,12.
Panel (b): The derivative of the gap − 1

K∂(E
(odd)
v −E(even)

v )/∂ξ as a function of ξ for
v= 1, . . . ,12. The critical value ξc is the value of ξ at the maximum of the derivative [9].
The gaps go to zero as the separatrix is crossed for each v as a function of ξ. To the right
of the separatrix, states are doubly degenerate with E(odd)

v = E(even)
v (parity ±).

operator, P̂ ′
2, we suggest an approximate expression for the energy of the states to the right of

the separatrix to be

Ev = 4ξ v
(
1− v

Neff

)
, v= 0,1,2,3, . . . (52)

where Neff = N/2 and N is the value nmax of states kept in the numerical calculation. The
determination of the critical value ξc depends on its definition. In [9], the critical value is
defined as the point of maximal rate of approach determined by the inflection point in the
energy gaps, as illustrated in figure 5. The value so determined is ξc = 0.775(4v)∼= π v [9].
However, at this point, the gap is still large. Another possible determination is by a linear
extrapolation of the gaps (Eodd −Eeven). This determination is closer to the expected values
of the ESQPT. Finally, another determination is the location at which the energy difference
(Eodd −Eeven) is less than a given fraction of the energy semi-sum (Eodd −Eeven)/2. We use
here (Eodd −Eeven)" 0.005(Eodd +Eeven)/2. The values determined by these three methods
are shown in figure 6(a).

All three results produce similar results. Particularly interesting is the result of the maximal
rate of approach, which is a straight line with slope π, as expected in a semi-classical approx-
imation to the Hamiltonian Ĥ [9]. However, this result is not accurate for small v, since at this
point the gap is still large. For small v, the critical value that best describes the merging of
the two energies Eodd −Eeven (the so-called kissing point [9]) is the linear extrapolation. The
values of Ec at the critical point ξc determine then the separatrix Es. The values so determined
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Figure 6. Panel (a): The values of the critical point ξc as a function of v as obtained by
the three methods: maximal rate of approach (cross) [1], linear extrapolation (plus), and
difference bound (circle). Panel (b): The values of the separatrix Es as a function of ξ as
obtained by the three methods of panel (a). The semiclassical result [37] is shown with
a dashed line.

are shown in figure 6(b). Again here all three methods produce similar results all of which are
very close to the semi-classical expression Es = ξ 2 [37].

4.3. Symmetries of the Hamiltonian −ηn̂+ n̂(n̂− 1)− ξ P̂2

The spectrum of the Hamiltonian (21), Ĥ/K=−ηn̂+ n̂(n̂− 1)− ξ P̂2, as a function of η for a
fixed value of ξ= 1 is shown in figure 7(a). The spectrum is now separated into three phases.

Phase 1 is separated from phase 2 by a separatrix approximately given by

Es =
η

2
+

η2

4
+ ηξ. (53)

To the left of the separatrix, given by (53), states are still singly degenerate with u(1) symmetry.
To the right of this separatrix, states split into phases 2 and 3, with another separatrix, the energy
of which, E ′

s , is approximately given by

E ′
s = ηξ. (54)

In the intermediate phase 2, to the left of the new separatrix (54), states resemble those of
phase 2 of the Hamiltonian Ĥ1 =−ηn̂+ n̂(n̂− 1) in figure 1, with braiding which decreases
as η increases. However, while at even values of η = 2,4,6, . . . states maintain the double
degeneracy of the so(2) symmetry of figure 1, at odd values of η = 1,3,5, . . . the degeneracy
is lifted and replaced by a new so(2) symmetry, as will be discussed in the next section. To be
precise, each half-integer j quasi-spin representation that occurs at even values, η = 2,4,6, . . .,
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Figure 7. Spectrum of theHamiltonian (21) as a function of η for ξ= 1. The approximate
separatrices Es = η/2+ η2/4+ ηξ and E ′

s = ηξ are shown as black dash-dotted and
dashed lines, respectively. To the left of the separatrix Es, Phase I, states are singly
degenerate with positive (red) and negative (blue) parity. In between the separatrices
Es and E ′

s , Phase II, braiding occurs. To the right of the separatrix, Phase III, states
are doubly degenerate with parity ±. They are labeled by the quantum number v=
0,1,2, . . . of equation (39). The calculations have been carried out with a Fock basis
with N= 800.

is simply moved up. The crossings are allowed since the degenerate states, composed by one
positive and one negative parity state (π =±) have different symmetries. Each integer j quasi-
spin representation, which occurs for odd values η = 1,3,5, . . ., is instead modified. In this
case states have the same parity, the crossing is forbidden and the degeneracy is lifted. The
different character of the crossings at even and odd values of the η control parameter have
a strong impact on the system dynamics and, in particular, on the possibility of tunneling
between different regions of the system’s phase space [36]. Similar effects have been recently
uncovered in the Lipkin-Meshkov-Glick model ESQPT [56].

In phase 3, which lies to the right of the new separatrix (54), states resemble those of
phase 2 of Hamiltonian Ĥ2 = n̂(n̂− 1)− ξ P̂2 in figure 4. States can be classified by a vibra-
tional quantum number v= 0,1,2, . . .. (or by a quasi-spin | j ′,m ′⟩ with j ′ = half-integer,
m ′ =±1/2,±3/2, . . .).

As it will be shown in the next section, the location of the degeneracies for even η =
2,4,6, . . . in the intermediate phase 2 remains the same even for non-perturbative values of
ξ, due to the fact that the quasi-spin quantum numbers retain the same half-integer values,
while for odd η = 1,3,5, . . ., the degeneracies change from those of integer j to those of
half-integer j.

5. Other Hamiltonians and the stability of the solutions of the squeeze-driven
Kerr Hamiltonian

In view of the fact that additional Hamiltonians can be, in principle, engineered and experi-
mentally studied [9, 34], we consider in this section the effect of adding parametric terms to
the Kerr nonlinearity. We begin by investigating
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Figure 8. Panels (a.1)–(a.4): Spectrum of the Hamiltonian (56) as a function of η for
different values of ξ. Panels (b.1)–(b.4): Spectrum of the Hamiltonian (59) as a function
of η for different values of ξ ′

2 . All panels: The integer values of η are shown by vertical
dotted lines. The blue (red) color denotes even (odd) parity states.

Ĥ
K

=−ηn̂+ n̂(n̂− 1)− ξiP̂i, (55)

where P̂i is a generic term and ξi its strength.
Consider first the addition of the term −ξ P̂2, which takes the Hamiltonian of the Kerr

oscillator (22) to that of the squeeze-driven Kerr oscillator (21), copied here once again,

Ĥ
K

=−ηn̂+ n̂(n̂− 1)− ξ P̂2. (56)

Hamiltonian (22) has, as discussed in section 4.1, a quasi-spin symmetry with states character-
ized by the quasi-spin quantum numbers | j,m⟩, with integer j at η = 1,3,5 . . . and half-integer
j at η = 2,4,6, . . .. A remarkable property of the squeeze-driven Kerr Hamiltonian (56) is that
the quasi-spin representations | j,m⟩ with j = half-integer (even η = 2,4,6, . . .) are not altered
by the term −ξ P̂2, that is, the degeneracies remain at the same points η = 2,4,6 . . . but at
larger energy values. This is clearly seen in figures 8(a.1)–(a.4), where the spectrum of the
Hamiltonian (56) is shown as a function of η for different values of ξ. This property, first
found in [9–11], is of great importance for possible applications of KPO to quantum com-
puting, and is related to the newly discovered quasi-spin symmetry which occurs for integer
values of η =∆/K.
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Figure 9. Panel (a): Behavior of the different components of the quasi-spin j = 7/2,η =
6 as a function of ξ. The degeneracies persist even for non-perturbative values of ξ.
Panel (b): Same as (a) but for j = 3,η = 5. The degeneracies in panel (b) are split. In
the asymptotic limit, not yet reached in the figure, the degeneracies become those of
j ′ = 7/2. See also [30]. Both panels: solid blue lines are for even parity states and dashed
red lines for odd parity states.

The behavior of the different m components of the quasi-spin j as a function of ξ is
shown in figure 9(a) for the representation j = 7/2 (η= 6). At ξ= 0, the energies are given
by (25), E= m2 − 1/4. On the contrary, the quasi-spin representations with integer j (odd
η = 1,3,5, . . .) are affected in such a way that the degeneracies change from those of integer
j, with m= 0,±1,±2, . . ., to those of half-integer j, with m=±1/2,±3/2, . . .. The behavior
of the different m components of the quasi-spin j as a function of ξ in the odd η case is shown
in figure 9(b) for the representation j= 3 (η= 5). At ξ= 0, the energies are E= m2, as given
in (26). These properties persist even for non-perturbative values of ξ.

Going to third and fourth orders in the boson expansion of the Hamiltonian (see
equations (9) and (10)), we observe that some of the additional terms are a renormalization of
lower order terms, ∆(3),K(3),ε(3)2 ,∆(4),K(4),λ(4), but two new terms appear, one of order 3,

ε ′
2

(
n̂ · P̂2

)
≡ ε ′

2

(
â†2

(
â†â

)
+
(
â†â

)
â2
)
, (57)

where the dot indicates normal ordering, and one of order 4,

ε(4)4 P̂4 ≡ ε(4)4

(
â†4 + â4

)
. (58)

The spectrum of the Hamiltonian

Ĥ
K

=−ηn̂+ n̂(n̂− 1)− ξ ′
2n̂ · P̂ (59)
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Figure 10. Panel (a): Spectrum of the Hamiltonian (60) for ξ 4 = 0.05. The blue color
denotes positive parity states and the red color negative parity states with mod2⊕mod2
coloring. Panel (b): Spectrum of the same Hamiltonian as a function of η with mod4
coloring, with red tones for odd parity and blue tones for even parity states. In all panels,
calculations have been carried out with a Fock basis truncated at N= 800.

as a function of η, for different values of ξ ′
2, is shown in figures 8(b.1)–(b.4). It is similar to

that of the P̂2 term with a two-fold degeneracy in the asymptotic limit of ξ ′
2 large and requires

no further comment.
The spectrum of the Hamiltonian

Ĥ
K

=−ηn̂+ n̂(n̂− 1)− ξ 4P̂4 (60)

is shown in the panels of figure 10 for ξ 4 = 0.05. This Hamiltonian is the same that was stud-
ied in [8], where a promising quantum error correction scheme was proposed. The spectrum
of this Hamiltonian has remarkable new features when compared with that of the P̂2 term
in (56) depicted in figure 7(a); the most notable being that, in the asymptotic limit, the eigen-
states of the Hamiltonian (60) have four-fold degeneracy. To clarify this situation, we show in
figure 10(a) the eigenvalues as a function of η for ξ4 = 0.05, colored by parity. We see here
crossings of states both with opposite parity, π =+,−, and with the same parity, π =+,+
and π =−,−, and also avoided crossings of states with the same parity. This property is due
to the fact that the P̂4 term couples states with oscillator quantum number n differing by four
units, i.e. nmod4. This property is evinced in figure 10(b), where now the states are colored
with mod4. In other words, while in figure 10(a) the coloring is that of two copies of the cyc-
lic group C2 ≡Π , in figure 10(b) the coloring is that of the cyclic group, C4, where Cν is the
cyclic group of order ν. This is a special property of the group C4, which can be split into
C2 ⊕C2. The spectrum of the Hamiltonian (60) as a function of η for different values of ξ4 is
shown in figure 11, with states in panels (a.1)–(a.4) depicted using the mod2⊕mod2 coloring
scheme and in panels (b.1)–(b.4) using the mod4 scheme. Note that this P̂4 Hamiltonian term
can be implemented in experiments like those in [9, 10] by further engineering the hardware
[57] and driving conditions [8, 34].

18



J. Phys. A: Math. Theor. 56 (2023) 495305 F Iachello et al

Figure 11. Spectrum of the Hamiltonian (60) as a function of η for different values of
ξ4. Panels (a.1)–(a.4): States identified with a mod2⊕mod2 coloring. The blue color
denotes positive parity states and the red color negative parity states. Panels (b.1)–(b.4):
States identified with a mod4 coloring scheme. In all panels, calculations have been
carried out with a Fock basis truncated at N= 800.

For purposes of studying the stability of the solutions of the Hamiltonian (22), it is also
of interest to consider the effect of other perturbations, in addition to those contained in the
Hamiltonian of section 1. Particularly interesting is the term of order 3, which can be experi-
mentally implemented via the correct driving condition [30, 34],

ε3P̂3 = ε3
(
â†3 + â3

)
. (61)

The spectrum of the Hamiltonian

Ĥ
K

=−ηn̂+ n̂(n̂− 1)− ξ3P̂3 (62)

is shown in figure 12 for ξ3 = 0.1 and in figure 13 as a function of η for different values
of ξ3. This spectrum, first studied in [11], has also some remarkable properties, since in the
asymptotic limit, the states have a three-fold degeneracy and are representations of the cyclic
group C3. Also, parity here is not a good quantum number, since the P̂3 term couples states
with n differing by three units, i.e. nmod3. The coloring with different shades of green in
figures 12 and 13 reflects this property.
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Figure 12. Spectrum of the Hamiltonian (62) for ξ 3 = 0.1. The different shades of green
denote states within a mod3 coloring scheme. The Fock space is truncated at N= 800.

Figure 13. Spectrum of Hamiltonian (62) as a function of η for different values of ξ3
with a mod3 coloring scheme. The Fock space is truncated at N= 800.

It is remarkable that the quasi-spin symmetry of Hamiltonian (22) is robust for the term P̂2:
the value of η remains at even η = 2,4,6, . . . for crossings of states with different parity and at
odd η = 1,3,5, . . . for avoided crossings of states with the same parity. For the other terms, the
value of η changes and other crossings and avoided crossings occur. The change of the value
of η from even η = 0,2,4,6 as a function of the coupling strength ξ for the perturbations P̂2,
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Figure 14. Behavior of the location of the degeneracies±m as a function of the strength
ξ for the representations j = 1/2, 3/2, 5/2, and 7/2 (η = 0,2,4,6) for P̂2, P̂3, and P̂4

and the representations j = 1,2, and 3 (η = 1,3,5) for P̂3 and P̂4.

P̂3, and P̂4 is shown in figure 14. One can see from this figure that for P̂2, no change occurs,
even for large (non-perturbative) values of the perturbation strength ξ. The change is small
and independent of η for P̂3 and considerably larger and dependent on η for P̂4. As shown in
figure 14, the P̂3 and P̂4 perturbations have also allowed crossings for odd η values, with the
same dependence than in the even η cases: small and η independent variations in the P̂3 case
and larger and η-dependent variations in the P̂4 case. These results have important implications
for Hamiltonian stabilization of bosonic codes for quantum information [5, 9, 10].

Another interesting result is that in the asymptotic limit of large coupling ξ, the degeneracies
change from the two-fold degeneracy of P̂2 to a three-fold degeneracy in P̂3 and a four-fold
degeneracy in P̂4. A full study of the algebraic structure of the P̂3 and P̂4 terms and their
associated symmetries remains to be done, especially in relation to their braiding properties
shown in figures 10 and 12.

6. Summary and conclusions

In this article, we have investigated the symmetries of the squeeze-driven Kerr oscillator, dis-
covered a hitherto unknown quasi-spin symmetry of the Hamiltonian Ĥ=−∆n̂+Kn̂(n̂− 1),
and shown that solutions at even values of the ratio η =∆(detuning)/K(Kerr coefficient) are
very stable to perturbations induced by the ratio ξ = ε2(squeezing amplitude)/K(Kerr coef-
ficient), and moderately stable to perturbations induced by high order terms in the boson
expansion of the Hamiltonian. This result has major implications for the use of the squeeze-
driven Kerr oscillator in quantum computing. In particular, the discovery of the quasi-spin
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symmetry of the Kerr-Hamiltonian may have major implications when going from a KPO
(Kerr Parametric Oscillator) to an OPO (Open Parametric Oscillator), that is from the solu-
tions of the Hamiltonian operator to the solutions of the Limbladian operator. Work on the
study of symmetries of Limbladian operators by one of the authors (F.I.) and J. Venkatraman
is in progress.

The study of the symmetry su(2) of the Kerr oscillator presented here can be extended to
two coupled Kerr oscillators su(2)1 ⊕ su(2)2 in the same way in which it is done in the proton-
neutron interacting boson model (IBM2) in nuclear physics su(6)1 ⊕ su(6)2 [42], in triatomic
molecules su(4)1 ⊕ su(4)2 [43], and coupled benders su(3)1 ⊕ su(3)2 [58] in molecular phys-
ics, and, most importantly, to a large number of coupled oscillators

∑
i⊕su(2)i on a lattice,

in the same way in which it is done in the algebraic theory of crystal vibrations [59, 60], for
example in an Ising lattice [2, 7, 14, 31, 61], thus playing an important role in the development
of quantum computers based on Kerr parametric oscillators [2, 4], which is the ultimate goal
of the research initiated in this article. The study of the symmetries of two squeeze-driven Kerr
oscillators requires a generalization of the methods of [42, 43] to their non-compact versions,
in particular, for the one-dimensional squeeze-driven Kerr oscillator to the coupled algebras
sp(2,R)1 ⊕ sp(2,R)2. This study, however, is relatively straightforward, since the algebra of
sp(2,R) is isomorphic to su(1,1), the non-compact version of the familiar angular momentum
algebra. Generalization to nonlinear parametric oscillators with quartic terms â†4â4 or higher
nonlinearities are also possible by expanding the symmetry from su(2) to su(4) or su(n).

Further applications of the group-theoretic methods and techniques discussed in this paper
are to the study of squeeze-driven systems other than the Kerr oscillator, and to their associated
quantum phase transitions (QPT) and excited state quantum phase transitions (ESQPT), for
example to the squeeze-driven Rabi and Dicke models [38, 39] and the Jaynes–Cummings
model [38]. The algebraic structure of these models is that of sp(2,R) generated by â†â, â†2, â2

coupled to su(2) generated by σx,σy,σz, that is sp(2,R)⊕ su(2).
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[35] García-Mata I, Cortiñas R G, Xiao X, Chávez-Carlos J, Batista V S, Santos L F and Wisniacki D A
2023 Effective versus Floquet theory for the Kerr parametric oscillator (arXiv:2309.12516)

[36] Prado Reynoso MA, Nader D J, Chávez-Carlos J, Ordaz-Mendoza B E, Corti nas R G, Batista V S,
Lerma-Hernández S, Pérez-Bernal F and Santos L F 2023Quantum tunneling and level crossings
in the squeeze-driven Kerr oscillator Phys. Rev. A 108 033709
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