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Topological mixed valence model in magic-angle twisted bilayer graphene

Yantao Li®, Benjamin M. Fregoso®, and Maxim Dzero
Department of Physics, Kent State University, Kent, Ohio 44242, USA

® (Received 2 October 2023; revised 26 April 2024; accepted 24 June 2024; published 12 July 2024)

We develop a model to describe the mixed valence regime in magic-angle twisted bilayer graphene (MATBG)
using the recently developed heavy-fermion framework. By employing the large-N slave-boson approach, we
derive the self-consistent mean-field equations and solve them numerically. We find that the SU(8) local flat-band
electron symmetry constraint moiré system exhibits mixed valence properties that are different from conventional
heavy-fermion systems. We find the solutions describing the physics at the filling near the Mott insulator regime
in the limit of strong Coulomb interactions between the flat-band fermions. Our model can provide additional
insight into the possible microscopic origin of unconventional superconductivity in MATBG.
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I. INTRODUCTION

The discovery of correlated electronic phases including
superconductivity in magic-angle twisted bilayer graphene
(MATBG) [1,2] has stimulated research efforts to explore
various electronic properties in graphene-based multilayer
structures [3—11] as well as in van der Waals heterostructures
and other platforms [12-19]. As a result, a new field referred
to as “twistronic physics” has emerged [20], which focuses on
the theoretical aspects of these systems and covers both static
[21-40] and nonequilibrium properties [41-45].

The MATBG system consists of two single graphene sheets
that are twisted relative to each other at certain angles called
magic angles [46-52]. It is believed that it is the flat bands that
appear at such magic angles that are the main driver for the
exotic physical phenomena which were experimentally ob-
served in these systems. The origin of magic angles is related
to the case when the electron tunneling in the AA region of
MATBG is neglected corresponding to the chiral limit [53,54].
It can be theoretically shown that one does not need to use
the chiral limit for other twisted graphene stacks to exhibit
such flat bands associated with Dirac cones [55]. Furthermore,
the discovery of superconductivity in MATBG demonstrates
yet another example of superconductivity emerging from the
“strange metal” phase [56] and, as such, is reminiscent of
the physics of the high-7, copper-based and heavy-fermion
superconductors. In passing, we note that several works have
recently attempted to explain the origin of superconductivity
in MATBG from various perspectives [57-61].

The MATBG can also be seen as localized states cou-
pled with Dirac fermions in the early studies [62—64]. Most
recently an alternative viewpoint has emerged. Specifically,
focusing on a first magic angle, Song and Bernevig showed
that a model for twisted bilayer graphene can be mapped
to the topological heavy-fermion model [65]. This elegant
theory is based on the experimental fact that the AA region
in MATBG exhibits a quantum-dot-like behavior [66—-68] and
so one can describe the physics of this region using a model
with the flat-band electrons (f electrons). The electrons in
the AB/BA regions play the role of topological conduction
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electrons (c electrons). By mapping the Bistritzer-MacDonald
(BM) model [46] to the periodic Anderson model at the first
magic angle, Song and Bernevig created a way to bridge the
MATBG with the more conventional heavy-fermion systems.
Hence, the topological flat bands of the BM model can be seen
as a result of the hybridization of f electrons and topological ¢
electrons. However, in striking contrast with the conventional
heavy-fermion system, the MATBG hosts SU(8) symmetry
due to spin and valley degrees of freedom and two central
flat bands. Shortly after, several important works appeared,
which addressed various aspects of this unique moiré heavy-
fermion-like system [69-79].

The heavy-fermion picture provides a potential direct way
to explain various experiment signatures in the MATBG,
such as the cascade of electronic transitions [67], the
Pomeranchuk effect [80,81], Hubbard-band-like features in
scanning tunneling microscopy (STM) [66], and a saw-
toothlike feature of inverse compressibility [82]. Previous
theoretical works on the heavy-fermion picture of MATBG
tried to explain the above experimental results [69-79].
Especially, a unified theory of such a heavy-fermion pic-
ture including the dynamical mean-field theory (DMFT) can
predict the Kondo temperature at all of the fillings and
temperature-dependent behaviors [74]. Another DMFT work
presents the temperature dependence of various properties in
MATBG [75].

In conventional heavy-fermion systems, one usually dis-
tinguishes between the so-called local moment (or Kondo)
regime and the mixed valent one. In the local moment regime,
the energy of the flat (f-orbital) band lies well below the
Fermi energy of the conduction electrons, while in the mixed
valent regime, it lies close to the Fermi energy. In order to de-
scribe both of these regimes on a technical level, one considers
the limit when the local Coulomb repulsion is taken to infinity.
Then one introduces the projection operators along with the
Lagrange multiplier to enforce the constraint of the single
occupancy on the f levels. In the mean-field approximation,
one replaces the projection operators and constraint fields with
the ¢ numbers which are computed self-consistently and de-
scribe the renormalization of the f-energy level, hybridization
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FIG. 1. (a) Sketch of the setup. Two single graphene layers twist
relative to each other with angle 0 = 0,,. The AA regions behave as
quantum dots (red arrows) and AB/BA regions behave as conduc-
tion states (blue spheres). (b) Moiré momentum space with seven
mBZs. The blue dashed lines mean the path of the spectrum. (c) and
(d) are the spectrum of valley n = + with parameters p = O (before
hybridization) and p = 0.5 (full hybridization) separately. Also, both
of them are set with s, = X = 0 and other parameters can be seen
in the main text. Note that py = X =0 is not the solution of the
mean-field equations.
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between ¢ and f electrons, as well as renormalization of the
chemical potential.

Early works on the application of the heavy-fermion model
to MATBG have typically focused on the Kondo regime and
have not solved the problem self-consistently in the mixed va-
lence regime based on the mean-field equations. In this paper,
we attempt to resolve this issue. In what follows, we present
a different heavy-fermion model for the MATBG and discuss
the physics both in the Kondo regime and the mixed valence
regime self-consistently with the infinite f-electron Coulomb
interaction. Our self-consistent solutions pave the way to go
beyond the mean-field approximation and consider the effects
of fluctuations on the competing phases of MATBG. However,
it should be noted that different from the previous DMFT
method [74,75], our model provides an analytic way to un-
derstand the temperature-dependent behaviors in MATBG.

An important aspect of our model is that we consider the
strong limit of Coulomb interactions, which could provide
another way to explain the microscopic origin of unconven-
tional (d-wave) superconductivity, and can be shown to arise
from the quantum mechanical fluctuations in the number of
the f electrons and is purely electronic in origin. Indeed, as
the very recent experiment suggests [83], the MATBG does
indicate the d-wave superconductivity similar to the Cooper
pair symmetry of the superconductivity in the conventional
heavy-fermion systems [84].

II. SETUP AND TOPOLOGICAL
HEAVY-FERMION MODEL

The MATBG setup is illustrated in Fig. 1(a). Two single
graphene layers are stacked together and they are twisted rela-
tive to each other with angle 6. The AA regions are designated
by white spots (with red arrows depicting flat-band electrons)

and AB/BA regions are dark green (with blue spheres depict-
ing conduction electrons).

Next, we consider the first magic angle 6,, = 1.05°. At this
magic angle, the MATBG can be mapped from the Bistritzer-
MacDonald model to a special SU(8) periodic Anderson
model, i.e., the Song-Bernevig model (SB) [65]. We choose
the SB model as the starting point. The Hamiltonian is

H = Hy + Hy ¢+ Hy ¢ + Hy, (H
where
Hoe =Y > B D) 0y sCoans )
a,a,n,s P

is the Hamiltonian of the conduction (c) electrons in AB/BA
moiré lattice sites,

Hoe= Y Y hLPfL, . Feams 3)

a,a',n,s Kk

is the Hamiltonian of flat-band (f) electrons in AA moiré
lattice sites,

Hos= Y 3 Y [VIPk+G)f,, ckicans +Hel,

a,a,n,s G kemBZ
“

accounts for the hybridization between the ¢ and f electrons,
and

n U
2:.Af..Af.
HU=ER.I’£R..71R. (5)

is the Hamiltonian describing the local Coulomb repulsion be-
tween the f electrons. In the expressions above @ = 1,2, a =
1,2,3,4, n ==, and s = 1, | are the flat band, conduction
band, valley, and spin indices correspondingly, p =k + G,
G is the reciprocal lattice vectors in the moiré momentum
space, ﬁlf{ is the on-site density operator of f electrons, and
U is the strength of the Coulomb repulsion. Note that we
did not consider the interactions between the ¢ electrons and
also ignore the interactions between ¢ and f electrons. Lastly,
the matrices that appear in the expressions above are defined
according to

]’/‘l(c,r;x)(p) — — 6o V. (npx60 + ipyéz)
V. (np6o — ipyé'z) Mé, — 6o ’
Cp2a2 N , N ~
X

and K1) = (e; — )6y, where €, is the initial energy level
of f electrons, u. and s are the chemical potentials for ¢ and
f electrons accordingly, 69 = x> is the unit matrix, and &;
(j = x, y, z) are the Pauli matrices. Note that the Hamiltonian
is expressed in the moiré momentum space using the plane-
wave approximation. The size of the moiré momentum space
(per valley per spin) is 2 + 4Ng which means two flat bands
and four conduction bands with Ng moiré Brillouin zones
(mBZs). The values of the parameters are v, = —4.303 eV A,
M =3.697 meV, y = —24.75 meV, v, = 1.622 eV A, and
the damping factor A; = 0.3375ay,, where ay, is the moiré
lattice constant. Note that all these parameters correspond
to the “magic angle” 6,, = 1.05°, Uy = Wy /Wyp = 0.8, Wyq
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and Wyp are interlayer hopping amplitudes in AA regions, and
AB/BA regions separately, and the velocity of the electron
in single-layer graphene vy = 5.94 eV A. We note that when
M = 0 the system reaches the limit of the flat band and we do
not consider this case in this paper.

III. SLAVE-BOSON APPROACH AND MEAN-FIELD
EQUATIONS

To handle the SB model in the mixed valence region, we
use the slave-boson approach. We extend the number of or-
bital, spin, and valley for both ¢ and f electrons to N flavors
and set the interaction

U=o0 @)

to exclude the double occupancy. Introducing the slave-boson
operators bk and bg at each AA site in real space, the con-
straint becomes

Note that N = 4 includes spin and valley for two flat-band
orbitals. Since f electrons do not depend on the valley, we
choose c-electron bands of the valley n = + in the above
Hamiltonian. We stress that there are two index spaces in the
Hamiltonian. One is the extended N space with 1 /N expansion
corresponding to the index /. Another is the moiré momen-
tum space which has a size of 2 + 4N corresponding to the
index «, o, a, and @' separately. We introduce Lagrangian
multipliers Ag to ensure the number of f electrons is Q = 1.
We rewrite Q — qoN, br — br+/N, and V,, — Vaa/\/ﬁ.
The local gauge transformation is bgr = pr exp(ifr), fr =
frexp(ifr), and Ap = Ay — Or. We then rewrite fi and Ay
to fr and AR. The partition function is

Z= / D(cct ffTpr)exp(=S), ©9)

where the action is S = foﬂ L(t)dt, and

ir(k — K1)

N )flj,a,lfk',a/,z(f)

N
0= "> (fiwifras +brbr). ®)
=1 «
|
N 3
L= Z [0 +h) (p)] asCpa(T) + Z (a, + 1D (K +
“y=t K, kae?nBZ

N
Z Vaa(k + G)ef g o /(D fiwaa ()P (k — K1) + He]
EE
Z p(k; DAK —K; )p(—K';7) — igoN /N A(0; 7), (10)
k k’emBZ

where ¢, ¢, f,and f  are the creation and annihilation opera-
tors for ¢ and f electrons separately, 7 is the time, 8 = %, T is
the temperature, and Ny, is the number of lattice sites in moiré

real space. We set A(k; 1) = %)_»(Sk 0, plk;7) = 1 ,Z)Bk o to get
the mean-field action. We rewrite \/% — X and N — p.

After applying 3So/9p = 0, 8Sy/dX = 0, and summing over
the Matsubara frequency w,, we end up with three mean-field
equations as follows,

2+4Ng

Z Z PTA"P jone(€p, A1)
NLkemBZ j
24+4Ng
qo — P = N Z Z(PTAAP)JJ np(&j),  (12)
L xemBz
2+4NG
= S (A, )~ 2o
LkemBZ j
(13)

where p is the slave boson and A is the Lagrangian
multiplier at the saddle points accordingly, n, is the
total filling, np(e) = [exp(e/T)+ 1]7' is the Fermi-
Dirac distribution, &; is the -eigenvalues of matrix
Ao = {{hO, VY VT, D +ikéo)}, A] = d(—iw, + Ay)/dp,
Al = d(—iw, + Ag)/0k, A5 = —0d(—iw, +Ag)/du., and

(

Ap expands in the moiré momentum space. Note that
P can be constructed by the eigenvectors of Ay and
P = (c1,¢2, ..., C2+4Ny))2+4Nsx2+4N;» Where c¢; are the
eigenvectors of Aj. (See Supplemental Material [85].) The
above three self-consistent mean-field equations are one of
our main results.

IV. NUMERICS

Now, we will numerically solve Egs. (11)—(13). To solve
them self-consistently, we set an error bar errs = 2,3;1(111 —
r,)?, where I, and r, represent the left- and right-hand sides
of nth mean-field equation separately. We set €5, = 0, . =
iy, and go through the parameter regions p € [0, 0.5], uy €
[—100, 100] meV, and ix € [—100, 100] meV. Since we set
the interaction U = oo, Q = 1, so we have go = 1/4. To reach
the mixed valence regime, we also set the total filling n, =
0.8g0. We find the solutions to make the errs ~0. There exist
two solutions: One is positive i ¢, and another is negative (s
as shown in Figs. 2(a) and 2(b). We note that £; (%, p, i s, k) is
numerically calculated and depends on the chemical potential
p ¢ and momentum k with k € mBZ.

We substitute the solutions to Ay and we get the spectra
(see Fig. 2). We also plot the variation of parameters in the
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FIG. 2. (a) Spectrum of the self-consistent solutions for valley
n = + with parameters i, = 19 meV, ix = 22 meV, p = 0.4, and
T = 0.01 K. (b) The spectrum of the self-consistent solutions with
parameters iy = —5meV, iA = —5meV, p = 0.1,and T = 0.01 K.
(c) Self-consistent solutions p; and ix vs T. (d) Self-consistent
solutions p, ny, and n. vs T with n, = 0.8qy, where T; ~ 24 K is
the Kondo temperature.

mixed valence region as a function of the temperature 7' (see
Fig. 2). We estimate the Kondo temperature 7; ~ 24 K.

V. DISCUSSION

As shown in Fig. 2(d), the topological mixed valence
model in MATBG undergoes a unique linear continuous tran-
sition from the Kondo regime to the mixed valence regime
from the temperature T = Tx ~ 24 Kto T ~ 16 K. This is in
sharp difference with conventional heavy-fermion materials
which undergo a first-order transition [86,87] or a nonlin-
ear continuous transition [88]. The reason behind this is the
dispersion of the topological conduction electrons (linear dis-
persion at higher energies and parabolic dispersion at lower
energies) in the AB regions of MATBG. As the chemical
potential 1/ is leveling up to positive values as the temper-
ature decreases [see Fig. 2(c)], the flat bands (valence bands)
immediately interact with the conduction bands. This unique
linear decrease of n; (or linear increase of n.) reflects the lin-
ear dispersion of the topological conduction electrons at high
energies. Thus our self-consistent calculation at finite temper-
ature predicts the linear-in-7" behavior of the concentration of
the f electrons. This unique temperature dependence of ny
may be experimentally tested by x-ray emission spectroscopy
[88,89], which could further confirm that MATBG is a heavy-
fermion material.

As the increasing temperature in MATBG, one could ex-
plain the Pomeranchuk effect [80,81] where a local moment
develops upon heating. Our results can also give insight
into the heating process from the mixed valence regime to
the Kondo regime. Since the condensation of slave boson
in the AA region, the local moment in the AA region is

formed in terms of n; as the temperature increases to the
Kondo temperature. The temperature dependence behavior we
obtained can also be used to predict the possible supercon-
ductivity transition temperature. The valence fluctuations can
induce d-wave superconductivity as suggested in conventional
heavy-fermion materials [90,91]. Further detailed calculations
of the transition temperature of superconductivity based on
our model will be the subject of future work.

Different from the conventional heavy-fermion system, the
topological mixed valence model in MATBG has SU(8) sym-
metry for local moments (spin, valley, band) in the regime
of M « y <« U. The two central flat bands for each val-
ley and spin are particle-hole symmetric in the chiral limit.
Although the particle-hole symmetry is broken at the exper-
imental lattice relaxation range Uy = 0.8, the valence bands
host a similar band structure as the conduction bands before
the hybridization. This makes it difficult to reach the Kondo
regime just by pushing the flat bands lower, away from the
conduction bands as it does in the conventional heavy-fermion
system. One needs to consider many valence bands together.

VI. SUMMARY

We have introduced a model to describe the mixed valence
regime of the magic-angle twisted bilayer graphene with an
infinite Coulomb interaction. We start from the SB model
and use the slave-boson method in a large-N expansion. We
derive a group of mean-field equations to describe the mixed
valence regime of twisted bilayer graphene. The solutions
can catch the physics of the filling near the strong correla-
tion, which is at the edge of the Mott insulator, and then
could be approaching the unconventional superconductivity.
Our topological mixed valence model paves the way to study
the possible origin of superconductivity in twisted bilayer
graphene. We hope our model could stimulate further research
in the mixed valence regime in various related van der Waals
heterostructures materials or platforms.

Note added. Recently, we became aware of Ref. [92],
which deals with the mixed valence model in twisted bi-
layer graphene with a finite Coulomb interaction. However, it
should be noted that our work is a different analysis, and our
model can treat the temperature dependence self-consistently
but is limited in the Mott regime, while their model can treat
all of the filling factors but without a clear temperature depen-
dence and is still awaiting self-consistent solutions.
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