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Abstract

In this work, we have implemented the time-dependent density functional theory
approximate auxiliary (TDDFT-aas) method, which is an approximate TDDFT method. Instead of
calculating the exact two-center electron integrals in the K coupling matrix when solving the
Casida equation, we approximate the integrals, thereby reducing the computational cost. In
contrast to the related TDDFT+TB method, a new type of gamma function is used in the coupling
matrix that does not depend on the tight binding parameters. The calculated absorption spectra of
silver and gold nanoparticles using TDDFT-aas shows good agreement with TDDFT and
TDDFT+TB results. In addition, we have implemented the analytical excited-state gradients for
the TDDFT-aas method, which makes it possible to calculate the emission energy of molecular

systems.

Introduction

Time-dependent density functional theory (TDDFT) has been successfully applied for the
calculation of excited-state properties for small molecule, biomolecule, nanocluster, and solid-
state systems. [1-4] TDDFT is built on DFT; however, since the classic Hohenberg-Kohn
formulation of density functional theory is time-independent, DFT itself is not used for the excited
state problem. Runge and Gross extended the theorem to excited states by incorporating a time-
dependent external potential into the Hohenberg-Kohn DFT formalism. [5] Casida then formulated
the linear-response formalism of solving a time-dependent DFT equations, where the electron
density experiences a linear response to an external potential perturbation. [6,7] In practice, the
linear-response formalism is sufficient to calculate the excitation spectrum of the system in

response to a weak perturbation. The Casida formalism for TDDFT to solve for the excitation
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energies has been implemented in a variety of quantum chemistry calculation codes to calculate

absorption spectra for systems of interest.

As the size of the system increases, the computational time and memory increase
significantly for TDDFT calculations, in part because the coupling matrix requires calculation of
many two-electron integrals. Recently, some approximation methods to TDDFT have been
proposed to reduce the computational cost, such as TD-DFTB (time-dependent density functional
tight binding), [8,9] sTDDFT (simplified TDDFT), [10] sTDA (simplified Tamm-Dancoff
approximation), [11,12] TDDFT+TB (TDDFT plus tight-binding), [13] TDDFT-as (TDDFT
using auxiliary basis function s), [14] TDDFT-ris (TDDFT with resolution of the identity and
auxiliary basis function s), [15] and polTDDFT [16] which we will briefly review. TD-DFTB is a
linear response formulation of the semiempirical density functional tight-binding method. In this
method, the ground state calculations use trial densities instead of using actual densities. The trial
density is a superposition of atomic contributions and needs to be parameterized. In general, DFTB
calculations incorporate many parameters that must be determined in advance for each pair of
atoms. [17,18] For TD-DFTB excited-state calculations, the K coupling matrix is calculated by

using an approximation Ki, j, = X4 Gia,a¥ap4qjb,s Where g represents transition charges from a

Mulliken population analysis, and the yap function depends on the distance between two atoms A
and B (R4p) and chemical hardness parameters for each element. To avoid the need for extensive
parameterization required for ground-state DFTB, several recent methods have combined aspects
of DFT and DFTB. For sTDA and sTDDFT, standard DFT is employed for the ground state
calculations, and therefore, an approximation is only used in the excited state calculation.
TDDFT+TB is motivated by sTDA and sTDDFT as it also uses standard DFT for the ground state
calculations. For these excited-state calculations, the coupling matrix is calculated using the same
equation as TD-DFTB, although Lowdin population analysis is used to calculate the g. Compared
with sTDA and sTDDFT, TDDFT+TB does not take the Hartree-Fock exchange term into account
when doing the approximations, which makes TDDFT+TB only applicable to pure functionals.
Because the excited-state calculations are based on the actual density obtained from DFT
calculations, TDDFT+TB achieves more accurate results compared with TD-DFTB. By using this
approximation, TDDFT+TB can address the computational limitations of calculating large

molecules and nanoparticles. [19—22] The TDDFT-as method is similar to TDDFT+TB. Both of



these methods approximate the K coupling matrix when solving the linear Casida equation.
However, in the TDDFT-as method the yag function is only dependent on the distance between
two atoms A and B (R4p), and only a single orbital exponent needs to be varied. Moreover,
TDDFT-as calculates the transition densities rather than using a Mulliken or Lowdin
approximation. TDDFT-as has shown success in calculating absorption spectra specifically for
silver nanoparticles. [14] The TDDFT-ris method is an extension to the TDDFT-as method, where
the exponent in yag is related to the element types in the system. In addition, TDDFT-ris takes the
Hartree-Fock exchange terms into account. [14] For polTDDFT, the method simplifies the
algorithm by avoiding the Davidson diagonalization and applying a resolution of identity scheme,
thereby saving calculation time, and the method has shown successful application in studying the

optical properties of metal nanoclusters. [23,24]

Linear-response TDDFT calculations provide vertical excitation information that can be
used to produce absorption spectra. To elucidate other optical properties such as photo-catalytic
reaction pathways or photoluminescence, it is important to understand the excited state potential
energy surface. Thus, gradient calculations (which are required for excited-state geometry
optimizations) are needed to explore the potential energy surface and study these optical properties.
However, using TDDFT to perform excited-state gradient calculations is computationally
expensive. Recently, the analytical gradient of the TDDFT+TB method has been derived, which

enables speeding up the excited-state geometry optimization process. [25]

In this work, we develop a new TDDFT approximation method called TDDFT-aas
(TDDFT- approximate auxiliary s function). The method resembles both the TDDFT+TB and

TDDFT-as methods. The K coupling matrix is calculated using Kl-sa, ib = 248 Gia,a¥aBq)b,5- the

Lowdin population analysis is used for g, and the yag function is used from the TDDFT-as method.
Thus, the TDDFT-aas method is independent of chemical hardness parameters. After
implementing the TDDFT-aas excitation energy, we examine the absorption spectra for a variety
of gold/silver nanoclusters. In addition to the energy calculation, we also implement the gradient
for the TDDFT-aas method. The gradient calculation enables us to complete TDDFT-aas excited
state geometry optimizations to calculate radiative emission energies. After derivation and
implementation of the TDDFT-aas energy and gradient, numerical and analytical gradients are

calculated and compared to examine the accuracy of the analytical gradient. Emission energies for



systems ranging from diatomic molecules to gold thiolate-stabilized nanoclusters are calculated.
Lastly, we compare the computational costs between different approximation methods. Overall,
because TDDFT-aas does not require tight-binding parameters, the method is easier to implement

compared with other semi-empirical approximation methods.

Theory and code implementation
The linear formalism of TDDFT within the Casida approach [6,7] can be written starting

with equation 1:

(& DG =26 G m

where A and B represent rotational Hessian matrices and w represents the excitation energy. X
and Y are eigenvectors that correspond to the excitation and deexcitation respectively. The linear

Casida equation can be transformed into the formalism of QF = w?F, where F = (A —
B)_%(X +Y)and Q = (A - B)%(A + B)(A — B)%. [6] To solve the equation, A+ B and A —
B need to be calculated. The matrices have the following formulas:

Ajgjb + Bigjb = 0ap0ij(€q — €) + 2(ia | jb) + 2(ialficljb) — ax((ij | ab) + (ib | ja) (2)
Aigjb — Biajb = 0ap0ij(€q — €) — ax((ij | ab) — (ib | ja)) 3)

where i, j represent occupied orbitals and a, b represent virtual orbitals; (e, — €;) represents the
orbital energy difference between orbital index 7 and a,; a, is the amount of Hartree-Fock
exchange; and (ia | jb) and (ia|fy.|jb) are the usual two-electron integrals. If we only consider

pure functionals, a, = 0 and therefore A + B and A — B can be reduced to:

Aigjb + Bigjp = 0ap0ij(€q — €;) + 2(ia | jb) + 2(ialf,.|jb) 4)
Aig,jb — Bia,jb = 0ap0ij(€q — €;) ®)

TDDFT-aas makes the same approximation as TDDFT+TB, where the exact two-center
electron integrals calculations are approximated. In this way, instead of calculating the integrals
(ia | jb) and (ia|fy.|jb), the approximation K, j, = X4p Gia,aVapqjb,p is used, where 4 and B
are the two nuclei from which the two-center integrals arise, and g represents transition charges

from a Léwdin population analysis that can be written as g4 = Xyuea CyiCjia> Where C' = S vzc,



In this equation, C represents the coefficient matrix of the Kohn-Sham orbitals, u, v, x, and A
indicate atomic basis functions; and S'/? denotes the square root of the overlap matrix. Though
using Lowdin population analysis can have difficulties when using basis sets with diffuse
functions, it is somewhat improved compared to Mulliken population analysis. [13] The yas
function in TDDFT+TB depends on both the distance between two atoms 4 and B (R4p) and the
chemical hardness for each element.

The TDDFT-as method also approximates the two-center integrals, although it uses the
following equation: [14]
(ia | jb) ~ Ty Tua CACECICY Tpg A (A | BIAY =5 (A1 LG (6)
where
A=Y CiCETs AIB)'Bluy) (D)
(A1B) = y(Ryp) = anle) ®)

For the TDDFT-aas method, we use the same yag function as in TDDFT-as method, where

Y(Ryp) = erf(R;; Va/z), and o is a parameter that needs to be tuned before using the method. In our
AB

code, the o value can be selected by the user at runtime. A summary of the differences in the

coupling matrix for these three approximation methods is shown in Table 1.

Table 1. Comparison of the TDDFT+TB, TDDFT-as and TDDFT-aas methods.

TDDFT+TB TDDFT-as TDDFT-aas
Coupling matrix Kiq jp = z Qia,AYABYjb,B
. .. AB
Atomic transition Lowdin Equation 7 Lowdin

charges (q)
Gamma function

(YAB) Y(Rag) = Va4, Mp, Rap) Y(Rap) =

erf(RAB,/a'/Z)
RAB

To implement the excited state gradient of the TDDFT-aas method, we start with the full

analytical gradient equation for TDDFT+TB, [25] where the equation can be written as:



dE_ dhw d(yvl/hc)

ETH = 2 cavea P +2%ueaviea —a— P
avks 1/2 S,

+2 Y cavea ” v+ 22 ueavea Sy / # (*—‘A Ep)Upy €))
dy as,y

+4 Y caves — 2 UAUB Yueavea # VV;n/-

where Uy = X0 (X +Y);4Giq,4 and E4 = Y.p ¥45Up. From the gradient equation, the fourth and
fifth terms involve the yap function. Because the only difference between TDDFT+TB and

TDDFT-aas is the form of yag, we can use Equation 9 as the general TDDFT-aas gradient equation

and adjust the new equation for the yag related terms. We then also derive dy;B :
A

20 —R2,% a
—=*e ABZ*RAB—<erf<RAB\/:>)
dyap __ dvaB " dRyp _ T 2 " Ra—Rp

dR4  dRap dRa (Rap)? RyB

(10)
where dR, represents the change with respect to one coordinate of atom A4 (x4, y4, or z4), and Ryp
represents the distance between two atoms 4 and B.

We have implemented the TDDFT-aas code in the Amsterdam Modeling Suite
(AMS), [26] based on the TDDFT+TB gradient code. AMS versions including the TDDFT-aas

method can be found at https://www.scm.com/support/downloads/development-snapshots/ with

revision numbers equal to or higher than 121656.
Results and discussion

To validate the accuracy of the TDDFT-aas method energies and gradients, we performed
test calculations using both linear-response TDDFT energy calculations and excited state geometry

optimizations. All of the calculations were completed in a development version of the Amsterdam

Density Functional (ADF) engine in the Amsterdam Modeling Suite (AMS). [26]

Optimized tuning parameter

Similar to the TDDFT-as method, the exponent (o) in yaB needs to be optimized before
using the TDDFT-aas method. To tune the a parameter, optical absorption spectra were calculated
for the Agzo and Auyo tetrahedral nanoclusters with a range of different a values (0.16, 0.18, 0.2,
0.22, 0.24), and the absorption spectra results are plotted and shown in Figure 1. Unless otherwise
noted, the Perdew-Burke-Ernzerhof (PBE) [27] exchange correlation functional was used with an
all-electron double-zeta (DZ) basis set [28] for the TDDFT-aas calculations of absorption spectra.
TDDFT and TDDFT+TB results calculated at the PBE/DZ level of theory are also included in the
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absorption spectra for comparison. In all cases, the overall shape of the spectrum and the
approximate peak locations are well reproduced for all of the approximate methods. For the Agzo
nanocluster, the TDDFT-aas spectra show the best correlation with TDDFT results when o is
around 0.2, so a=0.2 is chosen as the default optimized value. The choice of «=0.2 also works
well for the Auzo nanocluster. For the Agzo nanocluster, the TDDFT-aas methods provide a closer
approximation to the TDDFT oscillator strengths than the TDDFT+TB method; this is reversed

for the Auzo nanocluster.
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Figure 1. Absorption spectra for tetrahedral clusters A. Agyoand B. Auyg calculated by the TDDFT-aas method with
different a values. TDDFT and TDDFT+TB calculation results are included for comparison. The spectra were
broadened using Gaussian broadening with full width at half-maximum (FWHM) = 0.2 eV.
Comparison of methods for nanocluster absorption spectra

After examining the a parameter dependence for Agao and Auzo, we used 0.2 as the o value
to calculate the absorption spectra for representative pure gold (Figure 2) and silver (Figure 3)
nanoclusters. The absorption spectra results for the Auss™ system show that both the TDDFT-aas
and TDDFT+TB methods underestimate the absorption intensity at around 2.5 eV and
overestimate the absorption intensity at around 2.7 eV. For the excitation at around 2.7 eV, both
TDDFT-aas and TDDFT+TB show a slight redshift in the excitation energy. From the spectra
with a Gaussian broadening, it is hard to observe the peak around 2.5 eV in TDDFT-aas and
TDDFT+TB compared with TDDFT results. Stick spectra are shown in the supporting information
to better visualize each distinct excitation (Figure S1); in general, the stick spectra have peaks in
similar energy ranges, although the TDDFT-aas method predicts more splitting. For the Auss™
system, TDDFT-aas and TDDFT+TB show similar line shapes for their spectra, and they both



underestimate the absorption intensities for excitation at around 1.8 eV and 2.5 eV compared with
TDDFT results. The excitation at around 2.1 eV is not apparent in the two approximation methods
but can be visualized more clearly from the stick spectra (Figure S2). In summary, TDDFT-aas
spectra show very similar line shapes to the TDDFT+TB spectra, and both agree with the excitation
energies from TDDFT calculations well but have some issues when predicting the oscillator

strengths.
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Figure 2. Comparison of the absorption results using TDDFT-aas and TDDFT+TB for pure gold nanoclusters.
A. Auss™ B. Auss™ The spectra were broadened using Gaussian broadening with full width at half-maximum

(FWHM) =0.2 eV.

The calculated spectra for representative silver nanoclusters are shown in Figure 3. For the
Agss™ system, the overall spectral line shapes show good agreement among TDDFT, TDDFT+TB,
and TDDFT-aas results. TDDFT+TB shows an overestimate of the absorption intensity and
redshift of the excitation energy for peaks at around 3.6 eV and 4.0 eV. TDDFT-aas shows
relatively better agreement with TDDFT for both excitation energy and absorption intensity
compared with TDDFT+TB. For the Agss™ system, TDDFT-aas slightly underestimates the
intensity for the peak located around 3.3 eV and TDDFT+TB overestimates the intensity for that
peak compared with the TDDFT results. For the shoulder peak located around 2.9 eV, both two
approximation methods show slight blueshifts compared with TDDFT.
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Figure 3. Comparison of the absorption results using TDDFT-aas to calculate pure gold nanoclusters. A. Agss™
B. Agss™ The spectra were broadened using Gaussian broadening with full width at half-maximum (FWHM) = 0.2
eV.

Besides the pure metal nanoclusters, the absorption spectra of gold thiolate-protected
nanoclusters were also calculated using the TDDFT-aas method, and the calculated spectra and
comparison between TDDFT+TB and TDDFT results are shown in Figure 4. Overall, TDDFT-aas
shows good agreement with TDDFT for the excitation energies, while it slightly underestimates
the oscillator strength of the first absorption peak. For the Auzs(SCH3)18” system, TDDFT-aas and
TDDFT+TB overestimate the oscillator strength of the peak ranges between 3 eV and 4 eV. For
the Auzg(SCH3)24 system, TDDFT-aas shows good agreement with the peaks around 2.5 eV and
overestimates the oscillator strength of the peaks between 2.8 eV and 3.5 eV. Because a is set to
be 0.2 for the system, which affects the S, C, and H atoms as well as Au, the absorption spectra
results indicate that a generalized a is reasonable for these gold thiolate-protected nanocluster
calculations. Overall, systems with less symmetry such as Auxs(SCH3)is™ and Auzs(SCH3)24
provide a better match between the approximate TDDFT-aas and TDDFT+TB methods and the
original TDDFT method compared to the pure nanoclusters such as Auss™ and Auss™. This is
likely due to the semiempirical approximations inherent in the methods, which reduce the number

of integrals calculated, especially for highly symmetric systems. [13]
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Figure 4. Comparison of the absorption results using TDDFT-aas to calculate thiolate-protected gold nanoclusters.
A. Auys(SCH3)15"B. Auss(SCH3)4 (0=0.2 is applied for TDDFT-aas calculations) The spectra were broadened using
Gaussian broadening with full width at half-maximum (FWHM) = 0.2 eV.

In addition to the PBE functional, the BP86 functional [29,30] was also applied to test the
accuracy of TDDFT-aas calculations, and the results are shown in Figure S3. The trends are similar
to the PBE calculated results, where TDDFT-aas results show a very similar line shape with
TDDFT+TB results; these methods overestimate the oscillator strength of peaks between 3.0 eV
and 4.5 eV compared with TDDFT results but achieve very good agreement in excitation energies.
The same o value was applied and achieved good agreement for both PBE and BP86 functionals
in this work, but users may want to perform a test of o values if they are using very different
functionals.

Overall, for the absorption spectra calculations, TDDFT-aas can obtain very similar results
to TDDFT+TB calculations, and its excitation energies show good agreement with TDDFT.

However, both approximate methods have some artifacts when predicting the oscillator strength.

Numerical and analytical gradients

As discussed in equations 6 and 7, the analytical gradients for TDDFT-aas have been
derived in this work. To validate the TDDFT-aas gradient code implementation, we computed
numerical and analytical gradients for selected systems and examined the results. For the
numerical gradient, a finite difference is used with a step size of 0.001 A in x, y, and z directions.
The MAD (Mean Absolute Deviation) and RMS (Root Mean Square) results between the

numerical and analytical gradient were calculated and are shown in Table 2. All MAD values are
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smaller than 6.33x10 Hartree/A and all RMS values are smaller than 8.15x10™* Hartree/A. These
errors are similar to those for TDDFT+TB and TDDFT. [25] The results demonstrate the accuracy
of the TDDFT-aas analytical gradient.

Table 2. Numerical vs. analytical gradient differences (Hartree/A) for representative molecular systems.

MAD RMS
H: 2.47x107 4.22x1073
Li; 1.50x107 2.11x107
N2 2.11x10* 3.66x10*
Ch 1.87x107 2.45%107
HCl 1.66x107 2.76x107
Uracil 8.25x107 1.11x10*
Ethene 1.23x10* 2.27%x104
Acetamide 1.53x10* 2.20x104
Acetone 8.05x107 1.39x10*
Adenine 7.27x107 1.04x10*
Benzoquinone 2.94x1073 5.62x107°
Benzene 1.30x107° 2.53x107
Butadiene 2.95x107° 4.54x107
Pyrazine 4.00x107 7.14x1073
Cyclopentadiene 6.33x10* 8.15x10*
Cyclopropene 1.87x10* 2.41x10*
Cytosine 6.73x1073 8.35x107°
Formaldeyde 2.86%107 5.20x10°3
Furan 2.56x107° 3.45x107
Hexatriene 1.62x10* 2.24x107
Imidazole 6.27x107° 1.02x107
Pyrimidine 4.46x107 8.28x1073
Pyridazine 5.39x10° 9.99x107
Norbornadiene 2.42x1073 3.31x107
Octatetraene 5.76x107 2.12x10*
Naphthalene 2.05x1073 3.49x107
Thymine 7.45x107 9.45x107
Triazine 7.33x107 9.48x107

Excited state geometry optimization

Excited state geometry optimizations were then performed to evaluate the quality of the
calculated emission energies. First, we perform excited-state geometry optimizations on several
diatomic molecule systems at the PBE/TZP [28] level of theory, and the results are shown in Table
3 and Table S1. Diatomic molecules are known to be a challenging test case for approximate
TDDFT methods due to the atomic transition charges’ inability to model local transitions; [13]
though a useful test of inherent errors, these approximate methods are not required for diatomic

molecules because the standard TDDFT method is applicable for these systems.
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Table 3. Emission energy for five diatomic molecules (unit: eV) calculated at different level of theories; TDDFT did

not calculate an emission energy for H, because of its dissociative potential energy surface.

TDDFT TDDFT-aas TDDFT+TB
H: N/A 5.80 8.07
Liz 1.85 1.98 1.60
N: 6.45 6.97 6.97
Ch 1.19 0.94 0.94
HCI 1.71 1.51 1.51

For N, Cl2, and HCI, TDDFT-aas and TDDFT+TB give the same emission energy results,
where the energy difference between TDDFT-aas and TDDFT ranges from 0.20 eV to 0.52 eV.
The TDDFT-aas method provides identical results to the TDDFT+TB method in these cases. To
understand the H> and Li; cases, potential energy surfaces (PES) for these systems are plotted and

shown in Figure 5.
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Figure 5 Potential energy surfaces for the A. H» and B. Li, systems. In the key, SO represents the PES for the
ground state. S1: TDDFT-aas represents the PES for the S; state using TDDFT-aas methods with a=0.2. S1:
TDDFT-aas-0.1 represents the PES for the S; state using TDDFT-aas methods with a=0.1. S1: TDDFT+TB

represents the PES for the S; state using TDDFT+TB methods. S1: TDDFT represents the PES for the S; state using
TDDFT methods.

For the Si state, TDDFT did not calculate a minimum in the first excitation energy for Ho.
The results agree with the reported potential energy surface for Hp, [31] in which there is not a

local minimum for the S; state. Meanwhile, TDDFT+TB predicts a fairly shallow S; minimum

12



geometry with an H-H bond length of 1.21 A at 8.07 eV above the ground state energy. TDDFT-
aas predicts a very shallow S; minimum geometry at an H-H bond distance of 1.53 A, with an
energy of 5.80 eV above the ground state energy. Both of these two methods show long H-H
distances for the S| minimum, which agree with the dissociative nature of the S; potential energy
surface.

For Liy, the S| state minima are calculated at 1.85 eV, 1.60 eV, and 1.98 eV for the TDDFT,
TDDFT+TB, and TDDFT-aas(a=0.2) methods, respectively. From the PES, TDDFT+TB, and
TDDFT-aas (for both a=0.2 and a=0.1) show the same S; PES when the Li-Li bond length is less
than 2.2 A; with the increased bond length, TDDFT-aas shows a higher potential energy surface
than TDDFT+TB, and the TDDFT-aas PES crosses the TDDFT PES. The higher S; PES leads to
a change in the order of the excited state compared with the other two methods. For the
TDDFT+TB and TDDFT results, the S; state arises from a o, to oy transition, while in TDDFT-
aas, the S; state shows oy to my transitions. However, if a is 0.1, the optimized excitation energy
is 1.88 eV, and the corresponding transition arises from o, to 6, The results indicate that modifying
the o value will change the order of the excitation in Liz. Thus, tuning the o value may be helpful
for systems of interest.

In addition to diatomic molecules, the emission energies for the Thiel test set [32] of
organic molecules were examined using the TDDFT-aas method. The optimizations were
performed at the PBE/TZP level of theory. The emission energy differences between TDDFT-aas,
TDDFT+TB, and TDDFT are shown in Figure 6 and Table S2.
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Figure 6 Emission energy differences among TDDFT-aas, TDDFT+TB, and TDDFT for organic molecules from
the Thiel test set.
In general, the energy differences between TDDFT-aas and TDDFT+TB range from 0.00

to 0.29 eV, with both methods calculating the same optimized S; energy for many molecules. The
similarity of these two methods is not surprising because the differences between the TDDFT-aas
and TDDFT+TB gradient equations only arise in the fourth and fifth terms of equation 6. Ethene
shows the highest energy difference between the TDDFT-aas and TDDFT+TB results at 0.29 eV.
These results indicate that choosing 0.2 as the o value may still be reasonable for organic
molecules.

For most systems, the agreement between TDDFT and TDDFT-aas is reasonable, ranging
from 0.05 eV to 0.56 eV. However, a few cases occur that need further discussion. Furan shows
the highest energy difference between TDDFT and TDDFT-aas. For the furan system, when the
optimizations started from the same initial geometry, the energy at the S; minimum is calculated
to be 5.56 eV, 4.70 eV, and 4.98 eV for the TDDFT, TDDFT-aas, and TDDFT+TB calculations,
respectively. However, if furan were reoptimized using the TDDFT method starting from the final
TDDFT-aas or TDDFT+TB S; optimized structure, the energy at the S1 minimum is calculated to
be 5.27 eV. If the reverse process is performed and furan is reoptimized starting from the original

TDDFT S; optimized structure, the S; excitation energy remains as 4.70 eV using the TDDFT-aas
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method or 4.98 eV using the TDDFT+TB method. For furan, TDDFT shows two optimized S;
minima (corresponding to different excitation origins), whereas we have only been able to find
one minimum point for TDDFT-aas and TDDFT+TB thus far.

For pyridazine, when the optimizations started from the same initial geometry, the energy
at the S; minimum is calculated to be 1.71 eV, 2.27 ¢V, and 2.27 eV for the TDDFT, TDDFT-aas,
and TDDFT+TB calculations, respectively. However, if the pyridazine were re-optimized starting
from the TDDFT final optimized structure, the energy at the S; minimum is now calculated to be
1.63 eV for both TDDFT-aas and TDDFT+TB calculations. If the reverse process was performed
and pyridazine was reoptimized starting from the TDDFT-aas or TDDFT+TB final optimized
structure using the TDDFT method, the first excited state energy minimum is still calculated to be
1.71 eV. For pyridazine, TDDFT-aas and TDDFT+TB show two minimum points on the S; state
surface, while TDDFT shows only one minimum point.

For tetrazine, when the optimizations started from the same initial geometry the energy at
the S; minimum is calculated to be 2.28 eV, 3.06 ¢V, and 3.06 eV for the TDDFT, TDDFT-aas,
and TDDFT+TB calculations, respectively. When tetrazine was reoptimized starting from the
TDDFT final optimized structure, the energy at the S; minimum is now calculated to be 2.14 eV
and 2.18 eV for TDDFT-aas and TDDFT+TB, respectively, which is quite close to the 2.28 eV
calculated by TDDFT. If the reverse process is performed and tetrazine is reoptimized starting
from the TDDFT-aas or TDDFT+TB final optimized structure using the TDDFT method, the
energy at the S; minimum is now calculated to be 2.43 eV, which is a higher energy S; minimum.
Thus for tetrazine, TDDFT-aas, TDDFT+TB, and TDDFT can find two excited state minima
depending on the starting geometry; the initial minimum found is sensitive to the PES.

For the S; minimum state for ethene, the emission energies are calculated to be 5.58 eV,
6.71 eV, and 6.75 eV for the TDDFT-aas, TDDFT+TB, and TDDFT methods, respectively. For
the electronic transition in the S; state, TDDFT-aas predicts that the mu to mg transition is
responsible, whereas TDDFT+TB and TDDFT show that this state arises from the mu to ou
transition. When ethene was reoptimized starting from the TDDFT final optimized structure, the
energy at the S; minimum is now calculated to be 5.58 eV and 6.73 eV for TDDFT-aas and
TDDFT+TB, respectively. When ethene was reoptimized starting from the TDDFT-aas final

optimized structure, the energy at the S| minimum is now calculated to be 5.89 eV for TDDFT+TB
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and 6.17 eV for TDDFT. The results suggest that a second minimum may be possible for each
method.

The results for the diatomic molecules and organic molecules indicated that TDDFT-aas
shows good agreement with TDDFT+TB and TDDFT for most molecules. However,
complications can arise when the excited state crosses or comes close to other excited states, and
this can cause the excitation energy difference to be large between different computational
methods. In addition, different initial geometries could find different minima for some organic
molecules, depending on the system. In general, TDDFT has difficulty with state crossings. [33]

Finally, we examine the emission energies for two gold nanoclusters at the PBE/DZ level
of theory; the results are shown in Table 4. For the gold clusters, the TDDFT-aas emission energy
results show good agreement with TDDFT+TB and TDDFT, with energy differences within 0.03
eV. To examine the effects of the o parameter, for the Auas(SCH2CH>CH3)157! cluster calculations,
o was set to 0.1 and 0.3 respectively to carry out the calculations again, and the emission energy
results are 0.754 eV and 0.758 eV, respectively. The results indicate that o will slightly affect the
results, but the general trends show that TDDFT-aas will very slightly underestimate the energy
compared with TDDFT.

Table 4. Emission energy differences between TDDFT and TDDFT+TB for the gold nanoclusters.

TDDFT-aas TDDFT+TB TDDFT
Auzs(SCH2CH2CH3)1s ™! 0.75 0.76 0.77
Aur™? 1.90 1.91 1.93
AunsCd(S-Adm)12 1.09 1.08 1.10

Comparison between computational cost

In this section, we examine the efficiency of the TDDFT-aas code. First, we compare the
computational cost between TDDFT-aas, TDDFT+TB, and TDDFT energy calculations (Table 5).
For the uracil molecule, TDDFT-aas and TDDFT+TB show the same computational cost, which
is sped up by around a factor of 4.3 compared with TDDFT. For the metal nanoclusters, both
TDDFT-aas and TDDFT+TB finished energy calculations within 70 minutes; meanwhile, TDDFT

needs more than 20 hours to finish using the same number of cores.
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Table 5. Comparison between the computational time (minutes) for TDDFT-aas, TDDFT+TB and TDDFT energy

calculations. Most of the systems were computed using 8 cores; Agiis and Agi» were computed using 16 cores.

uracil
Agas™
Ausg ™t
Agss ™S
Auss S
Auzs(SCHa)1s™
Agii6
Agi20

TDDFT-aas

0.17
8.08
12.70
15.95
39.03
6.05
63.54
67.36

TDDFT+TB

0.17
9.17
13.03
13.61
34.98
6.39
62.26
65.80

TDDFT

0.73

877.93
1544.75
1311.25

638.50

362.23
4475.06
4700.79

We then examined the efficiency of the gradient calculations. The results for selected

organic molecules and nanocluster systems are shown in Table 6 and Table 7, respectively (8 cores

are used for all calculations).

Table 6. Comparison between the computational time (minutes) for TDDFT-aas, TDDFT+TB and TDDFT gradient

calculations for three organic systems.

uracil
Computational time
Steps required to converge
furan
Computational time
Steps required to converge
ethene
Computational time
Steps required to converge
dibenzonaphthyridindione?®
Computational time

Steps required to converge

aCoordinates obtained from Ref. [34]; structure 2 in the benchmark test.

TDDFT-aas
1.1
6
TDDFT-aas
0.52
5
TDDFT-aas
0.33
5
TDDFT-aas
5.40
5

TDDFT+TB
1.1
6
TDDFT+TB
0.53
5
TDDFT+TB
0.26
5
TDDFT+TB
5.33
5

TDDFT
52

TDDFT
2.65

TDDFT
0.68

TDDFT
21.72

Table 7. Comparison between the computational time (minutes) for TDDFT-aas, TDDFT+TB and TDDFT gradient

calculations for gold clusters.

Auzs(SCH2CH2CH3)1s™!

Computational time

TDDFT-aas
2098.48

TDDFT+TB

1988.10

TDDFT
2604.37
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Steps required to converge 56 53 50
Aur*t TDDFT-aas TDDFT+TB TDDFT
Computational time 4.85 7.09 21.57
Steps required to converge 11 17 22
AusCd(S-Adm)12 TDDFT-aas TDDFT+TB TDDFT
Computational time 1740.10 1859.80 3075.74
Steps required to converge 38 41 40

For the organic systems, all three methods require similar numbers of steps to converge the
geometries; TDDFT-aas can speed up the calculation by an average factor of 4.1 compared with
TDDFT. The time savings is similar to TDDFT+TB. For Auxs(SCH.CH,CHs)is™!, TDDFT-aas
needs slightly more steps to converge the geometry compared with the other two methods. For
Au7** and AuisCd(S-Adm)i,, TDDFT-aas requires fewer steps to converge compare with
TDDFT+TB and TDDFT and can reduce the computational cost. For the gradient calculation,
TDDFT-aas and TDDFT+TB still reduce the computational cost, but not as significantly compared

with energy calculations. Our evaluation shows that most of the computational costs are attributed

1/2
uv

A

to the calculation of the term when solving the gradient equation. Improving the efficiency

of the code is one of the directions for our future work.

Discussion

In summary, TDDFT-aas resembles the TDDFT-as method and the TDDFT+TB method:
when solving the K coupling integrals in the excited state, an approximation is made instead of
calculating the exact two-electron integrals. TDDFT-aas utilizes the yap function from the
TDDFT-as method via Kjq j, = Xap Gia,aYapqjb,p to calculate the coupling matrix. Because the
yaB function is independent of tight binding parameters, TDDFT-aas will be easier to implement
in codes that do not have tight binding parameters compared with TDDFT+TB. The performance
of the TDDFT-aas method shows good agreement with TDDFT+TB and TDDFT, specifically for
the metal nanocluster systems. For diatomic molecules and organic molecules, TDDFT-aas does
not agree very well with TDDFT if state crossings are important. One option for excited state
optimization in AMS is to use the eigenvector following method [35] when performing gradient

calculations; however, the eigenvector following technique assumes the orbitals remain unchanged
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during the process, which will not necessarily hold. These types of systems should employ the
standard TDDFT method or more advanced multireference methods. Overall, TDDFT-aas shares
similar characteristics and considerations with TDDFT+TB: (1) As shown in equation 5, A — B is
a diagonal matrix, so the methods are currently available for pure functionals; sSTDDFT [10] is an
alternative option if a hybrid functional calculation is expected. At the same time, since the
approximation for the A — B matrix violates the sum rule, both TDDFT+TB and TDDFT-aas have
issues when predicting the oscillator strength for the excitation. (2) When approximating the
coupling matrix, the monopole approximation is made, which leads to the issue that the atomic
transition charges do not receive contributions from different atomic basis functions even if they
are located on the same atom; for example, local excitations such as the Gy to 7, transition in N»
system are not treated correctly. [13] It has been reported that doing an on-site correction to the
TD-DFTB method [36] and sTDDFT method [37] can improve the excitation energy results
compared with TDDFT. Therefore, implementing an on-site correction to the current TDDFT+TB
and TDDFT-aas methods may improve the local excitations such as the oy to g transition in the

N> system as well.

Conclusion

In this work, we implemented both the energy and gradient of the TDDFT-aas method. The
TDDFT-aas method starts with a standard ground state DFT calculation to determine the density
as well as the Kohn-Sham orbitals and orbital energies, and then approximates the two-electron
integral terms when solving the Casida equations. When approximating the two- electron integrals,
calculation of the K coupling matrix uses a formula that involves yas and atomic transition charges.
Compared with TDDFT+TB, yas in TDDFT-aas is not dependent on tight-binding parameters
such as chemical hardness. We found that the exponent (o) can be set to be 0.2 for most of the
systems in the benchmark test set, which ranges from diatomic molecules, organic molecules, and
gold nanoclusters. The absorption spectra and emission energy results indicate that TDDFT-aas
will give similar results to TDDFT+TB, and they share similar computational costs. Overall,
TDDFT-aas opens a new way to approximate the TDDFT method without using tight-binding
parameters to calculate chemical systems, and the method shows good agreement with TDDFT

results, specifically for gold and silver nanoclusters.
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Supplementary Material

Supplementary Material includes stick spectra of Auss™ and Auss™ calculated using TDDFT and
TDDFT-aas; BP86 calculated results of spectra using TDDFT-aas, TDDFT+TB and TDDEFT for
the Auxs(SCH3)15™ system; emission energy and the differences between TDDFT-aas, TDDFT+TB

and TDDFT for diatomic molecules and organic molecules.
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