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Abstract: Quantum entanglement is a fundamental property of quantum mechanics. Re-

cently, studies have explored entanglement in the tt̄ system at the Large Hadron Collider

(LHC) when both the top quark and anti-top quark decay leptonically. Entanglement is

detected via correlations between the polarizations of the top and anti-top and these polar-

izations are measured through the angles of the decay products of the top and anti-top. In

this work, we propose searching for evidence of quantum entanglement in the semi-leptonic

decay channel where the final state includes one lepton, one neutrino, two b-flavor tagged jets,

and two light jets from the W decay. We find that this channel is both easier to reconstruct

and has a larger effective quantity of data than the fully leptonic channel. As a result, the

semi-leptonic channel is 60% more sensitive to quantum entanglement and a factor of 3

more sensitive to Bell inequality violation, compared to the leptonic channel. In 139 fb−1

(3 ab−1) of data at the LHC (HL-LHC), it should be feasible to measure entanglement at a

precision of . 3% (0.7%). Detecting Bell inequality violation, on the other hand, is more

challenging. With 300 fb−1 (3 ab−1) of integrated luminosity at the LHC Run-3 (HL-LHC),

we expect a sensitivity of 1.3σ (4.1σ). In our study, we utilize a realistic parametric fitting

procedure to optimally recover the true angular distributions from detector effects. Compared

to unfolding this procedure yields more stable results.
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1 Introduction

Quantum mechanics is at the foundation of modern physics. One of the novel features of

a quantum mechanical system is that it can exhibit entanglement between sub-systems.
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Entanglement is a correlation between sub-systems where properly describing one sub-

system requires knowledge of the other sub-system, even when the sub-systems are space-like

separated.

Another landmark in the understanding of quantum mechanics was the discovery of

Bell inequalities [3]. These are inequalities that are satisfied in any classical theory or, more

generally, in any local theory that can include hidden variables. Violations of Bell inequalities,

so-called Bell non-localities, indicate that a local classical theory cannot be used to describe

these phenomena. Observations of violations of Bell inequalities are among the strongest

experimental evidence for quantum mechanics.

High energy particle colliders fundamentally rely on quantum field theory for their

quantitative description and aspects of quantum mechanics are observable throughout the

theoretical and experimental landscape. For instance, interference effects in production cross

sections and detection methods for particles rely on quantum mechanics, while precision

physics depends on higher-order quantum corrections from all relevant energy scales. In

recent work, the final state in a collider is cast as a system of two qubits which allows us

to perform a number of experiments using this system. Treating the outgoing particles

at a collider as a quantum state is a novel experiment that measures and tests quantum

mechanics in an unprecedented high-energy regime, many orders of magnitude in energy

above conventional quantum experiments.

Adapting to the collider environment presents interesting challenges as there is much less

control over the experimental set-up. On the other hand, at a collider there is an enormous

amount of data collected, a wide range of kinematics and energies are explored, and effects

that are enhanced at higher energies, like higher dimensional operators, may be visible [4, 5].

Recently, there has been a growing body of work on the tt̄ system as a quantum state.

First, it was shown that in the fully leptonic channel, where both the top and the anti-top

decay leptonically, entanglement could be measured at the Large Hadron Collider (LHC)

when only events near threshold are used [1]. It was predicted that Bell inequality violation,

using the same spin correlation observables, could be probed at the high luminosity LHC (HL-

LHC) [2]. Other studies found the expected significance to be less than 2σ using a different

observable [6]. Ref. [7] noted that one could use expectation values of spin correlations rather

than spin correlations themselves to identify entanglement and Bell inequality violation.

Additional significance may be gained by directly measuring an observable sensitive Bell

inequality violation, rather than first reconstructing the quantum state and then computing

observables from it [8]. Beyond Bell inequality violation, other quantum properties can be

studied in the tt̄ system like quantum steering and quantum discord [9].

The issue of spin correlations at colliders is a well-studied topic. The tt̄ system, in

particular, has been studied since before the LHC era [10–15]. What is new in the current

iteration of work is carefully casting the tt̄ system into a quantum state rather than just

correlations between two spins. This allows us to make quantitative statements about the

quantum aspects of the tt̄ system.

In this work, we continue the study of the tt̄ final state, but instead of studying the

leptonic channel, we consider the semi-leptonic channel where either the top or anti-top

decays leptonically and the other decays to a light quark and anti-quark. One of the nice

– 2 –



J
H
E
P
0
7
(
2
0
2
4
)
1
9
2

features of the top (or anti-top) decaying leptonically is that the lepton (or anti-lepton)

carries the maximal amount of information about the top polarization. In hadronic decays,

some of that information is typically lost. On the other hand, the branching fraction to

the semi-leptonic channel is much higher, roughly about a factor of six, so the effective

amount of data collected is larger. Combining the more favorable kinematical reconstruction,

we find that the semi-leptonic channel is expected to be more sensitive. While finalizing

this work, ref. [16] presented a study on the semi-leptonic decay of tt̄ using unfolding and

machine learning for reconstruction. Our work is complementary as we show that choosing an

appropriate signal region is impactful and we focus on providing intuition through each stage

as well as the theoretical underpinnings. Instead of unfolding, we utilize parametric fitting.

In addition to the tt̄ system, there have been studies on quantum properties of other

systems at colliders. These include entanglement between two vectors [17–20] including

production from h → V V [21–26] and vector boson fusion [27], between W and t [28],

between τ+ and τ− [29, 30], between B-mesons [31], and others [32, 33]. Implications for

higher dimensional operators have been explored [4, 5], as have other quantum properties

like discord and steering [9].1

The rest of the paper is organized as follows. In section 2, we review the basics of quantum

mechanics with an emphasis on entanglement and Bell inequality violation. We discuss the

general features and the quantum mechanical aspects of the tt̄ system for production and

decay at hadron colliders in section 3. The results of our analysis on the sensitivity to

test entanglement and Bell inequality violation in the tt̄ system at the LHC are presented

in section 4. In section 5, we summarize our study, compare with the existing literature,

and draw our conclusions. Some technical aspects of our treatment are included in a few

appendices, including a description of different unfolding methods and parametric fitting in

appendix A, numerical comparisons with past works in appendix B, a presentation of the spin

analyzing power for hadronic top decays in appendix C, a discussion on the fictitious states

adopted for detecting entanglement and Bell inequality violation at collider in appendix D.

Finally, the potential of charm tagging is covered in appendix E.

2 Quantum mechanics

In this section we first review a few relevant aspects of quantum mechanics, then we discuss

entanglement and Bell inequalities.

2.1 Review

Consider a bipartite system of two qubits. There is one qubit |ψA〉 from sub-system A and

one qubit |ψB〉 from sub-system B. These states are vectors in the Hilbert spaces HA and

HB, respectively. The bipartite state is a vector in the Hilbert space HA ⊗ HB.

A density matrix ρ is a non-negative operator on Hilbert space. For a state vector |ψ〉,
the associated density matrix is the projection operator ρ = |ψ〉〈ψ|. We will often call ρ itself

a quantum state associated with the state vector |ψ〉. After choosing a basis, ρ for a bipartite

qubit state can be written as a 4 × 4 positive semi-definite matrix.

1This was also studied in the 1990’s for e+e−
→ τ+τ− [34–36]. In section 2.3 we reconcile these past works

with our work.
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The density matrix formalism is required because it allows us to describe mixed states

where state vectors restrict us to pure states. A mixed state is generically written as

ρmixed =
N
∑

a=1

paρa,
N
∑

a=1

pa = 1, (2.1)

where pa is the fraction of the ensemble for the sub-state a. The case of N = 1 is a pure

state, otherwise, it is a mixed state. In our application to the tt̄ system, we will be dealing

with a mixed state.

For a single qubit, the density matrix can be described by the Pauli decomposition

ρ =
1

2

(

I2 +
∑

i

Biσi

)

, (2.2)

where σi (i = 1, 2, 3) are the Pauli matrices and Bi are the corresponding vector components

describing the net polarization of the qubit. A bipartite qubit system follows the Pauli

decomposition in a similar way

ρ =
1

4



I4 +
∑

i

(

BA
i (σi ⊗ I2) +BB

i (I2 ⊗ σi)
)

+
∑

i,j

Cij (σi ⊗ σj)



 . (2.3)

For a general state, there are 3 + 3 + 9 = 15 degrees of freedom from the vectors BA
i and BB

i ,

and the matrix Cij . The BA
i vector is the net polarization of spin A, the BB

i vector is the

net polarization of spin B, and Cij is the spin correlation matrix between sub-systems A and

B. In many cases of interest, some of these parameters are zero by symmetry.

Determining all the parameters {BA
i , B

B
j , Cij} implies that ρ can be reconstructed, which

is known as quantum tomography. Once the quantum state ρ has been measured, the

expectation value of any observable O can be computed as

〈O〉 = tr(Oρ). (2.4)

For instance, the net polarization of qubit A corresponds to the operator O = σi ⊗ I2. By

eqs. (2.3) and (2.4), this is 〈σi ⊗ I2〉 = BA
i .

2.2 Entanglement

Consider a state ρ for a bipartite system with sub-systems A and B. This state is separable

if it can be written as a factorized product

ρ =
N
∑

a=1

pa ρ
A
a ⊗ ρB

a . (2.5)

If it cannot be written in this separable factorized form, it is entangled. This means that

sub-system A cannot be fully described without knowledge of sub-system B. For a pure

state, N = 1 and p1 = 1.

Given a state ρ there are different ways to determine if ρ describes an entangled or a

separable state. We choose to use the Peres-Horodecki criterion, also called the positive

– 4 –
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partial transpose (PPT) criterion [37, 38]. The PPT criterion performs the transpose on

sub-system B and leaves sub-system A unmodified leading to a matrix ρTB where

ρTB = (I2 ⊗ TB)ρ. (2.6)

The matrix ρTB may or may not be a state. For a separable, unentangled state ρsep, the

associated ρTB
sep can be written as

∑

a pa ρ
A
a ⊗ (ρB

a )T , which corresponds to a valid state. For

an entangled state ρent, however, the associated ρTB

ent is no longer a state.

In general, a matrix is a valid state if all of its eigenvalues are ≥ 0, or equivalently

stated, the matrix is positive semi-definite. The PPT criterion leads to a list of inequalities,

the violation of any of these inequalities is a sufficient, but not necessary condition for

entanglement. Thus, using the PPT criterion to show entanglement requires just finding

a single inequality that isn’t satisfied, while showing separability requires checking a set

of inequalities.

Concretely, expanding a quantum state ρ according to eq. (2.3) allows us to write the

conditions in terms of elements of the spin correlation matrix Cij . The quantum state ρ is

ρ =
1

4

(

1 + BA
3

+ BB
3

+ C33 BB
1

+ C31 − i(BB
2

+ C32) BA
1

+ C13 − i(BA
2

+ C23) C11 − C22 − i(C12 + C21)

BB
1

+ C31 + i(BB
2

+ C32) 1 + BA
3

− BB
3

− C33 C11 + C22 + i(C12 − C21) BA
1

− C13 − i(BA
2

− C23)

BA
1

+ C13 + i(BA
2

+ C23) C11 + C22 − i(C12 − C21) 1 − BA
3

+ BB
3

− C33 BB
1

− C31 − i(BB
2

− C32)

C11 − C22 + i(C12 + C21) BA
1

− C13 + i(BA
2

− C23) BB
1

− C31 + i(BB
2

− C32) 1 − BA
3

− BB
3

+ C33

)

,

(2.7)

and the matrix ρTB is

ρTB =
1

4

(

1 + BA
3

+ BB
3

+ C33 BB
1

+ C31 + i(BB
2

+ C32) BA
1

+ C13 − i(BA
2

+ C23) C11 + C22 + i(C12 − C21)

BB
1

+ C31 − i(BB
2

+ C32) 1 + BA
3

− BB
3

− C33 C11 − C22 − i(C12 + C21) BA
1

− C13 − i(BA
2

− C23)

BA
1

+ C13 + i(BA
2

+ C23) C11 − C22 + i(C12 + C21) 1 − BA
3

+ BB
3

− C33 BB
1

− C31 + i(BB
2

− C32)

C11 + C22 − i(C12 − C21) BA
1

− C13 + i(BA
2

− C23) BB
1

− C31 − i(BB
2

− C32) 1 − BA
3

− BB
3

+ C33

)

.

(2.8)

One example of a sufficient condition for entanglement can be derived from deleting the 2nd

and 3rd rows and columns of this matrix [1], leading to

|C11 + C22| > 1 + C33. (2.9)

Whether (C11 +C22) is positive or negative leads to two separate cases of C11 +C22 > 1 +C33

and −C11 −C22 > 1+C33. Rearranging these inequalities we write O±

E = ±C11 ±C22 −C33 −1

where O±

E > 0 indicates entanglement. It will be shown in section 3.1 that the quantity O±

E

corresponds to an observable O±

E such that testing entanglement at a collider becomes

O±

E = ±C11 ± C22 − C33 − 1, and 〈O±

E〉 > 0 for entanglement. (2.10)

In pre-defined regions, the observable O±

E corresponds to whether the quantum state ρ is

entangled or separable.

It is also customary to introduce a quantity called the “concurrence” C [39], which is

defined for bipartite qubit systems as

C(ρ) = max(0, λ1 − λ2 − λ3 − λ4), (2.11)

where λi (i = 1, 2, 3, 4) are the eigenvalues, sorted by decreasing magnitude, of the matrix

Rρ =
√√

ρρ̃
√
ρ, ρ̃ = (σ2 ⊗ σ2)ρ∗(σ2 ⊗ σ2). (2.12)

– 5 –
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For a separable state ρsep, the concurrence is C(ρsep) = 0, while for an entangled state ρent

the concurrence is 0 < C(ρent) ≤ 1.2

Therefore one method of identifying entanglement is to first fully determine ρ, and

then compute C(ρ) to be zero or not. It can be shown that in the tt̄ system eq. (2.10) is

equal to the concurrence.

2.3 Bell inequality violation

By construction, a Bell inequality holds for any system that can be described by a local

hidden variable theory [3]. Bell inequality violation indicates that a given theory must be

either classically non-local, or quantum-mechanically entangled. This historically was very

strong evidence for quantum mechanics. A separable state always satisfies Bell’s inequality,

while an entangled quantum state may or may not violate a Bell inequality. Therefore, Bell

inequality violation is a stricter test of “quantumness” than entanglement.

For a bipartite system of two qubits, the only Bell inequality is the CHSH inequality

(Clauser-Horne-Shimony-Holt) [40], which reads

〈A1B1〉 − 〈A1B2〉 + 〈A2B1〉 + 〈A2B2〉 ≤ 2. (2.13)

The first term is a simultaneous measurement A1 on sub-system A and B1 on sub-system B.

The other terms are measured in a likewise manner. A quantum state of a bipartite system

that violates eq. (2.13) exhibits Bell inequality violation (or is Bell non-local).

For the case where the two qubits are spins, A1 and A2 can indicate the quantization

axes along which the spin of qubit A is measured while B1 and B2 can indicate the axes

along which the spin of qubit B is measured. For instance the choice of

A1 = σ3, A2 = σ1, B1 = − 1√
2

(σ1 + σ3), B2 =
1√
2

(σ1 − σ3), (2.14)

when applied to the Bell state ψBell = (|01〉 − |10〉)/
√

2 violates the CHSH inequality.

Given a quantum state, it is crucial to choose the optimal axes in order to determine

if a quantum state violates the CHSH inequality, via eq. (2.13). It has been shown that

while using the optimal axes, the left-hand side of eq. (2.13) becomes 2
√
λ1 + λ2, where λ1

and λ2 are the two largest eigenvalues of CTC [41]. In a collider environment, however, this

method can lead to a biased estimation [2, 6].

For simplicity we will choose the fixed axes [8]

A1 = σ3, A2 = σ1, B1 = ± 1√
2

(σ3 + σ1), B2 = ± 1√
2

(−σ3 + σ1). (2.15)

For this choice the CHSH inequality becomes

|C11 ± C33| <
√

2. (2.16)

2For intuition, consider the simplified case when ρ is a pure state. The concurrence C can be written as

tr(ρ2
A) = 1 − C

2/2 where ρA is the reduced density matrix obtained by taking the partial trace with respect to

sub-system B of ρ. The concurrence then measures how far the reduced density matrix is from a pure state.

Generalizing this to mixed states leads to eq. (2.11).

– 6 –
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In a similar way to entanglement, we can cast this into an observable as

O±

B = ±(C11 + C33) −
√

2, and 〈O±

B〉 > 0 for Bell inequality violation. (2.17)

Whether the + or − is used depends on the predicted value of C11 + C33.

Finally, we make a comment about the generality of the Bell inequality violation test that

can be performed at a collider. In the 1990’s, it was suggested that Bell inequality violation

could be observed at e+e− colliders in the τ+τ− final state [34–36]. The conclusion of ref. [36]

was that Bell inequality violation was not observable at a collider because quantities measured

at colliders are commuting while non-commuting quantities are required to violate a Bell

inequality. In this work, we do not perform a fully general test of Bell’s inequality. Instead,

we first identify a quantum state, and then ask whether it is a quantum state that does or

does not violate Bell’s inequality. The non-commutation arises from our assumption that

we are working with a quantum state and thus gain access to spins.

3 The top-antitop system at hadron colliders

In this section, we cover the details that are necessary to identify the tt̄ final state at the

LHC as a quantum state.

3.1 Two-body production at hadron colliders

Consider the two-to-two scattering process X Y → AB. The rate for this process is given by the

cross section σ(X Y → AB) and is calculated by taking the matrix element M(X Y → AB),

squaring it, and integrating it over phase space dΠ. The initial state spins (and other

quantum numbers) are averaged, and when the final state spins are not measured they

are summed. Schematically

σ(X Y → AB) =

∫

dΠ
∑

initial

∑

ab,āb̄

M(X Y → AB)aāM∗(X Y → AB)bb̄, (3.1)

where ab is the spin index of particle A, āb̄ is the spin index of particle B, and
∑

indicates

averaging.

The production spin density matrix is

Rab,āb̄ =
∑

initial

M(X Y → AB)aāM∗(X Y → AB)bb̄, (3.2)

such that

σ(X Y → AB) =

∫

dΠ
∑

ab,āb̄

Rab,āb̄. (3.3)

Taking the trace of Rab,āb̄ and performing the phase space integral gives the cross section,

while the full matrix provides differential spin information. When particles A and B are

both spin-1/2, the matrix Rab,āb̄ is a 4 × 4 matrix and can be decomposed into the Pauli

basis according to eq. (2.3).3

3The normalization for a production spin density matrix R is tr(R) = dσ/dΠ while the normalization for a

quantum state ρ is tr(ρ) = 1.

– 7 –
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If particle A decays, the decay spin density matrix carries the differential spin information

of particle A. Consider the three-body decay of A → a1a2a3

ΓA
ab = M(A → a1a2a3)aM∗(A → a1a2a3)b, (3.4)

where again ab is the spin index of particle A.

In the narrow width approximation the production and decay can be described together

σ(X Y → AB → (a1a2a3)(b1b2b3)) =

∫

dΠ
∑

ab,āb̄

(ΓA
ab Rab,āb̄ ΓB

āb̄
). (3.5)

The final state phase space can be partially integrated over to find

∫

dΠ
∑

ab,āb̄

(ΓA
ab Rab,āb̄ ΓB

āb̄
) =

∫

dΩAdΠAdΩBdΠB
∑

ab,āb̄

(ΓA
ab Rab,āb̄ ΓB

āb̄
),

=

∫

dΩAdΩB
∑

ab,āb̄

(Γ̃A
ab Rab,āb̄ Γ̃B

āb̄
).

(3.6)

The total phase space dΠ is divided into the angular phase space of one of the decay products

of particle A: dΩA, the angular phase space of one of the decay products of particle B: dΩB,

the remaining phase space of the decay products of particle A: dΠA, and remaining phase

space of the decay products of particle B: dΠB. The angular space is two-dimensional (θ, φ)

but we write it as a three-vector Ωi = (cosφ sin θ, sinφ sin θ, cos θ) to represent the direction

of the decay product of interest. Here, θ is the polar angle and φ is the azimuthal angle

with respect to a reference direction.

While ΓA
ab is the decay spin density matrix for particle A, Γ̃A

ab is the partially integrated

decay width that leaves the angular space of one of the decay products unintegrated. It can

be decomposed as in eq. (2.2) to Γ̃A
ab ∝ δab +

∑

iB
A
i σi,ab where BA

i is the net polarization of

particle A. Performing the calculation of Γ̃A
ab in the rest frame of particle A leads to

Γ̃A
ab(Ωi) =

1

2
ΓA
(

δab +
∑

i

BA(κΩi)σi,ab

)

, (3.7)

where ΓA is proportional to the decay width of A → a1a2a3, BA is the magnitude of the

polarization of particle A, and κ is called the spin analyzing power and is associated with

the decay particle that has been left unintegrated. The value of κ is between −1 and 1 and

describes how correlated a decay product is with the spin of the mother particle.

Writing the decay spin density matrix according to eq. (3.7), decomposing the production

spin density matrix according to eq. (2.3), and summing over ab, āb̄ in eq. (3.6), the differential

cross section can be written as

1

σ

d4σ

d2ΩAd2ΩB
=

1

(4π)2

(

1 +
∑

i

(

κABA
i ΩA

i + κB BB
i ΩB

i

)

+
∑

i,j

κAκB ΩA
i CijΩB

j

)

, (3.8)

where the angle ΩA
i (ΩB

j ) is evaluated in the rest frame of particle A (B) relative to the

ith (jth) axis of a chosen basis.

– 8 –
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To extract individual parameters, one can select which angular integrals to perform.

For example, to extract a component of the spin correlation matrix Cij , one integrates

over φA and φB to obtain

1

σ

dσ

d cos θA
i d cos θB

j

=
1

4

(

1 + κABA
i cos θA

i + κBBB
j cos θB

j + κAκBCij cos θA
i cos θB

j

)

, (3.9)

where θA
i (θB

j ) is the angle between the momentum of the decay product of particle A (B)

and the ith (jth) axis, in the rest frame of particle A (B).

This distribution can be transformed to

1

σ

dσ

d(cos θA
i cos θB

j )
= −1

2

(

1 + κAκBCij cos θA
i cos θB

j

)

log
∣

∣ cos θA
i cos θB

j

∣

∣, (3.10)

Thus measuring angles of decay products measures parameters of the production spin

density matrix.

We mention three ways to extract the value of Cij from data using eq. (3.10). The first

way is to simply perform a fit to the differential cross section.

The second way is to compute the asymmetry of the distribution. The asymmetry

A for a variable x is

Ax =
N+

x −N−
x

N+
x +N−

x
, (3.11)

where N+
x (N−

x ) is the number of events with x > 0 (x < 0):

N+
x =

∫ xmax

0

1

σ

dσ

dx
dx, N−

x =

∫ 0

xmin

1

σ

dσ

dx
dx. (3.12)

When the asymmetry variable is x = cos θA
i cos θB

j then xmax = 1 and xmin = −1. This

method works because Cij multiplies the component of the differential cross section that

is an odd function with respect to cos θA
i cos θB

j .

Each spin correlation matrix entry Cij is then

Cij =
4

κAκB

(

Acos θA
i

cos θB
j

)

. (3.13)

The third way to extract Cij is to compute the mean of the distribution in eq. (3.10) since

〈cos θA
i cos θB

j 〉 ∝ Cij , where the constant of proportionality depends on the distribution.

The variance of the mean is smaller than the variance of the asymmetry, however, the

asymmetry is more robust to systematic uncertainties. In our study we utilize the asymmetry.

3.2 The tt̄ system as a quantum state

Consider the tt̄ final state as a bipartite qubit system with the spin of the top and anti-top

identified as each qubit. Then each event at the LHC is a single measurement of this quantum

state. Each event can also be called a quantum sub-state. Let the quantum state that

describes the tt̄ system be ρ.

The kinematics of the tt̄ system are characterized by the invariant mass, mtt̄, of the

top-anti-top pair and by the angle, θ, of the top momentum (in the tt̄ center-of-mass frame)

– 9 –



J
H
E
P
0
7
(
2
0
2
4
)
1
9
2

relative to the beam. The quantum state for a single point in this phase space is ρ(mtt̄, θ),

while more generally, integrating over a region Π leads to the quantum state ρΠ [1].

At a hadron collider, the two partonic processes, at leading order, that produce tt̄ are qq̄

and gg. This means that ρ is necessarily a mixed state where the coefficients, as in eq. (2.1),

are given by the relative parton luminosities [1]. Additionally, we can identify the production

spin density matrix, eq. (3.2), as a quantum density matrix for a sub-state (for a given initial

partonic state) when normalized correctly and evaluated in a fixed basis [1].

The ideal final state would be the exclusive production of tt̄ since additional radiation

can disrupt the spin correlations between the t and t̄. In this study, we work at leading order

and leave higher order effects to future work. In the context of spin correlations, higher order

effects have been studied and are known to modify spin correlations at the 10 − 30% level [42].

The main backgrounds for tt̄ in the semi-leptonic channel are single top, W+ jets, multijet,

tt̄W , tt̄Z, and tt̄h. Altogether the background has a cross section that is ≈ 10% of the size

of the signal when two b-tags are required [43, 44]. In the boosted region this reduces to

≈ 4% [45, 46]. In this work the impact of backgrounds is neglected and left to future work.

In Bell inequality tests, loopholes often exist and the tt̄ system is no exception. In some

events, the top and anti-top decay while inside of each other’s light cones. This is an example

of the locality loophole. As the invariant mass mtt̄ of the tt̄ system increases, the fraction of

events which are space-like separated when decaying approaches 100% and is already at 90%

for mtt̄ > 800 GeV [6]. Another loophole is the fair sampling loophole which asserts that if

the detection efficiency is low then a violation of Bell’s inequality could be faked. The fair

sampling loophole, as well as others, are expected to be difficult to address at colliders.

Spin correlations. The tt̄ system has been studied for many years. In 1988 it was known

that when produced via the strong force (gg and qq̄), neither the tops nor anti-tops are

polarized at leading order, but that spin correlations exist between the top and anti-top [10].

Furthermore, these spin correlations can be observed by the angular separations between the

top and anti-top decay products [11, 12]. The gg and qq̄ initial states give rise to different

spin correlation behavior which is also the reason that the LHC and the Tevatron are very

complementary probes of this system.

The heuristic intuition for the spin correlations is that near threshold the spins of the

top and anti-top are aligned along the beamline direction. The possible outgoing spin

configurations are controlled by the incoming spins. For the qq̄ initial state the q and q̄ have

opposite helicity with the spins aligned along the beam axis. Near threshold the top and

anti-top have mostly opposite helicity with spins aligned along the beam axis, leading to

a configuration with a spin-triplet contribution. At high pT , the top and anti-top are still

opposite in helicity but their spin axes become aligned with their direction of motion. In

between the threshold region and the high pT region, the spin axes of the top and anti-top

interpolate between these directions [13, 14]. The basis for choosing the spin axes is called the

off-diagonal basis and has been shown to optimize the spin correlations from qq̄ production.

The situation is different for gg production. Incoming pairs of gluons can have the

same helicity or the opposite helicity. Near threshold same-helicity gluons dominate and the

outgoing top and anti-top have the same helicity with the spin axes aligned along the beam

axis, leading to a configuration with a spin-singlet contribution, in contrast to the qq̄ case. At
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The helicity basis, by contrast, is not a fixed basis because the axes change event-by-event.

Performing the summation over many events does not measure a parameter of eq. (2.3) but

rather its expectation value [7, 50] since the basis is different event-by-event. Thus in the

helicity basis, the summation over events does not produce a quantum state, but is simply a

summation over events. In ref. [7] this sum was labelled a “fictitious state.”

Showing that a fictitious state is entangled does not show that the associated tt̄ quantum

state is entangled, but it does show that there exists a sub-state (both of the fictitious state

and of the associated quantum state) that is entangled. This follows from the fact that both

the quantum state and fictitious states are convex sums and the positivity of concurrence. The

same considerations apply to Bell inequality violation. Appendix D provides a proof of this

statement, as well as more discussion on fictitious states (ref. [50] provides additional details).

In our study we use the helicity basis for both concurrence and CHSH violation which

means our results indicate the presence of entanglement and of Bell inequality violation,

but not the strength. In the high-pT region, these are naively not detectable using the

fixed beam basis.

3.3 Spin analyzing power

As seen in eq. (3.10) the measured value of spin correlations is impacted linearly by the spin

analyzing power κA from the decay of particle A and the spin analyzing power κB from

the decay of particle B. To maximize the sensitivity and significance, the daughter particle

with the largest spin analyzing power should be used.

When the top decays leptonically, the anti-lepton (ℓ+) has κ = 1.00 which is maximally

correlated with the spin of the top quark. In the fully leptonic channel of the tt̄ system the

lepton and the anti-lepton are used which results in maximal correlation. In the semi-leptonic

channel, that we study here, one side of the tt̄ system decay hadronically.

In the hadronic decay of the top, there is a b-jet and two light flavor jets, one of which

is initiated by an up-type quark and one of which is initiated by a down-type quark. If the

down-type-initiated jet could be identified, then the maximal correlation of κ = 1.00 would

be maintained because the leading order matrix element for the down quark and lepton in

top decays is the same. Unfortunately, this is usually not possible. One can consider charm

tagging since charm quarks are present in half of the hadronic top decays. It turns out that

the charm tagging rate is not high enough for this to be better than the optimal hadronic

method that we use. The required charm tagging rate is calculated in appendix E.5 In any

case, in many studies of top spin correlations the softer of the two jets was used since one

expects that down-type-initiated jet is more often the softer one. This yields a spin analyzing

power of κ = 0.50. Using the b-jet is not ideal because its spin analyzing power is κ = 0.40.

The optimal spin analyzing power, assuming that one cannot distinguish the up-type-

initiated and down-type-initiated jets, was calculated in ref. [53]. They find an integrated value

of κopt = 0.64 when one uses a weighted sum of the two jets whose four-vectors are labelled

as ~psoft and ~phard. The optimal hadronic value is given by using the four-vector ~popt which is

~popt(cos θW ) = Pd→psoft
(cos θW ) p̂soft + Pd→phard

(cos θW ) p̂hard, (3.15)

5Another possibility would be incorporating measurements of jet charge, however, this seems challeng-

ing [51, 52].
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Figure 2. Illustration of the top decay system in the rest frame of the t (left) and rest frame of

the W (right). Between the down-type anti-quark and the up-type quark in the t rest frame, the

down-type anti-quark tends to be softer while the up-type quark tends to be harder.

where θW is the angle between the momentum of the d-quark and the momentum axis of the

W in the rest frame of the W (see figure 2). The function Pd→psoft
(cos θW ) is the probability

that the d quark is the softer jet and Pd→phard
(cos θW ) is the probability that the d quark

is the harder jet. These functions are given in appendix C.

The optimal direction for the hadronic decay of anti-top quark is defined likewise and

the resulting spin analyzing power is κopt = −0.64. When extracting the components of the

spin correlation matrix via eq. (3.13) in the semi-leptonic channel one of the spin analyzing

powers is given by the lepton and one is given by the optimal hadronic direction.

3.4 Entanglement in tt̄

For a general bipartite quantum state, the 15 values of BA
i , BB

i , and Cij need to be specified.

In the tt̄ system at leading order, BA
i = 0 and BB

i = 0 for all i, and Cij = Cji [54].

Furthermore, in the helicity basis, where 1 = r̂, 2 = k̂, and 3 = n̂, only C12 is non-zero

leading to a set of only 4 parameters: C11, C22, C33, and C12.

With only these parameters, a subset of the list of sufficient conditions generated by the

PPT criterion can be shown to be a set of necessary conditions [8]

|C11 + C22| > 1 + C33, (3.16a)

|4C2
12 + (C11 − C22)2|1/2 > 1 − C33. (3.16b)

Instead of {C11, C22, C33, C12}, one can use the three eigenvalues of the C matrix {C1, C2, C3}.

Using these eq. (3.16) becomes

|C1 + C2| > 1 + C3, (3.17a)

|C1 − C2| > 1 − C3. (3.17b)

These conditions can be shown to be directly related to the concurrence

C(ρ) =







1
2max(|C1 + C2| − 1 − C3, 0), C3 ≤ 0

1
2max(|C1 − C2| − 1 + C3, 0), C3 ≥ 0

(3.18)

where the necessary and sufficient condition for entanglement becomes the usual C(ρ) > 0.
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where the angles are given by

cos θAB =
∑

i

ΩA
i ΩB

i , (3.25)

cos θ′AB =
∑

i,j

ΩA
i PijΩB

j . (3.26)

The vector ΩA
i is the normalized three-momentum of the decay product of the top in the

top rest frame and the vector ΩB
i is the normalized three-momentum of the decay product

of the anti-top in the anti-top rest frame. In the fully leptonic channel these would be the

anti-lepton and lepton. In the semi-leptonic channel these would be anti-lepton or lepton and

the optimal hadronic direction defined in section 3.3. The matrix Pij is diag(−1,−1, 1) [8].

Extracting D and D3 via the asymmetry yields

D =
4

κAκB
(Acos θAB) , (3.27)

D3 =
4

κAκB
(Acos θ′AB) . (3.28)

Measuring a quantity with a single observable was called the “direct” method in ref. [8].

By contrast, measuring a quantity by first measuring each Cij value individually, then

combining them, was called the “individual” method. In the case of (C11 + C22 + C33)/3

using eq. (3.27) is the direct method while using eq. (3.13) is the individual method. Ref. [8]

argued that the direct method naively has slightly better sensitivity since there is only one

uncertainty whereas for the individual method, multiple quantities are measured so their

uncertainties are combined.

From eqs. (3.18), (3.21), and (3.22) one sees that C(ρ) = −3D − 1 in the threshold

region and C(ρ) = −3D3 − 1 in the boosted region. D is basis-independent because it is

proportional to the trace of the spin correlation matrix C. D3 is basis-dependent and we use

the helicity basis. Experimentally, D has been measured by CMS [55]. They found a value

of −0.237 ± 0.011 without implementing an upper cut on mtt̄ [1]. More recently, ATLAS

measured −0.547 ± 0.02 using an upper cut of 380 GeV on mtt̄ [56].

3.5 Bell inequality violation in tt̄

To test Bell’s inequality, we use the CHSH inequality, given in eq. (2.13). Using fixed axes in

the CHSH inequality, in the helicity basis this corresponds to the operator6

B = Crr − Cnn, B >
√

2 for Bell inequality violation. (3.29)

In figure 4, we show B −
√

2 in the phase space plane of θ −mtt̄. We see that Bell inequality

violation is more appreciable at large mtt̄ and large θ.

6At high pT the helicity basis is known to result in large spin correlations [11] while near threshold the fixed

beam basis has larger spin correlations. In the tt̄ system due to the contributions from the gg and qq̄ initial

states, the Bell inequality violation near threshold is very small. For that reason we use the helicity basis and

focus on the boosted region. Eq. (2.16) allows different choices for C11 − C33 and we choose Crr − Cnn since

it leads to the largest Bell inequality violation.
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4 Results at the LHC

4.1 Sketch of expected results

Consider an observable O that is sensitive to the presence of entanglement. One example

would be the observable in eq. (2.10). A useful observable will have a large difference between

the measured value Oentangled for an entangled state and the predicted value Onull for a

separable state with no entanglement.

Let the measured value of the observable be Oentangled ± δO (corresponding to one

standard deviation). The significance can be approximated by

significance ≈ Oentangled − Onull

δO . (4.1)

The sensitivity of the observable can be increased either by reducing the uncertainty δO (for

example, by collecting more data) or by choosing a quantum state with a larger expected

value of Oentangled (for example, through phase space cuts).

Reducing the uncertainty: the leptonic decay channels of W → ℓν (ℓ = e, µ) have a

branching fraction BR(W → ℓν) = 0.21 [57]. The branching fraction of tt̄ into the fully

leptonic channel is thus

BR(tt̄ → ℓℓ) = 0.0455. (4.2)

There the complete final state consists of ℓ−νb̄ℓ+ν̄b, but we write it as ℓℓ for simplicity.

The hadronic branching fraction of the W decay is BR(W → hadrons) = 0.67 [57], so the

branching fraction of tt̄ into the semi-leptonic channel is

BR(tt̄ → ℓj) = 0.2877, (4.3)

which is about a factor of 6 larger than the fully leptonic channel. Again, we’ve written the

final state as ℓj which represents either ℓ−νb̄qq̄′b or qq̄′b̄ℓ+ν̄b.

Assuming that the uncertainty on O is statistics dominated, the uncertainty in the

channel ij will scale as 1/
√

BR(t̄t → ij).7 Relative to the fully leptonic channel, we ex-

pect that the uncertainty on O in the semi-leptonic channel is decreased by a factor of
√

BR(t̄t → ℓℓ)/BR(t̄t → ℓj) or a gain of a factor of 2.5.

Naive Expectation: the correlation between the polarization of the top (or anti-top) and

one of its decay products i is given by the spin analyzing power κi, as discussed in section 3.3

and appendix C. The spin analyzing power of the anti-lepton (or lepton) in the top (or

anti-top) decay is |κℓ| = 1; it is maximally correlated with the polarization of the top (or

anti-top). For the hadronic decay of the top (or anti-top) the spin analyzing power is smaller

and it is |κq| = 0.64. In the semi-leptonic channel, the leptonically-decaying top (or anti-top)

uses the anti-lepton (or lepton) as a proxy for the polarization and the hadronically-decaying

top (or anti-top) uses the jets as a proxy for the polarization. The observable for semi-leptonic

7Results in recent measurements are still systematics dominated [58]. Systematic uncertainties are typically

under better control and consequently reduced as more dataset is collected.
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channel has a different pre-factor (see eq. (3.13)) than the fully leptonic channel which scales

the uncertainty by a factor of |(κℓκℓ)/(κℓκq)| = 1/0.64.

Combining both of the previous effects, we expect that the relative significance between

the decay channel tt̄ → ab and tt̄ → cd is given by

significance (tt̄ → ab)

significance (tt̄ → cd)
=
κaκb

κcκd

√

BR(tt̄ → ab)

BR(tt̄ → cd)
. (4.4)

Comparing the semi-leptonic to the leptonic we have

significance (tt̄ → ℓq)

significance (tt̄ → ℓℓ)
= 0.64

√

0.2877

0.0455
= 1.60. (4.5)

We naively expect an improvement of 60%. There will also be a further improvement in

the reconstruction efficiency of the semi-leptonic channel because there is a single neutrino

as opposed to the fully leptonic channel which has two neutrinos, as we will exploit in our

full analysis of the semi-leptonic channel. Following the scaling as in eq. (4.5), the fully

hadronic channel is expected to gain 29% over the fully leptonic channel. Given the challenges

for the signal identification and background suppression for the fully hadronic channel, we

leave this to a future study.

4.2 Simulation

We perform our analyses in two stages. The first is “parton-level”, where events are generated

without parton shower or hadronization. The uncertainty for parton-level events is always

just statistical from the number of events. We further carry out a “detector-level” (or

“reconstructed”) study, which includes parton showering, hadronization, detector simulation,

and event reconstruction. Parameters extracted from the detector-level analysis are always

corrected using parametric fitting (see section 4.3) and the uncertainties include the impact

of the parametric fitting. In the few instances where detector-level results are shown without

parametric fitting it will be noted explicitly.

All events are generated with Madgraph 5 [59] at
√
s = 13 TeV using the NNPDF 2.3

parton distribution function [60]. Three samples are generated: a tt̄ sample that decays

through the fully leptonic channel and two tt̄ samples that decay through the semi-leptonic

channel. In all samples we generate pp → tt̄ at leading order and then the events are decayed

using Madspin [61]. We apply a flat k-factor of 1.8 to account for the QCD correction to

the total cross section [62].

The leptonic sample includes the decays tt̄ → (bℓ+νℓ)(b̄ℓ
−ν̄ℓ) where ℓ = e, µ. It is

generated with no phase space cuts or event selection and only at parton-level. The semi-

leptonic samples include both tt̄ → (bℓ+νℓ)(b̄qq̄
′) and tt̄ → (bqq̄′)(b̄ℓ−ν̄ℓ) where q, q′ are light

flavor quarks. The partonic final states are then showered and hadronized with Pythia 8 [63]

and go through the detector simulation Delphes 3 [64]. The detector simulation applies

smearing to detected particles and applies realistic detector resolutions. Other more involved

systematic uncertainties are not included (see ref. [58] for a realistic list). We have two

semi-leptonic samples in two kinematic regions according to the invariant mass of the tt̄ system.
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Resolved sample: we first start with the semi-leptonic sample with no additional phase

space cuts, which we call the “resolved sample.” The event selection used is

pT (j) > 25 GeV, |η(j)| < 2.5, (4.6a)

pT (ℓ) > 25 GeV, |η(ℓ)| < 2.5, (4.6b)

/ET > 30 GeV. (4.6c)

Jets are clustered with the anti-kT algorithm with a separation ∆R =
√

∆φ2 + ∆η2 = 0.5 [65].

This is approximately the event selection corresponding to a single lepton trigger [43, 44].

To compute the spin correlation matrix, it is necessary to fully reconstruct the final state

kinematics. This requires identifying two b-jets, estimating the four-vector of the neutrino

(or anti-neutrino), and assigning each b-jet to either the leptonic pair or the jet pair. We

employ a modified version [66] of the pseudo-top algorithm [67, 68]. If the event contains

only one b-tagged jet, the hardest jet from the non-b-tagged jet is assumed to be the second

b-jet. The neutrino (or anti-neutrino) four-vector is determined from the two components of

the missing transverse energy vector and from solving the on-shell condition of the neutrino

and the on-shell condition of the leptonically-decaying W boson.

The resulting reconstruction efficiency is defined as the number of events that are success-

fully reconstructed compared to the total events generated. The differential reconstruction

efficiency is shown in figure 5. We find that the reconstruction efficiency peaks around 19%

near threshold and decreases as the invariant mass of the system, and consequently the

boost of the top and anti-top, increases.

Boosted sample: the other semi-leptonic sample is generated with

mtt̄ > 800 GeV, (4.7)

at parton-level and we call it the “boosted sample.” This corresponds to a boost factor

γ > 2.3 in the center-of-mass frame for a fast-moving top quark.

We first cluster events with the anti-kT algorithm into jets with ∆Rsub = 0.2 and apply

the event selection from eq. (4.6). In the boosted sample we will call these subjets, even

though they are clustered from the full event. We then recluster the event into “fat jets”

∆Rfat = 1.5, |η| < 2.5, pT > 200 GeV. (4.8)

A single fat jet J is matched to three subjets jsub by selecting the three highest pT subjets

that satisfy

∆R(J, jsub) < ∆Rfat. (4.9)

The three matched subjets are required to constitute most of the transverse momentum

of the fatjet

pT (jsub1 + jsub2 + jsub3)

pT (J)
> 0.9. (4.10)

The hadronic top is then taken to be the four-vector sum of the three subjets ptop = pjsub1
+

pjsub2
+ pjsub3

. This procedure approximately corresponds to the fat jets and corresponding

subjets that would result from the trimming procedure [69].
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Let ~xtruth be the data if it could be measured with no detector effects or phase space

cuts, and ~xdetected be the measured data. We call the effect of the detector and cuts “folding”

~xtruth
folding−−−−→ ~xdetected = R · ~xtruth, (4.11)

where the matrix R is the response matrix.

Unfolding is the procedure that attempts to undo both detector effects and phase space

cuts via ~xtruth = R−1 · ~xdetected. Generally, this is an ill-defined inversion problem which

means that algorithm and regularization choices are required to obtain a result. These

choices are actually very important in the case of entanglement and Bell inequality violation

because the experimental sensitivity is entirely driven by the obtainable uncertainty on spin

correlation measurements. Ideally the unfolding procedure itself would not substantially

increase the uncertainty.

Let the uncertainty from statistics only be ∆stat and let the uncertainty after detector

effects and unfolding be ∆tot, such that for a given measurement the increase from statistics

only is a factor of ∆tot/∆stat. In ref. [6] the increase is a factor of 1.46 − 1.53 while in

ref. [16] the factor is 0.88 (meaning that the final uncertainty is smaller than the statistics

only uncertainty).

Past studies on this topic, including refs. [2, 6, 16], have used either the Iterative Bayesian

(IB) method [70] or the Singular Value Decomposition (SVD) method [71] implemented in

either the RooUnfold package [72] or TSVDUnfold package [71]. For both of these methods

one needs to choose both the number of bins to use in the unfolding and a parameter related

to regularization. In previous studies it was stated that the resulting uncertainty of spin

correlation measurements was stable with respect to different choices.

By contrast we find that variations to these parameters can change the resulting un-

certainty by up to 75%. As there are many fewer events in the detected sample compared

to the truth sample, some level of instability is expected. These variations are shown in

detail in appendix A along with results from an alternative unfolding method called the

One-at-a-time Strict Bound method (OSB) [73].

In our work, we apply the more common procedure used by the LHC experiments of

parametric fitting. While unfolding is typically applied at the level of distributions, parametric

fitting is applied to the parameter estimation. Consider a parameter Θ, then schematically

parametric fitting can be described as

~xtruth(Θ)
folding−−−−→ ~xpredicted(Θ) = R · ~xtruth(Θ). (4.12)

The data ~xdetected is fit to ~xpredicted(Θ) to extract the value of Θ. Here there is no need to

invert the response matrix and therefore it is not dependent on a regularization parameter.

We find this method to be more stable and more intuitive than unfolding. The uncertainty

on the parameter Θ can be calculated by performing pseudo-experiments. In our work, we

carry out 1000 pseudo-experiments. More details are presented in appendix A.

4.4 Signal regions

From figures 3 and 4, it is clear that the size of entanglement and of Bell inequality violation

differs over phase space. To maximize the observable signals we specify four signal regions.

These are shown graphically in figure 8 as non-rectangular cuts in the θ −mtt̄ plane.
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parton-level n r k

n −0.500 ± 0.006 0.000 ± 0.006 0.000 ± 0.006

r −0.004 ± 0.006 −0.361 ± 0.006 −0.010 ± 0.006

k −0.006 ± 0.006 −0.004 ± 0.006 −0.656 ± 0.006

detector-level n r k

n −0.510 ± 0.012 0.000 ± 0.023 0.001 ± 0.019

r 0.001 ± 0.022 −0.359 ± 0.023 0.000 ± 0.030

k −0.005 ± 0.019 0.000 ± 0.026 −0.655 ± 0.020

Table 1. The spin correlation matrix Cij at parton-level (top) and at detector-level (bottom) in the

threshold region generated at
√
s = 13 TeV with L = 139 fb−1.

have more sensitivity. Note that the weak region is a subset of the boosted region and the

strong region is a subset of both the boosted region and the weak region.

4.5 Entanglement results

Before presenting results on entanglement, in table 1 we show the measured values of the

elements of the spin correlation matrix Cij in the helicity basis in the threshold region. The

values of Cij are measured using eq. (3.13). Parton-level results contain no event selection

and detector-level results are fully corrected.

The uncertainties on parton-level results are purely statistical while the uncertainties

on detector-level results are larger because they include additional sources of uncertainty

from the detector simulation and from the parametric fitting. The uncertainties are different

for different entries of the Cij matrix because each distribution gets distorted by detector

effects in different ways. The distribution itself also impacts the resulting uncertainty. For

the entries of the spin correlation matrix parametric fitting increases the uncertainties by a

factor of 2 − 4. The outcomes, however, are quite stable and robust.

Results for entanglement are given by two times the concurrence 2C(ρ), where the

concurrence is given by eq. (3.18). Entanglement is indicated by 2C(ρ) > 0. The factor

of two is included for easier comparison with other studies [6, 8]. Results at parton-level

are shown in table 2 (top). The uncertainty is purely statistical taking the number of

events as ǫNparton where ǫ is the average reconstruction efficiency for that signal region and

Nparton = k × L × σLO, where the k-factor is 1.8 and the luminosity for the existing LHC

data is 139 fb−1. The individual results are calculated from eq. (3.13) and the direct results

are calculated from eqs. (3.27) and (3.28). Since all results are well above a significance of

5σ, we show the precision which is given by ∆C(ρ)/C(ρ).

Comparing the threshold and boosted signal regions, we see that while the boosted region

has a larger concurrence, the threshold region has about an order of magnitude of more events,

yielding an uncertainty about 3 times smaller. Furthermore, the direct method reduces the

uncertainty on the parton-level results by about 20% which is consistent with ref. [8].

Entanglement results at detector-level after parametric fitting are shown in table 2

(bottom). The value of Ndetected accounts for detector efficiencies. The central value of

2C(ρ) does not change relative to the parton-level result which is expected. The uncertainty,
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Parton-level Efficiency
ǫNparton 2C(ρ)

Precision
(139 fb−1) (Individual) (Direct)

Threshold 0.16 1.26 × 106 0.518 ± 0.010 0.522 ± 0.008 1.6%

Boosted 0.13 1.15 × 105 0.576 ± 0.032 0.566 ± 0.027 4.8%

Reconstructed
Ndetected 2C(ρ)

Precision
(139 fb−1) (Individual) (Direct)

Threshold 1.26 × 106 0.523 ± 0.033 0.522 ± 0.016 3.0%

Boosted 1.15 × 105 0.549 ± 0.084 0.552 ± 0.052 9.5%

Table 2. Measurements of 2C(ρ) generated at
√
s = 13 TeV and L = 139 fb−1 at parton-level (top)

and after detector simulation, reconstruction, and parametric fitting (bottom). Entanglement is

indicated by 2C(ρ) > 0. The efficiency indicated is the average over the specified signal region. The

precision uses the direct measurement both at parton-level and at reconstruction-level.

however, is larger than the statistics-only result by roughly a factor of 3 for the individual

method and a factor of 2 for the direct method.

The precision as a function of luminosity is shown in figure 9 (left) at parton-level. With

only statistical errors, the parton-level result predicts that a 1% precision can be achieved

with around 300 fb−1, corresponding to the end of LHC Run-3. The results from the fully

leptonic channel are also shown for comparison. This channel is calculated at parton-level

using the same efficiency that was calculated in the semi-leptonic sample.8 Our calculation

from section 4.1 predicted an improvement of 60% which is what the parton-level result also

finds. Our leptonic result is consistent with ref. [8] (see appendix B for a full comparison).

Figure 9 (right) shows the precision as a function of luminosity with the detector

simulation. Including the detector effects increases the data required to reach 1% precision

to roughly 1200 fb−1. Even with the current LHC dataset, a detection of 5σ is still easily

obtainable. Note that we only include statistical uncertainties and systematic uncertainties

associated with detector smearing and parametric fitting. There are typically additional

systematic uncertainties for real measurements, which are beyond the scope of our current

analyses.

4.6 Bell inequality violation results

Table 3 (top) presents results for Bell inequality violation at parton-level. Bell inequality

violation is measured by (B−
√

2) where B is given by eq. (3.29). Results with the individual

method are calculated from eq. (3.13) and with the direct method from eq. (3.32). Bell

inequality violation occurs when (B −
√

2) > 0. With only statistical uncertainties, we find

that Bell inequality violation can only be probed at ≈ 2σ with 300 fb−1. With the projected

luminosity of the HL-LHC the significance is above 5σ.

Bell inequality violation at detector-level after parametric fitting is shown in table 3

(bottom). The individual measurements have an uncertainty that increases by a factor of

1.6 compared to the parton-level results. The direct measurements, which use eq. (3.33),

on the other hand increase by a factor of 2.3 and are actually worse than the individual

8The actual efficiency for the leptonic channel [6] is expected to be lower than in the semi-leptonic channel.
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Figure 9. Expected precision of entanglement detection as a function of the integrated luminosity at

the 13 TeV LHC at parton-level (left) and after detector simulation, reconstruction, and parametric

fitting (right).

Parton-level Efficiency
ǫNparton B −

√
2 Significance

(300 fb−1) (Individual) (Direct) (300 fb−1) (3000 fb−1)

Weak 0.080 6280 0.22 ± 0.11 0.22 ± 0.10 2.2σ 7.0σ

Strong 0.078 4127 0.26 ± 0.14 0.25 ± 0.12 2.0σ 6.4σ

Reconstructed
Ndetected B −

√
2 Significance

(300 fb−1) (Individual) (Direct) (300 fb−1) (3000 fb−1)

Weak 6280 0.23 ± 0.18 0.22 ± 0.22 1.3σ 4.1σ

Strong 4127 0.27 ± 0.22 0.25 ± 0.28 1.2σ 3.8σ

Table 3. Measurements of (B −
√

2) generated at
√
s = 13 TeV and L = 139 fb−1 at parton-level

(top) and after detector simulation, reconstruction, and parametric fitting (bottom). CHSH violation

is indicated by (B −
√

2) > 0. The efficiency indicated is the average over the specified signal region.

The significance uses the direct measurement at parton-level and uses the individual measurement at

reconstruction-level.

measurements. This is because the uncertainty depends on the shape of the distribution

and the properties of the detector smearing. With 300 fb−1 the significance is only 1.3σ and

even at the HL-LHC the significance only reaches 4.1σ.

The significance as a function of luminosity is shown in figure 10 (left) at parton-level. We

show results from the leptonic channel for comparison. With the estimation from section 4.1,

we expected a 60% improvement over the leptonic result at the parton level, while we obtain

a 54% improvement. Our leptonic result is consistent with ref. [8] (see appendix B for a

full comparison). The detector-level result is shown in figure 10 (right). Comparing to the

detector-level leptonic [6] results we find a factor of 3 improvement thanks to the higher

efficiency in our channel (see appendix B). We confirmed that the weak signal region is in

fact optimal and using different cuts only weakens the sensitivity.
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Figure 10. Expected significance of CHSH violation detection as a function of the integrated

luminosity at the 13 TeV LHC at parton-level (left) and after detector simulation, reconstruction, and

parametric fitting (right).

5 Summary and conclusions

There has been increasing interest in testing quantum entanglement and violations of Bell

inequalities at high-energy colliders, which explore physics at much shorter space-time scales

than traditional quantum experiments. The tt̄ system is an exemplar of a two qubit system

where the detailed quantum mechanical properties of the system are exhibited through the

production and decay of the t and t̄. In this article, we explored entanglement in the tt̄ system

at the LHC via spin correlations when one of the top quarks decays leptonically and the

other hadronically. This channel has advantages over the fully leptonic channel, namely that

there are roughly six times more events and the kinematic reconstruction is more efficient.

In section 2, after a brief review of quantum entanglement and Bell non-locality, we

identified observables to test these quantum properties. These quantum observables were

related to collider observables in section 3. In particular the spins of the t and t̄ are the

qubits while spin correlations encode the entanglement between qubits. The spins are then

measured through the angles of the decay products of the t and t̄.

In section 4, we showed our results in searching for evidence of quantum entanglement

and Bell inequality violation in the semi-leptonic decay channel where the final state includes

one lepton, one neutrino, two b-jets, and two light-quark-initiated jets from the W decay.

The tt̄ system exhibits entanglement both near threshold and at high pT . We showed that

the events near threshold provide a more sensitive probe of quantum entanglement owing to

a larger number of events relative to the high-pT region. Tests of Bell inequality violation,

on the other hand, require a stronger signal which is only present in the signal region with

highly-boosted top quarks.

The semi-leptonic channel, which is the focus of this work, yields a higher efficiency for

event reconstruction than the leptonic case. Going beyond just the parton-level analysis,

we performed a detector simulation, followed by parametric fitting to correct the detailed

angular observables. We found that this approach leads to a more stable outcome than the

– 27 –



J
H
E
P
0
7
(
2
0
2
4
)
1
9
2

practice of unfolding. As a result, the sensitivity for quantum entanglement detection is

expected to be 60% better than in the leptonic channel. In 139 fb−1 (3 ab−1) of data at the

LHC (HL-LHC), it should be feasible to measure entanglement at a precision of . 3% (0.7%)

which is shown in table 2 and in figure 9.

The same expectation of 60% improvement applies to Bell inequality violation detection.

When compared to previous leptonic studies, the improvement reached a factor of 3 better

than for the leptonic channel due to a substantially higher reconstruction efficiency we

achieved. The overall detection of Bell inequality violation, however, is still challenging.

With 300 fb−1 (3 ab−1) integrated luminosity at the LHC Run-3 (HL-LHC), we expect a

sensitivity of 1.3σ (4.1σ) as shown in table 3 and figure 10. A full comparison between

previous results is shown in appendix B.

In summary, we demonstrated that the semi-leptonic decay of the tt̄ system is the premier

channel for testing entanglement and Bell inequality violation at the LHC. Performing a

detector simulation and correcting the results with parametric fitting are indispensable

components of an accurate prediction. We project that at the HL-LHC entanglement can

be measured nearly to the percent-level and that strong evidence will be obtained for Bell

inequality violation. There are a number of future directions such as studying the fully

hadronic decay channel of the tt̄ system and describing the small backgrounds in a quantum

mechanical framework. Additionally, the semi-leptonic channel should be studied in a fully

realistic experimental environment where a larger set of systematic uncertainties will be

present. The LHC is a promising environment to study quantum mechanics at the TeV scale.
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A Unfolding and parametric fitting

Consider a distribution ~xtruth that is produced at a collider experiment. For example, the

invariant mass spectrum or energy spectrum of a particle. This underlying distribution is

not measured directly because the detector itself has limitations and resolutions which result

in smearing. Thus the detected distribution is ~xdetected.

The truth and detected distributions can be related by the forward process which can

be called “folding” [74–76]:

~xtruth
folding−−−−→ ~xdetected = R · ~xtruth, (A.1)

where the matrix R is the response matrix that describes the effects of detector smearing

and phase space cuts.
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Method Package Regularization

Parameters

Iterative Bayesian (IB) RooUnfoldBayes [72] nI

Singular Value Decomposition (SVD) RooUnfoldSvd [72] τ or m

One-at-a-time Strict Bounds (OSB) ref. [73] −

Table 4. Unfolding algorithms and their regularization parameters.

Only ~xdetected is measured, but we require ~xtruth to extract the underlying physics

parameters. To do this, first, ~xtruth is generated by Monte Carlo. Then a detector simulation

can produce ~xdetected from ~xtruth which allows us to compute R from Monte Carlo. Given

R we can make an estimate of ~xtruth that corresponds to some detected data.

A.1 Unfolding

Unfolding is the mathematical procedure of inverting eq. (A.1) in order to solve for ~xtruth:

~xunfolded = R−1 · ~xdetected. (A.2)

Once ~xunfolded is obtained, the underlying physics parameters Θ can be extracted through

a fit, asymmetry measurement, etc.

The response matrix R quantifies the detector smearing and the loss of events which

do not pass phase space cuts, and is therefore often an ill-conditioned matrix. To find a

stable inversion of R, one typically needs to apply regularization where ambiguity arises when

choosing the form and the strength of the regularization. That is why we write ~xunfolded in

eq. (A.2) rather than ~xtruth. As explained in ref. [77], without a careful choice of regularization

strength one may induce a bias and underestimate the uncertainty. Recent methods have

been proposed to avoid such subtleties [73].

The bias quantifies how far the unfolded distribution ~xunfolded is from a true inversion of

the response matrix applied to xdetected. When R is ill-conditioned, some bias is necessary

but a large bias indicates that ~xunfolded does not accurately describe ~xtruth. The variance

measures how much the unfolded distribution changes with respect to statistically different

detected data.

We list several unfolding algorithms in table 4 along with the package we use for their

implementation and their regularization parameters. The Iterative Bayesian (IB) method [70]

is regularized by the number of iterations nI . The Singular Value Decomposition (SVD)

method [71] is parametrized by τ which is the coefficient of the regularization term. The value

of τ is often set by the square of mth singular value (in descending order) of a matrix related

to the second derivative of the truth distribution. Both of these methods are commonly used

in theory studies. The One-at-a-time Strict Bound (OSB) method, on the other hand, is

not commonly used, but is free from any regularization [73]. Instead, the inputs are general

constraints on the expected shape of the unfolded distribution.

To compare methods we consider the two quantities: cos θA
n cos θB

n and cos θA
r cos θB

r .

Events are restricted to the weak signal region described in section 4.4 which is relevant

for Bell inequality violation. We use an integrated luminosity of 300 fb−1. The functional

form of the truth distribution is given in eq. (3.10).
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Figure 11. Distributions of cos θA
n cos θB

n (left) and cos θA
r cos θB

r (right) for parton-level truth data

(red), for detector-level data (orange), and after applying the unfolding methods OSB (blue), IB (light

blue), and SVD (green), computed at
√
s = 13 TeV.

parameter nbin IB nI = 3 IB nI = 4 IB nI = 5 IB nI = 6

Cnn

6 −0.752 ± 0.086 −0.752 ± 0.110 −0.752 ± 0.131 −0.753 ± 0.151

12 −0.749 ± 0.088 −0.748 ± 0.111 −0.748 ± 0.131 −0.748 ± 0.150

Crr

6 0.895 ± 0.064 0.894 ± 0.083 0.894 ± 0.102 0.892 ± 0.117

12 0.893 ± 0.062 0.892 ± 0.081 0.891 ± 0.099 0.890 ± 0.115

Crr −Cnn −
√

2
6 0.232 ± 0.107 0.232 ± 0.138 0.232 ± 0.166 0.230 ± 0.191

12 0.227 ± 0.108 0.226 ± 0.137 0.224 ± 0.165 0.223 ± 0.189

Table 5. Parameter estimation via unfolding with the IB method.

In figure 11 we show the distribution at parton-level with only signal region cuts (red)

and after detector effects and event selection cuts (orange). The uncertainties are determined

by calculating the variance from performing the same calculation in different instances of the

same dataset, i.e. running pseudo-experiments. The response matrices for these processes

are shown in figure 12.

Figure 11 also shows the unfolding methods: OSB (blue), IB (light blue), and SVD

(green). For the OSB method over the full domain we require the unfolded distribution to

be positive and separately over negative and positive input values we require the unfolded

distribution to be monotonic and convex. We follow the aggregation strategy of starting

with an initial value nbin = 48, before aggregating these into larger bins. For the IB method

we use nI = 4 and nbins = 12 while for the SVD method we use m = 4 and nbins = 12.

The results show a very stable central value for all the methods, however, the uncertainty

varies substantially between methods. The OSB method does not have free parameters

while the IB and SVD methods do have free parameters. We investigate the dependence

on these parameters further below.

Intuitively, as the regularization strength increases, more bias is introduced but the

variance decreases. When the regularization strength decreases, the bias is reduced but the

variance increases. In table 5 we vary the regularization parameter nI and the number of bins

nbin using the IB method. We show results for measuring Cnn, Crr, and the combination

Crr − Cnn −
√

2. We find that the unfolded central values are stable under variations in
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Truth OSB Unfolding Parametric Fitting

Cnn −0.754 ± 0.079 −0.748 ± 0.370 −0.754 ± 0.116

Crr 0.884 ± 0.079 0.890 ± 0.472 0.892 ± 0.137

Crr − Cnn −
√

2 0.224 ± 0.112 0.223 ± 0.600 0.231 ± 0.179

Table 7. Parameter estimation via OSB unfolding and parametric fitting computed at
√
s = 13 TeV

in the weak signal region. The uncertainties on the truth results are statistical.

We perform this parameter extraction by a binned maximum likelihood fit where the

likelihood function is

L(Θ) =
nbins
∏

α=1

Poisson (xdetected,α, xpredicted,α(Θ)) , (A.4)

=
nbins
∏

α=1

Poisson



xdetected,α,
∑

β

Rαβxtruth,β(Θ)



 , (A.5)

where Poisson(x, λ) is the Poisson distribution for random variable x with mean λ. The

response matrix R is calculated from simulation, the distribution xtruth(Θ) as a function of Θ is

known analytically in all cases that we study. For example, for Θ = Cij , the truth distribution

is given by eq. (3.10). To obtain Θ we maximize the logarithm of the likelihood function.

As with unfolding, the uncertainty is calculated by performing pseudo-experiments. When

varying the number of bins (nbin = 5, 10, 20) we find the uncertainty changes by less than 5%.

Table 7 contrasts the results from parametric fitting with OSB unfolding. The truth

result is used as a baseline where there are no smearing effects, but the number of events

used to determine the uncertainty is rescaled by the average reconstruction efficiency. While

OSB unfolding does not have a dependence on regularization the resulting uncertainties

are substantially larger than the statistical uncertainties. Parametric fitting also does not

depend on regularization and increases the uncertainty, but by a more modest amount. The

increase in uncertainty depends on the detector smearing, the phase space cuts, and the form

of the expected distribution for the parameter. For this reason, each fitted parameter has

a different increase in uncertainty relative to the statistics only uncertainty. In table 7 the

increase is about a factor of 1.4 − 1.7, while for concurrence it is a factor of 1.9 − 3.4 and

for Bell inequality violation it is a factor of 1.6 − 2.2.

B Comparison to previous results

As a validation step, we compare our results with the parton-level results in ref. [8] and the

detector-level results in ref. [6]. Our results are for the semi-leptonic channel and we use the

event selection specified in section 4.2. For the purposes of comparison we do not use our

signal regions but instead use the signal regions from ref. [8] and ref. [6].

The parton-level comparison is shown in table 8. We apply an efficiency of 0.12 and

use a luminosity of 139 fb−1 to match ref. [8]. The central values agree relatively well. The

small differences may result from using different PDF sets [8]. As estimated in section 4.1
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Observable Entanglement: |Crr + Ckk| − Cnn − 1 CHSH: (Crr − Cnn) −
√

2

Region Threshold /β Threshold β Boosted Boosted

ref. [8] 0.560 ± 0.020 0.680 ± 0.022 0.671 ± 0.069 0.218 ± 0.141

This work 0.529 ± 0.013 0.634 ± 0.015 0.650 ± 0.042 0.212 ± 0.085

Table 8. Parton-level comparison between leptonic results from ref. [8] with semi-leptonic results

from this work. The semi-leptonic channel is expected to have uncertainties that are 60% smaller.

Observable Entanglement: |Crr + Ckk| − Cnn − 1 CHSH: (Crr − Cnn) −
√

2

Region Threshold, strong High-pT , strong High-pT , strong

ref. [6] 0.38 ± 0.02 0.42 ± 0.10 0.21 ± 0.54

This work 0.45 ± 0.04 0.58 ± 0.08 0.19 ± 0.16

Table 9. Detector-level comparison between leptonic results from ref. [6] with the semi-leptonic

results from this work. The semi-leptonic channel is expected to have uncertainties that are 60%

smaller without accounting for differences in reconstruction efficiency. The CHSH result from ref. [6]

is multiplied by 1/
√

2 to match our normalization.

our uncertainties should be about 60% smaller than the leptonic results. The table confirms

this is an accurate estimation.

The detector-level comparison is shown in table 9. We use a luminosity of 139 fb−1 for

entanglement and 350 fb−1 for CHSH violation to match ref. [6]. In the threshold region the

efficiencies are similar: their leptonic sample has an efficiency of 0.08 while our semi-leptonic

sample has an efficiency of 0.12. In the high-pT region their leptonic sample has an efficiency

of 0.011 (taken from appendix B of ref. [8]) while our semi-leptonic sample has an efficiency

of 0.08. The higher efficiency in the semi-leptonic sample is expected.

For entanglement, the central values are similar, but not quite matching. Our central

values in these regions, however, do match with those from ref. [8]. For the “threshold,

strong” region our uncertainty is larger by a factor of 2. In this region the unfolding adds no

uncertainty in ref. [6] while in our work the parametric fitting always increases the uncertainty

by a factor of 1.6−3. Accounting for the 60% improvement from statistics in the semi-leptonic

these results are consistent. In the “high-pT , strong” region our uncertainty is lower by 25%.

The unfolding from ref. [6] increased the uncertainty by about a factor of 1.5. For CHSH

violation, the central values are consistent. In the “high-pT , strong” our uncertainty is a

factor of 3.4 smaller. While the unfolding from ref. [6] still only increases the statistical

uncertainty by a factor of 1.5, the reconstruction efficiency in our sample is much higher.

Note that ref. [6] uses SVD unfolding while we apply parametric fitting.

Finally, we briefly compare to ref. [16]. They provide detector-level results which include

a deep neural network reconstruction algorithm and SVD unfolding. Our weak signal region

from section 4.4 has approximately a factor of 3 times more events than the signal region used

in ref. [16]. In addition, our parametric fitting increases the statistical uncertainty by a factor

of roughly 3 while in ref. [16] the unfolding decreases the statistical uncertainty slightly.
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C Spin analyzing power for hadronic top decays

Consider an ensemble of polarized top quarks with polarization vector ~B, where 0 ≤ | ~B| ≤ 1.

The differential decay width of the top quark is

1

Γ

dΓ

d cos θv
=

1

2

(

1 + | ~B|κv cos θv

)

, (C.1)

where cos θv = ( ~B · ~v)/(| ~B||~v|) for a direction ~v associated with the decay products. The

coefficient κv is the spin analyzing power associated with the direction ~v.

In the leptonic decay of a top quark, if ~v = ~pℓ+ then κℓ+ = 1.0. The spin analyzing

power ranges from −1 to +1, so the anti-lepton carries the maximum amount of information

about the polarization of the top quark.

The spin analyzing powers of the other decay products can be calculated and, at leading

order, are [78]

κW + = 0.40, κb = −0.40, κν = −0.34. (C.2)

For the decay of anti-top quark, the spin analyzing power is equal in magnitude and opposite

in sign for the corresponding anti-particles in the decay product. In hadronic decays of

the top quark, the vertex structure is the same with the replacement of ℓ+ → down-type

anti-quark and ν → up-type quark. The complication in this case is that the down-type

anti-quark cannot be distinguished from the up-type quark on an event-by-event basis. They

are both detected as jets.

Early on, the softer jet (the jet with the lower energy in the top rest frame) was used and

has a spin analyzing power of κsoft = 0.50 [78]. The intuition is that the down-type anti-quark

tends to be emitted closer to the b-quark which makes it more often become the softer jet.

In ref. [53] it was shown that the optimal spin analyzing power uses a weighted sum of

both the quark and anti-quark. The optimal hadronic direction ~popt is

~popt(cos θW ) = Pd→psoft
(cos θW ) p̂soft + Pd→phard

(cos θW ) p̂hard, (C.3)

where p̂soft is the normalized three-momentum of the softer jet, p̂hard is the normalized three-

momentum of the harder jet, and θW is the angle between one of the W decay products and the

W momentum axis in the W rest frame (shown in figure 2). The functions Pd→psoft
(cos θW )

and Pd→phard
(cos θW ) are

Pd→psoft
(cos θW ) =

f(−| cos θW |)
f(| cos θW |) + f(−| cos θW |) , (C.4)

Pd→phard
(cos θW ) =

f(| cos θW |)
f(| cos θW |) + f(−| cos θW |) . (C.5)

The function f(cos θW ) is the probability distribution of cos θW which depends on the

polarization of the W boson coming from the decay of the top [53]. Neglecting the b mass

the distribution is

f(cos θW ) =
3

4

m2
t

m2
t + 2m2

W

(1 − cos2 θW ) +
3

8

2m2
W

m2
t + 2m2

W

(1 − cos θW )2. (C.6)
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Figure 13. Differential decay width of the top quark at parton-level (red), uncorrected detector-level

(orange), and after unfolding (blue markers).

Theory Parton-level Unfolded Parametric Fitted

κopt 0.638 0.640 ± 0.004 0.654 ± 0.037 0.642 ± 0.030

Table 10. Calculated values of the optimal hadronic spin analyzing power in top decays at theory-level,

at parton-level, after unfolding, and after parametric fitting. The uncertainties are from Monte Carlo

statistics.

The dependence of eq. (C.3) on cos θW means that the spin analyzing power also is a function

of cos θW . The dependence of the spin analyzing power on cos θW is nearly flat [53].

From theory, the predicted integrated value of the spin analyzing power is κopt = 0.638.

To ensure the validity of our results for entanglement and Bell inequality violation we

compute the spin analyzing power from simulation.

We use Madgraph 5 [59] to generate a sample of polarized top quarks. The differential

decay width as a function of cos θ taken with respect to ~popt is shown in figure 13. The

parton-level distribution is shown in red and yields a value of κopt = 0.640 ± 0.004. The

distribution at the uncorrected detector-level is shown in orange. The blue markers indicate

the distribution after unfolding and lead to a value of κopt = 0.654 ± 0.037. Using parametric

fitting yields κopt = 0.642 ± 0.030. These numbers are summarized in table 10.

Having shown the robustness of the optimal hadronic spin analyzing power we use the

value of κopt = 0.64 in our results for entanglement and Bell inequality violation.

D Quantum versus fictitious states

In this appendix we highlight relevant differences between quantum states and fictitious states.

Non-spin degrees of freedom. The tt̄ system at a collider is labeled by the top quark

momentum in center-of-mass frame ~k, the velocity ~v of the tt̄ system relative to the lab

frame, and the spins of the top and the anti-top quarks. We denote the spin as |α〉 =

|spin of t〉 ⊗ |spin of t̄〉.
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The spin density matrix ρspin for the tt̄ system with a given ~k and ~v (which we will refer

to as individual density matrix) can be written as

ρspin(~k,~v) =
∑

α,β

ρ(~k,~v)α,β |α〉 〈β| . (D.1)

Each value of ~k and ~v yields a distinct quantum state.

Quantum states. To find the total spin density matrix for the tt̄ system produced in a

collider, we perform the sum over the phase space Π

ρspin(Π) =
∑

~k,~v∈Π

ρspin(~k,~v) =
∑

α,β

(

∑

~k,~v∈Π

ρ(~k,~v)α,β

)

|α〉 〈β| , (D.2)

where each matrix element must be evaluated in the same fixed frame.

The ρspin(Π) obtained in this way is a “physical” state, in the sense that if we measure

the spin observable O, then its expectation value is simply given by 〈O〉 = tr(Oρspin(Π)).

We would also call this a genuine quantum state.

Quantum states, however, can exhibit cancellations in the entanglement of the total

spin density matrix, despite entanglement among individual spin density matrices. This

cancellation occurs due to the summation over the azimuthal angle of the production plane.

For example, consider the case where ~v = 0 and each tt̄ pair is produced with an angle θ

in the y − z plane with a spin correlation matrix of C11 ≈ −C22 ≈ C33 ≈ 1 (all other entries

are 0). The concurrence would be C ≈ 1 corresponding to maximal entanglement.

By rotational symmetry around the z-axis, each tt̄ pair with the same polar angle θ, but

different azimuthal angle φ is also maximally entangled. The spin correlation matrix is

C =







cos2φC11 + sin2φC22 (C11 − C22) cosφ sinφ 0

(C11 − C22) cosφ sinφ sin2φC11 + cos2φC22 0

0 0 C33






. (D.3)

Just as with the total spin density matrix, the total spin correlation matrix C is given by

the sum of C in eq. (D.3) over φ. After the summation the diagonal elements become:

(C11 + C22)/2 ≈ 0, (C11 + C22)/2 ≈ 0, and C33 ≈ 1 leading to a concurrence C ≈ 0.

In this example, the sum of maximally entangled states became non-entangled, which is

the case for the tt̄ system with high pT at the LHC. This is why in the boosted region there

is no significant entanglement in the fixed beam basis. The helicity basis, on the other hand,

does exhibit large entanglement because it does not correspond to a quantum state.

The average of concurrence. Instead of computing the concurrence of a quantum state

ρspin(Π), we can use other quantities that will not exhibit the same cancellations, and

consequently will enhance the experimental detection.

This can be accomplished by computing the average of the concurrence C over states

with different ~k and evaluated in the center-of-mass frame where ~v = 0:

C =
∑

~k,~v

C(ρspin(~k, 0)). (D.4)

This should be contrasted with the concurrence of the quantum state C(
∑

~k,~v
ρspin(~k,~v)).
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Since the concurrence is invariant under rotations, we can evaluate each term C(ρspin(~k, 0))

in the helicity basis. Using the results from eq. (3.16a) we find

C(ρspin(~k, 0)) = (1/2) max(−Cnn(~k) + |Ckk(~k) + Crr(~k)| − 1, 0) which leads to

C =
∑

~k,~v∈Π

1

2
max

(

− Cnn(~k) + |Ckk(~k) + Crr(~k)| − 1, 0
)

, (D.5)

≥ 1

2
max

(

−
∑

~k,~v∈Π

Cnn(~k) +

∣

∣

∣

∣

∑

~k,~v∈Π

(Ckk(~k) + Crr(~k))

∣

∣

∣

∣

− 1, 0

)

, (D.6)

= C(ρspin(Π)). (D.7)

Going from eq. (D.6) to eq. (D.7) requires
∑

~k,~v
Cnn < 0 and that

∑

~k,~v
Crk =

∑

~k,~v
Ckr are

the only two non-vanishing off-diagonal entries of
∑

~k,~v
Cij . These conditions are true for

both near threshold and in the boosted region.

Fictitious states. In eq. (D.7) we define the density matrix of a “fictitious state” ρspin(Π)

(ρspin(Π))α,β =
∑

~k,~v∈Π

ρ(~k, 0)
α(~k),β(~k)

, (D.8)

where α and β denote the axes along which we measure the spin. Each term in the summation

should be evaluated in its own center-of-mass frame. In the helicity basis, these axes depend

on ~k which is why they are written as α(~k) and β(~k) on the right-hand side. On the other hand,

a quantum state is given by (ρspin(Π))α,β =
∑

~k,~v
ρ(~k,~v)α,β (see eq. (D.2)), where each term

in the sum has a certain center-of-mass velocity and the spin is measured along the same axes.

There is not an obvious physical interpretation for the fictitious state in eq. (D.8),

however, by eqs. (D.5)–(D.7) the average concurrence C is greater than or equal to the

concurrence of the fictitious state. Therefore,

C(ρspin(Π)) > 0 ⇒ C > 0. (D.9)

This means that when the concurrence of the fictitious state is positive, there exists a sub-state

that is entangled. The same argument can be applied to CHSH violation. In the main text,

concurrence and CHSH violation are measured using fictitious states. The derivation here

justifies their validity in searches for entanglement and Bell inequality violation.

E Charm tagging

An alternative to using the optimal hadronic direction is to only consider events with charm

quarks. In this case, the down-type quark (the strange quark) can be identified as the jet

that is not charm-tagged. Let the charm-tagging efficiency be ǫc.

Adapting eq. (4.4) we have

significance (tt̄ → ℓs)

significance (tt̄ → ℓℓ)
=
κsκℓ

κℓκℓ

√

ǫcBR(tt̄ → sℓ)

BR(tt̄ → ℓℓ)
= 1.78

√
ǫc. (E.1)

In order for the subset of charm-tagged semi-leptonic events to be more sensitive than all

semi-leptonic events, it is necessary that 1.78
√
ǫc > 1.60 or ǫc > 0.95. In several analyses,
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the operating point used for charm-tagging has an efficiency of 30 − 40% with a light-quark

jet mistag rate of about 5% [79, 80].

Instead of only using charm-tagged events, it may be beneficial to combine two signal

regions. The first signal region would consist of charm-tagged events and would use the

strange-inferred jet, while the second signal region would consist of the rest of the semi-leptonic

events and would use the optimal hadronic direction.

Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.
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