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ABSTRACT

The inerter pendulum vibration absorber is connected with
a power take-off mechanism (called IPVA-PTO) to study its wave
energy conversion potential. The resulting IPVA-PTO system
is integrated between a spar and a floater (torus) using a ball-
screw mechanism. The hydrodynamic stiffness, added mass and
radiation damping effects on the spar-floater system are charac-
terized using boundary element method via Ansys Aqwa. It has
been observed that a 1:2 internal resonance between the spar-
floater system and the pendulum is responsible for nonlinear en-
ergy transfer between the two systems. This nonlinear energy
transfer occurs when the primary harmonic solution of the sys-
tem becomes unstable, and a secondary solution emerges in the
system characterized by harmonics of frequency half the excita-
tion frequency. As a result of this energy transfer, the vibration
of the spar-floater system is suppressed, and the energy is trans-
ferred to the pendulum. The focus of this paper is to analyze
this 1:2 internal resonance phenomenon near the resonant fre-
quency of the spar. The IPVA-PTO system, when integrated with
the spar-floater system, is compared to a linear coupling between
the spar and the floater in terms of the response amplitude op-
erator (RAO) of the spar and the energy conversion capability
defined by the capture width of the energy converter.

1 Introduction

Wave energy converters (WECs) are being integrated with
offshore floating platforms as they can share infrastructure,
equipment, mooring and anchoring systems, and survey and
monitoring methods [1]. The reason for this integration getting
popular is because the cost of installation and maintenance ac-
counts for 40-50% cost in wave energy projects [2]. Further, the
oil and gas industry has been investigating the feasibility of con-
verting mature offshore platforms into renewable energy hubs by
mounting WECs to the platforms [3]. The WECs can directly
supply electricity to the platforms to further lower the cost of
wave energy [4].

Offshore floating platforms are worldwide operating in deep
water areas for oil and gas production [5] and providing the
foundation for floating wind turbines [6]. Specifically, spar plat-
forms establish the buoyancy and stability on a long and slender
cylinder that goes deep below the water surface, thereby hav-
ing good hydrodynamic response/stability and large water depths
(600–2500 meters for oil spar platforms in the Gulf of Mex-
ico [7]). On the other hand, heaving WECs convert the relative
heave motion between oscillating bodies into electricity and have
a high wave energy conversion efficiency when operating at res-
onance [8]. As the wave energy resources are more abundant
in deep water than shallow water, it is reasonable to integrate
WECs and spar platforms. Thus far, several researchers have
studied the integration of a spar platform and different types of
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heaving WECs [9–12]. Existing numerical studies [9,12] suggest
that such integration can lead to a 7%–30% capture width ratio
(hydrodynamic efficiency) of wave energy production, which is
comparable with existing heaving WECs [13]. According to the
scaling law in [13], heaving WECs of a larger diameter would
have a higher capture width ratio. A typical spar platform in the
Gulf of Mexico, e.g., the Horn Mountain, has a diameter of 30
meters (BSEE data [7]). If the spar-WEC integration in [9, 12]
were scaled up to this diameter, the peak mean wave power in op-
erational conditions would be 2.4–10 MW (current floating wind
turbines have 5–MW wind power).

Although showing promising wave energy conversion, such
integration does not assure good hydrodynamic response of the
platform. Past studies have shown that the integration with heav-
ing WECs amplifies the platform heave and pitch motion [9–11],
and even cause Mathieu instability [14], which would aggra-
vate fatigue of the mooring and riser systems and even lead to
failure of the whole system [15, 16]. This deterioration of hy-
drodynamic response and stability can be explained as follows.
Generally speaking, a spar platform has a 20–30 s heave natural
period [17, 18] which is far away from typical incident wave pe-
riods (5–10 s [19]) to avoid large heave resonant response. On
the other hand, traditional heaving WECs operate based on the
basic principle of linear resonance, thereby having a natural pe-
riod in heave close to a typical wave period to generate large
heave resonant response and hence high-efficiency wave power
production. When a heaving WEC is integrated with a platform,
this large heave resonant response can give rise to large platform
heave/pitch motions. In other words, wave power production and
hydrodynamic response reduction are conflicting objectives in
traditional linear WECs.

Recently, Gupta and Tai [20] integrated a nonlinear inerter
pendulum vibration absorber (IPVA) with a heaving spar, and
studied the hydrodynamic response and wave energy conversion
of the integrated system. Specifically, the IPVA system was
mounted between the spar and a fixed reference in a such way
that the heave motion of the spar excites the IPVA. A power
take-off is incorporated with the IPVA to convert the mechanical
energy of the IPVA into electricity. They found that the pendu-
lum of the IPVA can have resonant responses through 1:2 internal
resonance while the spar’s response is suppressed in the heave di-
rection. This is due to a phenomenon of nonlinear energy trans-
fer wherein the mechanical energy of the spar transfers to the
pendulum via 1:2 internal resonance which has gained attention
for wave energy conversion in recent years [21, 22]. Despite the
promising results, it is difficult to create a fixed reference in the
ocean. A more practical way is to incorporated the IPVA system
in-between spar and a secondary body. For example, researchers
have investigated a spar system that is integrated with a co-axial
floater via linear power take-off [9, 11, 14, 23]. As the floater is
directly mounted to the spar without additional mooring lines to
a fixed reference, this methodology can be readily implemented

in the ocean. Motivated by the practicality of the spar-floater
system and the potential of the IPVA, this work integrates the
spar and floater via the IPVA, and studies the hydrodynamic re-
sponse and wave energy conversion of the integrated system. The
PTO-integrated IPVA is referred to as IPVA-PTO hereinafter for
brevity.

The rest of the paper is organized as follows. Section 2
talks about the design of the IPVA-PTO system and its integra-
tion with the spar-floater system. Section 3 derives the equation
of motion considering the hydrodynamic effects on the system,
whereas section 4 discusses the analysis of the IPVA-PTO sys-
tem using harmonic balance formulation. Finally, section 5 talks
about the efficacy of IPVA-PTO system when compared with a
linear benchmark and section 6 concludes this study.

2 Design of the system

Figure 1a shows a spar and an annular floater floating in wa-
ter connected by the IPVA-PTO system (Inerter Pendulum Vibra-
tion Absorber Power Take-Off system). For simiplicity, the spar
and floater are constrained such that they can only move in the
heaving (x) direction relative to the waterline. Figure 1b shows
the IPVA system consisting of a lead screw, a carrier, a generator,
and a pendulum vibration absorber. The nut of the lead screw is
fixed to the floater while the screw is supported by a thrust bear-
ing that is fixed to the spar through a housing. As a result, the
relative heaving displacement x1 − x2 is converted into the an-
gular displacement θ through x1 − x2 = Rθ , where R = L/2π ,
and L is the screw lead. The carrier is fixed to the screw such
that they have the same angular displacement (θ ) and hosts a sun
gear. The pendulum pivots on a point of the carrier which is lo-
cated at a distance of Rp from the carrier center, and is assumed
to be a point mass for this study. The pendulum length is r and
has an angular displacement φ with respect to the screw. The
sun gear (mounted on the screw) hosts the rotor of the genera-
tor with the housing of the generator fixed to the spar. A planet
gear is mounted on the shaft of the pendulum and meshes with
the sun gear (hosting the generator’s rotor). It can be shown that
the rotational motion of the rotor of the generator with respect
to its housing is given by θ − φ . Therefore, the instantaneous
energy converted by the generator will be ce

(
θ̇ − φ̇

)2, where ce
denotes the electrical damping of the generator. Figure 1c shows
the mathematical model of the system where k1 and k2 denote
the hydrostatic stiffness in heave of the spar and floater, respec-
tively, and M1 and M2 denote the spar and floater mass, respec-
tively. Furthermore, the wave motion generates hydrodynamic
forces f1 and f2, exciting the spar and floater, respectively. For
the analysis in this study, the linear wave theory is assumed, and
the derivation of the equation of motion is discussed in the next
section.
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a Ocean wave energy conversion setup

b The IPVA-PTO system

c Equivalent mathematical model

FIGURE 1: The IPVA-PTO system integrated in a Spar-Floater setup for wave
energy conversion

3 Equations of motion
To facilitate deriving the equations of motion, the following

coordinate transformation is employed:

x2 = Rψ

x1 = R(θ +ψ) (1)

The Lagrange’s equation is used to derive the equations of mo-
tion. The kinetic and potential energy of the system are deter-
mined, followed by the hydrodynamic coefficients and forces on
the system. Finally, the virtual work due to the forces applied
to the system is calculated and the equations of motion are de-
rived and normalized. First, the sum T of the kinetic energy of
the spar, floater and IPVA-PTO, and the sum V of the potential
energy of the spar and the floater are given by

T =
1
2

Jr
(
θ̇ − φ̇

)2
+

1
2

Jp
(
θ̇ + φ̇

)2
+

1
2

Jbscθ̇
2

+
1
2

m
[
θ̇

2 (r2 +2rRp cosφ +R2
p
)
+ r2

φ̇
2 +2rθ̇ φ̇(r+Rp cosφ)

]
+

1
2

M1
(
Rθ̇ +Rψ̇

)2
+

1
2

M2R2
ψ̇

2

V =
1
2

k1(Rθ +Rψ)2 +
1
2

k2R2
ψ

2 (2)

where k1 and k2 are hydrostatic stiffness of the spar and the
floater, respectively. Jr, Jbsc and Jp are the moments of inertia
of the generator’s rotor, ball-screw-carrier assembly, and of the
pendulum respectively. Next, the hydrodynamic coefficients of
the spar and the floater subject to incident regular waves are de-
termined by the linear wave theory, which assumes that the fluid
is inviscid and irrotational [24]. Based on the linear wave theory,
the hydrodynamic force on the spar and the floater consists of
three components: Froude-Krylov force, diffraction force, and
radiation force. The first two correspond to the incident wave
field without and with the presence of the spar-floater system re-
spectively, and the third term, radiation force, results from the
oscillations of the spar-floater system.

The Froude-Krylov and diffraction force together determine
the excitation force, while the radiation force gives rise to the
added mass and radiation damping in the system [19, 24], which
can be represented by the well-known Cummins’ equation [25]:

Fg,i =−A∞,iẍi −
∫

∞

σ=0
kR,i (σ) ẋi (t −σ)dσ + γFi(t) (3)

for i = 1,2, where Fg,i is the incoming wave force, γFi = fi is
the excitation (Froude-Krylov and diffraction) force and γ is the
wave amplitude. By virtual of the linear wave theory, Fg,i is as-
sumed to be sinusoidal. As a consequence, Fi is also sinusoidal
with angular frequency Ω, equal to the frequency of the incom-
ing wave. The radiation impulse response kernel, kR,i (σ) and the
radiation infinite-frequency added mass, A∞,i, are related to the
radiation frequency-dependent damping and added mass BR,i (Ω)
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FIGURE 2: Ansys AQWA model for calculation of hydrodynamic coefficients

and AR,i (Ω), through Ogilvie’s relations [26]

BR,i (Ω) =
∫

∞

σ=0
kR,i (σ)cos(Ωσ)dσ , i = 1,2,

AR,i (Ω) = A∞,i −
1
Ω

∫
∞

σ=0
kR,i (σ)sin(Ωσ)dσ , i = 1,2, (4)

with

A∞,i = lim
Ω→∞

AR,i (Ω) , i = 1,2, (5)

Here, the hydrodynamic coefficients, Froude-Krylov and
diffraction force are determined using Ansys AQWA. For the cal-
culation of the hydrodynamic coefficients, the spar-floater sys-
tem was modeled together in AQWA, but not connected to each
other physically, though they influenced each other’s hydrody-
namics. A convergence test was performed like previously illus-
trated in [27] to match the published results in [28]. After ver-
ifying the Ansys model, the same setting is adopted to simulate
the spar-floater system. The height of the spar is taken as 1.06m
with a draft of 0.96m (the height below the surface of the water),
and a diameter of 0.16m, corresponding to the 1:100 scale sparD
model with water depth of 3m as described in [29]. The floater,
on the other hand, is an annulus with a depth of 0.02m with in-
ner diameter of 0.317m and outer diameter of 0.595m. Fig. 2
shows the mesh of the system used for analysis and Fig. 3 shows
the added mass, radiation damping, and excitation force obtained
using Ansys for both the spar and the floater.

Next we obtain the virtual work by different terms in the
system. The total virtual work of the system can be defined as

δW = δWAM +δWRD +δWF +δWD (6)

where δWAM, δWRD, δWF and δWD are the virtual works due to
the added mass, radiation damping, excitation force and mechan-
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FIGURE 3: Added mass, radiation damping, and diffraction and Froude-
Krylov force for spar and floater

ical damping, respectively, and are calculated as follows

δWAM = −A∞,1
(
θ̈ + ψ̈

)
R2 (δθ +δψ)−A∞,2R2

ψ̈δψ,

δWRD = −
[∫

∞

0
R2

κ1 (τ)
(
θ̇ (t − τ)+ ψ̇ (t − τ)

)
dτ

]
(7)

× (δθ +δψ)−
[∫

∞

0
R2

κ2 (τ) ψ̇ (t − τ)dτ

]
δψ,

δWF = R f1 (δθ +δψ)+R f2δψ,

δWD = −cR2
θ̇ δθ − ce

(
θ̇ − φ̇

)
δ (θ −φ) , (8)

where ce is the electrical damping due to the generator, and c is
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the mechanical damping between the spar and the floater. The
damping in the pendulum is assumed to be significantly less than
the electrical damping and is ignored in the analysis. Using the
above expressions, the θ , φ and ψ contributions due to virtual
work into the equations of motion can be obtained. After substi-
tuting the kinetic energy, potential energy, and the virtual work,
and using the following normalization parameters

ηg =
Jr

M1R2 , µF =
M1

M2
, η =

r
Rp

, ω0 =

√
k1

M1
,

ω2 =

√
k2

M2
, µr =

mR2
p

M1R2 , µbsc =
Jbsc

M1R2 , µp =
Jp

M1R2 ,

ω =
Ω

ω0
, ωr =

ω2

ω0
,τ = ω0t, η =

r
Rp

, ξ =
c

2ω0M1
,

ξe =
ce

2ω0M1R2 , ()
′ =

d()
dτ

, fe,1 =
f1

ω2
0 M1R

,

fe,2 =
f2

ω2
0 M1R

, µA∞,1 =
A∞,1

M1
, µA∞,2 =

A∞,2

M1
, (9)

the following equation of motion is obtained

Mx′′+Cx′+Kx+R(ẋ) = F, (10)

where

M =

a11 a12 a13
a12 a22 0
a13 0 a33

 , C =

2(ξ +ξe) 0 −2ξe
0 0 0

−2ξe 0 2ξe

 ,

K =

1 1 0
1 1+µF ω2

r 0
0 0 0

 , R(ẋ) =
1

M1ω2
0

 r1
r1 + r2

0

 ,

F =

 fe,1 +2ηµrθ
′φ ′ sinφ +ηµrφ

′2 sinφ

fe,1 + fe,2
−ηµrθ

′2 sinφ

 (11)

where

a11 = η
2
µr +µbsc +µr +µp +2ηµr cosφ +1+ηg +µA∞,1

a12 = 1+µA∞,1, a13 =−ηg +µp +η
2
µr +ηµr cosφ ,

a22 = µF +1+µA∞,1 +µA∞,2, a33 = µp +η
2
µr +ηg,

r1 =
∫

∞

0
κ1 (τ)

[
θ
′ (t − τ)+ψ

′ (t − τ)
]

dτ,

r2 =
∫

∞

0
κ2 (τ)ψ

′ (t − τ)dτ (12)

4 Analysis of the IPVA-PTO system
Following the idea laid out in [20,27], the boundary of para-

metric instability where the primary harmonic solution (corre-
sponding to 1:1 resonance of the system) of the system becomes
unstable can be obtained. Since the spar-floater system (without
considering the IPVA-PTO) has two degrees of freedom, we will
have two natural frequencies. For the current study, we analyze
the system near its first natural frequency. To that end, the har-
monic balance method with alternating frequency time method
(AFT) and Floquet theory are used as explained in [27].

As has been reported previously in [20,27], the instability in
the primary solutions for the system gives rise to period doubling
bifurcations and the secondary solutions (with harmonics of fre-
quency ω

2 along with ω) emerges in the response. The emergence
of secondary solution is a result of period-doubling bifurcation
(1:2 internal resonance in this case) in the system, where the pri-
mary resonance (1:1 resonance) of the system becomes unstable.
This is accompanied by nonlinear energy transfer between the
primary system and the pendulum. Therefore, the bifurcation
tracking algorithm developed in [20] with modified AFT method
proposed in [27] is used to obtain the period-doubling bifurca-
tion boundary of the current system. Fig. 4 shows the boundary
of period-doubling bifurcation with wave height on the y-axis
and wave frequency on the x-axis for parameters listed in Ta-
ble 1. As has been previously observed in [20, 27], below this
boundary, the primary harmonic response of the system is stable,
and above this boundary, it becomes unstable giving rise to a sec-
ondary solution which contains harmonics of half the excitation
frequency (incoming wave frequency in this study). To verify
this behavior, the hydrodynamic response with two wave heights
(×1 and ×2 in Fig. 4) is simulated using the ode45 solver in Mat-
lab along with the state-space method described in [27]. Fig. 5
and Fig. 6 plot the time series response and fast Fourier trans-
form (FFT) of the pendulum motion φ with the wave height and
wave frequency corresponding to points ×1 and ×2 in Fig. 4.
For the FFT plots, the x-axis parameter (ω̂) is the angular fre-
quency normalized with respect to the wave angular frequency,
which means that ω̂ = 1 corresponds to the primary solution. As
seen from Fig. 5 and Fig. 6, below the stability boundary (at point
×1), the solution is strictly primary, whereas above the boundary
(at point ×2), the motion of the pendulum contains harmonics of
frequency ω

2 . Next, to see the nonlinear energy transfer in action,
we investigate the response of the system for wave heights below
and above the boundary in the next section.

5 Discussion
From the stability boundary, it is expected that for the fre-

quency range within which the wave height is above the stability
boundary, there will be nonlinear energy transfer between the
spar-floater system and the pendulum due to 1:2 internal reso-
nance [20]. Thus, to benchmark this system, we define a lin-
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Parameter Value

ξe 0.02

ξ 0.05

µr 0.4

η 0.4

µA∞,1 0.0554

µA∞,2 0.6381

ωr 6.928

ω0 3.20 rad/s

ηg 0.01

µp 0.02

µbsc 0.04

µF 0.2097

TABLE 1: Parameters for the IPVA system
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FIGURE 4: Stability boundary for the primary harmonics of the system

ear system and compare two measures of both the IPVA-PTO
and the linear system, which are the response amplitude oper-
ator (RAO) of the spar and the normalized capture width. The
RAO of the spar is defined as the heaving amplitude of the spar
per unit wave height. On the other hand, the normalized cap-
ture width is defined as the value of the energy converted by the
IPVA-PTO divided by the maximum energy converted by the lin-
ear system. For a fair comparison, we define linear system as the
system with the pendulum locked at a position such that the peak
frequency of the RAO for the linear system matches that of the
IPVA-PTO system. Both the linear system and the IPVA-PTO
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FIGURE 5: Time series and FFT of the pendulum motion

system are solved using ode45 in Matlab. The integration kernel
in the equation of motion is evaluated using an impulse to state-
space converter function described in [27, 30]. The parameters
used for the simulation are shown in Table 1, with the excep-
tion of electrical damping ratio of the linear system ξe,l , which
is mentioned in the figure caption for various cases. The wave
height is fixed to 6 cm, which is above the stability boundary
for a range of frequencies. Since, we would like to convert the
maximum energy possible, we first find the optimal linear electri-
cal damping by solving the linear system and optimizing for the
converted energy. It was found that ξe,l = 0.0701, and it can be
observed from Fig. 7, that the IPVA-PTO system outperforms the
linear system in terms of both the RAO and the maximum nor-
malized capture width to that of the linear system. It should also
be noted that the IPVA-PTO system has a broader bandwidth.
For a fairer comparison, we can choose the electrical damping
of the linear system such that the maximum RAO matches for
both the system, and compare the normalized captured width or
the measure of wave energy conversion. To that end, we fix ξe,l
to 0.115 and compare the results as shown in Fig. 8. As can be
observed, the maximum normalized capture width of IPVA-PTO
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FIGURE 6: Time series and FFT of the pendulum motion

is higher than that of the linear system by around a factor of 1.35
when the maximum RAO is the same. This can be attributed to
the nonlinear energy transfer between the primary system and the
pendulum.

6 Conclusion
This study analyzes the incorporation of the IPVA system

[20] into a floating spar-floater system for wave energy conver-
sion. The hydrodynamic response and wave energy conversion
of the integrated system when the wave frequency is near the spar
resonance frequency are investigated in terms of numerical sim-
ulations. A harmonic balance method is used to determine the
boundary of period-doubling bifurcation in the parameter plane
of wave height and wave frequency. According to the bound-
ary, one can determine a combination of the wave height and
frequency such that 1:2 internal resonance occurs to the IPVA
system. It is observed that the 1:2 internal resonance is asso-
ciated with a nonlinear energy transfer phenomenon similar to
that observed in [20, 27]. It is also shown that because of this
energy transfer phenomenon, the IPVA-PTO system is shown to
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FIGURE 7: Comparison between RAO and normalized capture width of the
IPVA-PTO and the linear system for a wave height of 6 cm and ξe = 0.0701,
optimized for maximizing energy converted (others parameters are shown in table
1)

achieve a higher capture width when the maximum RAOs are
equal, when compared with its linear counterpart.
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