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While gravitational microlensing by planetary systems [1,2] provides unique vistas on the
properties of exoplanets [3], observations of a given 2-body microlensing event can often
be interpreted with multiple distinct physical configurations. Such ambiguities are typi-
cally attributed to the close—wide [4,5] and inner—outer [6] types of degeneracies that arise
from transformation invariances and symmetries of microlensing caustics. However, there
remain unexplained inconsistencies (e.g. [7]) between aforementioned theories and obser-
vations. Here, leveraging a fast machine learning inference framework [8], we present the
discovery of the offset degeneracy, which concerns a magnification-matching behaviour on
the lens-axis and is formulated independent of caustics. This offset degeneracy unifies the
close-wide and inner-outer degeneracies, generalises to resonant topologies, and upon re-
analysis, not only appears ubiquitous in previously published planetary events with 2-fold
degenerate solutions, but also resolves prior inconsistencies. Our analysis demonstrates
that degenerate caustics do not strictly result in degenerate magnifications and that the
commonly invoked close-wide degeneracy essentially never arises in actual events. More-
over, it is shown that parameters in offset degenerate configurations are related by a simple
expression. This suggests the existence of a deeper symmetry in the equations governing
2-body lenses than previously recognised.

In search for new types of microlensing degeneracies, we analysed the posterior parameter
distribution of a large number of simulated 2-body microlensing events that exhibited multi-
modal solutions. With over 100 planetary microlensing events observed so far, new degenera-
cies have indeed been serendipitously found in routine data analysis (e.g. [9]). However, while
an exhaustive search on examples of multi-modal event posteriors to constrain the existence
of unknown degeneracies is plausible, such an endeavour has been computationally prohibitive
with the current status-quo microlensing data analysis approaches. Thankfully, the recent appli-
cation of likelihood-free inference (LFI) (see [10] for an overview) to 2-body microlensing [8]
has accelerated calculation of microlensing posteriors to a matter of seconds, thus allowing
posteriors for a large number of simulated events to be acquired with minimal computational
cost.

The key to the accelerated inference is the use of a Neural Density Estimator (NDE), which
is a particular type of neural network capable of modelling distributions that are complex and
multi-modal. Here, the NDE learns a mapping from microlensing light-curves directly to poste-
riors, allowing future inferences to be done with the NDE alone in mere seconds. Following [8],
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we trained an NDE on 691,257 events simulated in the context of the Roman Space Telescope
microlensing survey [11] so that our results would be directly relevant. The posteriors for a
large number of randomly generated events are then produced with the NDE. To identify events
with multi-modal solutions, we applied a clustering algorithm [12] which separates each poste-
rior into discrete modes. The exact maximum likelihood solution within each posterior mode is
then calculated with an optimisation algorithm (see Methods).

Visual inspection of multi-modal NDE posteriors revealed three apparent regimes of degen-
eracy: the inner—outer degeneracy, the close—wide degeneracy, and degeneracies that involve
the resonant caustic which have also been previously observed (e.g. [7, 13]) and studied [14].
The close-wide degeneracy states that the central caustic shape is invariant under the s <> 1/s

transformation for |1 — s| > ¢'/3 [14] and ¢ < 1 (Extended Data Figure la;c), where ¢ refers
to the planet-to-star mass ratio, and s refers to their projected separation normalised to the an-
gular Einstein radius (0 = v/kM,.;), which is the characteristic microlensing angular scale.

Here, x = 4G /(c*AU), M is the total lens mass, and 7,,; =AU/ D,; is the lens-source relative
parallax. Interestingly, we found that most cases of apparent close-wide degeneracies do not

exactly abide by the expected s <+ 1/s relation even though most are in the |1 — s| > ¢'/3
regime where it is expected to hold. We also noticed that for degenerate events involving one
resonant caustic, the source trajectory always passed to the front end of the resonant caustic for
wide-resonant degenerate events, and the back end for close-resonant degenerate events.

To explore potential connections among these apparently discrete regimes of degeneracies,
and to better understand the reason why the expected s <> 1/s relation of the close-wide degen-
eracy is almost never satisfied, we examined maps of magnification differences between pairs
of lenses with the same mass-ratio (g = 2 x 10™%), keeping lens B fixed at sz = 1/1.1 and
changing the projected separation s 4 of lens A. The sequence of magnification difference maps
in Fig. la-h immediately reveals the continuous evolution of a vertically-extended ring struc-
ture where the magnification difference vanishes (also see Extended Data Figure 2,3). This
null ring originates near the primary star and grows increasingly large with increasing deviation
from the close-wide degenerate configuration of s4 = 1/sp, at which point the null contracts
to a singular point (see Extended Figure 4 for a zoom-in). We may thus expect null-passing
trajectories (cyan arrows in Fig. la—h) to have degenerate magnifications, which is confirmed
by light curves shown in Fig. li—p.

It is also immediately clear from Fig. 1f why the close-wide pair of configurations (s4 =
1/sp) does not result in degenerate magnifications for any trajectory shown: the magnification
differs everywhere on the lens-axis except for the singular null point. Thus for any given tra-
jectory, close to or far from the central caustic, one can always move the null to the location
of the source by shifting the planet location, to have the magnifications match exactly on the
lens axis. For caustic crossing trajectories, the vertical extension of the null, located within the
caustic (Extended Data Figure 4c), also allows the width of the caustic to be matched (Figure
1f). We also found that both location and shape of the null are independent of ¢ for ¢ < 1, thus

allowing the above discussion to also hold in the |1 — s| > ¢'/° regime (see Extended Data
Figure 5) of the close-wide degeneracy. This demonstrates that the above localised degeneracy
does not arise due to the imperfect matching of the central caustic shapes, but is an fundamental
behaviour of the lensing system in the limit of ¢ < 1.

We name this phenomenon the offset degeneracy to refer to the source-null matching prin-
ciple where the null is created by an offset of the planet location on the binary axis. Notably,
we found that the location of the null on the star-planet axis is well described by a simple

expression:
1

Toul = 5 (sa—1/sa+sg—1/sp), (1)
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Numerically determined x,,,;; (Figure 2) shows that deviations from this analytic prescription is
consistently less than 5% except for extreme separation (] log,,(s)| = 0.5) cases where sources
do not pass close to either caustic and therefore do not yield substantial planetary perturbation
to be of practical interest. This expression can be interpreted as the midpoint between the
locations x. = sap — 1/sa p of the planetary caustics, which arises from the perturbative
picture of planetary microlensing [2]. However, the fact that such an expression holds well into
the resonant regime for which there are no planetary caustics at all, and persists through caustic
topology changes, likely suggests the existence of much deeper symmetries in the gravitational
lens equation for mass ratios of ¢ < 1 than had previously been appreciated, and should be
explored in future work.

We now consider the relationship between the offset degeneracy and the two previously
known mathematical degeneracies. Firstly, the offset degeneracy is a magnification degeneracy
while the two previous degeneracies are caustic degeneracies. Our analysis demonstrates that
degenerate caustics do not strictly result in degenerate magnifications. Furthermore, by setting
Ty = 0 in Equation 1, one immediately recovers the s4 = 1/sp relation of the close-wide
degeneracy. This suggests that the close-wide degeneracy is more suitably viewed as a transition
point of the offset degeneracy where the central caustics happen to be degenerate. On the other
hand, while the inner-outer degeneracy implies an expression similar to Equation 1 [6], it arises
from the symmetry of the Chang-Refsdal [15] approximation to the planetary caustics [16].
However, cases attributed to the inner-outer degeneracy are often not in the pure Chang-Refsdal
regime [7] in which case the planetary caustics are asymmetrical. Also, even in the Chang-
Refsdal regime, in observed events the source trajectory is fixed and passes equidistant to two
different planetary caustics, rather than two sides of the same caustic. Therefore, the offset
degeneracy not only resolves inconsistencies and unifies the two previously known degeneracies
into a generalised regime, but also relaxes the |1 — s| > ¢'/3 condition required by both cases.

Because of this unifying feature, we expected the offset degeneracy to be ubiquitous in past
events with 2-fold degenerate solutions and speculate that a large number of cases may have
been mistakenly attributed to the close-wide degeneracy. Therefore, we systematically searched
for previously-published events with two-fold degenerate solutions satisfying g4 ~ qp < 1
(see SI). We found 23 such events, and then first compared the intercept of the source trajectory
on the star-planet axis to the location of the null predicted with Equation 1. We also invert
Equation 1 to predict one degenerate s4 from the other sp:

1
S4= 35 (on —(sp—1/sp)+ \/[2x0 —(sp—1/sp)]? +4> , ()
where o = wg/sin(«) is the intercept of the source trajectory on the binary axis, ug is the
impact parameter, and « is the angle of the source trajectory with respect to the binary axis.
As shown in Figure 3, the source trajectory always passes through the null location on the
star-planet axis as predicted by Equation 1. Additionally, Equation 2 accurately predicts one
degenerate solution from the other. The fact that Equation 1 applies for a wide range of «
confirms that the offset degeneracy accommodates oblique trajectories, although proximity to
planetary caustics might break the degeneracy (e.g., KMT-2016-BLG-1397 [17]). Thus we
conclude that Equations 1,2 will be useful in the analysis of future events with offset-degenerate
solutions.

Given its apparent ubiquity, it is reasonable to ask why the offset degeneracy has only been
discovered over two decades after the first in-depth explorations of degeneracies in two-body
microlensing events [4,5,16]. One reason may be the early strategic focus on high-magnification
(u < 1) events [4, 18], where deviations from s <> 1/s were small, whose cause was not
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explored in detail. Recently, deviations from s <> 1/s in semi-resonant topology events have
led to explicit discussions on the applicability of the close-wide degeneracy in the resonant
regime and potential connections to the inner-outer degeneracy [7, 14]. Nevertheless, as we
have shown, the resonant condition itself does not cause the deviation from s <> 1/s, but only
allows it to be noticeable (see Methods). To our advantage, the novel ML-based technique

of [8] presented us with a large number of degenerate events in non-resonant |1 — s| > ¢'/3
regime that deviated from the s <+ 1/s expectation, but also did not conform to the inner-outer
degeneracy. These ‘intermediate’ offset-degenerate events ultimately allowed us to recognise
the continuous and unifying nature of the offset degeneracy, showcasing another instance of
ML-guided discovery of new theoretical insight (c.f. [19]). As the next-generation surveys
further expand the sensitivity limit from space [20], the offset degeneracy will increasingly
manifest.



Methods

The Z21 fast inference technique

Zhang et al. [8] (Z21 hereafter) presented a likelihood-free inference (LFI) approach to binary
microlensing analysis that allowed an approximate posterior for a given event to be computed in
seconds on a consumer-grade GPU, compared to the hours-to-days timescales on CPU clusters
that are typically required for status-quo approaches. We summarise the Z21 approach at the
high level here, and refer the reader to the original paper for details.

The Z21 method is likelihood free in that it does not iteratively perform simulations to com-
pute the likelihood, which is typical for sampling-based inference methods. Instead, Z21 di-
rectly learns the posterior probability as a conditional distribution p,(6|x) with an NDE, where
¢ are the NDE parameters, 6 the binary microlensing (2L1S) parameters, and x the input light
curve. The NDE is essentially a mapping that takes a light curve as input and produces a spec-
ified number of discrete posterior samples. Such a mapping is trained on a large number of
simulations (z;, ;) with parameters drawn from a wide prior, and the NDE parameters (¢) are
optimised to maximise the expectation of that conditional probability under the training set data
distribution. The mapping learned can thus be applied to any given event unseen during training
as long as it is within the pre-specified prior.

This specific approach to LF1 is called amortised neural posterior estimation, where “amor-
tised” refers to the process of paying all simulation cost upfront so that inferences of future
events do not require additional simulations. After training, the NDE alone generates posterior
samples for any future event at a rate of ~ 10° s™! on a consumer grade GPU, or ~ 10° s7!
on a 8-core CPU, effectively doing inference in real time. Z21 demonstrated that, although
not exact, the neural posterior places accurate constraints on all parameters nearly 100% of the
time, except for the parameter that quantifies the effect of a finite-sized source. This is because
substantial finite source effects only occur when the source approaches sufficiently close to the
caustics, which is satisfied by only a small subset of events.

With a focus on the next-generation, space-based [20] microlensing survey planned on the
Roman Space Telescope [11], here we generated a training set in a similar fashion as the Z21
training set, but with a caustic-centred coordinate system rather than a centre-of-mass (COM)
coordinate system. This is because the COM coordinate system is highly inefficient for produc-
ing planetary-caustic passing events with randomly drawn source trajectories with respect to the
COM. In addition, for wide binary (s > 1; ¢ ~ 1) events, the time-to-closest-approach (%;) to
the COM could have an arbitrarily large offset from the time of peak magnification, which can
lead to the missing of solution modes (see Section 4.3 of Z21). The caustic-centred coordinate
system, on the other hand, efficiently spans the entire 2L1S parameter space that allows for
substantial deviation from a single-lens light curve.

We generated a total of 228,892 events centred on the planetary caustic and 960,000 events
centred on the central caustic, and further remove those that are consistent with a single lens
model by fitting each light curve to such a model and adopting a Ay? = 140 cutoff (see Z21).
This resulted in a training set of 691,257 simulations, including 137,644 planetary caustic events
and 553,863 central caustic events.

For planetary caustic events, v is randomly sampled from O to 50 times the caustic size. For
central caustic events, v is randomly sampled from O to 2. Compared to Z21, we expanded the

source
. . Fsource + Fblend X . .
deeper into the severely blended regime. Other aspects of event simulation are the same with
721 and the reader is referred to Section 3 of Z21 for details.

source flux fraction, defined as f; = , to fs ~ LogUniform(0.05, 1), to probe



Identifying degeneracies in Z21 posteriors

721 provided three example events with degenerate posteriors where light curve realisations
from each degenerate mode are almost indistinguishable from one another, a confirmation of
the effectiveness in modelling light curves with degenerate solutions. While the posterior modes
in Z21 were identified manually, in this work we automate the degeneracy-finding process.

To work with posterior distributions that vary in scale, position, and shape, we first fit and
apply a parametric, monotonic “power’ transformation [21] to the LFI-generated posterior sam-
ples for each simulated light curve. This transformation normalises each marginal parameter
distribution to an approximate Gaussian. To automatically identify degenerate posteriors, we
used the HDBSCAN algorithm [12] to perform clustering on the transformed posterior samples.
The HDBSCAN algorithm is a density-based, hierarchical clustering method which required,
for our task, minimal hyperparameter tuning. The output of HDBSCAN is a suggested cluster
label for each posterior sample, including the labelling for outlier/noise samples. Events with
more than one cluster are identified as degenerate events.

Although the NDE posteriors are accurate enough for a qualitative study of degeneracies,
we nevertheless refined each solution mode to the maximum likelihood value. The approximate
posterior allows us to make use of bounded optimisation algorithms to quickly locate the exact
solution. We use a parallel implementation [22] of the L-BFGS-B optimisation algorithm [23]
to quickly solve for the best fit solutions. The entire process from light curve to degenerate
exact solutions takes a few minutes for each event, with the last refinement step costing the
most time.

Comparison to events in the literature

We demonstrate the ubiquity of the offset degeneracy by performing a thorough investigation of
2118 events in the literature with reported degenerate posteriors. We first filter through events
on the NASA microlensing exoplanet archive which contains 112 planets and 306 entries with
reported 2L.1S parameters (retrieved August 23rd, 2021). Each entry reports one solution for a
given event.

Entries from adaptive-optics follow-up papers of published events, as well as duplicate en-
tries with identical 2L1S solutions are first removed. Triple lens events with detections of two
planets — OGLE-2006-BLG-109 and OGLE-2018-BLG-1011 — are also removed. Planets
with reported higher-order effects (parallax, xallarap) are also removed, as such effects often
exhibit additional degeneracies and may complicate the application of the offset degeneracy.
We further remove 2-fold degenerate events with Ay? > 10 where one solution is significantly
favoured. This leaves us with 20 planets with exactly two solutions and 12 with more than two
solutions.

Among the 20 planets with exactly two solutions [6,24—42], six are excluded: KMT-2016-
BLG-1107 [36] because it is a different type of degeneracy: two distinct source trajectories
crossing the s < 1 planetary caustic, one of which is parallel to and does not intersect with the
binary axis, OGLE-2017-BLG-0373 [24] because it is an accidental degeneracy without com-
plete temporal coverage of the caustic entrance/exit, and KMT-2019-BLG-0371 [41] because of
the large mass-ratio (¢ ~ 0.1) and that the offset degeneracy only strictly manifests when ¢ < 1.
We also exclude OGLE-2016-BLG-1227 [42] and OGLE-2016-BLG-0263 [35] because in both
Cases Smin,max ~ 4 makes difficult to include in Figure 3 scale-wise, and because both cases are

deep in the |1 — s| > ¢'/3 limit, and are thus already well-characterised by the inner-outer
degeneracy. Similarly, MOA-2007-BLG-400 [29] is also deep in the |1 — s| > ¢*/* limit and
represents one of the few instances where the source passes almost exactly the location of the
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primary star, thus allowing a degenerate pair of central caustics to manifest. However, the large
uncertainty of syige = 2.9 4 0.2 translate into an uncertainty in ) that is orders-of-magnitude
larger than the size of the central caustic, and makes it uninformative to include here.

We also inspected events with more than two degenerate solutions, and found that the solu-
tions of KMT-2019-BLG-1339 [43] and MOA-2015-BLG-337 [44] both consist of two pairs of
degeneracies, each with their distinct shared mass-ratios. For both events, we include the pairs
of solutions with planetary mass-ratios (¢ < 1).

Beyond the total 16 degenerate events retrieved from the NASA microlensing exoplanet
archive and discussed above, we further looked for relevant events in the literature that are not
included in the NASA exoplanet archive. Additions include the pairs of solutions with planetary
mass-ratios for OGLE-2011-BLG-0526 [9] and OGLE-2011-BLG-0950 [9], as well as the four
events with degenerate solutions recently reported in [45]. We also include OGLE-2019-BLG-
0960 [7]. This results in a final sample of 23 degenerate events.

Range of applicability of the offset degeneracy

When considering larger mass ratios ¢, we find the qualitative structure of the null persists
through ¢ — 1 (Extended Data Figure 3, 5), suggesting that some form of the offset degeneracy
may manifest even for ¢ 2 0.1 events. In this regime, there should also be a transition point
similar to the close-wide degeneracy that results in z,,; = 0, but g4 = ¢p may not hold, nor
sa = 1/sp. For example, in the quadrupole and pure-shear approximation, the analogy to
the close-wide degeneracy requires () = 7, where Q = s? - q./(1 + q.)? is the quadrupole
moment of the close central caustic, and v = (1/s4)? - qu/(1 + qu) is the shear of the wide
central caustic [5]. Furthermore, it is not clear if the values of g4 g at the z,,1 = 0 close-
wide-equivalent transition point remains constant when one of s4 and sp undergoes offset.
A notable example in the literature is KMT-2019-BLG-0371 [41] where the source trajectory
passes through the null created by the two degenerate solutions but g4 = 0.123 and g = 0.079
are substantially different. The exact behaviour of the offset degeneracy for ¢ — 1 should be
studied in future work.

We also note that offset-degenerate, caustic crossing events usually require nearly-vertical
trajectories because of the additional constraint on the caustic-crossing length. However, oblique

trajectories are allowed if the change in caustic width near ., is small for both solutions (e.g.,
OGLE-2019-BLG-0960 [7)).

Relevant prior work

Inconsistencies of the close-wide and inner-outer degeneracies with degeneracies in observed
events have recently been pointed out in the literature. In the analysis of the semi-resonant
topology event OGLE-2019-BLG-0960, [7] noticed that while the close-wide degeneracy is
expected to break down as s — 1, there are large numbers of resonant and semi-resonant
topology events invoking the close-wide degeneracy, where one solution has s¢j.sc > 1 and the
other sy;qe < 1, but do not satisfy Sciose = 1/Swide- They further noted the conceptual similarity
to the inner-outer degeneracy for these events, but again noted that this type of degeneracy too
is expected to break down in the resonant regime. Based on these observations, they speculated
that the two degeneracies merge as s — 1.

While [7] pointed out inconsistencies for resonant events (|1 — s| < ql/ 3), here we found

that inconsistencies with S¢ose = 1/Syide persists even within the |1 — s| > q'/3 regime in



which the two degeneracies are derived and the caustics are well separated. We claim that this
inconsistency is fundamentally because caustic degeneracies are only approximately correct in
describing magnification degeneracies, irrespective of caustic topology. While small deviations
from Scipse = 1/Syide in early high-magnification events tend to go unnoticed, resonant events
do allow the asymmetry from log(s) = 0 to be immediately noticeable. For OGLE-2019-BLG-
0960, 108, (Sciose) == —0.001 differs from log;o(Swige) =~ 0.01 by an order of magnitude.

The theoretical follow up work of [14] studied the behaviour of the close-wide degeneracy
in the resonant regime. They first clarified that rather than | log(s)| > 0, the exact condition of
the close-wide degeneracy is |1 —s| > ¢*/?, which is dependent on the mass ratio. Furthermore,
even for |1 — s| < ¢'/3, the central caustic could still be locally invariant under s ¢+ 1/s for
parts of the caustic satisfying |1 — se’®| > ¢'/3, where ¢ is a parametric variable that describes
the position along the caustic. We note that this fact has also been observed in the earlier work

of [46]. They concluded by suggesting that slight changes to s4 p and g4 g may create a local
pair of degenerate models, which in some sense anticipated our discovery.
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Figure 1: The manifestation of the offser degeneracy in source-plane magnification differences maps
(top) and light curves (bottom). (a)-(h): Maps of magnification differences from lens B with fixed
sp = 1/1.1tolens A with changing s 4 specified in each subplot. The mass-ratio is fixed at ¢ = 2 x 10~*
for all configurations. All magnification difference maps are shown on the same scale, specified in the
colour-bar to the right. Lens A caustics are shown in green and lens B caustics are shown in blue. The
black, oval-shaped ring with first decreasing and then increasing sizes in (a)—(h) is the null where the
magnification difference between lens A/B vanishes. The evolution of the null ring is continuous with
the progression of the lens A caustic into the resonant regime (e, f, g) and further into a wide topology (h).
()—(p): Light curves for null crossing trajectories (cyan arrows in (a)—(h)), under lens A (blue), lens B
(green), and the s4 = 1/sp = 1.1 solution (red) expected from the close-wide degeneracy. Light curves
are shown as relative deviations from the corresponding point-source point-lens (PSPL) model. Subplot
(n) is shown for s4 = 1.11 instead of the s4 = 1/sp value of (f) to demonstrate the offset degeneracy
for caustic crossing events: both caustic-crossing length and magnification patterns are matched for the
offset solution but not for the close-wide solution.
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Figure 2: Deviation (Ax,,;) of numerically-derived, exact null position from the analytic form
(Equation 1) for changing s 4 against three values of fixed sp < 1, normalised to the separation
between the two (implied) planetary caustics: |(s4 —1/s4) — (sp —1/sp)|. Azy is calculated
for ¢ = 2 x 10~ but was found to be independent of ¢ for ¢ < 1 (Extended Data Figure
5). The x-axis shows log;,(s4) scaled to log,,(sp) such that —1 corresponds to the close-wide
degenerate case of sy = 1/sp (gold star), 0 corresponds to s4 = 1, and 1 corresponds to the
asymptotic inner-outer degenerate case where s 4 = sp (brown hexagon). The coordinate origin
is set to sq/(1 + ¢) from the primary for s < 1 and s7'q/(1 + ¢) for s > 1, which describe the
location of the central caustic and accounts for the non-differentiability at s, = 1.
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Figure 3: Offset degeneracy reanalysis of 23 systematically selected events in the literature with
two-fold degenerate solutions. (a) confirms that the source trajectory always passes close to the
null intercept on the star-planet axis (z,,) as predicted by Equation 1. The x-axis shows the
source trajectory intercept on the star-planet axis, calculated from the impact parameter (u) and
trajectory angle («). The y-axis shows the prediction for x,,; using Equation 1 and reported
values of sy and sp. Event labels as shown in the legend are the event abbreviations: for
example, KMT162397 means KMT-2016-BLG-2397. The inset shows zoom-in of the central
boxed region. (b) The x and y-axis show the smaller and larger value of the degenerate solutions
referred to as Spin,max. Circles are reported values of s, max Whereas triangles are sy, values
predicted with Equation 2 of the offset degeneracy and s,,;,,, @, and ug. The same colour coding
follows from the legend in (a). Circles and triangles largely coincide for all cases, demonstrating
the predictive power of the offset degeneracy. Sizes of circles and triangles are scaled to the
expected null location: xy = u/ sin(«) to show the correlation between larger size and greater
distance from the dash-dotted diagonal line that represents the exact close—wide degeneracy
where Spin = 1/Smax. Cases typically understood as inner—outer —s,p > 1 or spp < 1
— are found outside the box bounded by the dashed lines. Cases close to the dashed lines
but far from their conjunction correspond to resonant—close/wide degeneracies. Cases within
the dashed box and not on the diagonal line do not belong to either close—wide or inner—outer
degeneracies. The inset shows zoom-in of the region boxed by solid lines. Error-bars are
marginalised 1-o posterior intervals. Uncertainties for the predicted x,,; are propagated from
the uncertainties of only one of s,,,;,, and s,,,,, that give rise to a smaller uncertainty on x ;.
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Extended Data Figure 1: Caustics shown in green atop of maps of magnification differences
from a 1-body lens, for wide (top), resonant (middle), and close (bottom) caustic topologies.
Red dots indicate locations of the planet, with separations s = 1/0.8, 1, 0.8 from the host star,
located at the origin. Blue dashed lines represent the Einstein ring 0, the angular size to which
the projected separation (s) is normalised. Caustic topologies are delineated by values of s for
a given ¢. In the wide regime (s > 1 + (3/2)q'/?), there is one central caustic located near
the host star and one asteroid-shaped “planetary” caustic towards the location of the planet. In
the close regime (s < 1 — (3/4)¢'/?), there are two small, triangular shaped “planetary” caus-
tics in addition to the central caustic that appears similar to the wide central caustic, due to the
close-wide degeneracy. For values of s in between these regimes, there is one six-cusped “res-
onant” caustic. For all cases, there are lobes of excess magnification compared to a point lens
near caustic cusps, and lobes of de-magnification towards the back-end of the central/resonant
caustic.
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Extended Data Figure 2: Similar to Figure 1, but for fixed sz = 1.18 > 1. This completes the
resonant-close (b) and wide-topology inner-outer (d) cases.
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Extended Data Figure 3: Magnification difference maps similar to Figure 1, but for fixed sp =
1. (1)—(p) shows logarithmic deviations from PSPL on arbitrary scales, where green dashed
curves are the changing lens A and sold blue curves are for fixed lens B. (a)—(d) and (e)—(h)
show the same sequence of s, but for ¢ = 1073 and ¢ = 1072 to illustrate how the offset
degeneracy generalises to larger mass-ratios. (a,e) reveals that the ring structure of the null
is composed of two distinct null segments, where one appears to originate from the centre of
the central/resonant caustic and the other from the left two cusps of the same caustic. Closer
inspection shows that the null rings for (a) and (e) have different topologies: for (a) it is the left
part of the null that intersects on the star-planet axis but for (e) it is the right part. This disjoint
topology of the null is also seen in Figure 1 and Extended Data Figure 4 & 5. The topology
transition point, presumably a function of s and ¢, may have mathematical implications for
the offset degeneracy. Furthermore, we observe that the null segment near the star-planet axis
becomes increasingly curved for |log(s)| > 0 and ¢ — 1, which may explain how Equation 1
and the offset degeneracy in general, may break down in those limits.
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Extended Data Figure 4: Magnification difference maps zoomed-in on the central caustic. Same

SB

= 1/1.1 as Figure 1. Cyan arrows indicate the location of the null. For (b)—(c), the null

always crosses the two caustics at their intersection.
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Extended Data Figure 5: Magnification difference maps which demonstrates the offset degener-
acy independence on ¢ for ¢ < 1. Lens B shares the same fixed sp = 1.1 as in Figure 1. Each
row shows cases of s4 = 0.95,1,1.16 for ¢ = 1072,10~%,107°. The null location predicted
from Equation 1 is shown in cyan crosses. For ¢ = 10~* and ¢ = 1075, the null shape largely
remains constant where the null intersection on the star-planet axis is well predicted by the an-
alytic prescription (Equation 1). The three cases of ¢ = 102 demonstrate how the behaviour
of the null changes as ¢ — 1. In the case of s4 = 1.16, the null is split into two disconnected
segments inside and outside of the caustic, where the analytic prediction is close to their mean
location. For sy = 0.95, the discrepancy from the analytic prediction may be attributed to the
curvature of the null near the star-planet axis.
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