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ABSsTRACT. Given sample data points {(z;, fj)}é-vzp in [Brubeck, Nakatsukasa,
and Trefethen, SIAM Review, 63 (2021), pp. 405-415], an Arnoldi-based pro-
cedure is proposed to accurately evaluate the best fitting polynomial, in the
least squares sense, at new nodes {s]-};‘il, based on the Vandermonde ba-
sis. Numerical tests indicated that this procedure can in general achieve high
accuracy. The main purpose of this paper is to perform a forward rounding
error analysis in finite precision. Our result establishes sensitivity factors re-
garding the accuracy of the algorithm, and provides a theoretical justification
for why the algorithm works. For least-squares approximation on an interval,
we propose a variant of this Arnoldi-based evaluation by using the Chebyshev
polynomial basis. Numerical tests are reported to demonstrate our forward
rounding error analysis.

1. Introduction. Approximation by polynomials and rational functions lies in the
core of classical approximation theory. From the most general and basic tasks of
designing subroutines for evaluating elementary functions and special functions, ap-
plications of approximation theory are across all spectra of sciences and engineering,
including digital filters, eigenvalues and eigenvectors of matrices, model reduction
and optimal control, numerical solution of PDEs (see e.g., [28, Chapter 23]) and
other new areas (e.g., [4, 6, 12, 21, 29]).

Given a function f(z) on a domain, a wealth of fundamental theories and efficient
numerical algorithms for the best fitting polynomials in the Lo-norm as well as the
Loo-norm have been established (see, e.g., [20, 25, 28]). In the discrete situation,
because f is either unknown or too complicated to deal with, sample data points
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Algorithm 1 PFEvA: Polynomial fitting and evaluation via Arnoldi [5]

N

Input: interpolating points {(z;, f;)}jZ;,

integer 0 <n < N.
Output: values y; = pp—1(s;) for 1 < j < M of the best fitting polynomial of
degree n — 1:

new nodes {s;}}2; to be evaluated at,

Pn—-1= argmin Hf - pn—l(x)HQa
pEP,_1

where = [z1,...,2n5]T and f = [f1,..., fn]".
Construction stage
1: call the Arnoldi/Lanczos process with X = diag(x) on Qe; = 1y to produce
XQ = QH + B,4+14,,, 1€} such that! QHQ = N I,, where H € C"*" is upper-
Hessenberg;
2: compute d = argmin,, || f — Qz||2;
FEvaluation stage
3: recursively compute W, one column at a time, such that SW = WH +
Bniiw, el where s = [s1,...,sx]T, S = diag(s), and We; = 1,,;
4: return y = [y1,...,ynm|T = Wd.

{(zj, f(z;) §V:1 are available, and least-squares approximation is a powerful tool to
generate polynomials or rational functions that well approximate the underlying
function f(x) [25]. Often noise is inevitable and, as a result, the best fitting poly-
nomial in the sense of minimizing the least squares error is a common and efficient
approach for many practical situations.

Let pp—1(z) € P,,_1 be the best fitting polynomial of degree n — 1 at given data
points {(z;, fj)}le, where P,,_; is the set of polynomials of degree no greater than
n — 1. There are numerous polynomial bases to express p,—1 in. The monomial
basis {1,z,...,2" 1} is the most natural one, but unfortunately, in order to com-
pute the associated coefficients, one needs to deal with a notoriously ill-conditioned
Vandermonde linear system (see e.g., [2, 16, 17, 18]). However, in many application-
S, Pn—1 is only a vehicle to produce values p,,—1(s;) = f(s;) at new nodes {s; };-”il,
while the explicit form of p,_; is not necessarily required. Recently, in [5], an
effective Arnoldi/Lanczos-based procedure is proposed to evaluate {p,_1(s;)}2,
without computing the monomial coefficients explicitly. It is in fact a realization of
the on-the-fly construction of discrete orthogonal polynomials by Stieltjes orthogo-
nalization. Algorithm 1 outlines the method in [5], where numerical examples are
presented to demonstrate that the procedure in general computes {p,_1(s;)}2,
more accurately than through first forming p,_; in the monomial basis and then
evaluating it at the new nodes.

The main purpose of this paper is to perform a forward rounding error analysis in
finite precision arithmetic. In particular, we will establish sensitivity factors of Al-
gorithm 1 and provide a theoretical justification for its effectiveness. As our second
contribution, for least-squares approximation on an interval, we propose to extend
this Arnoldi/Lanczos-based evaluation in Algorithm 1 by using the Chebyshev poly-
nomials of the first kind as the polynomial basis, which is known to yield better
accuracy [13]. Numerical tests are reported to verify our forward rounding error
analysis, and also to illustrate the performance of two Arnoldi-based evaluation on
an interval.
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The rest of the paper is organized as follows. In section 2, we explain how
Algorithm 1 works in exact arithmetic. In section 3, we perform a rounding error
analysis for Algorithm 1. We then extend the approach to the case of using the
Chebyshev polynomials as the polynomial basis in section 4 for the least-squares real
approximation on an interval. Also in section 4, two implementations are presented,
along with their rounding error analyses. Numerical demonstration of how good our
rounding error analysis is for the three implementations is carried out in section 5.
Finally conclusions are drawn in section 6.

Notation. Throughout this paper, C™*" is the set of all nxm complex matrices,
C" = C™ !, and C = C!. Similarly R"*™, R", and R are defined by replacing the
word complex with real. Vectors are typeset in bold lower case letters. I, =
[e1,ea,...,e,] € R"*™ is the n X n identity matrix, where e; is its ith column. For
A e Cm*n AT AR and A' are the transpose, the complex conjugate transpose,
and the Moore-Penrose inverse of A, respectively. R(A) represents the column space
of A. For convenience, we adopt MATLAB notation: A(; ;y is the (7, j)th entry of A,
and A(.¢,i.5) is the submatrix of A that consists of intersections from row & to row
¢ and column i to column j. || -||2 denotes the vector 2-norm or the matrix spectral
norm, and and || - ||p denotes the matrix Frobenius norms. The set of polynomials
of degrees no higher than n — 1 is denoted by P,,_1 and the kth Krylov subspace
generated by a matrix A on a vector b is defined as

Ki(A,b) = R([b, Ab, ..., AF"1b]).

2. Evaluation in exact arithmetic. Throughout {z; }évzl is reserved for the in-
pe
CN be the vector formed by the interpolating nodes, and similarly s = [s;] € CM
the vector formed by the evaluating nodes. Denote by

terpolating nodes, while {s; are the nodes to be evaluated at. Let = [z;] €

1 x ... ac?*i
—

Ve = e, Xe,..., X" le]= | 1 %2 - %2 2.1)
1 oy ... a:}(,_l

the N x n rectangular Vandermonde matrix generated by the nodes {z; };-V:l, where

X = diag(x) is the diagonal matrix with the entries of @ as the diagonal entries.
Similarly, we define V, € CM*"  Before analyzing Algorithm 1 in finite precision
arithmetic, we first provide a diagram to explain the process in Algorithm 1. The
key is an unknown triangular matrix R that provides an implicit link between step
1 and step 3 of Algorithm 1, and it is this connection in R that ensures y; = p,(s;)
in theory. We point out that this connection is already stated in [5], but we provide
much more detail here to aid our later rounding error analysis.

To understand the process in Figure 2.1, we first establish a relation between the
QR decomposition of V and the Arnoldi/Lanczos process with X (see, e.g., [27,
pp. 298] and [1, Lemma 2.2]). Theorem 2.1 is stated more generally in the complex
domain. It holds true if all C is replaced by R.

IThis is done by slightly modifying the usual Arnoldi/Lanczos process by normalizing each
new Arnoldi/Lanczos vector to have norm /N instead of 1. We point out that Algorithm 1 as
stated does not require that z; and f; be real. In the case when all z; are real, it is the Lanczos
process in the construction stage and, as a result, H is a real symmetric tridiagonal matrix.
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| |
XQ=QH+ Bnt1dniref | | SW =WH + Bni1wni1er
x (Q, H) w (s, H)

step 1: Arnoldi step 3
step 2 J ‘ step 4
Yy

d=Q'f ——

FIGURE 2.1. Diagram illustration of Algorithm 1 where H at step
3 is from step 1.

Theorem 2.1. Given q; € CV, A€ CN*N  and an integer 1 <n < N, let
K =gy, Aqy, ..., A" g, € CV7™ (2.2)

Suppose rank(K) = n.

() If K = QR with Q € CN*" (not necessarily orthonormal) having q, as its
first column and upper triangular R € C™*", then

AQ = QH +q, ey, (2.3a)
where
In _ H —-1nHH A
H = Rley,...,e,,v]R™' with v=R'QQ"Q)"'Q"A"q,, (2.3¢)

and 1y, is the (n,n)th entry of R. In particular, H is upper-Hessenberg.
(ii) Conversely, if (2.3a) holds for upper Hessenberg H € C™*" and Q € CNV*n
(not necessarily orthonormal), then K = QR where

R=[e;,Hey,...,H" te;] € C"*" (2.4)
is upper triangular.

Proof. For item (i), we note that rank(Q) = rank(R) = n because rank(K) = n.
We have

AQR = AK = [Aq,,..., A" 'q,,A"q,] = [Kea,...,Ke,, A"q]. (2.5)
Since A"q; € R(K)@ R(K)* and rank(K) = n, there are unique v € C" and
dni1 € R(K)* such that

Atqy = Kv+q,,-

In fact, it can be seen that

v=(K'K)"'K"A"q; = R"1(Q"Q)'Q"A"qy, §,11 = A"q; — Kv.
Thus, we have from (2.5) that

AQR = Kles,...,e,,v] + Z],H_leg,
and, then, plugging in K = QR, we get
AQ = QRles, ... ey, v]R™" +q, €, R,
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yielding (2.3) upon noticing e} R™! = e, /r,,, and letting q,, . = @,,41/rnn. Fi-
nally, it can be verified that H = R|ea, ..., e,,v]R~! is upper Hessenberg because
both R and R~! are upper triangular.

For item (ii), we first note Ke; = QRe; = Qe; = q4. It follows from n > 1,
(2.3a), and (2.4) that ele; =0 and

Ker = Agq, = (AQ — q,, 1€, )e1 = QHe; = QRes.
In summary, we have proved
A7lq, =QH''e;, Ke; = QRe; (2.6)
for ¢ = 1,2. Assume now that (2.6) holds for i = k < n — 1. We claim it will also
hold for i = k + 1 < n. To this end, with the help of (2.3a), we have
Alq, = A(A*1q)) = A(QH" "e1) = (AQ)H" 'ey
= (QH + qn+1eE)H’“’161
= Qerl + qn_He;fHk*lel
= QH"e,

where we have used the fact el H'e; = 0 for 1 < j < n — 1 because H7 is a
left-banded matrix with left-bandwidth j. Now use (2.2) and (2.4) to get

Key1 = A*q, = Q(H"e1) = QRey 1.

This completes the proof of (2.6) for i = k + 1 < n. By induction, (2.6) holds for
all 1 < ¢ < n, yielding K = QR. 0

Remark 2.1. We emphasize that in Theorem 2.1, ) does not have to have mu-
tually orthogonal columns, although in theory for @ in step 1 of Algorithm 1,
Q"Q = NIy. However, the columns of W in step 3 of Algorithm 1 does not have
mutually orthogonal columns even in theory, but Theorem 2.1 still applies so long
as rank(W) = n which is guaranteed because rank(Vs) = n.

Suppose for the moment that the entries of f = [f1,..., fx]T are values of a
polynomial

Pro1(@) =[Lz,..., 2" YTa=a,2" ' +a, 12" 2+ +ay (2.7)

at the nodes {xj}j-vzl, where a € C” is the coefficient vector, i.e., f; = pp_1(x;)
exactly for j = 1,2,..., N. By Theorem 2.1, we know that in step 1 of Algorithm 1

there is a triangular matrix R as in (2.4) such that
Ve =QR, f=Vea=Q(Ra)=:Qd, (2.8)

where d = Ra. Observe that f has the coordinate vector d in the orthonormal
basis composed of the columns of @, modulo a constant scaling factor v N. By
Theorem 2.1(ii), step 3 of Algorithm 1 implies that

Vo =WR, y="V.a=W(Ra)=Wd. (2.9)

Hence y; = pn—1(s;) exactly in theory. It also reveals that what Algorithm 1
tries to do is to find a proper basis composed of the columns of W so that y has
the same coordinate vector d in the basis as f has in (2.8), as oppose to use the
columns of Vandermonde matrix Vj as the basis, which is notoriously ill-conditioned
[2, 16, 17, 18]. For that reason, better accuracy in computed y; should be expected.
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3. Evaluation in finite precision. We now establish our rounding error analysis
for Algorithm 1. We assume that the nodes {xz;}}_; and {s;}}2, are all real and
floating point numbers in the working precision, in notation x; 6 FPN, s; € FPN, but
the interpolating function values f;, also real, may contain errors. But we point that
our results in this section can be made valid for complex nodes and function values
by a few corresponding modifications: 1) all occurrences of machine unit roundoff
u need to be replaced by Tu to account at most 7 flops in the real or imaginary
part of +, —, x, and =+ of two complex numbers; 2) tridiagonal matrices as a result
of the Lanczos process, e.g., H in Lemmas 3.1 and 3.4, become upper Hessenberg
matrices as a result of the Arnoldi process; 3) error estimations involving H will
then depend on n (see Remark 3.1). For demonstrating the idea, we restrict our
following analysis to the real case.

3.1. Rounding error analysis in the construction stage. When f(z) is not a
polynomial of degree n — 1, p,,—1 is determined by the least squares fitting and as
a result p,—1(s;) is most likely very different from f(s;). Since this paper concerns
with how to accurately evaluate the interpolating/best fitting polynomial at new
nodes, everything else being equal, for the purpose of error analysis and numerical
demonstrations later, it makes sense to assume values {f;} are from some polyno-
mial f(x) of degree n — 1 so that we can compare p,,_1(s;) against f(s;). Even so,
in general f (xj) cannot be represented exactly as in FPN in the working precision.

Let FPN 3 fj ~ f(x;) and f(z) = > 01 a;z’. If evaluated by Horner’s rule for
f(z;) € R, we have [7, section 1.6]

[Fg) — fil < (2<n Yy |> =6 (3.1)
=0

where u is the unit machine roundoff.
In view of this, in what follows, we model the input data as {(x;, fj)} ", where

|f(zj) — f]| < Efj. Equivalently,

F=fr o In]T = F+ €, with ) =[eh,..., e, " (3.2)

With this setting, we attempt to establish the error |y; — ¢;| for the computed
output §; € FPN of Algorithm 1 where y; = f(s;).

As our notation convention, in what follows, we will use é € FPN to denote the
computed value of its corresponding £. The following lemma summarizes an error
analysis of the Arnoldi process in finite precision [11, 23, 24].

Lemma 3.1. In ﬁmte precision, the Arnoldi process in Algorithm 1, for real
{xj}] 1, produces Q, H and q, ., satisfying

XQ=QH + 1@, + F, (3.3)
where H € R™™ s tridiagonal and F € RN*" satisfies |Fllr < /7| X]2u.

Based on this preliminary result and the connection in Theorem 2.1(ii), we can
estimate the difference V,, — V., where

Vo = QR, with R = [ey, Hey,...,H" 'ey]. (3.4)

Here we put tildes in YN/w and R instead of hats because there is no need to compute
them, but rather their very existence is for the purpose of our error analysis. This
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convention will be adopted in what follows, too, i.e., a symbol with a tilde denote
some quantity not needed during computations but for analysis only.

Lemma 3.2. Let Ay =V, — X~/m =: [0vy,...,0v,]. Then dv; =0, dves = Feq, and

6vi:(X"*2F+Xi*3Ff[+...+XFI;V'*3—|—Fﬁ"%) e;, 3<i<n, (3.5a)

i—2
I60ills < [ Vi S IXIE WIS 2 | w = exion, i 2, (3.5b)
=0
||AEHF < Zcﬁ(’i U= Cy et W (350)
=2

Proof. We will show (3.5a) only. Both (3.5b) and (3.5¢) are consequences of (3.5a)
and Lemma 3.1 together with ||F||s < ||F||r. Note that (3.5a) is true for i = 2, 3.
Assume now it also holds for 4, and consider dv;11. By (3.3),

Svip1 = X'e — @fliel = X'e — (@ﬁ)ﬁi_lel
= X'e = (XQ = Bui1yy1en — F)H e
= X(X"'e—QH" 'e;)+ FH' e
= Xév; + Fﬁiflel.
The relation (3.5a) then follows by induction. O

Now, we consider step 2 of Algorithm 1. With computed @ € FPN, output
d € FPN is an approximation of Qf f, that is, d is the computed solution to

d = argmin || f — Qz|. (3.6)
zeR™

It is known (see, e.g., [3, Remark 2.4.8]) that any standard method for the least
squares problem (3.6) is normwise backward stable. In particular, the computed d
is indeed the exact solution of a slightly perturbed one, namely,

d= argmnin I(f +6F) — (Q+6Q)z]2, (3.7)

where
[0Qll2 < u-asvnllQllz,  N16Fll2 < u-agllfll2, (3.8)

with ¢s = (6N — 3n + 41)n which often overestimates the error due to an artifact
of analysis. We have the following key lemma.

Lemma 3.3. Let f = f—l—eg’c where f = Vya, a = R='d where R is given by (3.4),
and ro := R(a — a). Then

cau—|—2He?£||2

[rall2 < ) (3.9)

¢ Umin(Q)

where omin(@) is the smallest singular value of @,
Ca = 2¢y m|lalls + as(vrlQl2(lld]l2 + [[dl|2) + 2[| Fll2), (3.10)

as = (6N —3n+41)n as in (3.8), and ¢, is given in Lemma 3.2.
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Proof. Recall (3.7). We have
G = min [|(f +6F) — (Q +6Q)zl2 < [I(f +6F) = (Q +6Q)d]

< |f = Qdllz + 16512 + [5Q2l1dll2
< eatu-as(ValQlz-lldlz + [ £]12).

Notice that

ca = 1 - Qdlla = min | F — Q=2
=min||f + e(} — @z”g
z

<|f+€}— QRal; (by choosing a particular z = Ra)
< (Ve = Va)allz + e} 2 (Ve = QR as in (3.4))
<u-cyglalz+ HG?”Q. (by Lemma 3.2)
Therefore,
&e Su-coalals + [€flle +u-a(vallQll + 1 £l2). (3.11)

Note from (3.11) and

s = |(f +0F) — (Q +6Q)dl2 > If — Qdll2 — (|€%]l2 + 16£]2 + |6Q]2[ld]2)
that

If — Qdll2 < & + I}z + 10 F]2 + 16Qll2]d]|2

<u-cyollalla +2[€flls +u- as(valQll2(Id]2 + lld2) + 2] £l2)-
(3.12)

On the other hand, we have
£~ Qs = [Vaar — Vaals
=||Vea — Vea + Vea — XN/E&HQ
> |Qrallz — | Azalls (Ve = QR given in (3.4))
> ”@ra”? —u-cyzllals,
which combining with (3.12) gives
Umin(Q) : ||ra||2 S ||Qra||2
<u- 26, qllalz + 2/|€}]z + u- a(valQll2(lld]2 + [Idl2) + 2 £12),

as expected. O

For the factor ¢4 in (3.10), since in general d ~ d, we have

Ca ~ 2¢yzlallz + 2a5 (V|| Q2 - 1d]l2 + | F]l2), (3.13)

which can be computed with the data from Algorithm 1.
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3.2. Rounding error analysis in the evaluation stage. We next analyze the
rounding errors occurring in steps 3 and 4 of Algorithm 1 which involve new nodes

{sj }JM=1 -

In step 3, we first compute W with S and H whose entries are floating point
numbers. Similarly to Lemma 3.1, in this stage, we are concerned with the rounding
errors during recursively calculating W accordingly to the equation SW = WH +
Bni1wn1er. For this purpose, we use the following standard models for vectors
v and z, scalar o, matrices A and B that are exactly representable in the working
precision (see, e.g., [10, Section 2.7.8]).

f(z+v)=2z+v+4, [0 <u-(z]+ |v]),
fl(aA) = aA+ Ey, |Eq1] <u-|ad],
A(AB) = AB + By, |Es| < u-nlA| - |B| + O(),
where | - | on a vector/matrix is interpreted as taking entrywise absolute value.

Lemma 3.4. Given diagonal S € FPN, Bn+1 € FPN and tridiagonal H= [iL”] € FPN

with ?Lmﬂ #0 for 1 <i<mn, computed W= [W1,...,W,] satisfies

SW =WH + Bpi1twniel +G, (3.14)
where G = [gy, g, - - -, g, satisfies g; =0, and ||g;||2 < cw.i - v+ O(u?) and
In particular, ||G|lp < cw - u+ O(u?), where ¢,y = (/> 1y c2 ;.

Proof. For i = 1, we always have w; = e;. For ¢ > 1, it follows from the recursive
relation Sw; = 'wi_lhi_u + hm’wi + hi+1,iwi+1 that

ey = fl (5’&% - ﬁ’i—/h%ﬁi—l,i - Ezzﬁ)z> (3.16)
il

Sw; — ﬁ’iflﬁifl,i — hit; + By + By + B3 + E4
= = + E57

hiti1,i

where (by the diagonal matrix S)
|E1] < ulS] - [wil,
| Bo| < uli;—1hi—y,ql,
| Bs| < ulh ],
| Ea| < u(|S| - [ds] + [i—1hi ] + [ stioi]) + O(u?),
\Bs| < u Sty — ﬁ’ii\lhifl,i — h; ;; + o).
hiti,

Thus,
lg;| = |Sw; — ﬁ’z‘—lﬁi—l,i - E”’ﬁh - ﬁi+1,iﬁ7i+1|
< |Er| + | Ba| + |Es| + |Ea| + [higr] - 1 Bs| + O(u?)

< Cpyi U 0(1.12)7

where ¢, ; is given by (3.15). O
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Remark 3.1. The proof of Lemma 3.4 can be easily modified to cover the case
when H is an upper Hessenberg matrix. It starts by modifying the numerator in
(3.16) to Sw; — 23:1 w;hj; and the rest of the proof accordingly.

Lastly, we analyze the forward rounding errors in computing y = Via:
ey =y —f(Wd) = Vea— Wd +E, (3.17)

where |E| < u2n|W| -|d|. Noting in Lemma 3.3, we have defined @ = R~'d, and
thus

leyllz = [Vsa — Wd + E|y
< |[Vea — Wdl|z + || E||2
= ||Vaa — Vea+ Vea — Vadlz + |El2 (Ve = WR with R as in (3.4))
< (Ve = Va)allz + |Va(a — @) 2 + || El2
<) Adl2-llallz + [WR(a — @)z + [|Ell. (As:
< Aal2 - llallz + W]z - | R(a — a)ll2 + || £]-2

= [14sl2 - flalls + [Wll2 - [I7alls +w - 2n[[Wi[2 - f[d]la - ([[7all2 as in (22~9))-)
3.18

V, - V)

In view of (3.18), we can finally have an upper bound for ||ey||2 if we can bound
[|As|l2- This is done in the following lemma.

Lemma 3.5. For V, = WR with R = [e1, Hey, ..., H" 'ej] given in (3.4), let
Agi=Vs—V, = [buy, ..., 0u,].
We have du; =0, dus = Gey and
bu = (S'72G + STIGH + STUGH? + -+ SGH' + GH™) e, 3<i <,

(3.19)
where G is given in (3.14). As a result,

i—2
[duills < { e D ISIE 1572 | u+O@) = esi-u+O@?), i >2, (320)
j=0
and || As|lr < u-cy s +O0u?) where ¢y, is given in Lemma 3.4 and ¢y s = (/> 5o €2

i=2Cs,i-

Proof. Tt can be proved in the same way as that for Lemma 3.2 upon replacing X
and F' by S and G, respectively. O

Finally, we are now able to bound the forward error ||eyl|2 in (3.17).

Theorem 3.1. In finite precision, computed vector y by Algorithm 1 satisfies

Ca + 2/1€%]|2/u
Cat 2legllo/u ) o),

Umin(
(3.21)
where ¢, s and cq are given in Lemma 5.5 and (3.10), respectively, a in (2.7) is the
coefficient vector of the underlying polynomial in the monomial basis, e(} is given in

(3.2), and (/W,@,&) are the computed quantities of (W, Q,d).

leyllz = lly —glla <u- (Cv,sllallz + Wl + 2n[d]|;
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Proof. It is a consequence of (3.18), Lemmas 3.3 and 3.5. O

Remark 3.2. (1) It is noticed in (3.21) that no condition number of either Van-
dermonde matrix V, or Vg is involved. By taking a closer look at the factor
¢q in (3.10), it turns out the condition number x2(Q) := [|Q||2]|Q|2 plays a
role. As @ is the computed “orthonormal matrix”, Q with QHQ = NIy, of
the Krylov subspace K,,(X, e), the orthogonality in @ can be good initially,
and gradually becomes worse as some of Ritz values (i.e., the eigenvalues of
ﬁ) converge to ones of the true eigenvalues of X, i.e., some z; [11, 23, 24], but
here very rough orthogonality suffices as only the condition number mg(@) is
concerned, e.g., QUQ — N1, ~ 1072 still gives r2(Q) ~ 1.02.
(2) In (3.21), the factor @ also plays a role. As we have mentioned in subsec-
tion 3.1, when the underlying f(z) = pn,l(x) by (3.1), it holds that

€}, |
= <2n E:MxA (3.22)

(3) The quantity ||al|2 being not too large is important.
(4) Overall, (3.21) reveals that when Algorithm 1 can in general deliver y; accu-
rately.

4. Chebyshev polynomial basis. For the case of approximation on an interval,
in this section, we will present a variant of Algorithm 1 using a well-known orthog-
onal polynomial basis, namely, the Chebyshev polynomials of the 1st kind after a
proper transformation.

The original Chebyshev polynomials of the 1st kind are defined as, for m > 0,

T (t) = { ) cos(m arclcost), - for |¢| <1,
Lt+VeE-1) +i(t—vE2-1)", for|t|>1
They satisfy recursively
To(t) =1, Ti(t) =t,
Tni1(t) =2t T, (t) — Th—1(t) for m > 1.

(4.1)

Suppose the nodes {z;}, and {s;}}£, fall in the interval [a, b], i.e., 2}, s; € [a,b]
for 1<j< Nand1<i< M. We can perform a linear transformation

T b—a b+a
t(z) T with w 5 and T P (4.2)
to translate x € [a,b] into t € [—1,1], and use the translated Chebyshev polynomi-
als? in z defined by

Im(T;w,7) = Tpp(z/w + 7)

to span the fitting polynomial on [a, b], namely
{Zal Tyw,T) :aiGRVi}.

2Although we present our extension in this section for real nodes {z;}. It can be further
extended to complex nodes that are enclosed in some ellipse for which transformed Chebyshev
polynomials (see [26, Section 6.11.2], [9] and [14]) can be designed as previously done for solutions
of linear systems of equations [26].
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By the recursive relation on T,, we have
D(ryw,7)=1, A(r;w,7) =2/w+T, (4.3a)
Imt1(t;w,7) =2(x/w + 7) T (w0, 7) — Tip—1(xyw,7) form >1.  (4.3b)

The mth Chebyshev-Vandermonde matrix of order N with nodes {xj}é-v:l is
defined as

[P (x;w,T), Ti(x50,7), ..., T (x50, T)] € RN *(m+1)

Recall X = diag(x) and S = diag(s). Define

Q)X +21Iy —In Az w,T)
Z = [ In 0o | u= Ty(wiw,7)| (4.4a)
_|@Q/w)S+2rIy Iy
S = { T 0 | (4.4b)
It can be verified that
n—1 _ f%(m;waT) %(w;wﬂ—) %(w;wﬂ') .
[, Zu,..., 27 0] = {%(m;w,r) S(xyw, ) .. Thoilzyw, )| <

(4.5)

whose bottom half
Yo = [To(x;0,7), T (x;0,7), ..., Tp_1(2;0,7)] € RV (4.6)

is the (n — 1)st Chebyshev-Vandermonde matrix of order N with nodes {x; }jvzl

Using the basis {7;(z; w, T)}?gol, we express the fitting polynomial p,,_1 by

n—1
Pno1(@) = Y a; (w50, 7), (4.7)
=0

and thus f ~ ¥,a. At new nodes {s;}, we will have to evaluate

Y =[Pn-1(51), .., Pn-1(sm)]" = Yia, (4.8)

where ¥ = [Z(s;w,7), Z1(8;w,T), ..., Tn_1(s;w,7)] € RM*" The evaluation
can be done in the same way as in Algorithm 1; that is, we first compute a well-
condition basis @ for ¥, and obtain a QR-type decomposition ¥, = @QR, from
which a QR-type decomposition ¥; = W R can be computed for new Chebyshev-
Vandermande matrix ¥5. For this purpose, we have two different implementations.

4.1. Chebyshev with Arnoldi. Apply the Arnoldi process (see, e.g., [7, 11, 23])
with 2 on [T,1%]", assuming no breakdown occurs, to get

2U =UH + Buy1unsiey with Ue = [z7,15]", (4.9)

such that® UTU = ~2Ion where 49 = ||[27,1%]|l2. By (4.5), we know that the
columns of Q := U(y41:2n,:) form a basis of R(¥) for 73 asin (4.6). Now, according
to Theorem 2.1, # = UR where R = [e;, Hey,..., H" te;] € R2VX" is an upper
triangular matrix. This yields 7, = QR. Similarly, by Theorem 2.1 again, we can
construct matrix Z € R?*” based on the relation

S7Z =7H + 5n+1zn+1ez with Ze; = [sT,eT]T.

3This is done by slightly modifying the usual Arnoldi process in normalizing each new Arnoldi
vector to have norm - instead of 1.
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Algorithm 2 PFECvA: Polynomial fitting and evaluation with Chebyshev via

Arnoldi

Input: interpolating points {(x;, f;)}
integer 0 <n < N.

Output: values y; = pn—1(s;) for 1 < j < M of the best fitting polynomial of
degree n — 1:

N

M1, new nodes {s;}}2, to be evaluated at,

Pn—1 = argmin || f — pp—1(x)||2,
pPEP, 1

where = [z1,...,2x5]T and f = [f1,..., fn]".
Construction stage
1: call the Arnoldi or SOAR [1] process with 2 on Ue; = [x7,1%]" to produce
ZU =UH + Bpy1unsie), where H € R is upper-Hessenberg;
2: compute d = argmin, || f — Qz||2, where Q = Uny1:2n,:);
FEvaluation stage
3: recursively compute Z, one column at a time, such that 2 = ZH +
Bni12Zni1€r, where s = [sq,...,sy]T and Ze; = [s7, 1}}]T;
4: return y = [y1,...,ynm|" = Wd, where W = Z(M41:2M,:)-

Y = QR Yy =WR

| |

2U =UH+ Bni1tnii1el | | SZ=ZH+Bni1znrier

x (Q, H) w (s, H)
step 1: Arnoldi/SOAR

Q= Ungi2n,) J step 2 step 4

step 3. W = Z(ni1.2n,)

d=Qtf —— y=Wd

FIGURE 4.1. Diagram illustration of Algorithm 2 where H at step
3 is from step 1.

Consequently, we have ¥; = WR where W = Z(yr41.20m,:). Analogously to (2.8)
and (2.9), the least squares problem

Pn—1 = argmin ||f — pa_1(x)]|2, (4.10)

Po—1€P_1

gives a polynomial whose coefficient vector a in the Chebyshev polynomial basis
is related to d = QTf = Ra. Thus, y = ¥%a = W(Ra) =: Wd. The overall
algorithmic procedure is summarized in Algorithm 2, where the SOAR process to
be explain in the next subsection is also mentioned as another way to yield an
equation of the same form as (4.9) but with a different orthogonality constraint. A
diagram illustration of Algorithm 2 is given in Figure 4.1.

In finite precision arithmetic, we can follow the same argument for establishing
Theorem 3.1. Due to similarity and artificial overestimation of constant factors
in terms of some low degree polynomials in n, N, and M in the upper bound,
we will not duplicate the effort in detailing those factors, but rather state critical
sensitivity factors that dictate the accuracy of computed y in (4.8). We will use
again the notation convention: é to denote the computed quantity of £. Again for
the Arnoldi process (see, e.g., [22, Section 3.2] [15, Section 7.1]), a counterpart of



ACCURATE POLYNOMIAL FITTING AND EVALUATION VIA ARNOLDI 539
(3.3) is
XU =UH + Bpi1itni1e) + F, |Fll2 = O(| 2 ||2)u.
This leads to a counterpart of Lemma 3.2, roughly,
1Aallr = 1% = Yalle = OUZ" M2, [H™ 7 2y (|27 )12, [1H |]2),

where ¥, = @[el, He, ... ,ﬁ"‘lel]. A counterpart of (3.14) reads as

yi = Eﬁ + Bn+12n+le$ + G,
where |G|l = O(||.%|2, | H||2, | Z||2)u. Thus, for the difference

AS = 7/8 - 778 = % - W[elaﬁelwﬂaﬁn_lel]v
similarly to Lemma 3.5, we have
14sll2 = 1% = Yslla = O Hlz, [H™ 2o (1712, [|H |12, 1 Z]]2)u.

Consequently, the accuracy in computed y is governed by

. n wi g7y oy I€fll2/u 1 A
ly = glla <w-0 (1272, [ [l2: [H" |2, | Z]l2, === lallz, Id]l2, || Fll2, #2(Q)

Omin
+0(u?), (4.11)

where ¥ is a low degree polynomial of n, N, and M.
Compared with (3.21), the new way of evaluating y is affected by || 2|2, ||-<7"]|2

~

and k2(Q). Fortunately, Theorem 4.1 below reveals that || 22, ||-7"||2 can grows
at most linearly with respect to n, whereas previously || X"||2, ||S™]|2 grows expo-
nentially at the rate (max; |z;|)" and (max; |s;|)", respectively.

Lemma 4.1. Fort € [—1,1] and integer n > 0,
]
10 )

21t _01} are Ay = t + /1 — 12 = e+ where

¢t = v/—1 and cos@ = t. Furthermore, if |t| < 1, then J(¢) has the following
eigendecomposition:

eL0 efLQ €L0 eL0 67L9 -1
o= T[T e [T

B eL0 efLQ €L9 1 1 _eﬂe
|1 1 e \2usinf |-1 e '

Thus for any interger n > 0,

" 1 eLO efLQ eLnG 1 _671,9
[‘](t)] - 2,506 |:1 1 :| |: ebn0:| |:1 eLG :|

sin(n+1)6 __sinnd
— sin 0 .

<2n+1. (4.12)

Proof. The eigenvalues of J(t) := [

. siné
sin n@ _ sin(n—1)0
sin 6 sin 6

Noticing that
sin(n +1)0|
sin 0 N

sin nd sin nf
cos @ + cosnf| <

+1<--<n+1,

sin 0 sin 6
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we have

12 < VIO LT @] lo < 20 + 1.
Finally, letting ¢ — 1 ort— —1 leads to (4.12) for t = +1. O

Theorem 4.1. For z; € [a,b], i =1,2,...,N, 2" given in (4.4) satisfies
|22 < 2n+ 1.
Proof. For 2 of (4.4), there is a permutation matrix P so that
PZ PT = diag(Jy,...,Jn),

2t; -1
1 0
all ¢. Hence by Lemma 4.1, we have ||J*||2 < 2n + 1 for all ¢ and

1272 = (P2 PT)" |l = max ||.J}[|2 < 2n.+ 1,

where J; = and ¢t; = x;/w + 7. It can be verified that t; € [—1,1] for

as was to be shown. O

4.2. Chebyshev with SOAR. We next introduce the SOAR process [1, 19] to
generate a basis matrix of R(%) in (4.6):

R(V2) = R([F(z;w,7), A (50, 7). .., Tp1 (50, T)]).

The recursive formulas in (4.3), the structure of 2" in (4.4), and the matrix in (4.5)
together make SOAR, an Arnoldi-type procedure, a natural way to do so. There are
a couple of variations. In [19], a backward stable and memory-efficiency procedure
called TOAR is proposed. For our purpose, since IV and n are generally not large,
the original version of SOAR [1] suffices. It recursively computes U one column at
a time according to (4.9). Denote by

PioPoe Pl g ). 413
aQ 9 - 4]’ el ( )

What follows is a modified SOAR in that, besides (4.9), it is also required that

(41,92, ., 41,42, - q,] = NI

It goes as follows. Initially, the first column of U is set to [xT,1%] . After k steps,
we have computed the first & columns of U and H. By (4.9), we have

7ol i)

k+1

or equivalently

Pes1,1Qr 1 = Pr — Z hjkq;, (4.14a)

Pii1 kPry1 = [(2/w) X + 27IN]py — g5 — Zh],kpj (4.14b)

Noting the orthogonality among gq;: q;qu =0 for i # j and q}q; = N, we have
from (4.14a)

1
hik =59, for 1<j<Fk,
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- |2
- Qk+1H2 L
q =Pr — hjkq;, hipie=——==, q = 77— 4k+1>
k+1 k ; J j +1 /7N k+1 hk+1,k k+1
and then from (4.14b)
) . 1
D1 = [(2/w)X + 27IN]p, — q) — Zhj,kpjv DPit1 = Trrir Prrn
i=1 :

provided hgy1,, > 0. The complete procedure is summarized in Algorithm 3, and
the corresponding polynomial evaluation method is presented in Algorithm 2 to-
gether with the diagram illustration in Figure 4.1.

Algorithm 3 The SOAR process [1]
Input: X, w, 7;
Output: U and H as in (4.13).

1: Let ¢; = 1y € RY and p, = x;

2: for k=1,2,...,n do

3 p=|[2/w)X +271]p, — Qi @ = Py;
4 fori=1,2,...,k do
5 % modified Gram-Schmidt
6: hik = Pra;/N;
7.
8
9

pP=p-— hi,kpi, q=q-— hi,kqi;
end for
i ek = lgll2/ VN
10:  stop if Apy1,k = 0;
11: Py =D/ Prsi ks Qyr = @/ hrr1 ks
12: end for

Omitting all detail, in finite precision, as before, we can have an error estimation:

€1l

ly =gl <u-d (ﬁ"llz,lfllz, 7|a|27||d||27||}||2> +0(w?),  (4.15)

where ¢ is a low degree polynomial of n, N, and M.

5. Numerical experiments. In this section, we will conduct numerical tests for
two purposes: 1) demonstrate the sharpness of the upper bound €., in (3.21),
for approximating f(s;) in finite precision arithmetic, and 2) evaluate the benefit
of using the Chebyshev polynomial basis. Our numerical tests are carried out in
MATLAB 2018Ra on a MacBook Pro with 16 GB 3733 MHz LPDDR4X. The IEEE
double precision is used with the unit machine roundoff u = 2793 ~ 1.1 x 10716,

To guarantee that we can evaluate f(x) accurately in the working precision for
the purpose of testing, we choose the underlying function f(z) as a polynomial in
the product form with zeros at given {ai}?:_f, ie.,

f@)y=(x—a1) - (zr —ap—1), a; €FPN. (5.1)
For any = € FPN, we can be assured that the error e?c defined in (3.2) is of O(u),

bl .

in (3.21) is O(1). In fact, for any = € FPN, if (n — 1)u < 0.01, then

and thus
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[13, Lemma 3.4]
A(f(z)=(x —a1) - (r — ap_1) - 1:[(1 +4;) = f(z) (14 1.01(n — 1)d),

where |§;| <ufori=1,2,...,n— 1 and |0] < u. Therefore, in our numerical tests,
we simply use fl(f(x)) as the value f(z) at «.

Example 5.1. We set the interval [a,b] = [~1, 1] and choose the roots {a;}"' of
f(z) in (5.1) uniformly distributed in [— 1]. Furthermore, we let n = 11 and 21.
The interpolating data points are {(x;, fJ)}] 1, where nodes x; = 1 —|— L ¢ FPN
and f; = fi(f(x;)) for 1 < j < 129. The new nodes are s; = —1 4 & sl e FPN for
i=1,2,...,257.

We generated randomly 100 such testing polynomials f(z) of (5.1). For each
testing polynomial, in Figure 5.1, we plot the absolute error ||y — §||s as well as
upper bound €, in (3.21), where each entry y; of y is computed as y; = f1(f(s;))
while ¢; of 4 is pp,—1(s;) computed by Algorithm 1.

Vandermonde-Arnoldi (n=11) Vandermonde-Arnoldi (n=21)
: T . T T T T T T T T

108 10°
—+— absolute error
o-- upper bound 4o ° N
8 ° °
10 ° — el (N n'9) o 2 < e
2 4 00 00 20 2
0, 0 0 o® ] Oo af
o o8 %9 0 o ¢ %o s &%0 206 00w © 0000% w %% co%% %"0 &‘0 S0
b ER SR fpo moOOO%O 50 Ooi ol o |
o‘% 0" o R @ 560 6 . 10

Absolute error
Absolute error

1 |
e s,
10 ¥ 10

¥ absolme error
o---upper bound €up

e (N n'9)

1018k

1018 L L L L L L L L L 1020 L L L L L L T T
0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100

random case random case

FIGURE 5.1. Absolute error ||y — 9§|loo vs. upper bound e, in

€up

(3.21) and empirical one NI

We observed from Figure 5.1 that upper bound €, in (3.21) overestimates the
true error ||y — ¢||co, not surprisingly. This is because the rounding error analysis
in section 3 reflects the worst-case scenario, as most error analyses usually do. For
example, for the least squares problem (3.6), a factor ¢y = (6N —3n+41)n = O(Nn)
shows up and contributes a magnifying factor about O(Nn?/?) to cq in (3.10) in the
final upper bound in (3.21). Interestingly, numerical results in Figure 5.1 suggests
that e,,/[Nn®/?] would be more indicative than e, itself.

Example 5.2. In this example, we will evaluate the effects of ||/I/I7||2 and ||a/|2 on

error ||y — ¢l|, where W is the computed basis matrix associated with new nodes
in s. Welet f(x) =T,_1(x), the (n — 1)st Chebyshev polynomial (4.1) of the 1st

kind in [-1,1], i.e., aj = cos (%ﬂ) for 1 <j<n-—1in (5.1). The same nodes
{z; }jl-igl and {s; 55:71 as in Example 5.1 are used and we call MATLAB’s chebypoly
[8] in package chebfun to generate { f(x;)};2 and {f(s;)}52]. We observed that as

degree n increases, so does ||WH2 In Table 5.1, we report ||y — Yloo; 7oz together
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n=21 and xe [-1,1]

n=31 and xe [-1,1]

10712

ﬂ L et "l == Chebrersiod
w T | .
gt il; i ﬁ;jﬂ M\ ‘E’JI% Soepyll 3 il m‘ﬁm ‘%E ‘kﬂ
31l \’f*ﬂﬁ&z%ﬂ{\&*% LR i : "7’?\”3‘?
Pl IR SRl
1ok l i

1019k

—*—Vandermonde+Arnoldi

1019
0

FIGURE 5.2. Absolute error ||y — §||o for three methods on f(x) in (5.

with |lall2, ||W||2 and the condition number ng(é). Empirically, ||ly — 9]/co and

40

50

60

random case

1020
0

40 60
random case

u||W|| and u ||al|; are of the same order of magnitude.

TABLE 5.1. Absolute error, upper bound, ||/V[7H2 and ||a||z in Ex-

543

ample 5.2.
n|lly-dle | 5 W12 lall2 r2(Q)
31 | 1.2712e-14 | 1.1918e-13 | 2.2414e+01 | 1.1751e+02 | 1.0000e+00
41 | 3.1530e-14 | 2.0783e-12 | 8.7119e+4-01 | 7.1896e+-02 | 1.0000e+-00
51 | 5.5622¢e-13 | 2.4895¢e-10 | 1.5549e+03 | 4.4686e+03 | 1.0000e+00
61 | 1.3901e-11 | 1.1939e-07 | 8.9303e+04 | 2.8054e+04 | 1.0000e+00

Example 5.3. This example is to evaluate our new ways based on the Chebyshev
polynomial basis. In the setting of Example 5.2, we did two implementations of
Algorithm 2 that differ in their step 1: calling the Arnoldi process or SOAR. In
Figure 5.2, we compare the two ways with Algorithm 2 for n = 11 and n = 21,
each on 100 randomly generated polynomials of form (5.1). It turns out that they
all deliver roughly the same accuracy in evaluating the best fitting polynomial at
{s:}M, but the methods based on the Chebyshev polynomial basis hold an edge in
providing slightly more accurate evaluations.

We next perform tests on general intervals. In Figure 5.3, we consider interval
[10,12] with: randomly choosing roots c; uniformly on the interval, interpolating
nodes x; = 10 + j6;41 € FPN for j = 1,2,...,129, and nodes s; = 10 + % € FPN
fori=1,2,...,257 to evaluate at. Once again, numerical results demonstrate that
the methods based on the Chebyshev polynomial basis can achieve slightly more
accurate evaluations.

Finally, let f(z) = T,,—1(z) given in (4.1). Following Example 5.2 and using
MATLAB’s chebypoly, for each degree n € [11 : 5 : 31], we generate data points
{(zj, fj = (T, —1(x;)))} 2, on the intervals [1,2] or [2,4], respectively, where {x;}
are equally spaced with stepsize 27¢. The three methods then are tested on the new
equidistant nodes {s;} with stepsize 277 on the respective intervals. The results
in Figure 5.4 clearly show that using the translated Chebyshev polynomial basis is
superior to the monomial basis.
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6. Conclusion. We have provided a theoretical justification for the effectiveness
of Algorithm 1 in the presence of rounding errors. Our analysis reveals an implicit
link R which acts as the bridge between the fitting stage: steps 1 and 2 of the
algorithm, and the evaluating stage: steps 3 and 4. It plays a unique role to bypass
a Vandermonde system in determining the best fitting polynomial and later evalu-
ating the polynomial at nodes {s; }]Ail and thereby successfully avoid the notorious
ill-conditionedness of a Vandermonde matrix. A detailed error analysis is given in
Theorem 3.1 that is helpful to better understand the behavior of Algorithm 1 in
finite precision. Inspired by Algorithm 1, for the least-squares approximation on an
interval, we propose to use an orthogonal polynomial basis instead of the monomial
basis. For that, we showcased the (translated) Chebyshev polynomials of the first
kind in Algorithm 2. Finally, we performed several numerical tests.
ical results reflect the behavior of the algorithms in finite precision arithmetic, as
revealed in Theorem 3.1 and other similar estimates; for the approximation in real
case on an interval, we also demonstrate the slightly more accurate evaluation of
the (translated) Chebyshev polynomials, especially when some of the interpolating

1015

o2k

LEI-HONG ZHANG AND YANGFENG SU AND REN-CANG LI

n= 11 andx& [1012]

—*— Vandermonde+ArnoId|
— -+ Chebyshev+Arnoldi

—x— Chebyshev+SOAR
] N

fj;ﬁm 1 \&
|4l 1‘*”“{“ *

mi
4?

:;
=

;o |
P iy

%
ki

50 60 70 80 90

random case

Y(X):T (x) and xe [1 2]
—— Vandermonde+AmoId| /*
—-+- Chebyshev+Arnoldi /
—x— Chebyshev+SOAR //
//
/
/
/
/
/
/
/
/
/
/
¥
-
_—
P - v
/ -
— — £ -
*— mm
%= -
¥
15 20 25 20

Absolute error

Absolute error

107"

10712

1013

1015k

10716

107 L
1018k

10719
0

Absolute error ||y — Y||oo for three methods on f(z) in

1010k

1013k

1014k

10718

n=; 21 andxe [1012]

WMWWWMWJMW
—#— Vandermonde+Arnoldi
—+- Chebyshev+Arnoldi
¥ —»— Chebyshev+SOAR
| T L ¥ 13
Lo b TR T
ik WE ﬂ gl ol
W e e sy
R aVER .Y I X | | Vo ly
*&‘ii A \ﬁu*\ﬁﬁ"‘.‘ “l&fﬂi | i \‘{'«4 1 ;ﬁ*w )
B R ) b o e
gERIR AR A AR 4R,
POy
| i | y iF
% * If + if E
4 *

10 20 30 40 50 60 70 80 90 100
random case

f()=T,_,(x) and xe [24]
—+—Vandermonde-+Arnoldi
[ |-+ Chebyshev+Arnoldi *
—»— Chebyshev+SOAR //
/
/
/
/
/
/
/
/
/
/
//
_—
T
o
o
e S a— =3
S
15 20 2 30 35

FIGURE 5.4. Absolute error ||y —g||o for three methods on f(z) =
T—1(z) given in (4.1).

nodes have much greater magnitudes than 1.

The numer-
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Although our analysis is restricted to real nodes and real function values, it can
be extended to complex nodes and complex function values as we commented at
the beginning of section 3.
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