Information and Inference: A Journal of the IMA (2024) 13, iaad052
https://doi.org/10.1093/imaiai/iaad052
Advance Access publication on 31 December 2023

Sigma-Delta and distributed noise-shaping quantization methods for random
Fourier features

JINJIE ZHANG™ AND HARISH KANNAN
Department of Mathematics, University of California San Diego
*Corresponding author: jiz003 @ucsd.edu

AND

ALEXANDER CLONINGER AND RAYAN SAAB
Department of Mathematics, Halicioglu Data Science Institute, University of California San Diego

[Received on 11 April 2022; revised on 14 September 2023; accepted on 7 December 2023]

We propose the use of low bit-depth Sigma-Delta and distributed noise-shaping methods for quantizing
the random Fourier features (RFFs) associated with shift-invariant kernels. We prove that our quantized
RFFs—even in the case of 1-bit quantization—allow a high-accuracy approximation of the underlying
kernels, and the approximation error decays at least polynomially fast as the dimension of the RFFs
increases. We also show that the quantized RFFs can be further compressed, yielding an excellent trade-
off between memory use and accuracy. Namely, the approximation error now decays exponentially as
a function of the bits used. The quantization algorithms we propose are intended for digitizing RFFs
without explicit knowledge of the application for which they will be used. Nevertheless, as we empirically
show by testing the performance of our methods on several machine learning tasks, our method compares
favourably with other state-of-the-art quantization methods.
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1. Introduction

Kernel methods have long been demonstrated as effective techniques in various machine learning
applications, cf. [32, 33]. Given a dataset 2~ C R with |.2°| = N, kernel methods implicitly map data
points to a high, possibly infinite, dimensional feature space S by ¢ : & — . However, instead
of working directly on that space the inner products between feature embeddings can be preserved by a
kernel function k(x,y) := (¢ (x),#(y)) , that coincides with the inner product. Nevertheless, in cases
where N is large, using nonlinear kernels for applications like, say, support vector machines (SVMs)
and logistic regression requires the expensive computation of the N x N Gram matrix of the data [24].
In order to overcome this bottleneck, one popular approach is to ‘linearize’ k using the random Fourier
features (RFFs) originally proposed by [29], and in turn built on the Bochner’s theorem [26]. Given a
continuous, shift-invariant real-valued kernel k(x, y) = « (x —y) with k (0) = 1, « is the (inverse) Fourier
transform of a probability measure A over RY and we have

k) =E,_,explio'u) =E,_, cos(w u). (1.1)

As an example, the radial basis function (RBF) kernel k(x,y) = exp(—|x — y||% /202) corresponds
to the multivariate normal distribution A = .47(0, o1 »)- Following [29], for a target dimension m, the
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2 J.ZHANG ET AL.

associated RFFs (without normalization) are

zZ(x) ;= cos(R2 'x+ &) e R, (1.2)

. . iid .
where 2 = (wy,...,w,,) € RZ*™ is a random matrix generated as w; < Aand & € R™ is a random
vector with Sj ~uU ([0,27)) for all j. Additionally, the identity E((z(x),z(y))) = Fk(x,y) implies that

the inner product of low-dimensional features \/%z(x), \/%z(y) can approximate k(x,y) in kernel-based
algorithms. Learning a linear model on the (normalized) RFFs then amounts to using the approximation

~ 2
krpp(x,y) = - (z(x),z(y)) (1.3)

as a reference kernel during training. For instance, performing linear SVM and linear ridge regression
on RFFs winds up training nonlinear kernel-based SVM and ridge regression with /IQRFF. It turns out
that using RFFs in such a way with adjustable dimension m can remarkably speed up training for large-
scale data and alleviate the memory burden for storing the kernel matrix. As an additional and very
important benefit, the entire kernel function k is approximated accurately, i.e. the approximation error
lk(x,y) — /IERFF(x, y)| has been shown to be small, particularly when m is large, e.g. in [3-5, 30, 35, 37].

The need for large m for guaranteeing good generalization performance on large datasets [1, 25, 27,
38] provides an opportunity for further savings in memory usage. Rather than store the RFFs in full
precision, quantization methods have been proposed to encode RFFs (1.2) into a sequence of bits and
subsequently approximate k(x, y) by taking inner product between quantized RFFs, thereby introducing
a new level of approximation. One of our goals is to propose quantization techniques that favourably
trade off approximation accuracy against number of bits used.

1.1 Related work

To make the discussion more precise, let us start by defining the 2K-level quantization alphabet that we
use throughout as

M:{ZK_l‘a::l:l,:l:3,...,:|:(2](—1)}, (1.4)

and note that one can use b := log, (2K) bits to represent each element of .27. The goal of quantization
in the RFF context is to map z(x) = cos(27x + &) € R™ » g(x) € &/™. We will be interested in very
small values of K, particularly K = 1, which corresponds to very few bits per RFF sample.

It is natural to start our discussion of quantization methods with the simplest quantizer, namely
memoryless scalar quantization (MSQ), where we round each coordinate of the input vector z € R™
to the nearest element in 7. Specifically, Omsg - R — /™ is defined by

ql = (QMSQ(Z))Z = argmlnvepf|zl — V|, i = 1, N ([

Moreover, by setting K = 1, one can get a binary embedding Qygo(z) = sign(z) with & = {—1,1}
where sign is an element-wise operation. This yields the so-called 1-bit universal quantizer [8, 31] for
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SIGMA-DELTA AND DISTRIBUTED NOISE-SHAPING QUANTIZATION METHODS FOR RFFs 3

RFFs, which generates a distorted (biased) kernel

-~

1
ky(x,y) = —{sign(z(x)), sign(z()))- (1.5)

Although replacing the sign function in (1.5) by Qo With K > 1 and renormalizing the inner
product correspondingly can alleviate the distortion, there are better choices in terms of approximation
error. In [23], a Lloyd-Max quantization scheme is designed based on the MSQ where, rather than use
the evenly spaced alphabet in (1.4), one has to construct specific alphabets for different K. Recently with
an eye towards asymmetric sensor network applications, an asymmetric semi-quantized scheme (SemiQ)
was proposed in [31], and shown to be unbiased. It generates 735 (x,y), which is an inner product between
an unquantized RFF vector and a quantized one, i.e.

E,(03) 1= 2 (200, Quiso(20)). (1.6)

However, this asymmetric setting is restrictive on many kernel machines because it only works for the
inference stage and the model still has to be trained based on unquantized RFFs. Another unbiased
quantization scheme resorts to injecting randomness into the quantization, and is known as randomized
rounding [40], or stochastic quantization (StocQ) [23]. Specifically, for each z € R, one chooses the two
consecutive points s, t € o/ with z € [s, t]. Then one randomly assigns the quantization via P(QSIOCQ () =

5) = =2, P(Qs10e0 () = 1) = =3 Tt follows that

t—s’

—~ 2
kStocQ(xJ) = a(QstocQ(Z(x))a QstocQ(Z(J’)))7 (1.7)

where Qg operates on each component separately. Due to the Bernoulli sampling for Qg,.q. the
quantization process involves additional randomness for each dimension of RFFs, which leads to extra
variance especially in the case of binary embedding, i.e. » = 1. Note that the distinct normalization
factors are chosen in (1.6) and (1.7) such that the expectations of IAcs and I%Sch are equal to k(x,y).
Moreover, the kernel approximation error for7c\s andZStOCQ is bounded by O(m~!/?) with high probability,
see [31, 40].

1.2 Methods and contributions

We explore the use of X' A [14, 15, 18] and distributed noise-shaping [9, 10] quantization methods
on RFFs. These techniques, explicitly defined and discussed in Section 2 and Appendix A, yield
superior performance to methods based on scalar quantization in contexts ranging from bandlimited
function quantization [14, 18], to quantization of linear measurements [6, 7], of compressed sensing
measurements [19], of nonlinear measurements [20] and even for binary embeddings that preserve
(Euclidean) distances [21, 41]. It is therefore natural to wonder whether they can also yield superior

performance in the RFF context. Let Q(Er) 4 be the r-th order ¥ A quantizer and let Op be the distributed

noise shaping quantizer with 8 € (1,2), and let Vz 4 and \7ﬁ be their associated sparse condensation
matrices defined in Section 2. Then our method approximates kernels via

KD (n,y) 1= (V5,08 c(0)), V5,08, z())) (1.8)
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4 J.ZHANG ET AL.

Algorithm 1 Quantized kernel machines

Require: Shift-invariant kernel k, alphabet <7, and training data 7 = {xi}ﬁ\': | C X
1: Generate random matrix £2 € R4*” and random vector & € R™ as in (1.2)

2: fori < 1toN do

3 Z; < cos(.QTxl- + &) e R™ > Compute RFFs
4 g < Q@) edm >0 =00 or Qp asin (2.1) and (24)
5 y; < Vg, > Further compression with V = V. , or V/S as in (2.5)
6: end for

7: Store {yl}N | and use it to train kernel machines with a linear kernel, i.e. inner product

TaABLE 1 The memory usage to store each encoded sample.

Method RFFs OsemiQ OstocQ ?A Op

Memory 32m 32m mb O(p(b + rlog, A)) mb*

*This can be reduced to mb log, B for certain .

and
kg (x.y) 1= (V405()). V0 (1)) (1.9)

Specifically, given large-scale data .7 contained in a compact set 2" C R?, we put forward Algorithm 1
to generate and store quantized RFFs such that one can subsequently use them for training and inference
using linear models.

For illustration, Appendix B presents a pointwise comparison of the above kernel approximations on
a synthetic toy dataset. A summary of our contributions is as follows.

*  We give the first detailed analysis of X' A and distributed noise-shaping schemes for quantizing RFFs.
Specifically, Theorem 3.1 provides a uniform upper bound for the errors |A(r) (x,y) — k(x,y)| and
|k/3 (x,y) — k(x,y)| over compact (possibly infinite) sets. Our analysis shows that the quantization
error decays fast as m grows. Additionally, Theorem 3.3 provides spectral approximation guarantees
for first-order X' A quantized RFF approximation of kernels.

*  Our methods allow a further reduction in the number of bits used. Indeed, to implement (1.8) and (1.9)
in practice, one would store and transmit the condensed bitstreams V5. , Q(Er)A (z(x)) or Vg Qﬁ (z(x)).

For example, since the matrices VE 4 are sparse and essentially populated by bounded integers, each
sample can be represented by fewer bits, as summarized in Table 1.

*  We illustrate the benefits of our proposed methods in several numerical experiments involving kernel
ridge regression (KRR), kernel SVM and two-sample tests based on maximum mean discrepancy
(MMD) (all in Section 4). Our experiments show that Q(r) and Q p are comparable with the semi-
quantization scheme and outperforms the other fully quantized method mentioned above, both when
we fix the number of RFF features m, and when we fix the number of bits used to store each quantized
RFF vector.
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2. Noise shaping quantization preliminaries

The methods we consider herein are special cases of noise shaping quantization schemes (see, e.g. [11]).
For a fixed alphabet <7 and each dimension m, such schemes are associated with an m x m lower triangular
matrix H with unit diagonal, and are given by a map Q : R” — &/ with y > ¢ designed to satisfy
y—q = Hu. The schemes are called stable if ||u|| ., < C, where Cis independent of m. Among these noise

shaping schemes, we will be interested in stable rth-order X' A schemes Q(Er)A [15, 18], and distributed
noise shaping schemes Qﬂ [9, 10]. For example, in the case of ¥ A with r = 1, the entries g;,i = 1,...,m

of the vector g = Qg)A () are assigned iteratively via

Uy = 0,
i = Omsq (Vi + 1) (2.1)
U =u;_1 +y;—4q

where Oy (z) = argmin, |z — v|. This yields the difference equation y — g = Du, where D is the
first-order difference matrix given by D;; = 1if i = j, D;; = —1if i = j+ 1 and O otherwise. Stable X' A
schemes with r > 1, are more complicated to construct (see Appendix A), but satisfy

Du=y—gq. (2.2)

On the other hand, a distributed noise-shaping quantizer Q4 : R™ — /™ converts the input vector
yER"tog=040) € /™ such that

Hu=y—gq, (2.3)

where, again, |ul|,, < C. Here, denoting the p x p identity matrix by , and the Kronecker product by
®, H is a block diagonal matrix defined as H := I, ® Hg € R™", where Hy € R*** is given by
(Hﬁ)ij =1ifi=}j, (Hﬁ)ij = —pBifi = j+1 and O otherwise. Defining H := I,, — H, one can implement
the quantization step g = Qﬁ (y) via the following iterations fori = 1,2,...,m [9, 10]:

MO = O,
i = Omsq i + Hij—1;—1)s (2.4)
wp=y;+H;;_ju;_y —q;

where Qygq(z) = argmin, |z — v|. The stability of (2.4) is discussed in Appendix A. It is worth

mentioning that since Q(Er)A and Qg are sequential quantization methods, they cannot be implemented
entirely in parallel. On the other hand, blocks of size A can still be run in parallel. Next, we adopt the
definition of a condensation operator in [9, 21, 41].

DerFiniTiON 2.1. (X' A condensation operator) Let p, r, A be fixed positive integers such that A = ra—r+1
for some integer A. Let m = Ap and v be a row vector in R* whose entry v; is the j-th coefficient of the

polynomial (1 +z+4 ...+ zX_l)’. Define the condensation operator Vy 4 € RP*™ as Vg 4 :=1, Qv.
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6 J.ZHANG ET AL.

For example, when r = 1, A = 7 and the vector v € R* is simply the vector of all ones while when
r=2xA=2k—1landv=(1,2,...,~A— 1,A,A —1,...,2,1) € R*. As we will see in the proof of
Theorem 3.1, the quantization error is bounded by controlling || V5. ,D"ull,. The specific construction
of Vx4 in Definition 2.1 accomplishes two things. First, it allows us to obtain favourable bounds on
Vs D ull,. Secondly, as V4 is the Kronecker product of a vector having O(1) non-zeros with the
identity matrix, it is a sparse matrix, hence computationally efficient to apply. For analogous reason, we
define the condensation operator for Qg as follows.

DeriniTioN 2.2. (Distributed noise-shaping condensation operator) Let p, A be positive integers and fix
B € (1,2). Let m = Ap and vg = (B~',B72,...,B7*) € R* be a row vector. Define the distributed
noise-shaping condensation operator Vg € RPX ag Vg i=1,Q vg.

We will also need the normalized condensation operators given by

o o

Veopi=—Vs,4, V= ——V,. (2.5
A vl A P vl P
If V is either of the two normalized matrices in (2.5), Lemma D.1 (Appendix D) shows that
E((Vz(x), V() = k(x, ). (2.6)

3. Main results and space complexity

Our approach to quantizing RFFs given by (1.8) and (1.9) is justified by (2.6), along with the observation
that, for our noise-shaping schemes, we have ¢ = z — Hu with guarantees that ||VHu||2 is small.

Moreover, as we will see in Section 3.1, we are able to control the approximation error such that
ksa(ry) ~ k(x,y) and kg(x,y) ~ k(x,y) hold with high probability. In fact Theorem 3.1 shows
more: the approximation error of the quantized kernel estimators in (1.8) and (1.9) have polynomial
and exponential error decay, respectively, as a function of m, the dimension of the RFFs. Armed with
this result, in Section 3.2 we also present a brief analysis of the space-complexity associated with our
quantized RFFs, and show that the approximation error due to quantization decays exponentially as a
function of the bits needed.

Additionally, in various applications such as KRR, spectral error bounds on the kernel may be more
pertinent than point-wise bounds. For example, it was shown in [4, 40] that the expected loss of KRR
performed using an approximation of the true kernel is bounded by a function of the spectral error in
the kernel approximation (Lemma 2 of [4], Proposition 1 of [40]). In Theorem 3.3, we provide spectral
approximation guarantees for first-order X' A quantized RFF approximation of kernels, in the spirit of
the analogous guarantees in [40] for StocQ.

3.1 Approximation error bounds

3.1.1 Point-wise error bounds on the approximation ~We begin with Theorem 3.1, with its proof in
Appendix D.

Treorem 3.1. Let 2~ € RY be compact and k : 2" x 2 — R be a normalized, i.e. k(0,0) = 1,
shift-invariant kernel. Let A be its corresponding probability measure as in (1.1), and suppose that the

second moment 0121 = ]EwNA||a)||% exists. Let 8 € (1,2),p,r € N, L = O( plog_lp) € Nandm = Ap.
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SIGMA-DELTA AND DISTRIBUTED NOISE-SHAPING QUANTIZATION METHODS FOR RFFs 7

Let C, be the constant defined in Proposition A.1. For x,y € £, and b-bit alphabet 7 in (1.4) with

b = log,(2K), consider the approximated kernels /l;(zr)A (x,y) and ’l;ﬂ (x,y) defined as in (1.8) and (1.9),

respectively. Then there exist positive constants {c;} }01 that are independent of m, p, A such that

logp\1/2  (C,r) log!/? (C,r)?
7(r) gp 1 g P 1
K0 — k| 5 (22) 3.1
fy‘:?ﬂ Ay =k y)] S P + TP — 1) | a2lb —1)2 (.1
holds with probability at least 1 — ozlp_l_"‘2 — oy exp(—ot4pl/2 + aslogp), and
—~ log p\1/2 pl/? 1
sup [k (o) — k(e )| (22) 7+ + (3.2)
o o =5 pI@—1) T BP0 - 1)?

holds with probability exceeding 1 — agp™1 7% — ag exp(—agp!/? + 1 log p).

Note that the first error term in (3.1) and (3.2) results from the condensation of RFFs, i.e. Theorem
D.3, while the remaining two error terms are due to the corresponding quantization schemes.

3.1.2  Spectral approximation guarantees for first-order Sigma-Delta quantized RFFs We begin with
a definition of a (A, A,)-spectral approximation of a matrix as the error bounds A; and A, play a
key role in bounding the generalization error in various applications such as KRR (Lemma 2 of [4],
Proposition 1 of [40]).

DeriNiTION 3.2 (A4, A,)-spectral approximation. Given A, A, > 0, a matrix A is a (A, A,)-spectral
approximation of another matrix Bif (1 — A))B <A < (1 + A,)B.

For the tractability of obtaining spectral error bounds, in this section we consider a variation of the
Sigma-Delta scheme for r = 1. In particular, given a b-bit alphabet as in (1.4) with b = log,(2K),
we consider the following first-order X' A quantization scheme for an RFF vector z(x) € [—1,1]"
corresponding to a data point x € R, where the state variable (1) 1s initialized as a random number,
ie.

1 1
() ~ U[_ﬁ’ﬁ}

Giv1 = Ouso((2(0));1q + (u),) (3.3)

() ipr = ()i + @)yt — gigy

where ¢ € &/™ represents the X' A quantization of z(x) and (), is drawn randomly from the uniform

C . . 1 1
distribution on [ 1 2,,_1].

Let Q5 4 be the first-order X' A quantizer represented by (3.3) and let Vz 4 be the associated sparse

condensation matrix as in definition 2.1. Then the elements of the corresponding approximation Ky, , of
the kernel K is given by

K540 = (Vs 405 4(2()), Vs 4 05 4 (Z0))).
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8 J.ZHANG ET AL.

Now, we state Theorem 3.3 whose proof can be found in Appendix E.

TreorEM 3.3. Let K 5 4 be an approximation of a true kernel matrix K using m-feature first-order X' A
quantized RFF (as in (3.3)) with a b-bit alphabet (as in (1.4)) and m = Ap. Then given A; > 0, 4, > %,
8+30

m , We have

where 1 > O represents the regularization and § =

PI(1— ADK + D) < (Kgp +0D) < (1+ A) (K + 5]
_ 2 A2 _ 2 A, — é 2
>1—4n|exp 1 P~ A4 + exp 1 P4, ”) 3 .
4nr (L (1Kl +8) +24,/3) 4 (LK, +8) +2(4, — £)/3)

The above result differs from the spectral bound results presented in [40] for StocQ in a particular
aspect of the lower bound requirement on A,, namely, the lower bound for A, in Theorem 3.3 for
first-order X' A quantization has another controllable parameter A in addition to the number of bits b.
Specifically, provided 8 >> %, we have § ~ which is monotonically decreasing in X.

__8
P12

3.2 Space complexity

Atfirst glance, Theorem 3.1 shows that Q4 has faster quantization error decay as a function of A (hence

m) as compared with Qg) - However, a further compression of the bit-stream resulting from the latter is
possible, and results in a similar performance of the two methods from the perspective of bit-rate versus
approximation error, as we will now show.

Indeed, our methods entail training and testing linear models on condensed bitstreams Vq eV C
R?, where g is the quantized RFFs generated by Q();)A or Qg, and V is the corresponding normalized
condensation operator. Thus, when considering the space complexity associated with our methods, the
relevant factor is the number of bits needed to encode Vq. To that end, by storing the normalization
factors in V (see (2.5)) separately using a constant number of bits, we can simply ignore them when
considering space complexity. Let us now consider b-bit alphabets o/ with b = log,(2K). Since the
entries of v are integer valued and ||v|]|; = O()1"), one can store \7Mq using B := O(plog, CK|v|l;)) =
O(p(b+rlog, 1)) bits. Then A™" =~ 2~B/P and thus the dominant error terms in (3.1) decay exponentially
as a function of bit-rate B. On the other hand, for distributed noise shaping each coordinate of Vg is a
linear combination of A components in ¢, so Vﬁq takes on at most (2K)* values. This implies we need

plog, (2K )* = mb bits to store Vﬁq in the worst case.

REMARK 3.1. Although mb is a tight upper bound for arbitrary 8 € (1,2), an interesting observation is
that the number of bits used to store \~/ﬁq can be smaller than mb with special choices of g, e.g. when
B% = B + 1 with integer k > 1. For example, if k = 2 and b = 1, then 8 = (v/5 + 1)/2 is the
golden ratio and one can see that vg = (87, ..., p7%) satisfies vg(D) = vg(i + 1) +vpi +2) for
1 <i<X—2.Since b =1, we have g € {£1}" and \7/561 (ignoring the normalizer) can be represented
by plogz(ﬁx) = mlog,(B) < m bits. Defining the number of bits used to encode each RFF vector by
R := mlog,(B), then (3.2) shows that B+ = 27MR/m — 2=R/P dominates the error. In other words,
up to constants, the error is essentially equal to the error obtained by a A bit MSQ quantization of a
p-dimensional RFF embedding.
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SIGMA-DELTA AND DISTRIBUTED NOISE-SHAPING QUANTIZATION METHODS FOR RFFs 9

If we assume that each full-precision RFF is represented by 32 bits, then the storage cost per sample
for both full-precision RFF and semi-quantized scheme Qg in (1.6) is 32m. Because Qg in (1.7)
does not admit further compression, it needs mb bits. A comparison of space complexity of different
methods is summarized in Table 1.

4. Numerical experiments

We have established that both Q(QA and Q4 are memory-efficient and approximate their intended kernels
well. In this section, we will verify via numerical experiments that they perform favourably compared
with other baselines on machine learning tasks.

4.1 Kernel ridge regression

KRR [28] corresponds to the ridge regression (linear least squares with £, regularization) in a reproducing
kernel Hilbert space. We synthesize N = 5000 highly nonlinear data samples (x;,y;) € R3 x R such that
for each i, we draw each component of x; € R3 uniformly from [—1, 1) and use it to generate

Vi =) =7 x4y cos@) +y3 cosx]) + &,

where y; = ¥, = 3 = [1, I,...,11T € R’ and g ~ N0, }T). This is split into 4000 samples
used for training and 1000 samples for testing. Given an RBF kernel k(x,y) = exp(—y|lx — y||%) with
y = 1/d = 0.2, by the Representer theorem, our predictor is of the form }‘\(x) = vaz 1 oik(x;, %)
where the coefficient vector o := (ay,...,ay) € RV is obtained by solving (K + nly)a = y. Here,
K= (k(xi,xj)) € RNV is the kernel matrix and n = 1 is the regularization parameter.

Since the dimension of RFFs satisfies m = Ap, there is a trade-off between p and A. According to
Theorem 3.1, increasing the embedding dimension p can reduce the error caused by compressing RFFs,
while larger A leads to smaller quantization error and makes the memory usage of Q();)A more efficient
(see Table 1). Beyond this, all hyperparameters, e. g A, ,3 are tuned based on cross validation. In our
experlment we consider the kernel approximations kRFF, kStocQ’ I3 )A with A = 15, 75(2) with A = 15,
and kﬂ with B = 1.9, A = 12. These are applied for both training (solving for ) and testing (computing
f (x) based on «), while the semi-quantized scheme k is only used for testing and its coefficient vector o
is learned using kRFF on the training set. Furthermore according to [31], k can be used in two scenarios
during the testing stage:

1. Training data are unquantized RFFs, while test data are quantized, i.e. f(x) = Zf’: 1 ozljc\s (x;,%);
2. Quantize training data and leave testing points as RFFs, i.e. f(x) = Zf\’: 1 a,jc\s (x, x;).

We summarize the KRR results averaging over 30 runs for » = 1 bit quantizers in Fig. 1, in which the
solid curves represent our methods and the dashed lines depict other baselines. Note that in both cases, the
noise-shaping quantizer Q4 achieves the lowest test mean squared error among all quantization schemes,

and it even outperforms the semi-quantization scheme 7{? with respect to the number of measurements 1.

Moreover, due to the further compression advantage, Q(Er)A and Qg are more memory-efficient than the
fully quantized scheme Qg in terms of the usage of bits per sample. More experiments for b = 2,3
can be found in Appendix C.
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Fi. 1. KRR with b = 1. The labels RFF, s1, s2, StocQ, r1, 12, B represent krgr, ks for scenarios (1), (2), Rstocqs Korys Koy and
kg respectively.

4.2  Kernel SVM

To illustrate the performance of our methods for classification tasks, we perform Kernel SVM [32, 36]
to evaluate different kernel approximations on the UCI ML hand-written digits dataset [2, 39], in which
N = 1797 grayscale images compose C = 10 classes and they are vectorized to d = 64 dimensional
vectors. Additionally, all pixel values are scaled in the range [0, 1] and we randomly split this dataset
into 80% for training and 20% for testing. As for the classifier, we use the soft margin SVM with a
regularization parameter R = 1.

Note that in the binary classification case, i.e. labels y; € {—1, 1}, our goal is to learn the coefficients
«;, the intercept b, and the index set of support vectors S in a decision function during the training stage:

o) = sign(z oy k(x, X)) + b). (4.1)
ieS

Here, we use an RBF kernel k(x,y) = exp(—y|lx — y||%) with y = 1/(d002) ~ (.11 and 002 being equal
to the variance of training data. In the multi-class case, we implement the ‘one-versus-one’ approach
for multi-class classification where C(C;l) classifiers are constructed and each one trains data from
two classes. In our experiment, we found that a large embedding dimension p = m/A is needed and
approximations %RFF, %StOCQ, %():I)A with A = 2, Z()?)A with A = 3, and ?ﬁ with 8 = 1.1, A = 2, are
implemented for both training (obtaining «;, b, and S in (4.1)) and testing (predicting the class of an
incoming sample x by g(x)) phases, whereas the asymmetric scheme ’IES is only performed for inference
with its parameters in (4.1) learned from Ik\RFF during the training stage. Moreover, as before there are
two versions of ’I;Y used for making predictions:

1. Keep the support vectors as unquantized RFFs and quantize the test point x, i.e. substitute 7{Y (x;,x)
for k(x, x;) in (4.1);

2. Quantize the support vectors and leave the testing point x as unquantized RFFs, i.e. replace k(x, x;)
in (4.1) with k (x, x;).
For each binary quantization scheme (with » = 1), the average test accuracy over 30 independent runs
is plotted in Fig. 2. We observe that, in regard to m, Qg substantially outperforms other fully quantized

schemes including Q(Er)A and QSmCQ, but, as expected, it is still worse than the semi-quantized methods.
Memory efficiency is characterized in the right plot by estimating the test accuracy against the storage
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/k\(z) and kﬂ respectively.

cost (in terms of bits) per sample. Note that both Q4 and Q(LpA have significant advantage over the baseline
method Qgy,.o, Which means that our methods require less memory to achieve the same test accuracy
when b = 1. See Appendix C for extra experiment results with b = 2, 3.

4.3 Maximum mean discrepancy

Given two distributions p and ¢, and a kernel k over 2~ C R4, the MMD has been shown to play an
important role in the two-sample test [17], by proposing the null hypothesis 77 : p = ¢ against the
alternative hypothesis %] : p # g. The square of MMD distance can be computed by

MMD; (p. q) = B, (k(x.x)) + E, , (k(1.))) — 2B, (k(x.y)).

where x, x’ i pandy,y i gq. Here, we set k to an RBF kernel, which is characteristic [34] implying
that MMD, (p, ¢) is metric, i.e. MMD, (p,q) = 0 <= p = ¢, and the following hypothesis test is
consistent.
In our experiment, the distribution p is supported on a quadrant of the unit circle, while g is generated
by perturbing p by a gap of size § at various regions, see Fig. 3a. Let n = 60 and choose finite samples
={x,....,x,} ~pand Y = {y,,...,y,} ~ g. Then MMD,(p, ¢) can be estimated by

MMD, (X, Y) = — Zk(xl,x) +— Zk(yl, W= Zk(xl, ¥)- (42)

ij=1 ij=1 ij=1

Under the null hypothesis .7, one can get the empirical distribution of (4.2) by reshuffling the data
2
samples X U Y many times (+ = 2000) and recomputing MMD, (X', Y") on each partition X" U Y’. For

2

a significance level of o = 0.05, 77 is rejected if the original MMD, (X, Y) is greater than the (1 — «)
quantile from the empirical distribution. Figure 3¢ shows that the empirical distributions of (4.2) under
both %) and 57| are separated well, where we use the ground truth RBF kernel with small bandwidth
o = 0.05.
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Eﬂ, respectively.

In order to compare different quantization methods when b = 1, we use the following approximations
with optimal A to perform the permutation test: /l;RFF,/l;StOCQ, /IE(EI)A with A = 4,/];(2212 with A = 5, and 755
with 8 = 1.5, A = 4. Due to the symmetry in (4.2),7(} can be implemented without worrying about the

order of inputs. Additionally, if the probability of Type II error, i.e. false negative rate, is denoted by S,
then the statistical power of our test is defined by

power = 1 — 8 = P(reject ;| 4] is true)

In other words, the power equals to the portion of MMD values under 7 that are greater than the
(1 — «) quantile of MMD distribution under ;. In Fig. 4, we observe that, compared with other fully
quantized schemes, Qg has the greatest power in terms of m. The performance of semi-quantized scheme
is pretty close to the plain RFF approximation but it requires more storage space, as discussed in Section
3. Moreover, Fig. 5 presents the corresponding changes of the MMD distributions under %) and 7],
in which the overlap between the two distributions is considerably reduced as m increases. Regarding
the number of bits per sample, both QS)A and Q4 have remarkable advantage over Qg;..q- Extra results
related to b = 2, 3 can be found in Appendix C.
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FiG. 5. The empirical distributions of MMD values under .4 and .77 .

5. Conclusion

In order to reduce memory requirement for training and storing kernel machines, we proposed a
framework of using Sigma-Delta and distributed noise-shaping quantization schemes, Q();)A and Qg, to
approximate shift-invariant kernels. We have shown that these fully deterministic quantization schemes
are capable of saving more bits than other baselines without compromising the performance. Importantly,
we showed that, for all pairs of signals from an infinite low-complexity set, the approximations have
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uniform probabilistic error bounds yielding an exponential decay as the number of bits used increases.
Empirically, we illustrated across popular kernel machines that the proposed quantization methods
achieve strong performance both as a function of the dimension of the RFF embedding, and the number
of bits used, especially in the case of binary embedding.

5. Data Availability Statement

The data underlying this article are available in the UCI Machine Learning Repository, at https://archive.
ics.uci.edu/ml/datasets/Optical+Recognition+of+Handwritten+Digits.
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A. Stable quantization methods

The general definition for stable Q(Lf)A. Although it is a non-trivial task to design a stable Q&DA for

r > 1, families of X' A quantization schemes that achieve this goal have been designed [14, 15, 18], and
we adopt the version in [15]. Specifically, an r-th order X' A quantization scheme may also arise from
the following difference equation

y—q=H=xv, (A.1)

where * is the convolution operator and the sequence H := D’g with g € £!. Then any bounded solution
v of (A.1) gives rise to a bounded solution u of (2.2) via u = g * v. By change of variables, (2.2) can
be reformulated as (A.1). By choosing a proper filter & := 8§© — H, where §©) denotes the Kronecker
delta sequence supported at 0, one can implement (A.1) by v; = (h*v); +y; — q; and the corresponding

stable quantization scheme Q(Er)A reads as

[q,» = Q((h*v); + ). A2
v =(hx*xv);+y —q;
Furthermore, the above design leads to the following result from [15, 22], which exploits the constant
¢(K, ,r) to bound ||ul| ..

ProrosiTioN A.1. There exists a universal constant C > 0 such that the X’ A schemes (2.1) and (A.2)
with alphabet 7 in (1.4), are stable, and

T
Wl < < 1= Jully, < cKop) 1= —
o0 = o0 = 2K — 1

2 .
where C| = (f(cos}’f—_lmz} %) with y :=2K — 2K — .
Note that even with the b = 1 bit alphabet, i.e. K = 1 and o = {—1, 1}, stability can be guaranteed

with

Il < <1 = lul,<C-Cj-r.

The stability of Q. The relevant result for stability of the noise-shaping quantization schemes (2.4) is
the following proposition, which can be simply proved by induction or can be found in [10].
ProposiTioN A.2. The noise-shaping scheme (2.4) with alphabet <7 in (1.4) is stable and

K—p 1
—> llulloe < ¢(K.B) i= 52—

2
<
I¥loo < S

B. A comparison of kernel approximations

In Fig. B.6, we evaluate approximated kernels (1.8) and (1.9) in Section 1 on n = 1000 pairs of points
{x; )i, in R¥ with d = 50 such that for each i
S5t u

'xi ~ ‘/V(O’Id)s ul ~ e/V(O,Id), yl = xl + —_ ! .
no luglly
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—— RBF kernel k(x, y)

—— RBF kernel k(x, y) 1.0 7'2?_';b:': —— RBF kernel k(x, y) Kolx, y) with A =2
5(X, =

k&(x, y) withA =2 k2(x,y) withA =3

0.8 1

0.8 0.8 -

0.6

0.6 0.6

0.4 1

0.4 0.4

0.2 1

0.2 0.2 A

0.0

0.0 0.0 1

0 1 2 3 2 5 5 z : : ) L 0 1 2 3 :
[Ix=yll2 11X = yil2 lIx = yll2
(@) K\ (x,y) with r = 1 ) &) (x,y) with r =2 (c) kg (x,y) with B = 1.1

Fic. B.6. Kernel Approximations with b = 3.

02 le—-3 2 le-3
* & RFF —*- StocQ
N
. N - sl 8.8 1
8.8 11\ S -+ s2 .
\ ¥ ~#-  StocQ
" 8'4 + ‘ ﬁ
@ B .
= = NS
= B 8.0 b 30
g ki Ny
\\&___
7.6 T—x ——
= . s
\;é _— >~ 3 A
7.2 = T T T
20 210 ol 212 213 Q14

Fic. C.7. KRR with b = 2.

Moreover, each data point x; is represented by m = 3000 RFF features and we use 3-bit quantizers to
guarantee good performance for all methods. The target RBF kernel (red curves) is k(x,y) = exp(—|lx—
y||% /20%) with y := 1/202 = % and note that the approximations (black dots) have their ¢, distances
7
k

lx — yll, uniformly distributed in the range [0, 5]. We see that both k5., and /k\ﬂ can approximate k well.

C. More figures in Section 4

KRR. In Fig. C.7 and Fig. C.8, we show the KRR results for » = 2 and b = 3, respectively. Same as
in the Section 4, we see that the proposed methods Q(Lf) 4 and Qg have strong performance in terms of m
and the number of bits used for each sample.

Kernel SVM. Figure C.9 and Fig. C.10 illustrate the performance of kernel SVM with b = 2 and b = 3,
respectively. As we expect, the gap across various schemes shrinks when we use multibit quantizers,
where Qg is comparable with Q(Er)A and Qg.

MMD. As a continuation of the two-sample test in Section 4, Fig. C.11 and Fig. C.12 imply that both
semi-quantized scheme and Qg have better performance with respect to m, while Q(Er)A can save more

memory than other quantization methods.
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Fic. C.10. Kernel SVM with b = 3.
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Fic. C.12. Power of the permutation test with b = 3.

D. Proof of Theorem 3.1

Given x,y € 2 C R, we use either stable Q(Lf)A or stable Qg to quantize their RFFs z(x), z(y) as in

(1.2). Then we get quantized sequences
g0 = 00, 2).  g¥,(0) = 0%, @0)). or gu() = Qp(). () = Qs
and expect that both
K, 0) = (Ve ad¥A (), Ve ad 94 00), Ky(y) = (Vyap (). Vg ()

approximate the ground truth k(x,y) well.
In the case of X' A quantization, by (2.2), one can get

VEA‘]();)A(X) = VEAZ(X) - VEADrux’ VZ‘Aq(Z’:‘)A(y) = VZ‘AZ(y) - V}:ADr”y'

$20Z 1990100 L0 U0 Josn IAILOVNI - Aresqr] oBaiq ues ‘eluiopied Jo Aun AQ Z//+0G//ZG0PeeY/L /€ L /aIone/lelewl/woddnoolwepese)/:sdjy Wwolj papeojumoq



20 J.ZHANG ET AL.

It follows that
KA 00Y) = (Ve aq 2, Ve ad e s @) = (V5 42(0), Vi 420)) = (V5 42(x), Vi 4D
— (Vg az3). Vg uD'u) + (Vg \D'u. Vi oAD' ).
The triangle inequality implies that
K5, @ y) — k@ y)| < [(Vyaz(0, Vi 420)0) — k(e 9)| + (Vg 420, Vg uD'u)| (D)
(V) (IT)

+ [(Veaz0), Ve aD'u) | + [(Vg AD"u,. Vg 4Dy .

(11 )

Similarly, for the noise-shaping quantization, one can derive the following inequality based on (2.3),

(K () — ke )| < [(Vpz), Vgz () — k(e )| + | (Vg2(x), VgHuy) | (D2)
@ an
+ ’(Vﬁz(y), VﬂHux)‘ + |(VﬂHux, VﬂHuy)’ .

(T1T) vy

In order to control the kernel approximation errors in (D.1) and (D.2), we need to bound fours terms (I),
(II), (IIT) and (I'V) on the right-hand side.

D.1  Useful lemmata

In this section, we present the following well-known concentration inequalities and relevant lemmata.

Tueorem D.1. (Hoeffding’s inequality [16]) Let Xi,...,X,, be a sequence of independent random
variables such that EX; = 0 and |X;| < B; almost surely for all 1 < [ < M. Then for all ¢t > 0,

2
t
P >t §2exp(—T).
( ) 2305, B

TueoreM D.2. (Bernstein’s inequality [16]) Let X, ..., X, be independent random variables with zero
mean such that [X;| < K almost surely for all 1 </ < M and some constant K > 0. Furthermore assume
]E|Xl|2 < 012 for constants o; > O forall 1 <! <M. Then for all r > 0,

)2
P >1 §2exp —m 5

M

2.

=1

M
X

=1
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where 02 := >, of.

Additionally, one can compute the moments of cos(a)lTx +&) cos(a)JTy + Ej) as follows.

Lemma D.1. Suppose x,y € R? with RFFs z(x) and z(y) as in (1.2). Let V be either of the two
normalized condensation operators defined in (2.5). Then

E(cos(] x + &) cos(] y + &) = %k(x, y), j=12,...,m (D.3)
1 1 e

E(cos (@] x + &) cos? (@] y + &) = H 3 sk = (D.4)
1 ifi #j.

E((Vz(x), Vz(y)) = k(x. ). (D.5)

Proof. (i) Using trigonometric identities, the independence of w; and §; and formula (1.1), we get

1 1 1
E (cos(a)ij + Ej) cos(a)JTy + Ej)) = EE“’J'NA cos (ij(x — y)) = EK(X —y) = Ek(x, y).

(1) If i = j, then

E (cos2(w,7x +£) cos (o y + s,-)) = i]E((l + cosa; x +26)) (1 + cosQw] y + 25,.)))
- % (1 + E(cosa, x + 2£;) cosw, y + 251.)))

11
=~ + —k(2x,2y).
4+8 (2x,2y)

Similarly, when i # j we have

E (cos2 (a)iTx +£) cos® (a)jTy + gj)) = -+ E(cos(Za)iTx + 2&) COS(Za)jTy + 2&']-))

+
Bl— A=

E (cos(2a)lTx + 2§i))E(cos(2w;|—y + 2Ej))

Bl— Bl— b=
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22 J.ZHANG ET AL.
(iii) According to (D.3), we have EGzxzmT) = Lk(x, )1, and thus
E(Vz(x), Vz0))) = E(tr(z(y) ' V' Vz(x)))

=E(tr(V Vz)z(;) "))
=u(V VEzx)z») "))

! T2
Sk IVIE

= k(x,y).

Lemma D.2. Letx,y € R< and ¢ > 0. Then

82p

P(I(Va200, V200 — k(x,3)| =€) = 2exp(-

82]7

P(Wﬁzm’ V) — ke = 5) = Zexp(_z T k(2x,2y) + 2K2(x,y) + (4% + 2)e/3

Proof. (i) We first consider the case of X' A scheme, i.e. (I) in (D.1). Note that

- - 2
(V5 a200, Vs az0)) = —— D S;(x.y),
pivil3 45

where S| (x,y),..., Sp(x, y) are i.i.d. with

A

: T T
S;(x,y) i= D, vy cos (w(i—lwrjx + s(i—l)k—&—j) cos (w(i—l)k+ky + é(i—l)k—i—k) :
Jk=1

Due to (D.3), (D.4), and

2
E(Si(x,y) _ kxedlv yz)”VHZ) —o,

2 + k(2x,2y) + 2k2(x,y) + (41 +2)e/3

).

):
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one can get
kG, ) Ivll
Var (si (x,y) — TZ = Var(S;(x,y))
1 A
=3 (2<k2(x, )+ DIVIZ + (k(2x,2y) — 467 (x,3)) D v;‘)
i=1
VI /. 5
< M (2k (6, y) + 2 + k(2x, 2y))
8
and
kG, y)lIvIl3 [|v || Ivii3
S:(x,y) — Tz < 1S+ —==2 < v} + 72 <+ 1/2)vII3

forall 1 <i < p, it follows immediately from Bernstein’s inequality that
)4 2 2
kG, y)IIvii; eplvllz
S.(x,y) — >
?_1,( (%, ) > 2z —

<2e ll 4
X ot .
= 2P Tk 2n 2y) + 22(0y) + (44 + 2)/3

P(|<VEAZ(X)’ vZ’Az(y)> - k(x»)’)’ = 8) = P(

(ii) Since the proof in part (i) works for all vectors v € R* with non-negative components, a similar result
holds for the noise-shaping case by replacing V5 4 and v by Vg and vg, respectively. ]

Lemma D.3. Letx € RY and ¢ > 0. Then

P ivpazl =) <2 £ Ivl3
X _8 = peXp —_——— N
plv|2 " FAT 14 2¢|vll /3
P — v,z < opopf - Walz
pivig A = )= 1+ 2elvglloe/3 )

Proof. (1) In the case of X'A quantization, we note that Vy , =1, ® v and

R
1 ) = (I, ®v)z(x) 1,(X)
VI3 Yz e N
R, (x)
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24 J.ZHANG ET AL.

where R;(x) := ||sz > VRO gy = |2 D1 vy cos(@(_py; 8+ &) for I <i<p.

Since E(V] cos (a)(l_l)kﬂx + g(z—l)xﬂ)) =V /2 and |v] cos(a)(l ey i 1)A+])| < |[vll5 holds

vl

for all i and j, we can apply Theorem D.2 to R;(x) with K = ||v||o,, M = A, and & ”V”2 . Specifically,
for all t > 0, we have

P 2 |vII3
(IR;(x)| = 1) <2exp EEETIEN A (D6)

Since

vii3

11 r
2 ||V2AZ( )”1 || VEAZ(X)||1 z |R,'(x)|,
i=l

by union bound, we have

1
P( PTEUCTCUE )=P(
=
14
=2

e2Ivil3
<2pexp\ —————7"——=1).
I+ 2¢|vllo/3
where the last inequality is due to (D.6).

(ii) Substituting V5, , with Vg = I, ® v4 leads to a verbatim proof for the second inequality. d

p
> IR zsp)
.
U

IR;(x)| = 8})

P(IR;(®)| = &)

D.2  Upper bound of (1)

This section is devoted to deriving an upper bound of the term (I) in (D.1), (D.2). Here, we adapt the
proof techniques used in [37].

According to Theorem 3.1, 2" is a compact subset of RY with diameter £ = diam(.2") > 0. Then
2% = 2 x 2 is a compact set in R* with diameter ~/2¢. Additionally, the second moment of
distribution A, that is, 0121 =E, 4 ||w||% = tr(VZk (0)) exists where V2« is the Hessian matrix of k in
(1.1). We will need the following results in order to obtain a uniform bound of term (I) over £, via an
£-net argument.

Lemma D4, [12] Let Bi(n) == {x € RY : |x|, < n}. Then the covering number .4 (BS(n), )
satisfies

Ao = ()"
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Lemma D.5. Jung’s Theorem [13] Let K € R? be compact with diam(K) > 0. Then K is contained

in a closed ball with radius
< diam(K) d
iam _—
= 2d+ 1)

The boundary case of equality is attained by the regular n-simplex.
We can now prove the following theorem controlling term (I).

Tueorem D.3. Let ¢, > 0. Then

P( sup |(V42(x), Vi 4200)) — k(x,y)| < e)
xyeZ

771)\ 4¢ e2p
>1-—-320 A -2 — exp | — s
m 8 + 4k(2x,2y) + 8k%(x,y) + (81 +4)e/3

and

P( sup |(Vﬂz(x) Vﬂz(y)) k(x,y)| < 8)
xye

771)» 4¢ e2p
>1-320 A —2({—) exp|-— .
m 8 + 4k(2x,2y) + 8k2(x,y) + (81 + 4)e/3

Proof. Indeed, the following proof techniques are independent of the choice of row vector v in V): A-50
we only prove the case related to V5, 4 and everything works for Vﬁ by replacing v with vg. Let

506Y) 1= (Vg 4200, V5 220)),  f(,y) i= s(x,y) — k(x, ).

Recall that E(s(x,y)) = k(x,y) and

’ )

plv ||ZZ i),

2 =1

where S| (x,y), ..., Sp (x,y) are i.i.d. with

A

T T
Si(x,y) = Z VjVy €OS (w(i—l)k+jx + E(H)Hj) €os (“)(i—l)Hky + s(ifl))»Jrk) .
k=1

According to Lemma D.5, 2~ 2 C R% is enclosed in a closed ball with radius ¢ By Lemma D 4,

2d+1

2 4¢ 2d 2 4¢
one can cover 2~ using an 7;-net with at most ( +/ 2d+1) <T := (ﬂ—) balls of radius 7,. Let

¢; = (x;,¥;) denote their centres for 1 <i < T.
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26 J.ZHANG ET AL.

For 1 <[ < d we have

e, )' 2 i 22 (x,y)
oo WY X,y
9 P|| ||2 = 9x
2 Sis T T
= SV Z Z ViV SIN@(_ 1) 4% + & 1yny) COS(@G_1y344Y T Ei— DAtk P(i—1)atjd
2 =1 |jk=1
y L2
2 Z Z ViVl @G-yl
P||v||2 i1 Al
Then

20v]12
ZZZ el | < ,|222vvk (lolloe) =~ ”‘E<H loo) < 00

pHHZtl./kl 2 j=1jk=1

Since g—)fl(x, y)‘ is dominated by an integrable function, one can interchange expectations and partial

derivatives. In particular,
ad as
P Es(x,y) =E (—(x,y)) ,
.xl 3xl
and similarly
ad as
—(Es(x, =E{—(, .
3)’1( o y)) (3)’1 a y))

It follows that

EVs(x,y) = VEs(x,y) = Vk(x,y). (D7)
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LetL, = | Vf (x*,¥")|l, be the Lipschitz constant with (x*,y*) = argmax , e 92 [IV/(x, ») Il Applying
law of total expectation and (D.7) gives

E(L}) = E(IVs(x*, y*) — VE&*,y)5)

= E(E(|Vs(*,y*) — VEG*, ) [13 | x*,5"))

= E(B(I Vst I3 16,5 + VKG9 13 = 2BV, %), VAG*,5) [45,57))

= (V50 y)113) + E(IVKG 39113 = 2(E(Vs @, 5) |2,5), VAG, 1))

= (V50 y)I13) + E(IVKG™ )13 = 2(VKG 39, VG ) )

= E(||Vs(x*, y*)[13) — E(I VA", y)[13)

< E(|Vs(x*,y")1I3)

= E(| Vs, y)13) + BV, s,y [15).

Note that

Vs %, y9) |l

pllv ||2 Z

2 =1

eIy

T3S

>

T3 A

>

TS

IV, S;(x*, vl
A
: T * T *
Z ViVk Sm(w(z‘—l)Hjx + &1y COS(@G 1)1 F E— AP 104
k=1 5
) )
T T
Z Vi Cos(a)(i—l)k+ky* + &G yn) z Vi Sln(w(i—l)k+jx* + &) -1y
k=1 j=1 5
A )
T T
Z v cos(@q_1y, 44" + 5(1'—1),\+k)| - H Z vy $in(@_ )3 1% + EGo1ae) D1
k=1 j=1 ’

2||V||1
pllv ”2 ZZ (ifl))\+j||2'

i=1 j=1
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By Cauchy—Schwarz inequality and the fact ||[v]|; < \/X||v||2, we have

4} (- 2
2 1
IVse, 915 = =i | 20 2 vl ooyl

P\ S5

4IIVII

” ”2 ZZ ” (l 1))\+J||2
2 =1 j=1
4 T
2
< ZZ leo—1yoi112-
i=1 j=1
Then
E(IV,s(*,3)113) < 4A°E(|]3) = 43703
and similarly
E(|V,s(*,y")13) < 42%05.

Plugging above results into (D.8) shows

E(L}) < 8370
Let & > 0. Markov’s inequality implies

A EL}) »\?
P(szi <L 23002 ('l . (DY)
2, &2 €

By union bound and Lemma D.2, we get

T T
P(U{wcm > s/z}) = > P(Ife)l = ¢/2)

i=1 i=1

<2 (ﬁ) exp (— cp ) . D10)
m 8 + 4k(2x,2y) + 8k%(x,y) + (81 +4)e/3
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If [f(c)| < e/2foralliand Ly < &/2n;, then [f(x,y)| < & forall (x,y) € 272 It follows immediately
from (D.9) and (D.10) that

Pl sup |[f(x,y)| <e¢
x,ye &

)2 40\ 2
>1-3202 (12) —2(Z) exp(- ° P .
g m 8 + 4k(2x,2y) + 8k2(x,y) + (81 +4)e/3

D.3  Upper bound of (1l) and (II)
By symmetry it suffices to bound (II) in (D.1), (D.2) and the same upper bound holds for (III).

Tueorem D.4. Let €, 7, > 0. Then we have

P sup |(‘72Az(x),1~/EADruy)| <€
xyeZ

2 d
oo (K N2, \" ) [2v2¢ sl - e2vli3
= A P P\, P\ T e, n2 1 ek, n2 el /3 )

and

Pl sup |(Vﬁz(x),VﬂHu},)| <é€
x,yeZ

2 d 201y 12 B2*
102 (4n2c(1§,,3)) 2 23/2¢ o - i & Ilv,illzﬁ ,
&p mn 16¢(K, B)~ + 8p%c(K, B)ellvgll/3

where ¢(K,r) and c¢(K, B) are upper bounds of the £, norm of state vectors in Proposition A.l and
Proposition A.2, respectively.

Proof. (i) We first prove the case associated with Vz A-Since diam(Z") = £, by Lemma D.4 and Lemma
D.5, one can cover 2" using an 1,-net with at most 7, := (%)d balls with radius 7n,. Let x; denote
their centres for 1 <k < T,.Forx € RY, define

1 1 &
gx) = _||V2AZ(X)||1 = — lg;(x)]
plvi3 pIvi3 ; ;
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where g;(x) := Z}:l v; cos(w(Tif])Hjx + &(i_1)5.4;)- By the triangle inequality, we have

80— g0) = ”22|gl() gl(y)|_( o HZZII Vegi(x; >||2)||x Yo = Lyllx =y,

2 =1 2 =1

where x7 = argmax . o [|Vg;(x)|l, and L, := ST ”2 z _1 IVg;(xH)Il,. It follows that
T
T
e =~y D[ D vsIn@g_ 1yt + 1) P s
piviz = pa )
” ”% ZZ |w(’ 1))»'f'/”2
i=1 j=1

Applying the Cauchy—Schwarz inequality gives

= p ||v||4

P A
>3 2.2 Mgl | = HQZZM -l
=1 j=

i=1 j=I 2 =1 j=1

Taking expectation on both sides leads to

E(Ly) < ™ ” —E(|ol3) < E(lol3) = o}.
2

Let ¢ > 0. Markov’s inequality implies

£ 4B, (21

By union bound and Lemma D.3, we get

T> T>
P(U{|g(x,~>| > 8/2}) = > P(1s0l = ¢/2)
i=1 i=1

d
24/2¢ 2|vI13
<2p V2 expf —— M2} (D12)
m, 4+ 4e|vlly/3
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If [g(x))| < e/2forall iand L, < &/2n,, then [g(x)| < ¢ forall x € 272, 1t follows immediately
from (D.11) and (D.12) that

P (Xsup IVsaz@l; < psnvn%) =P (fup 8] < s) (D13)
cZ e
d
(2n2) 2V/2¢ e2|IvII3
>1—-o0y —2p exp| ———= ).
e m 4+4e|v] /3
(D13)

Because || V5 ,D'|l, = 2" and luylloo < c(K,r) := c(K, 1,r) in Proposition A.1, we have

[(Vsaz(®), Vg o D'uy)| = | (Vg az(), Vg AD'uy)|

PIvI2 Vs Az 11V AD "yl o

i ||2||v,mz(x>||1||vaf||oo||u lloo
< 2" e(K, rg(x).

Therefore, one can get

P( sup ‘ VEAz(x) VZAD u )| <€)
xyeZ

2 d
g2 c(K,N2 2\ ) 220 sl - e2|vII3
= A P P\, P\ 7. 222 T ek, n2 el /3 )

(ii) By repeating the statements before (D.13) with V5, , replaced with Vg, one can get

o 201112
21 220 e“llvgll
P (Xsup Vgz)Ily < p8||vﬁ||%) >1—-o0y4 ( 2) —2p exp S —
s e 7 4+ 4ellvgll /3

(D14)

Due to ||VgHl|l o, = B~ and ||uy||oo < c¢(K, B) in Proposition A.2, we get
~ ~ 2
|(Vgz(x), VgHu,)| = II—;3||| Viz(x), VgHu,)| (D15)

2
— I Vpz@ 1V Huty o
plvsl3
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2
i VM H el

- 287*c(K, B)

IVaz@ll;.
plvgl3  F

It follows from (D.14), (D.15) that

P{ sup | Vﬂz(x) VﬂHu )| <e
x,ye &

d
an,c(K, B)\2 2720 e2|vg 1387
zl—o},(M) —-2p V2 exp| — ¢ 5 8/)8“2 3 )

ep mn c(K, B)* +8p*c(K, B)elvgllno/

D.4  Upper bound of (IV)
THeEOREM D.5. Let r € NT and B € (1,2).

1. Ifu, , Uy, are state vectors of the X' A quantizer Q ): 4> then

c(K, r)zc(r)
T

bl

|(Vs D u,, Vs AD'uy)| <

where (K, r) is the upper bound of the £, norm of state vectors in Proposition A.1 and ¢(r) > 0
is a constant related to r.

2. If u,, u,, are state vectors of the noise-shaping quantizer Qg, then

2¢(K, B)?

|<VﬂHMx, V’BHMy>| < W,

where ¢(K, B) is the upper bound of the £, norm of state vectors in Proposition A.2.

Proof. (i) Cauchy—Schwarz inequality implies
% r Y, r 2 r
[(VeaD'uy, Vg sD'uy)| < iy ”2”VZ‘AD el 1V aD"uy Nl
2

One can easily verify that V5, , D" is a sparse matrix such that each row has at most r+ 1 non-zero entries
{wg,wy,...,w,} of the following form:
;
w, = (D).
= (=1 r
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Since max({||u, |l ||uy||oo} < c(K,r) as indicated by Proposition A.l, we have Vs, D'u., <
c(K,r)c(r)/pand |Vx AD’usz < c(K,r)c(r)/p. So above inequality becomes

2¢(r)2c(K, r)? - (K, n)*(r)

~ ~ 2
(Ve aD 1, Ve gD u))| < ——— Vg \D w5V oDt |l < <=

~ plviiz Ivil3

i

where the last inequality is due to ||v||§ > Z2r—1p=2r,
(i1) In the case of noise-shaping quantization, similarly, we have

- - 2
|(VgHu,, VgHu))| < ——|VgHu,||,||VgHu,|l,.
plivgliy
Note that VgH = (I, ® vg)(I, ® Hg) = 1, ® (vgHp) with vgHy = (0,0,...,0,7%) € R"**, and
max{[luyllo luylloo} = (K, B) by Proposition A.2. It follows that ||VgHu,|l, < B~ /Plluyll s and

IVgHuyll, < ﬂ’)‘\/ﬁHuyHOO. Then one can get

287 c(K, B)* _ 2¢(K,p)?

- ~ 2
‘(VﬂHux, VﬁHuy)| < —2||VﬁHux||2||V/3Huyl|2 = = /32A—2 >

= plvgl g3

where the last inequality comes from ||vﬂ I, > gL ([

D.5 Proof of Theorem 3.1

Proof. Recall that the kernel approximation errors in (D.1) and (D.2) can be bounded by four terms: (I),
(D), (1D, (IV).

(i) For the X A scheme, in Theorem D.3, one can choose ¢ = O(y/p~llogp), A = 0(,/plog_1 p) and
N = O(p~2~%) with @ > 0. Moreover, since ||v||% > AZ=1,=2r and Ve = O~y (see Lemma
4.6 in [21]), in Theorem D.4, we can choose ¢ = O(c(K, r)A~"+! logl/2 p)and n, = o1 logl/2 D).
Then (3.1) follows immediately by combining above results with part (1) in Theorem D.5.

(ii) As for the noise-shaping scheme, in Theorem D.3, we choose the same parameters as in part (i):

e = O(/p~logp), » = O(/plog™! p) and n = O(p~?2~%) with @ > 0. Nevertheless, according to
Ivgll3 = B2 and [lvgll, = B~", we set different values ¢ = O(c(K, B)~*'/p) and , = O(p~") in
Theorem D.4. Therefore, (3.2) holds by applying above results and part (2) in Theorem D.5. (I

E. Proof of Theorem 3.3

The architecture for the proof of Theorem 3.3 closely follows the methods used in [40]. We start with
some useful lemmata that aid in proving theorem 3.3.

Given a b-bit alphabet as in (1.4) with b = log,(2K), we consider the following first-order X'A
quantization scheme for a random Fourier feature vector z(x) € [—1, 1]™ corresponding to a data point
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x € R4, where the state variable (u,) is initialized as a random number, i.e.

1 1
(ue)o ~ U [‘ﬁ’ m]

9k+1 = QMSQ((Z(X))k+1 + (1))

U1 = Wy + @O gp1 — g
The corresponding recurrence equation can written as

VOG() = Vz(x) — VDu, + V(. 0,...,0)".

Lemma E.1. Given the following first-order Sigma-Delta quantization scheme with a b-bit alphabet
as in (1.4), for a vector z € R™ with z € [—1, 1]™,

1 1
o~ Ul =
k1 = Quso @1 + 1)

Uy = U + Zpy 1 — Grg1s

foreachk =0,1,---m — 1, we have u; ~ U[_ﬁ’zb_lq]'

Proof. Let the inductive hypothe51s beu, ~ U [ ] Note that this is true by definition for u,.

1’ 2h
Case: 2,, 1 zk+1 < 2,, 1,Whelrej e {1,3,- —3}.
~ ] ~ 1
u U[ 70 -] ] implies that z;, | + u; U[ 557 T Tkt 2,, +zk+]] Since by
_J J+1 J+2
assumption, 5;— <z, < 357 wesee thatz, . +uy € [2,, 7+ 55—7] and thus
== ifT—ISZk+1+”k§];,i,
Ovreo(Zpnrt + 1) = 261 261 21
MSQ\“k+1 k 2 < 2
2b—1 = 207>
which in turn implies that
J J+1
Tyt Fu — 5y if 5 _zb T = %1 T = 35s
U1 = j+2 L j+2
g1 T — 3 i 1 S G H U =
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Now we can compute the CDF of u; | (conditioned on z) as follows:

j J
Py Salz)=P(Zk+1+”k_ﬁfa’qkzzb—l ‘Z’>
j+2 jt2
+P(Zk+1+uk_2b_1S‘X’qkzzb_l‘z)
j—1 . j jt1
Zp(ﬁ*kﬂf“kfmm[ﬁ”‘zk“’ﬁ‘z"“] ‘Z)
+2

j+1 [ Jj+2
+P Sb " Gkl S M ST opr F 0T Gy 5y T Gt ‘Z

. J j+1
:]P’(ukfmln[ﬁ—l—a—zkﬂ,ﬁl ‘Z)

Jj+1 [ j+2 j+2
+P Db el S S TN ST O Ty s o T Dl ‘Z :

. . . j . . j—1 1
Note that in the third equality we use the fact that 5= < 7, | < 55— implies 5 — 7| < —5 -
Now note that

. J j+1
]P’(ukfmln[ﬁ +a—zk+l’ﬁ} ‘Z)

. j+1
0 1foz<zk+1——2h_1,
FA=Zpt 1 Hp b i
217 1 2°—1 _ 2°—1 (jtl . j+1 1
_ | - ) ( toa-— Zk+1) 2 — 557 =< 57
- 201
For 1 T 2b 1 _ 251 1+2 ; 1
f b - 2 251 ~ Y+l ifo> 261
201

and

j+1 | i+2 j+2
P 5b_ 1 k1 =M =min ﬁJr“—ZkH»ﬁ—Zkﬂ }Z

i __1
0 ifa < 7>

TA—=Zk41 Hb b 7
2”1 21 _ 2b— 1 e 1 _ Jtl
= fjl:ril_ZkJrl 2z 2 ( - +a) f —pgse<gqun— g
261

1
21 201 201 ( ] ) . jt+1
2 ol QU z ifa >z — 2.
fz’;]l*zkﬂ > 7 \%+1 — p k1~ 567
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Thus

ifa < —ﬁ,
201 1 . 1 j+1
2 (2b71 +O’) if — 57 S <Zp — %
Pl =l =9, | ¥l 1
2 (2b—1 +O‘) 21— g =& < 3
0 ifa > -,

which shows that u; | | z ~ [ 57> 21, ]

Showing that u, | | z ~ 2b T3 55— 1] for the other cases, namely, ﬁ <y < 2’; 7, Where
je{OZ- 20 — 2} and _1—Zk+15 2,, 7> Where j € {1,3,- —3}and—ﬁfzk+]§
2,, , where j € {0,2,- — 2} follow a snmlar argument as above and for the sake of brevity is
sklpped from an explicit mention. Thus, by induction, we have shown that u; | [z ~ U [— ﬁ, ﬁﬂ]

For the subsequent sections, we adopt the following notations. Let A be the matrix whose rows are
the vectors {(Vz(x))T}x, B be the matrix whose rows are the vectors {(VD’uX)T}x and C be the matrix

whose first column is % (uf)1 u)(;z uf)”)T and all other columns as zero. Let the columns of A, B, C

be denoted by A;, B;, C;, respectively. Now the corresponding approximation to the kernel can written as

p
Kya=@A-B+OA-B+0O" =D (A, — B+ C)@4,—B;+C)".
i=1

Lemma E.2.

14
A 1 26
E[KZ‘A]:K+ E A14K+)L(2h——1)2(8+§)1’
i=1

where each A; is a diagonal matrix with positive diagonal entries, § > 0 and / is the identity matrix.
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Proof. We begin by noting that

E[Ky ] = [Z(A — B, +C)(A, — B; + C;) }

i=1

) [gAiAiT] —E [gAiBiT} ~E [g B,»A,-T:| +E [é B,.B,.T} +E [gAiCiT:|
+E |:§CiAi:| [i } -E [qu?} +E [gcicf]

P P
=K — > E[AB/1- > EIBA1+ ZE[B B+ E[B,CT] + E[C,BT]+E[C,CT],
i= i=1

where we have used the result from lemma D.1 that E[AA”] = K. Now, let F := VD’ € RP*™ and
{fiT}f:1 denote the rows of F. Then let

T
fi uy,

T
i s,

T
i uxn

where B, is the i-th column of B, {x|, - - - x,,} represent the individual data samples and u,. € R™ for each
j=1,---,n. Note that Uy, (when conditioned on Z) across data points x; are independent with respect

to each other with their entries ~ U[—1/(2° — 1),1/(2% — 1)]. Thus,

E[AiBiT] = IE[Ai (fiTuxl fiTuxz e fiT”xn)]
= IEZ[Ai (Euxl [fiTuxl |Zx1] E [fiTuxz |Zx2] Eux [f |an])

=0.

MXZ

By a similar argument, E[B;A]] = 0 and E[>7_, A,CT1 = E[>"_, C;AT] = 0. Now,

(f;'Tuxl)(f;'Tuxl) (f;'TMxl)(f;Tuxz) e (fiTMxl)(ijuxn)
Z E[B;BT] = Z E,E, (fu,, ).(f,Tux] ) (Tu, ).(fl.Tux2 - u,, ).(fir u)
(T, )‘(f,-T u,, . . (Tu, ).(f;.Tux")

First we note that Uy, (when conditioned on Z) across data points x; are independent with respect to each
other with their entries ~ U[—1/(2? — 1),1/(2? — 1)] and thus E[BBT ] is a diagonal matrix. Then note
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that each row of VD has at most two non-zero entries which are {1, —1}. Thus,

ﬁ 2 23/2

| = 1{fug )l < = '
i Uy PRT T plvin 26 =1 /P2 = Dvll,

Further, since r = 1, ||v||% = A, which implies [fTu 1= Thus, the diagonal matrix E[B; BT]

I, which in turn implies E[BBT] <

f(zb )

————1. Now,

pA(Zb nH2e k(2b D2

(flTuxl)(u)(;l) (flTuxl)(sz) (flTun)(ugn)
V2 ——E,E, (fi uxz)(u’(;l) (f1 uxz)(u (flT”xz)(”)(;")

EIB,C1= N

(fl Mx,,)(u’(gl) e - (flTux,,)(u)Ocn)

Thus, by similar reasoning as in prior paragraphs, E[B, ClT] is a diagonal matrix and also

23/2
|y ()| < 2,, lf1 = m
and thus
V2 g ()| < !
VPIvIL O T pah — 12
So E[-B,CT] < W’ Similarly, E[—C,BT] < W’ Now,

() (ug') i) i) -+ (i)t

E[c,cT = ”2” E,[E, (uy? )‘(”)(;]) (”02)'(”0 . (”02)(”
2 . . . .
gy (uﬁ”)(ui;"
3 2
© 3pr2b —1)2

and thus E[C, CT] ( = 2,) P . Thus, putting together the bounds for each of the terms, we get

E[Ky ] =K +E[BB"] — E[B,CT] — E[C,BT] + E[C,CT)

=K+ A
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where A := E[BBT] — E[B, CIT] - E[ClBlT] + E[C, CIT] is a diagonal matrix and
A ! 8+ 8 + 2 1
b - 12 P 3l

Thus E[A] < 81, where
1 26
§i=—— |84+ —|.
e 1>2[ * 3,,]

Lemma E.3. [40] Let n > 0, K and K be positive symmetric semi-definite matrices, then
A= ADK+nD) < (K+nl) < (1+ A)(K+nl) <= —A T <MK - KM < Al

where, M := (K + nI)~'/2.

Proof. The proof is obtained using the following sequence of equivalent statements.

(1= ADK +n) < (K+n) < (14 Ay) (K +nl)
= (1= ADI < (K +nD)7 V2K + DK + 0D~ <5 (1+ A1
= —AI<SME+nDM —1 < Al
= — AT MEK+nDM — (K + )" V2(K + nD)(K +nD)"V? < A1
= — AL SME+nl—K—nl)M < Ay,

= — AT IM®EK - KM < Al

Note that the assumptions made on K ,K and n imply that K + nl is invertible and also (K + nl)~

exists.

39

172

O

Lemma E4. [40] Let 0 < A < 81, where § > 0. Also let n > 0, K and K be positive symmetric

semi-definite matrices and M := (K + nI)_l/ 2 Then

. s .
— AL S MK — (K+ A)M < (A2 - —) I, = —Ad, <MK —K)M < Al
n

Proof. We begin by noting that 0 < M AM since M is invertible, 0 < A and for all x # 0, X' MAMx =

(Mx)T A(Mx). Thus

— A, S MK — (K+ A)M = —AL, < MK — K)M.
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Also, note that [M|3 = |M?|l, = (K + n)~'|l, (M and M? are symmetric) and |MAM| <
I ANNICK + nD)~ 1. Also since 0 < K (positive semi-definite kernel), we have that || (K + nI)~! Iy < %
Hence, we get

~ ) ~
— A, S MK — (K + A)M < (A2 - —) I, = —AlL, < MK —K)M < A,
1
O

Tueorem E.1. (Matrix—Bernstein inequality [40]) Consider a finite sequence {S;} of random Hermitian
matrices of the same size and assume that

E[S]1=0 and 2,,(S;) <! foreachindex i.

max

LetS=>S;and E[S2] < W, i.e. W is a semi-definite upper bound for the second moment of S. Then,
fort >0,

tr(W) ( —1?)2 )
P[A S 4———= — ).
Ponar($) 2 1= 4730 | 073

Recall our notations where A is the matrix whose rows are the vectors {(Vz(x))T}x, B is
the matrix whose rows are the vectors {(VD’uX)T}X and C is the matrix whose first column is

%(uél , u)(;z, e ug”)T and all other columns as zero. Also the columns of A, B, C are denoted by
A;, B;, C;, respectively. Additionally let K; := E[A,AT], M := (K + nl,)~1/2 and

S;:=M(@A; — B; — C))(A; — B, — C)"M" — M(K; + Ap)M". (E.1)
Thus note that by design E[S;] = 0. We now will show that the remaining assumptions required to apply

Matrix—Bernstein inequality hold for the sequence of matrices {Si}le.

Lemma E.5. The 2-norm of S; (defined in (E.1)) is bounded for each i = 1,.-- ,p and E[S]? has a
semi-definite upper bound, where S = >, ;. In particular,

2nA -
ISl < 2% (=0 and E[S]< I,
pn

where 7 is the number of data samples, 7 is the regularization, m = Ap denotes the parameters of XA
quantization and M := M(K + A)M?.
Proof. (i) A,,,,(S;) is bounded. Let u; := M(A; — B; — C;), then §; = uiuiT — E[uiuiT]. First note that
letza] | = Ty
= IM(A; - B; = C)I?
< IMI%114; - B; = CiII*.
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Also, A; — B; — C; is the i-th column of the matrix which has as its rows the vectors {VQ(z(x))T}x. Thus,
in general
8! s,

T
A —B —C = |8 %

1 1 1 ’

&l 4,

where giT denotes the i-th row of V. Also note that the entries of 0(z(x)) are in &f = {ﬁ ‘a =

41,43, ... +QK — 1)}. Thus,

IA; — B; — CilI3 < nliglI}

<nllVIi%.
Note that V = %(Ip ® v), where for r = 1, v € R” is the vector of all ones, which implies
IVl = ¥2. Thus,

P

2nA
IM|I*|lA; — B; — G;I|* < - M2

Further, since by definition M = (K + nI)~!/ 2 we have

IMII*IIA; = B; = GilI” = —IM||" = — (K +n])""|l
p

Thus we see that

IS;11 = llu;u! — Efugu] I

< Nl || + 1E[uz] 1]
<2l
So [IS;II < 2[ implies A

thus S; is symmetric.
(ii) E[S?] has a semi-definite upper bound.

max ) < 21. Note that K; and A; are expectations of symmetric matrices and

E[S?] = El(u])?] — Eluu!
< ElGuud)?] = Byl Puu] |

< I Eluul ).
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Now,
p
E[S*] = D EIS}]
i=1
14 14
<UD Eluul1=1> MK, + ApM",
i=1 i=1
< IMK + A)MT
< M
where M := MK + A)MT and thus E[$?] < IM. O

Now we are in a position to prove Theorem 3.3 of the main text which we restate for convenience.

Tueorem E.2. Let K 5 4 be an approximation of a true kernel matrix K using m-feature first-order X' A
quantized RFF (as in (3.3)) with a b-bit alphabet (as in (1.4)) and m = Ap. Then given A; > 0, 4, > %,
26

where 1 > 0 represents the regularization and § = we have

3p
A2b—1)2°
Pl(1 — AD)K +1D) < (K 4 +nD) < (1+ A)(K + nD)]

—A2)2 —(4, — %)2/2
>1—4n|exp 1 + exp i 5 )
KN, +8) +24,/3) K], +8) +2(4, — 2)/3)

2
p?’

where [ =

Proof. We apply Matrix—Bernstein inequality (Theorem E.1) to {Si}f

givent, > 0,

| (defined in E.1) to obtain that

P[A,,, (M(Ks. , — (K + AYMT) > 1,] < 4@ exp(i)
e =202 T PN i+ 2i,/3

Now, since 4,,,.(S) = —A
tl 2 09

min(—9), by repeating an identical argument for —S we obtain that given

2 tr(M) /2
Py M (K5 — (K + AWMT) < —1)] < 4——exp| ——L—— ).
¥4 : ]| (l||M|| + 21t1/3)
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Putting the above two equations together with the fact that M = (K + nln)_l/ 2 we obtain that for
1,1 >0,

Pl—t,], < M(Ky. , — (K + A)M < 1,1,]

tr(M —2/2 —£2/2
>1-4 r(~ ) exp ~+/ + exp # .
|M]] M| + 211, /3 M| +21ty/3

Thus, by lemmas E.2, E.3, E.4 and E.5, for the X A-quantized RFF kernel kEA, given A} > 0,4, > %
we have the following spectral approximation result:

PI(1 = ADK +n) < (Kg g+ D) < (1+ A9)(K +nD)]

(i) [ ( —A})2 ) ( —(Ay - 222 )]
>1—-4— expl —=—— ) texp — 3 s
IM]] (1M +24,/3) IAIM 4 2(4, = 3)/3)

where M = M(K + AM, M = (K + nIn)_l/z, | = 12% is the upper bound for ||ul-ul.T|| computed in
26

lemma E.5 and § = 5 is the bound computed in lemma E.2 such that E[kEA] < K + é1. Now,

3p
2(2P-1)
note that

1M, = MK + MM,
< IMIZIK + Al
< IMIAIK I, + 1Al
1K + 0D~ LUK + 11 Ally)

A

1
= —(Kll, + ).
n
Also given the positive semi-definite matrix M, we know that |M I, = 2 (M) and thus (M) <

rank (M) | M Il,, which implies tﬁ%l) < rank(M) < n. Hence,

max

P — ADK +nD) < (Kgy + 1D < (1+ A)(K + D)

—A2)2 —(4, — %)2/2
>1—4n|exp i + exp i 5 .
ICEAIKD, +8) +24,/3) LK, +8) +2(4, - 2)/3)

O
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