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from Distance Certificates
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We develop new list decoding algorithms for Tanner codes and distance-amplified codes based
on bipartite spectral expanders. We show that proofs exhibiting lower bounds on the minimum
distance of these codes can be used as certificates discoverable by relaxations in the Sum-of-Squares
(S0S) semidefinite programming hierarchy. Combining these certificates with certain entropic
proxies to ensure that the solutions to the relaxations cover the entire list, then leads to algorithms
for list decoding several families of codes up to the Johnson bound. We prove the following results:

- We show that the LDPC Tanner codes of Sipser-Spielman [IEEE Trans. Inf. Theory 1996] and
Zémor [IEEE Trans. Inf. Theory 2001] with alphabet size g, block-length n and distance 4,
based on an expander graph with degree d, can be list-decoded up to distance J;(9) — ¢ in

time n%21(1/") where J4(6) denotes the Johnson bound.

- We show that the codes obtained via the expander-based distance amplification procedure of
Alon, Edmonds and Luby [FOCS 1995] can be list-decoded close to the Johnson bound using
the SoS hierarchy, by reducing the list decoding problem to unique decoding of the base code.
In particular, starting from any base code unique-decodable up to distance J, one can obtain
near-MDS codes with rate R and distance 1 — R — ¢, list-decodable up to the Johnson bound in
time 194 (1),

- We show that the locally testable codes of Dinur et al. [STOC 2022] with alphabet size g,
block-length n and distance J based on a square Cayley complex with generator sets of size

d, can be list-decoded up to distance J;(J) — € in time nOaq1/ 54), where J;(6) denotes the
Johnson bound.
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1 Introduction

Expander graphs have been a powerful tool for the construction of codes with several interesting
properties, and a variety of applications. A (very) small subsample of the list of applications
already includes the seminal constructions of expander codes [SS96, Zém01], widely used distance
amplification constructions [ABN792, AEL95], as well as recent breakthrough constructions of
e-balanced codes [TS17], locally testable codes [DEL " 22], and quantum LDPC codes [PK22, LZ22].
A detailed account of the rich interactions between coding theory and expander graphs, and
pseudorandom objects in general, can be found in several excellent surveys and textbooks on these
areas [Gur04, Vad12, HLWO06, GRS23].

The combinatorial and spectral structure of codes based on expander graphs often leads to very
efficient algorithms for unique-decoding. However, obtaining list-decoding for constructions based
on expanders often require incorporating additional algebraic structure in the construction, to take
advantage of the significant machinery for list-decoding using polynomials [Gur07]. While there
are certainly important counterexamples to the above statement, such as the expander-based codes
of Guruswami and Indyk [GI03] and Ta-Shma [TS17] which allow for list-decoding, we know of
few general techniques to exploit expansion for list-decoding. In this work, we consider the question of
finding techniques for list-decoding from errors, which can work in settings where no algebraic
structure may be available, such as the decoding of LDPC codes constructed from expander graphs.

Building on the significant body of work for LP decoding of expander codes [Fel03, FWKO05], we
consider the question of decoding as an optimization problem, which can be approached via convex
relaxations. We show that stronger relaxations obtained via the Sum-of-Squares (SoS) hierarchy
of semidefinite programs, can in fact be used to obtain list-decoding algorithms for several code
constructions based on expanders. These hierarchies can be viewed as proof systems [FKP19],
with relaxations at a level ¢ of the hierarchy corresponding to proofs which can be carried out by
reasoning about sum-of-squares of polynomials of degree at most t in the optimization variables.
The proof system corresponding to a small number of levels of the SoS hierarchy turns out to be
powerful enough to capture the distance proofs for several expander-based codes, when the proofs
rely on spectral properties of expander graphs. Combined with generic “covering lemmas” which
ensure that the solutions to these relaxations include sufficient information about all codewords in
the list, these can be used to design list-decoding algorithms for several families of codes based on
expanders, up to the Johnson bound where the list size is known to be bounded.

1.1 Tanner Codes

Low-Density Parity Check (LDPC) codes were introduced by a foundational work of Gallager [Gal62]
and graph-based constructions with lower bounds on the distance (based on girth), were obtained
by Tanner [Tan81]. Sipser and Spielman [SS96] gave the first constructions of Tanner codes with
distance bounds based on the expansion of the graph, which also admitted linear time encoding
and (unique) decoding algorithms. An elegant construction based on bipartite spectral expanders,
with particularly simple (linear-time) unique-decoding algorithms, was given by Zémor [ZémO01].
Variants of these constructions have led to applications [RU08] and have also been used as building
blocks in the recent constructions of locally testable codes by Dinur et al. [DEL"22] and quantum
LDPC codes by Panteleev and Kalachev [PK22] (see also [LZ22]).

There exist highly efficient algorithms for the unique-decoding of these codes from both prob-
abilistic and adversarial errors, based on combinatorial arguments, linear programming relax-
ations [Fel03, ADS12, FWKO05] and message passing algorithms [Gur06, RUOS]. In the setting of
erasures where the location of the corruptions in the transmitted codeword is known, recent work
has also led to linear-time list decoding algorithms [RZWZ21, HW18], which also work for the more
general task of list recovery in the large alphabet (high-rate) case [HW18]. However, to the best
of our knowledge, no list decoding algorithms are known in the more challenging (and common)
setting of errors when the location of the corruptions are unknown, even though random ensembles
of LDPC codes are even known to combinatorially achieve list-decoding capacity [MRRZ 20], and



thus have bounded list sizes up to optimal error radii.

We show that relaxations obtained via the SoS hierarchy can be used list-decode Zémor’s
construction of Tanner codes [Zém01], up to the Johnson bound (which is an error-radius where
list sizes are always known to be bounded). Our proof technique can also be extended to work for
other constructions of Tanner codes where the proof for the distance of the code is based on spectral
arguments, but is easiest to illustrate in the context of Zémor’s construction. We briefly recall the
construction before describing our result.

Given a bipartite d-regular graph G = (L, R, E) with |L| = |R| = n, Zémor’s construction
yields a code with block-length m = |E| = nd. Given an alphabet size g, the code consists of all
edge-labelings f € [g]™, such that the labels in the neighborhood of every vertex !, belong to a
“base code” Cy C [q]d. When the base code has (fractional) distance dy and G has (normalized)
second singular value at most A for the biadjacency matrix, the distance of the code is known to
be at least 6 = Jp - (6o — A). The Johnson bound for distance § and alphabet size g is defined as

Jy(6) = (1—=1/q) - (1 —(1- 445/(%1))1/2), and is always greater than the unique-decoding radius
6/2. We prove the following.

Theorem 1.1. [Informal version of Theorem 7.1] Given a Tanner code C as above and ¢ > 0, there is a
deterministic algorithm based on gO'9) /&* levels of the SoS hierarchy, which given an arbitrary g € [q]™,
runs in time n1""'/¢*, and recovers the list of codewords within distance J;(6) — € of g.

Note that one can think of q,d in Zémor’s construction and ¢ above as constants (in fact d is
required to be constant for LDPC codes), in which case the above running time is polynomial in
n. Of course, these running times are no match for the linear-time unique decoding, and erasure
list-decoding, algorithms available for these codes. However, we view the techniques used in the
proof of the above algorithm as a first step towards identifying the right structures, and designing
truly efficient algorithms, to take advantage of expansion for list-decoding of LDPC codes (as has
proved to be the case for several SoS-based algorithms in the past).

Our techniques also extend to yield a similar statement for the recent construction of locally
testable codes by Dinur et al. [DEL"22], which are Tanner codes on a different structure called a
“square Cayley complex”. These are constructed using a group H and two generator sets A, B C H,
with each generator set individually defining an expanding Cayley graph on H (with second
eigenvalue bounded by A). The sizes of the generator sets (equal to the graph degree) are taken as
constant, say |A| = |B| = d. The construction relies on base codes C4,Cp C [q]?, with distances, say
d4 and dp, and is known to have distance at least § = d4 - dp - (max{d4,d5} — A).

Theorem 1.2. [Informal version of Theorem 9.1] Given a code C5CC with block length m and alphabet [q],
supported on a square Cayley complex as described above, and € > 0, there is a deterministic algorithm based

on qo(dz) /€90 levels of the SoS hierarchy, which given an arbitrary g € [q]™, recovers the list of codewords
within distance J;(6) — & of g.

1.2 Distance Amplified Codes

The proofs for the distance of the above Tanner codes, are also very similar to the ones used for
analyzing the distance amplification procedure of Alon, Edmonds, and Luby [AEL95] (AEL), based
on expander graphs. While there several variants of this construction discussed in the literature,
we will discuss a version of the AEL construction [Kop16] which is particularly close to the Tanner
code construction of Zémor. Given a d-regular bipartite graph G = (L, R, E) with second singular
value A, an “outer" code C; C [g1]" with distance ¢, and an “inner" code Cy C [q]? with |Cy| = g1,
the AEL procedure constructs a new code CAEL C [g9]" with distance at least 5y — %. Thus, it yields
constructions with arbitrarily large block lengths that inherit the parameters of the small inner code.

1One can also consider variants where the base code Cy is different for different vertices, but this does not make a difference
for our purposes.



The AEL procedure has been used as an important ingredient for obtaining optimal rate-distance
tradeoffs in several constructions, such as the capacity-achieving list-decodable codes by Guruswami
and Rudra [GRO6]. The amplification is achieved via a simple redistribution of symbols using the
expander, and the construction also preserves several interesting local properties of the outer code,
such as the property of being LDPC, or locally testable, or locally correctable [KMRZS16, GKO*17].
We refer the reader to the discussion in [KMRZS16] for an excellent account of the applications and
properties of the AEL construction.

The AEL procedure has been used to construct several list-decodable codes, including some
of the results cited above, and a quantum analogue of the construction was also used recently by
Bergamaschi et al. [BGG22] to obtain quantum codes meeting the Singleton bound (via quantum list
decoding). However, for the resulting code CAEL to be list-decodable, one often needs to assume
stronger properties such as list-recovery, or some algebraic structure (or both) for the outer code
C1. Since these stronger properties may not always be available (for example, when one wants to
preserve some local properties for C; like being LDPC), we again consider the question of finding
techniques which can allow for list-decoding CAEL for expanding graphs G, without relying on
additional structure from C;.

We show that relaxations based on the SoS hierarchy, can be used to list-decode the distance-
amplified code CAEL, even when the outer code is only assumed to be unigue-decodable. In particular,
we prove the following result:

Theorem 1.3. [Informal version of Theorem 7.2] Let CAFL be a distance-amplified code as above, with the
outer code Cy taken to be unique-decodable from radius 64, in time T (n), and let § = 6y — ﬁ Then, for

every e > 0, there is a deterministic algorithm based on q°\?) /&* levels of the SoS hierarchy, which given
an arbitrary g € [q°]", runs in time na® /et 4 O(T(n)), and recovers the list of codewords within distance

Jqd (6) —¢ of g
We note that the decoding radius for the above algorithm is J (50 - ﬁ) instead of J ((50 - %) ,

which would be the Johnson bound for the true distance of the code CAEL. However, in applications
of AEL, one often chooses parameters so that the distance of code is about Jy, and the effect of the
second term is minimized by choosing a small A. When C; is known to unique-decodable up to a
smaller radius .., one can still obtain list-decodable codes up to (nearly) the Johnson bound by
choosing G to be a sufficiently good expander (with small A).

1.3 Our techniques

As mentioned earlier, our techniques are based on using the Sum-of-Squares hierarchy of convex
relaxations for an optimization problem related to the decoding problem. In unique-decoding
algorithms based on the LP relaxations, the optimization objective is to find the closest codeword
to a given received word, and the correctness of the decoding procedure often relies on the LP
being integral for an appropriate range of parameters. In contrast, algorithms for list-decoding
actually need to ensure that the solution to the convex relaxation has sufficient information about all
codewords in the list, and so it is important that the solution is not integral but rather a “maximally-
convex” combination, covering all of the list elements. This can be ensured by statements which we
call “covering lemmas”, which are discussed in more detail in Section 4. The proofs for the covering
lemmas are based on the techniques from [AJQ"20], where these were used for the list-decoding of
direct-sum codes.

A second key component of our proof, which makes the SoS hierarchy particularly appealing
to work with, is for the relaxation to be able to capture global properties of the code, such as the
distance. While local properties of the code, such as the structures of the base/inner codes are
enforced through explicit constraints included in the relaxation, the global property of distance
is a nontrivial consequence of these constraints. However, the proofs of these distance properties
are spectral in nature, for the codes we consider here, which makes them discoverable by the SoS
hierarchy.



For example, the proofs rely on statements such as the expander mixing lemma, which can
viewed as a consequence of statements like (f, Af) < A-||f||* when (f,1) = 0, and A is the
(normalized) adjacency matrix of a graph with second eigenvalue at most A. Taking II to be
the projector to the space orthogonal to the all-ones vector, we can re-write the above inequality
as (f, (A -II —TIAII)f) > 0. However, note that the matrix A - IT — ITAII is actually a positive
semidefinite matrix, which means that the expression (f, (A - IT — ITAII)f) is a sum-of-squares of
linear forms in the entries of f. The SoS hierarchy can be viewed as a proof system, where a solution
to the level-2t relaxation can be seen as satisfying all inequalities which can be derived using sum-
of-squares of polynomials of degree at most t. We can show that this means that the solutions (after
some modification) satisfy some codeword-like properties, using which it is possible to appeal to a
unique decoding algorithm to recover one element from the list from one such “codeword-like” SoS
solution. These codeword-like “distance certificates” for SoS solutions are developed in Section 5.

Broadly speaking, our techniques can be seen as part of the “Proofs to Algorithms” paradigm
based on the Sum-of-Squares method [FKP19]. Our covering lemmas for SoS relaxations yield a
generic framework for converting SoS proofs of distance for any code, to list decoding algorithms
which work up to the Johnson bound. Examples for such results also include the earlier results by
Richelson and Roy [RR22] for list decoding Ta-Shma’s codes up to Johnson bound.

We also note that list-decoding algorithms often need to rely on algebraic structure, and are
thus particularly well suited to work with large alphabets (fields). One then obtains algorithms for
small-alphabet codes via techniques such as concatenation and list recovery. On the other hand,
the techniques based on convex relaxations discussed above seem to work well directly over small
alphabets.

1.4 Related work

In terms of techniques, the works most directly related to ours are those using similar SoS relaxations
for list-decoding of Ta-Shma'’s codes [AJQ 20, JOST20, RR22]. In particular, the proofs of the
covering lemmas follow the approach of Alev et al. [AJQ"20], and idea of viewing the proof of
distance as implementable in the SoS hierarchy was also used by Richelson and Roy [RR22]. A
precursor to much of this research on list-decoding, is the result of Dinur et al. [DHK ™ 19], which
suggested the approach of using semidefinite programming and expansion for list-decoding of
codes obtained via an earlier distance amplification procedure of Alon et al. [ABN "92], which can
be seen as a special case of the AEL distance amplification.

Another important work, related to the use of SoS hierarchy for decoding LDPC codes, is the
lower bound of Ghazi and Lee [GL18] for using the SoS hierarchy to decode random LDPC codes.
However, the lower bound shows that the relaxation for finding the optimal (closest) codeword may
have value much better than the true optimal codeword, when the decoding radius is larger than
that of LP decoding, thus showing that the SoS relaxations may not be integral. On the other hand,
the relaxations we use do not optimize for the closest codeword, but rather go through covering
lemmas. A recent work of Chen et al. [CCLO23] also shows significantly improved distance bounds,
and improved unique-decoding bounds for the expander codes of Sipser and Spielman [SS96]. Our
results do not apply for the codes considered in their work in a black box fashion, since the analysis
is based on lossless vertex expansion, for which we do not always know of spectral certificates.

Our work can also be seen as obtaining “sparse” analogues of the results of Gopalan, Guruswami,
and Raghavendra [GGR09] for the list-decoding of tensor and interleaved codes, which can be
viewed as replacing the bipartite expanders in Zémor and AEL constructions respectively, by a
complete bipartite graph.



2 Preliminaries and Notation

For a bipartite graph G = (L, R, E) where L is the set of left vertices, and R is the set of right vertices,
we index the left set by £ and the right set by r. For a vertex £ € L, we denote the set of edges
incident to it by N (¢) (left neighborhood), and the set of edges incident to r € R is denoted by
Ng(r)(right neighborhood). We use ¢ ~ r to denote that the vertex ¢ € L is adjacent to the vertex
r € R, thatis, (¢,r) € E.

Fix an arbitrary ordering of the edges. Then there are bijections between the sets E, L x [d], and
R x [d], given by taking (£, 1) to be the i*" edge incident on £, and similarly for R x [d]. Henceforth,
we will implicitly assume such an ordering of the edges is fixed, and use the resulting bijections.

Definition 2.1. Let [g] be a finite alphabet and let f,g € [q)". Then the (fractional) distance between f, g is
defined as
alf.g) = E Mfi # &l -

Definition 2.2 (Code, distance and rate). A code C of block length n, distance 6 and rate p over the alphabet
size q is a set C C [q]" with the following properties

, log, |C
(i) p= %ll
(ii) 0 = miny, p,ec A1, ha)

Such codes are succinctly represented as [n,6,p];. We say C is a linear code if [q] can be identified with a
finite field and C is a linear subspace of [q]".

Definition 2.3 (List of codewords). Forany g € [q]", the list of codewords in C that are at a distance less
than ¢ from g is denoted by L£(g,0). Thatis £(g,0) ={h € C : A(h,g) < ¢}

2.1 Expander graphs

Definition 2.4 ((1,d, A)-expander). A d-regular bipartite graph G(L, R, E) with |L| = |R| = n is said to
be an (n,d, A)-expander if
UZ(AG) <A d

where Ag is the L x R biadjacency matrix, and 0y (Ag) is its second largest singular value.

Infinite families of (n,d, A)-expanders, with growing n as d and A are constant, can be derived
based on double covers of Ramanujan graphs of [LPS88] as long as A > 27“;*1
Lemma 2.5 (Expander Mixing Lemma). Given an (n,d,A)-expander G = (L, R, E) and functions

f:L = Randg: R — R, the following well known property is a simple consequence of definition of
(n,d, A)-expanders:

E [f(0)-gM] —E[f(O)] - Elg(r)]

1

2.2 Graph based codes

Expander codes. We recap the construction from [ZémO01], building on ideas from [Tan81, SS96],
which constructs an infinite family of good codes starting from any good (inner) linear code over a

small fixed block length of rate larger than 1/2. The code Cy is also referred to as the base code for
CTan



Definition 2.6. Given an inner linear code Cy on alphabet [q] and block length d, and a d-regular graph
G(V, E), we define the Tanner code C™" as

C™ = {h:E—1[q] : hlng) € Co, Vo€ V}

where h|g for S C E denotes the restriction of h to the set of coordinates indexed by S. In this work, we will
only use Tanner codes defined on bipartite graphs.

By using an infinite family of graphs with constant degree d, we get an infinite family of codes
based on an inner code of block length 4.

Theorem 2.7 ([SS96], [ZémO1]). Let the distance and rate of the inner code Cy be 6o and pg respectively, and
those of associated CT" be § and p. If G is an (n,d, \)-expander, then § > &y - (6o — A) and p > 2p9 — 1.

The codes above were shown to be linear time decodable up to their unique decoding radius
(for the designed distance) in [Zém01] and [SRO3].

Alon-Edmonds-Luby distance amplification The following distance amplification scheme was
introduced in [ABN192], [AEL95] and used by [GI05] to design linear time unique decodable
near-MDS codes.

Definition 2.8 (Concatenated codes). Fix an (n,d, A)-expander G(L, R, E). Let Cy be an [n,d1,71], code
and let Co be a [d, do, 104, code with q; = |Co.

We define the concatenation of f € [q1]" with Co : [q1] — [q0]? as f* : E — [qo), defined as
fe,(e) = Co(£(0)())

where { is the left endpoint of edge e and e is the j'" edge incident on (. The concatenated code Céo(Cl) of
block length n - d and alphabet [qo] is defined to be,

Ce,(C) = {fe, : fela}
When clear from context, we will omit Cy, C1 in the above notation to call the concatenated code C*.
Claim 2.9. A(f,8¢,) = b0 A(f,8), which also implies A(Cg, (C1)) = do - b1

Definition 2.10 (AEL Codes). Fix an (n,d, A)-expander G(L, R, E). Let C be an [n,d1,71]4, code and let
Co be a [d, by, 70]q, code with g = |Co|. We define the AEL-encoding fé)EL : R — [q0] as

SEEE() = (fe (), foy(ea), o+ £ (ea))

where e1,ey, - - -, ey are the d edges incident on r. The AEL code C&EL (C1) C [qd]™ is defined as

Coym(Cr) = {f&H « feli}

When clear from context, we will omit Cy, Cy in the above notation to call the AEL code CAEL,
Alon, Edmonds and Luby, proved the following result, which shows that the construction can
be used to amplify the distance to dy, by choosing A sufficiently small.

Theorem 2.11 ([AEL95]). A(fc’%EL,géUEL) > &

> b6 — W, which also implies A(Cé)EL(Cl)) > 0o — 5

A codeword f of CAEL technically belongs to the space [g%]R. However, in this paper, we choose

to identify codewords of CAEL as belonging to [qo]F. It is clear that the two spaces are in bijection
with each other and in fact, one can just fold or unfold the symbols to move from one space to the



other. Choosing f to be in [go]F allows us to talk about f viewed from left vertex set L or right vertex
set R simply by changing the distance functions. Let f,g € CAEL, then we define the following three
distance functions:

AL(f,g) = E {l{fNL(Z) # gNL(Z)}}
Alf.8) = E [{fe # g}l = E [A(fNL(e)ngL(e))} =E [A(fNR(r)/gNR(r))}

AR(f,g) = E [1{fNR(r) # SNR(r)}}

Theorem 2.11 can then be stated in a simpler form as

Theorem 2.12 (Restatement of Theorem 2.11). AR(f,¢) > 6 — ﬁfg)'

2.3 Sum-of-Squares hierarchy

The sum-of-squares hierarchy of semidefinite programs (SDPs) provides a family of increasingly
powerful convex relaxations for several optimization problems. Each “level” t of the hierarchy is
parametrized by a set of constraints corresponding to polynomials of degree at most ¢ in the
optimization variables. While the relaxations in the hierarchy can be viewed as semidefinite
programs of size nO) [BS14, Lau09], it is often convenient to view the solution as a linear operator,
called the “pseudoexpectation” operator.

Pseudoexpectations Let t be an positive even integer and fix an alphabet [g]. An SoS solution of
degree t, or a pseudoexpectation of SoS-degree t, over the variables Z = {Z; ;} ¢ is represented

by a linear operator E[-] : R[Z]=! — R such that:
(i) E[1] = 1.

ml,j€[q]

(ii) E[p?] > 0if pis a polynomial in Z = {Zij}ie| of degree < t/2.

m],j€[q]

Note that linearity implies E[p;] + E[pa] = E[p; + p2] and E[c- p1] = ¢ - E[py] for ¢ € R, for
p1, p2 € R[Z]=!. This also allows for a succinct representation of [E[-] using any basis for R[Z]=!.

The set of all pseudoexpectations should be seen as a relaxation for the set of all possible
(distributions over) assignments to m variables in alphabet [q]. Indeed, any assignment f : [m] — [q],
can be seen as a pseudoexpectation which assigns the value 1 to a monomial consistent with f and
0 otherwise. This can be extended via linearity to all polynomials, and then by convexity of the
constraints to all distributions over assignments. However, the reverse is not true when t < m, and
there can be degree-t pseudoexpectations which do not correspond to any genuine distribution.

It is possible to optimize over the set of degree-t pseudoexpectations in time m°(*) via SDPs
(under certain conditions on the bit-complexity of solutions [O’D17, RW17]). We next define what it
means for pseudoexpectations to satisfy some problem-specific constraints.

Definition 2.13 (Constrained Pseudoexpectations). Let S = {f; =0,...,fm =0,¢1 > 0,...,8, > 0}
be a system of polynomial constraints, with each polynomial in S of degree at most t. We say E[-] is a
pseudoexpectation operator respecting S, if in addition to the above conditions, it also satisfies

1. E[p- f;] = 0,Vi € [m] and Vp such that deg(p - f;) < t.
2. E[p? Tlies &] >0, VS C [r] and Vp such that deg(p? - [Tics gi) < t.



Local constraints and local functions. Any constraint that involves at most k variables from Z,
with k < t, can be written as a degree-k polynomial, and such constraints may be enforced into
the SoS solution. In particular, we will always consider the following canonical constraints on the
variables Z.
2 . .
Zii =2 Vie[m],jelq and ZZilj:l,Vze[m].
]

We will also consider additional constraints and corresponding polynomials, defined by “local"
functions. For any f € [gq]™ and M C [m], we use f) to denote the restriction f|y, and f; to denote
f{iy for convenience.

Definition 2.14 (k-local function). A function y : [q|™ — R is called k-local if there is a set M C [m] of
size k such that u(f) only depends on { (i) };cpy, or equivalently, u(f) only depends on f|p1.

If u is k-local, we abuse notation to also use y : [g|M — R with u(a) = u(f) for any f such that
flm = a. It will be clear from the input to the function p whether we are using y as a function on [q]™ or

[q]™M.

Let p : [q]™ — R be a k-local function that depends on coordinates M C [m] with |M| = k. Then
p can be written as a degree-k polynomial p, in Z:

pu(Z) =Y (#(vc%l—[zi,zxi)

ac[gM ieM

With some abuse of notation, we let 11(Z) denote p,,(Z). We will use such k-local functions inside
E[-] freely without worrying about their polynomial representation. For example, E[1{Z; # j}]

denotes E[1 — Z;]. The notion of k-local functions can also be extended from real valued functions
to vector valued functions in a straightforward way.

Definition 2.15 (vector-valued local functions). A function y : [q]™ — RN is k-local if the N real valued
functions corresponding to the N coordinates are all k-local. Note that these different coordinate functions
may depend on different sets of variables, as long as the number is at most k for each of the functions.

Local distribution view of SoS It will be convenient to use a shorthand for the function 1{Zg = a},
and we will use Zs,. Likewise, we use Z;; as a shorthand for the function 1{Z; = j}. Thatis,
henceforth,

E(Zs,) = E[1{Zs =a}] =

]’[254 and  B(z,] = B{z =} = E [2,]

sES

Note that for any S C [m] with |S| =k < /2,

stas =

seS

HZS Xs

seS

Z Zsa] = [H(E Zs])] = and  E|[Zs,] =

q seS ]E }

Thus, the values {]E[Z S.al } el define a distribution over [q]F, referred to as the local distribution
aclq
for Zs.

Let . : [q]™ — R be a k-local function for k < t/2, depending on M C [m]. Then, E[u(Z)] can
be seen as the expected value of the function i under the local distribution for M, since

H Zig,

ieM

Z ]4 ZM“].

acg)M

Eu(Z) = Jﬁ{ Y (V(“)'Hzi,oc,)] = Y uw)-E

aelqgM ieM aclqgM




Claim 2.16. Let E[-] be a degree-t pseudoexpectation. For k < t/2, let iy, iy be two k-local functions on [q]™,
depending on the same set of coordinates M, and yy () < pp(a) Vo € [q)M. Then E[u1(Z)] < E[p2(Z)].

Proof. Let Dy be the local distribution induced by E[-] for Zy;. Then E[u;(Z)] = Eyp,, [#1(a)],
and E[u(Z)] = Eyp,,[#2(x)], which implies E[u1(Z)] < E[u2(Z)]. [

The previous claim allows us to replace any local function inside E[-] by another local function
that dominates it. We will make extensive use of this fact.

Covariance for SoS solutions Given two sets S, T C [m] with |S|, |T| < k/4, we can define the
covariance between indicator random variables of Zg and Z7 taking values « and f respectively,
according to the local distribution over S U T. This is formalized in the next definition.

Definition 2.17. Let [E[] be a pseudodistribution operator of SoS-degree-t, and S, T are two sets of size at
most t/4, and a € [q)°, B € [q]", we define the pseudo-covariance and pseudo-variance,

Cov(Zsa Zrg) = E [Zsy Zrg) —E([Zsa) E [Z1g]  and  Var(Zs,] = Cov(Zsa Zsa)

The above definition is extended to pseudo-covariance and pseudo-variance for pairs of sets S, T, as the sum of
absolute value of pseudo-covariance for all pairs o, 3 :

Cov(Zs,Zr) = ¥ N(zs,a,zm)‘ and  Var[Zs] = Y |Var(Zs,]
aclq)s a€lq)s
elql”

We will need the fact that Var[Zs] is bounded above by 1, since,

Var(zs) = Y |Var(zs.)| = ¥ (B |[28,] - EZs4?) < DE[Z o = LEZs =1

4 o 4

Conditioning SoS solutions. We will also make use of conditioned pseudoexpectation operators,
which may be defined in a way similar to usual conditioning for true expectation operators, as
long as the event we condition on is local. The conditioned SoS solution is of a smaller degree, but
continues to respect the constraints that original solution respects.

Definition 2.18. Let F C [g]™ be subset (to be thought of as an event) such that 1f : [q]™ — {0,1} isa
k-local function. Then for every t > 2k, we can condition a pseudoexpectation operator of SoS-degree t on F to
obtain a new conditioned pseudoexpectation operator E[- | E] of SoS-degree t — 2k, as long as E[1%(Z)] > 0.
The conditioned SoS solution is given by

E[p(Z)| F(Z)] = — =124

where p is any polynomial of degree at most t — 2k.

We can also define pseudocovariances and pseudo-variances for the conditioned SoS solutions.

Definition 2.19. Let F C [g]™ be an event such that 1r is k-local, and let -] be a pseudoexpectation
operator of degree t, with t > 2k. Let S, T be two sets of size at most % each. Then the pseudocovariance
between Zs , and Zr g for the solution conditioned on event F is defined as,

Cov(Zsu, Z1p|F) = E[ZsaZrg|F] — E[Zsu|FE [Z14|F]



We also define the pseudocovariance between Zg, and Zr 4 after conditioning on a random
assignment for some Zy with V C [m]. Note that here the random assignment for Zy is chosen
according to the local distribution for the set V.

Definition 2.20 (Pseudocovariance for conditioned pseudoexpectation operators).

éa’(zs,mZT,,ﬂZv) = ) éa’(zs,mzr,ﬁ
r€lq)V

Zy =9)-E (Zv ]

And we likewise define Var[Zs ,|Zy], Cov(Zs,Z7|Zy) and Var|Zg|Zy].

2.4 SoS relaxations for codes

For both Tanner codes and AEL codes, we will identify [m] with E so that the SoS solutions will be
relaxations to the assignments to edges of a bipartite (1, d, A)-expander.

Pseudocodewords for Tanner Codes Let G(L, R, E) be the bipartite (n,d, A)-expander on which
the Tanner code is defined, and let Cy C [g]? be the inner code. The SoS variables will be Z =

{Zej}eck jelq)
Definition 2.21 (Tanner Pseudocodewords). For t > 2d, we define a degree-t Tanner pseuocodeword to be
a degree-t pseudoexpectation operator IE[-] on Z respecting the following constraints:

VeelL, ZNL(f) € Cy and Vr € R, ZNR(r) € (Cy

Aguain, since these constraints are d-local, it is sufficient to enforce that certain degree-d polynomials are zero
(respected by pseudoexpectation) to enforce these constraints. In particular, each parity check in the parity
check matrix of Cy will correspond to a monomial of size at most d that we can enforce to be equal to 1.

We can also define a generalization of distance between two codewords to include pseudocode-
words.

Definition 2.22 (Distance from a pseudocodeword). The distance between a pseudocodeword E|[-] of
SoS-degree t > 2d and a codeword h of CT" is defined as

ME[] ) = E [EM{Z #he)]| = E [E[AZyy 00 0)]]

Pseudocodewords for AEL Let G(L, R, E) be the bipartite (1,d, A)-expander on which the AEL
code is defined, and let Cy C [g9]” be the inner code. The SoS variables willbe Z = {Z, ;},c E,jelqo)-

Definition 2.23 (AEL Pseudocodewords). For t > 2d, we define a degree-t AEL pseuocodeword to be a
degree-t pseudoexpectation operator E[-] on Z respecting the following constraints:

VlelL, ZNL(Z) € Cp
Next we define the distances between a pseudocodeword and a codeword of CAEL,

Definition 2.24 (Distance from a pseudocodeword). The left, middle and right distances between a
pseudocodeword E[-] of SoS-degree t > 2d and a codeword h € CAEL are defined as

SHE[], 1) = B [E [1{Zn, () # 0}
A(E[),h) = E [E [1{Ze # he}]]

SREL] ) = E |E |[1Zygg) # g}

10



3 Proof Overview

Our proof can be viewed as an algorithmic implementation of the proof of Johnson bound, and the
proofs of distance, for the relevant codes. We start with an overview of the proof for Tanner codes.
The argument is very similar for all codes considered here, substituting an appropriate proof of
distance in each case.

Johnson bound via covering lemmas. We first prove the Johnson bound via a statement we
will call a “covering lemma”, which can then be generalized to work with convex relaxations.
Given an [m, ¢, p]; code C and a received word g € [g]™, our goal is to bound the list of radius
L£(g,T5(6)) = {heC : Ahg) < Ty(6)}, where J,() denotes the Johnson bound. It will be

convenient to work with g =1 — ;%151/ and the Johnson bound can be defined using the equation

(-5 - () -

Also, we can map elements of [g] to corners iy, . . ., u, of the simplex in R7~!, which are unit vectors
satisfying (u;, u;) = —1/(3-1) for i # j. Applying this map, say x, pointwise to g, € [q]", gives

() a0 = B (e (s() x ()] = 1- (g ) - 587 — 1= TR,

Thus, given ¢ and f as above, we can write the listas £ = {h € C : (x(g),x(h)) > \/B}. The
covering lemma in Section 4 shows that given a set F of unit vectors in an inner-product space,
and a unit vector § satisfying (3, f) > /B forall f € F, there exists o in the convex hull conv (F)
satisfying (go, f) > B forall f € F.

Instantiating this with § = x(g) and F = {x(h) : h € L} gives gy € conv (F) satisfying
(g0, x(h)) > Bforallh € L. Additionally, gy can be chosen to be supported on at most m - (4 —1) +1
elements of F via Carathéodory theorem. Since (x(h1), x(h2)) < P for any hy # hy in C, any
h € F \ Supp(go) will satisfy (go, x(1)) < B, which is a contradiction. Thus, we must have
L C Supp(go) implying [£| < (g — 1) - m + 1. While this is a weaker bound on the list size (but can
be independent of m via approximate Carathéodory theorems), each step of the above proof can be
extended to work well with convex relaxations.

Algorithmic covering lemmas via SoS. Note that in the above proof, it suffices to have gy in the
convex hull of all codewords i.e., go € conv (x(h) : h € C), instead of only the codewords in L.
Since the convex hull of all the codewords is still a difficult set to optimize over, we instead work
with degree-t pseudocodewords defined as solutions to an SoS relaxation of degree-t, respecting certain
local constraints corresponding to the code (see Section 2).

Moreover, the covering lemma used above can be proved by finding the gy € conv (F), which
minimizes ||go|| while satisfying (g9, §) > \/B- Analogously, we consider solutions to the SoS

relaxation, given as pseudocodewords [E|[-] satisfying <]E[)((Z)],X(g)> > /B and minimizing

|Elx(2)]]
well defined. A similar relaxation was also used for list-decoding of direct-sum codes in [AJQ20].

. Note that here x(Z) is a (vector-valued) 1-local function, and thus the vector E[x(Z)] is

Choosing from the “support” via conditioning. The next step of the proof of Johnson bound
can be seen as saying that for all /i1 such that x(h;) € Supp(go) and h, € L, we must have
(x(h1), x(h2)) =1 (when they are equal) or (x(h1), x(h2)) < B (when they are distinct codewords).

We will do this in two steps. The first is to develop a good proxy for “x(h1) € Supp(go)” since
we are working with the pseudocodeword E[-]|, which is not a convex combination of codewords.

11



Instead, it suffices to look at pseudocodewords which have small pseudo-covariance across a typical
pair of left-right vertices in the bipartite graph defining the Tanner code i.e.,

E [COV<ZNL(€)12NR(;’)>} < 7.
reR

Note that when [E[-] corresponds to an actual codeword (or any integral solution) the covariance

will be 0. Thus, the above is a weakening of the notion of “vertex of the convex hull”. We call

such a solution, an #7-good pseudocodeword. A similar definition was also used by Richelson

and Roy [RR22] in their list-decoding algorithm for Ta-Shma’s codes [TS17], and also in earlier

works [AJQT20, JQST20].

An argument of Barak, Raghavendra, and Steurer [BRS11] shows that conditioning the starting
SoS solution on the values few randomly chosen variables, leads to an #-good solution. In fact,
one either has small covariance in the sense above, or conditioning on the variables in Ng(r) for
arandom r € R reduces the average variance (seen from the left) by Qq/d(nz). Since the (pseudo-
)variance is non-negative, this process terminates, yielding an #-good solution. The argument can
also be made deterministic by enumerating over all (constant-sized) subsets to condition on.

Proof of distance for good pseudocodewords. Given an 7-good pseudocodeword E[-] as defined
above, we can now prove that for any i € £, we must have

(Ex@]xw) >1-00) or  (Ex(@)].x(h) < p+00n).
To argue the above dichotomy, we will switch to the distances instead of inner products, as the proof
closely follows the distance proof of Tanner codes. Let {X;},.; and {Y;},.r be ensembles of d-local
functions defined as X,(Z) =1 {ZNL(E) #+ hNL(K)} and Y,(Z) =1 {ZNR(r) # Mg (r) } Using the fact

that the distance of the base code Cj is at least Jj, and the fact that the local constraints for Cy are
respected by the pseudocodewords, one can show that

ME[)h) = E [E[1{Z #he}]] = & E [E[Xi(2)]] -

Taking the geometric mean with a similar inequality for {Y; },. gives

el
reR

1/2
A@MMZ%<EFWMN®MMD .

On the other hand, a variant of the expander mixing lemma for pseudoexpectations (see Section 5),
together with the 17-good property and the simple observation that

l{Ze ?’é he} < XK(Z) 'Yr(Z),

gives

IN

ME[]h) < E [EX(2)-Y(2)]]

U1

IN

lel leLl
reR reR

1/2
E [E [X,(Z) .Y,(z)]} + A <1E []E [xg(z)} E [YE(Z)H)

1/2
<%g®ma»Emam+w+A(£ﬁ®&@»ﬁmam) .

Note that the last line also used ]E[X%(Z)] = E[X,(Z)] (and similarly for Y,). Comparing the two
bounds and solving the resulting quadratic inequality in T = (IE,[E[X,(Z)] - E[Y,(Z)]])!/? yields
the dichotomy.

12



Completing the argument. Starting the algorithmic covering lemma with parameter B + € ensures
that with positive (constant) probability, for any fixed h € L, the conditioning yields an #-good

pseudocodeword satisfying <]E[)((Z)], x(h)> > B+ ¢/2. By the above dichotomy, we must be in
the first case (for sufficiently small 7). A simple averaging argument then shows that considering

W e [q)™ with i/ (e) = argmax;c {]E[I{Ze = ]}]} gives A(W',h) = O(y). Given such an I/, the

codeword k can be recovered by unique decoding.

The above argument can also be made to work for other codes, where the distance proof is a
spectral argument based on expanders, such as the codes obtained via the distance amplification of
Alon, Edmonds and Luby [AEL95]. One can simply use pseudocodewords for the appropriate code,
and substitute the corresponding distance proof in the argument above.

4 Covering Lemma and Johnson Bounds

In this section, we will introduce our abstract covering lemma, and then use it to give algorithm-
friendly proofs of (known) Johnson bounds [Gur(01] by showing that there is a distribution over
codewords that covers the list. Next, we will show that if we are willing to work with distribu-
tions over degree-t pseudocodewords (or just pseudocodewords, due to convexity), then such a

pseudocodeword may be found in time n9(*).

4.1 Covering Lemma

Lemma 4.1 (Covering Lemma). Let H be an inner product space, and let F be a family of unit vectors
in H. Suppose there exists a § € H of unit norm such that for any f € F, (g, f) > €. Then, there exists a
g0 € conv (F) such that for any f € F, (g0, f) > €.

Proof. Consider theset T = {v € conv (F) : (v,g) > ¢}, which is non-empty because any f € F
also belongs to T. Let go = argmin |v]|>. We will show that gy must have the property that
(g0, f) > €* for any f € F. Note that ||go| - [Ig]| > (g0,g) > e means ||go|| > e.

Suppose not, then there exists an f € F such that (go, f) < e2. Foranf € [0,1] to be chosen later,
consider g1 = 69+ (1 —0) f, which is also in conv (F), and (g1,¢) = 0-(g0,g) + (1 —0)-(f, g) > &

Ig1ll> = (6g0+ (1—0)f, 080+ (1—6)f)
= 02 |gol/* +26(1—8) - (g0, f) + (1= 0)2-||f]]>
< 6% |0l +26(1 — 0)e® + (1 —6)?

6% (llgol*> =€)+ - (64 (1—0))* + (1 —6)*(1—¢)
6> (g0l — &) + &+ (1-6)*- (1 —¢)
=602 (1—2+||gol* —€*) —20-(1—¢*) +1

At 0 = 1, this expression equals ||go||>. The minimum of this quadratic function of 6 is achieved at

2(1—¢?) s 2 .
= et D) which is < 1 as ||go|| > €. Thus, we can reduce ||g1]||” further to strictly less
than ||go||* by choosing 6 to the above value, which contradicts the optimality of go. [

4.2 Johnson bounds

We will prove the standard g-ary Johnson bound and the version from [GS01] which receives weight
W; ; for each j € [q] for every coordinate i € [n]. First we define some functions to embed the

13



received word g (or received weights) in R(7~1", which will be the inner product space where we
apply the covering lemma.

Definition 4.2. Fix q € IN. We denote by x, : [q] — R~ any function that satisfies
(Xq(11): xq(j2)) = 171 e
=1 hFR
For f € [q]", we use x4(f) to denote the vector in RU~1" obtained by applying x, on f coordinate-wise.

Note that ) )
IahIF = E [lxaAIF] =1

When clear from context, we may omit q to write x(f).

Such a x; exists because the corresponding g X g Gram matrix is positive semidefinite and of
rank g — 1.

Observation 4.3. For f1, f» € [q]", if A(f1, f2) = (1 — %)(1 — B), then

x(f),x(@g) =58

Theorem 4.4 (g-ary Johnson bound). Let C C [g]" be a code of distance at least A(C) = (1 — %) (1-B).
Forany g € [q]",

‘L(g,(l—é)-u—\/ﬁ))’ < (g—1)-n+1

Proof. Let L = L (g, (1 — %) (11— \/B)) ={hy,hy,--- ,hym}. Thenforany h; € L,

(x(g), x(hi)) > /B

By Lemma 4.1, there exists a g9 € conv ({x(h1),x(h2),- -+, x(hm)}) such that (o, x(h)) > B for
every h € L. Since gg € R7-D" by the Carathéodory theorem, we may assume that gy can be
written as a convex combination of at most (g — 1)n + 1 elements of {x(h1), x(h2),- -+, x(hm)}. Let
this subset of {x(h1), x(h2),- -, x(hm)} be Supp(go)-

Forany h € L,

(80, x(h)) > B = Fx(ho) € Supp(go) such that (x(ho), x(h)) > p
= dx(ho) € Supp(go) such that (x(ho), x(h)) =1
= 3Jx(ho) € Supp(go) such thathy = h
)

= x(h) € Supp(go
Here we used the fact that for any #;, h]' € L, due to distance of the code,

(x(hi), x(hj))y < B or  (x(hi), x(h)) =1

Finally, we have concluded that {x(h1), x(h2),--- , x(hm)} € Supp(go) and using | Supp(go)| <
(q—1) - n+1lgivesm=|L]<(g—1)-n+1 [

Note that in the above proof, go € conv ({)x(h1), x(h2),---, x(hm)}) C conv (x(C)). Indeed,
even if we minimize the norm as in the proof of Lemma 4.1 over conv (x(C)), we will still get the
covering property. This will be useful when trying to find the cover via an efficient algorithm, where
we do not know the list apriori.

We now prove the more general weighted version of Johnson bound, which captures list recovery
as a special case.
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Theorem 4.5 (Weighted Johnson bound [Gur01]). Let distance of code be at least (1 — %) (1—PB). Given
weights {wi,j}ie[n},je[q]/ let Wi =} w; j and Wi(z) =Y wlzj The number of codewords h that satisfy

Wip | o 1 _ 1y,
aﬂ[wih%(l )

w? 1] 5
W2 g

is at most n(g —1) + 1.

Proof. Embed the received weights in i*" position as X({wi,j}je[q]) =) %, and append all
these n vectors, each of dimension g4 — 1, and normalize to a unit vector to form the final embedded

2\ V2
Ljwxal) ) , which we can simplify as

vector u. This normalizing factor is (]E,»

Wi
¥ wiixa () ||° 1 1
j Yij _ 2
r[E] - [ (5ot )
! ! h#h2
1 q 1
= Ely (HZwé—q_ﬂwaZ)]
i ] ]
_ 9 1 e 1un
RN (Wi qwl)]
2
_ 1 g Wi()_l
-1 i | W2 ¢

We then have

i
1 _E
(q—l i

W 1/2 ,
I/\II? - 6]]) - (u,xq(h)) = E W (Zwi,j <Xq(j)r?(q(hi)>>]
i LN
(1 Ljtf Wij
B [ (o= =)
]E [ q wi,hi . 1 :| — q ]E |:wi/hi _ 1:|
; g—1 7

i lg-1 Wi g-1 Wi q
. . Wi . W(Z)
For a codeword h satisfying [E;] W]ll] > % + \/(1 - %) -Ej| V\IIIZ - %} - B, we have (u, x(h)) > /B
and the rest of the proof follows as in Theorem 4.4, by using the fact that any two codewords hy, iy
satisfy (x(m), x(h2)) < B u

4.3 Algorithmic covering lemma

As mentioned earlier, the above lemma guarantees the existence of a distribution over the list that
agrees simultaneously with the entire list, but finding such a distribution may be hard without
knowing the list already! The other option is to look for a distribution over all codewords, but
such a polytope will have exponential number of vertices and it’s not clear how to optimize over it
efficiently.

We instead relax to allow degree-t pseudodistributions, represented as degree-t pseudoexpecta-

tion operators, which can be optimized over in time n°(t).
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We recall that x : [g] — R77! is a function that is extended pointwise to x : [¢]F — (R77!) El,

Note that x is a 1-local vector-valued function on [g], and so we can use E[x(Z)] € RF which will
satisfy

EX(Z)] (e) = E [xq(Z)]

4.3.1 Tanner code

Let g > 2 be an integer. Fix G(L, R, E) to be an (,d, A)-expander, and Cy C [g]? to be an inner code.
Let CT C [q]F be the Tanner code determined by G and Cy.

Lemma 4.6. Fixy > 0. Let u € RU-DIEl with ||u||, = 1. For any t > d, there exists a pseudocodeword
[E[-] of SoS-degree t such that for any h € CT" that satisfies (u, x(h)) > 1,
(Ex(2)], x(n) = E [(E [x3(Ze)], xq(h(e)))] > 72

ecE

Moreover, this pseudocodeword E[-] can be found in time n°(®),

Proof. Define the convex function ¥(E[-]) = <]E (x(Z2)],E [)((Z)]> and solve the convex program in
Table 1.

minimize ¥ (IE [])
subject to
(Ex@),u) > 7

E [-] is a pseudocodeword of SoS-degree t

Table 1: Finding cover for the list £.

Let [E[-] be the pseudocodeword obtained, with ¥* = ¥ (IE[]). We will use the optimality of E[-]
to argue that forany h € L,

Suppose not. Then there exists 1 € CT" such that <]E x(Z)], X(h)> < 4. Then, for some 6 € [0,1]
to be chosen later, consider
Bol] = (1 - O)E[] +0E"[]
Here, we think of h as an SoS-degree-t pseudocodeword, so that by convexity, Eg[] is also an
SoS-degree-t pseudocodeword. We will show towards a contradiction that ¥ (Ey[-]) < ¥*.

1-0) Ex(2)]+0-E"[x(2)],(1-0) E[x(2)] +0-E" [x(2)])
)

1-6)-E [x(Z)] +6- x(h),(1-6)- E[x(2)] + 0 x(h))

1-0)-(E[x(2)], E [x(2)]) +2-6(1—0) - (E [x(Z)], x(h) ) + 6% (x(), x(h))
1-6)2-Y*42-0(1-6)-9+6°

Optimizing over 6, we choose 6" = W‘{*iz_;ﬁrl Aslong as ¥* > v, we get optimal 6* > 0, which
implies ¥ (Eg-[]) < ¥ (]Eg[]‘ ) = ¥*, which would be a contradiction. [
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Lemma 4.7. Fix e > 0. Let the distance of CT"" be 6, and let g be a received word. For any t > d, there exists
a degree-t pseudocodeword E[-] such that for any h € CT" such that A(g,h) < J () —¢,

E[ e 11 .
AE[],h) <6—2¢- /1 q_l(s

Moreover, this pseudocodeword E[-] can be found in time n°(®),

Proof. We use g to construct a vector 1, which we can use to find the required pseudocodeword via
Lemma 4.6.

Lets = (1-1) (1-p)sothat 7(8) = (1- 1) (1 - \/B). Letu = x(g).
Forany h € L(g, J () —¢),
1

Mg h) < T(6) — ¢ = (1 - q) (1= VB) — ¢ = (x(g)x(h)) > B+

1 .

g-1"
Therefore, using Lemma 4.6 and vector 1, we can find a degree-t pseudocodeword E[-] such that for
any h € L£(g,J(6) —¢),

(Br@lx) > (VB+Tge) >pe2vE

Writing again in terms of distances and using p =1 — q%lé, this means,

A(]E[-],h)<(l—é)(1—[3—2\/B-qzl-5)25—21/1—6721(5-8. n

Next we show that Lemma 4.6 can also be used to efficiently find a cover for the list when
dealing with list recovery, by using the given weights to construct a modified vector u (which will
be the same vector embedding that was used in proof of Theorem 4.5).

Lemma 4.8. Fix ¢ > 0. Let the distance of CT*" be 5, and let the given weights be {Wej teeE, jelq)- Assume
that the weights are normalized so that Yjwe; =1 and denote We(z) =Y w? i
For any t > d, there exists a pseudocodeword E[-] of SoS-degree t such that for any h € CT" that satisfies

1 1 @ 1
“S[WM>q+¢<l‘q“5)'(“5[we )+

also satisfies A(E[],h) < 6 — Qq6,w(€)-

Moreover, this pseudocodeword E[-] can be found in time n®®),

Proof. Again, letd = (1 - %) (1 — B). We use the same vector u to embed the given weights, with
the property that for any & that satisfies

£ o] > 1+ (1-3-0)- (B[4~ 1]) =
36 G e

<u,x<h>>>¢3+m\/mwg<ﬁ
elVVe q

now satisfies
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Next, we appeal to Lemma 4.6 with u to efficiently obtain a degree-t pseudocodeword E|[-] such that

(Epx@) xim) > p+2vB [ m

In terms of distance, this means,

4.3.2 AEL Code

Fix g € N. Fix G = (L,R,E) to be an (n,d, A)-expander, Cy C [g]? to be an inner code, and
C1 C [|Co|]™ to be an outer code. Let CAEL C [¢9]R be the Tanner code determined by G, Cy and C;.

4 \R
Definition 4.9. Let ¥ : [q]F — (qu ’1) be defined as

(X)) (1) = Xga (fNg(r)

so that  is a d-local vector-valued function on [q]F.

Observation 4.10. If f1, f> € [q]F with AL (f1, f2) = (1 — qld)(l — B), then (X(f1),X(f2)) = B.

Lemma 4.11. Fix v > 0. Let u € (]qu’l)R with ||u|| = 1. For any t > d, there exists a degree-t
pseudocodeword E[-] such that for any h € CAEL that satisfies (u, x(h)) > v,

(ER@)].x0) = E [(E X Znyr)| e h(0))] > 27

Moreover, this pseudocodeword IE[-] can be found in time n°(®),

Proof. The proof is very similar to the proof of Lemma 4.6, except we replace embedding function x
by X.
Define the quantity ¥ (E[-]) = <]E'[X(Z)], ]E'[X(Z)]> and solve the following convex program.

minimize ¥ (]E [])
subject to

(E[x(@),%()) >

E []is a pseudocodeword of SoS-degree ¢

Table 2: Finding cover for the list L.

[-]). Suppose it does not have the

Let E[] be the pseudocodeword obtained, with ¥* = ¥ (E[]
X h)> < 4. Then, for some 6 € [0,1]

covering property. Then there exists 1 € £ such that <]E[X(Z)], (
to be chosen later, consider
~ ~ ~ (h
Eol]=(1-0)E[]+0E"[]

18



We again have,

= (1-0E[x(@)+0E" [x(2)],(1-0)F [x(2)] + 0E" [x(2)])
(1= OE[R(2)] +xx(h), (1 - OE [X(2)] + (1))

1-0) (E[x(2)], E[x(2)]) +20(1 - 0) (E[X(Z)], % (h) ) + 6 (R(h), (1))
1—6)%¥* 4+20(1—6)y + 6

Optimizing over 6, we choose 6" = ‘Y:Y_i% We will obtain a contradiction since ¥* > 92. W

Lemma 4.12. Fix e > 0. Let the distance of CAFL be &, and let ¢ be a received word. For any t > d, there
exists a degree-t pseudocodeword E[-] such that for any h € CAEL such that A(g,h) < J(8) —¢,

11;{1{1@ [ZNR(,) #h,m <52 1—qdqj1.(5

Proof. Same proof as the proof of Lemma 4.7, with the alphabet changed. The received word g
can be used to construct a unit vector u = x(g), which is then used via Lemma 4.11 to find a
pseudocodeword with the required covering property. [ |

Lemma 4.13. Fix e > 0. Let the distance of CAFL be 6, and let the given weights be {wr,j}reR,je[qd]~ Assume

that the weights are normalized so that Yiwy; =1 and denote Wr(z) =Y w%]
Forany t > d, there exists a degree-t pseudocodeword E|-] such that for any h € CAFL that satisfies

1 1 2) 1
@{W>qd+¢(l‘qd“5>'@[m - a]) e

also satisfies A(E[],h) < 6 — Qg a5w(e)

Moreover, this pseudocodeword E|-] can be found in time n®®).

Proof. Same proof as the proof of Lemma 4.8. |

5 Sum-of-Squares Proofs of Distance
We will be proving that pseudocodewords satisfying certain 77-good property defined below have
the same distance properties as true codewords, up to 7 error.

Definition 5.1. A pseudocodeword of SoS-degree at least 2d is 17-good if

IE [CB;’[ZNL(E)rZNR(r)]} <7

Ly

Observation 5.2. A true codeword is a 0-good pseudocodeword.

The y-good property is useful to change the pseudoexpectation of a product of functions into
the product of pseudoexpectations of those functions. We establish a formal claim about this in the
next lemma. The terms || X/||,, and ||Y;||, should be just seen as normalizing the scale, and indeed
we will only use functions that are bounded in infinity norm by 1.
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Lemma 5.3. Let {X;}¢cp and {Y;},er be two collections of d-local functions on [q)F such that for every
t € L, Xy(f) only depends on f|y;, () and for every r € R, Y;(f) only depends on f|yy (). Then, for an

1-good pseudocodeword E[-],

E

Lr

Ex@v@)] < E[EX@IEN@I] -y (max X)) (max|%.)

Proof. For any £ and 7,
E [X,(2)Y(2)] - E[X,(2)] E[¥,(2)]

= Y ) T1 Zow-Y:(B) T1 Zip |- X E|[Xe(a) J] Zsa |E H Zyp,
ae[q]NL(f) SENL ) tENR ) []NL(I) seENL é) f€NR )
pelgNR () pelgNR ()
X8 1 2 11 7 1 2| B| T1 2
«,p SENL(Y) teNR(r) SENL(Y) tENR(r)
< Xl 1Yo - Y | E [ IT Zsw H Zip, [ I Zsas]- I Ztﬁ]
lX,‘B SGNL(E) l’GNR ) SGNL ) fENR )

1Xelleo 1Yol - COVIZN, (0), Znvg )]

Averaging over { and r, we get

E [E[X(2)(2)] - E[X(DIE [%(2)])] < E || Xl [¥lleo - COVIZn, (1) Znvg )]
< max | X, max ¥, - B [CovIZy, (1), Zu )]
< oo .

- max | Xel - max Y,

The proofs of distance for both Tanner and AEL codes go via Expander Mixing Lemma (EML),
and so we establish the analog of EML for pseudocodewords. Morally speaking, EML allows us
to change measure from the edges of an expander to the complete (bipartite) graph for product
functions. First we prove a version of EML for vector valued functions, and then show that since
pseudoexpectation operators can be written in terms of certain underlying vectors, they also satisfy
a version of EML. Note that this step does not require any #-good property.

Lemma 5.4 (EML for vector-valued functions). Let {vy}scp and {u,},cr be a collection of vectors in

RN, Then,
| <08 [1eal?] [

Lemma 5.5 (EML for pseudoexpectations). Let {X;}scp and {Y;}rer be two collections of d-local
functions on [q]F such that for every € € L, X,(f) only depends on f|y, (¢) and for every r € R, Y;(f) only

E [(0r,7)] ~ E [(0r, )]

L1

Proof. Usual EML applied coordinate-wise. u

depends on f|y (r). Then for a A-spectral expander, we have
E [EX@v@)] - E [Ex(2)%(2)] \ < W [E [x,(2)7] \/“5 Em@2).

Proof. Consider the 2n x 2n matrix M, with

]E[XiX]'}, 1§i§1’l,1§j§7’l
M — E[X;Y; ], 1<i<nn+1<j<2n
T EYinaXjl, n+1<i<2m1<j<n
E[Y; ,Yjy] n+1<i<2n,n+1<j<2n
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For any vector v = (x1,X2," -+, Xn, Y1, Y2, ** ,Yn), we show that v Mo > 0, so that M is PSD.

oMo = Ml]x Xj + Mz]Jrany] + My JYiXi + Mty ]+nyzy]]

0

El
=E [JE | xixj + E [X:Y] xy; + E [YiX;] yixj + E [%Y] yiy]}

=E
2

— ]E[IE [(x:X; + v, )(ij]»+yij)H

E [xi2X:X;] + E [xy;X;Yj] + E [yxYiX] + E [yi]/jYin]]

<

I
el

[(xiXi +yi z)(ijjJr}/ijﬂ}

= E

E[g
[ (xiXi + i 1)]2} >0
Therefore there exist vectors {v;}c; and {u; },cr such that

E [XeYr] = (vg, uy), E {Xﬂ = (vy,vy), and E [Yﬂ = (Uy, tty)

Applying Lemma 5.4 to the collection of vectors obtained above, we immediately obtain,

E [E[X,v,]] —%E’r{lﬁ [XZY,]H < A\/ B [XZH\/IE [Ev2)] n

~F

5.1 Tanner Code

Suppose we are working with a Tanner code CT" with inner code Cj of distance dp, so that the
distance of CT*" is at least 6y(Jp — A). We show that 17-good pseudocodewords satisfy a similar
distance property, up to error 7.

Lemma 5.6 (Distance of Tanner code) The distance between an 17-good pseudocodeword E[] and a true
(5 A)Z + ’7(5(’”‘) . In particular, if A < éy/3 and
n < 62/9, then A(h,E[]) < 3y or A(h, E[-]) > 8p(dp — A) — 3.

codeword h is at least 5y(6g — A) — 2175 L, or at most

Proof. Let Xy(Z) := H{Zy, () # hn, (o)} and Y (Z) := H{Zy, () # hng(r)}, and let T denote the
quantity \/]Eg[]E[Xg(Z)]] : \/IE,[IE'[YT(Z)]]. Then, we have

A(LE[]) = B|[E[1{Z # h}]
< E [EX(2)-%(2)]
< E[EX(@ v(@)] +1- B [EX(@?] | B [E 2]
= E[E[X(2) - %,(2)] +/\~\/]E [E[X,(2)] ¢ E [E[Y,(2)]]
= E [EX(2) - ¥,(2))] + 47
- E:]E[Xg(Z)] E[Y,(2)]| +7-1-1+2-7
= T2+ AT+
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On the other hand,
8 (E[]) = E[E[1{Ze # he}]
E, [Bi(z. # ]|

LeeNL({)

E 8 (Znyo )|

[0 1{Zy, 1) = (0} + 00 HZw o) # o)}
{50 UZy, 1) # (0 }H

E [0 - X,(2)]

= &-E [E[x,(2)]]

% I |

I
&E

I
-5

Likewise, A (h,IE[]) > b+ ]E,[]E[Yr(Z)]], and so,

A (h,]E [.]) > 8- \/15 [1}3 [xg(z)]} : \/1}3 [113 [Yr(Z)]] = 6T
Comparing, we get, 24+ AT+ 7 > &g - T, which means,

> (60— A) + /(60— A)2 — 4y or 1< (00— A) — /(6o — A)2 — 4y
- 2 - 2

In the first case, we have

(o —A) + (50—)\ V(- N2 =4y

A(h,]ﬁ[-]) > 8-T > &g

_ o 50—
<1+ 50_/\)2>

25(602_(”1_(50—»2)

5
:(50((50—)\)—217-5OEA.

Also, in the second case, we have

(bo—A) =/ (Go—A)* =4y _ d—A 41
< = 1= 5
T= 2 2 'V @
50*)\ 417
< —
<222 (114 2
_ 2
T oA
which gives
- 2 27A 4 (% +4A)
< 2 < Ui Ui _ Ui 171(%
AGE[]) < T+ At+y G012 (50—A+17 (0o — A )2 50— A



5.2 AEL Code

Let C; be an outer code on an (1,d, A)-expander graph G(L, R, E) and let Cy be the inner code. Let
CAEL be the code obtained by redistributing symbols along the edges of G and then collecting them
on vertices of R, as explained in Section 2.2.

Let J be the distance of Cy, so that (designed) distance of CAFL is § = 5y — %. Leth € [g0]F be a

codeword in CAFL. We show that an 57-good pseudocodeword that has some left-distance from h
has a much larger right-distance from h.

Lemma 5.7 (Distance of AEL Code). For an 1-good pseudocodeword E[-] and a codeword h € CAEL,
AR(E[] ) > 6g— 1
AM(E[], 1)

Proof. We establish upper and lower bounds on A(E[-], k).

AME[], ) = E [E[1{Ze # e}

z E {IE {O’I{ZNL(Z) =hn, (o)} 60 HZy, 1) # hNL(e)}H

le
=%k []E [1{ZNL(6) 7 hNM)}H
= GoAL(E[],h)

For the upper bound, we again rely on the expander mixing lemma:
A(E[],h) = JE[ [1{Z. # he }]}
B [HZu0) # 01 Zg) # i}
<E []E [1{ZNL (0) 7 I (0 YU Zng () 7 Bing(r }H +A
E [1{Zyy ) # vy} B [UZng) # g} ]| + 21

:]E[]E{l{ZNL #hNL(é}H [ [1{ZN #hNR(r)}H+/\+’7
= AYE[],h) - ARE[], ) +A+y

IA
?m

A
el

Dividing the two bounds by AL (E[-], h) and rearranging, we finally get,

A+7

ARE[],h) > 6 AELD

= 00—

6 Correlation Reduction via Conditioning

We will use the following claim from [BRS11] (see Lemma 5.2 there) that says that if Zg and Zt have
a large covariance, then conditioning on Zt reduces the variance of Zg significantly.

Lemma 6.1. Let E[-] be a pseudoexpectation operator of SoS-degree t with associated pseudocovariance and
pseudovariance operators. Assume S, T are sets such that |S| + |T| < t/2, then,

Var o Cov|Zs 4, Z7 5])?
Var [Zs|Z 7] gVar[zS]_L (Cov|Zs,, Zr,p])

1 e pegr  VarlZrg]
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In particular, observe that pseudovariances are non-increasing under conditioning. The next
lemma shows that if the average covariance across all pairs (¢, r) is 7, then conditioning on a random
vertex in R will reduce the average variance in L in expectation by Q(52). Then, Lemma 6.3 will use
that this cannot happen more than O(1/#42) times, and then we must end up with a conditioned
pseudoexpectation operator which has low average covariance, that is, it is 7-good.

Lemma 6.2. Let yy < ]Eg,r[(i)/v[ZNL(g),ZNR(V)H. Then,

E [E [Var [ZNL |ZNR(,)}H <E [\7;1: {ZNL(z)H - qlzdiyz
Proof.
B [15 Var | Z, () 2o | H = [Var [y 0|20 |
r Cov Z LN (), 1)?
< }Er _Var [ZNL } g VI:;[Z:;R( )N;]( . ]
<E |Var Z,0] - qldg (Cov | Z, (0 ZNR(T)//;})21
g%],}r Var [ZN () L (%‘COV ZNy (0),0r LNg( )13”> ]
= E | Var |2y, | - qi e [(COV 230 Zni) 1

2
15[\/ [ZNL()H qid <ZV[COV[ZNL Zn ) )

Lemma 6.3. Let 57 > 0 be arbitrarily small. Given any SoS solution E[-] of degree > 2d ('7—2 ), there
exists a number k* < q° /n? such that

= Lr [COV[ZNL( 0 ZNg ()| ZNg (01)r ZNg (o)~ 'ZNR(vk*)]H <7

V1,02, Vper

Proof. Consider @ (E[-]) = Eq, 0,0, [[E¢ [\E[ZNL(K) 1 ZNg(01) ZNg(03)7 "+ ZNg (0p)]]]- We know that

1> P > D > --- Zq>q3d/,7220

= 17%/¢%. By contrapositive

so there exists a k* < g% /52 such that ®. (E[]) — @41 (E[-]) < q3d1/;72 =

of Lemma 6.2, this means that

U1,02,,

IE Vs L’ [COV[ZNL(/) Zng(r ‘ZNR (01)7 LNp(vy)r " ’ZNR(Uk*)]H Sy u

7 List Decoding up to Johnson Bound

In this section, we combine different pieces of the proof to give list decoding algorithms up to the
Johnson bound. Note that in both Tanner and AEL cases, we reduce to unique decoding of either
the same code or the base code, and this unique decoding needs to be done from pseudocodewords
instead of codewords. We will handle this slight strengthening of unique decoding via randomized
rounding in Section 7.3.
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7.1 Tanner code

Let CT" be a Tanner code on an (1, d, A)-expander graph G(L, R, E), with Cy as the inner code. Let &y
be the distance of Cy, so that (designed) distance of C Tan jg 5 = 80(dp — A). Assume A < §y/3. Given
g € [q]F, we wish to recover the list £(g, 7 (6) —¢). As e — 0, the decoding radius gets arbitrarily
close to the Johnson bound.

Theorem 7.1 (List decoding Tanner codes). There is a deterministic algorithm based on O, 4(1/ e*) levels

of the SoS-hierarchy that given g runs in time n%s4(/ ) time and computes the list L(g, T (5) —¢€)).

Proof. We apply the algorithmic covering Lemma 4.7 to obtain a pseudocodeword E[-] of SoS-
degree t > 2d (‘Z%zd + 2) such that for any h € £(g, J (5) — €), we know that A(E[-],h) < & — ¢, for

gy =2e-,/1— %5 > Q)(e). We will choose 7 later, and note that the choice of 77 does not change 5.
Henceforth, we fix an i € £((g, J(8) — €), so that A(E[-], h) < § — 3. Our goal is to recover h.

Pick arandomk € {1, - -, Hiﬂ }. From Lemma 6.3, we know that with probability at least :Tf,,

oo b o [}E [COV[ZNM)/ZNRU)|ZNR<v1>rZNR<vz>r' . rZNkaﬂH <7. ©)

We assume that we found a k such that Eq. (1) holds. Let V be the (random) set of k vertices we
condition on, thatis, V = {vy,vy,- - -, v}, and let Nr(V) = Upey Nr(v). Then,

V;R],]f:w:k bEr {COV[ZNL(Z)fZNR(r)|ZNR(V)]H <7

More explicitly, conditioning on Ng (V) involves sampling an assignment for N (V) according to
the local distribution of Zy, (). Let this random assignment be §, and we get

" QRIEV‘:,( bEr [COV[ZNL(@/ZNRMIZNR(V> = ﬁ}H <7

P~Zngv)

By Markov’s inequality,

— € 1517
ngI,l\jV|:k [E [COV[ZNL(E)/ZNR(r)|ZNR(V) = ﬁ]} > 15] < 7y
B~Zng (v)
By choosing 77 = €3/605, we get
— €
ng],lljv\:k bEr {COV[ZNL(@’ZNR“)|ZNR<V) - 5]} = 15] =1 e/40 @
P~Zng(wv)

For some V, B such that Eq. (2) holds, we will be using | - |Z N (v) = Bl as an 17-good pseudocode-
word. Using e, < J, note that

. _ 52
e _ 0 b (=M &

15 15 15 9
and A < dy/3 so that the conditions of Lemma 5.6 are satisfied.

For this #-good pseudocodeword, we need to argue that it is still close to & that we are trying to
find. This is easy to ensure in expectation, and we again appeal to Markov’s inequality to say that it
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also holds with significant probability, up to some loss in distance. By the law of total expectation,
forany V C R,

ﬁNZJEmv) {A (E [ 12 = ﬁ] h” =AE[].h) <I-e

Averaging over all V C R of size k,

{A (IE [ NZngv) = 5} ,h)} <d—e ®3)

E
VCR,[V|=k
B~Zng (v

Again, we claim via Markov’s inequality that a significant fraction of conditionings must end up
being not too far from f.

B BEL B =) <i-F]= e 28w
B~Zng(v)

Henceforth, we fix a conditioning (V, 8) with g € [g]" r(Y) such that events in both Eq. (2) and Eq. (4)
happen. Note that by a union bound, a random (V, ) has this property with probability at least
€ /46. Fix such a conditioning, and let the conditioned pseudoexpectation be

E*[]=E { : |ZNR(V):,B]

and the corresponding covariance operator be CK/]E* [-] Note that the degree of E*[] is t —2d - k > 4d.
From definition, we know that

A(E*[],h) <6 — %2 .
__ 2
gj:r [COVIE» [ZNL(Z)’ZNR(r)]} < E (6)

From Eq. (6) and Lemma 5.6, we know that A(E*[-], 1) < e5/5 or A(E*[-],h) > 6 — £2/5. The latter
is impossible because of Eq. (5), and so we must have A(E*[-],h) < &,/5 < 6/5.

Finally, we use Lemma 7.7 to recover h using E*[-] with probability at least 1/5. The algorithm
succeeds if

1. a ks picked so that Eq. (1) holds,
2. (V,B) is picked so that events in both Eq. (2) and Eq. (4) happen,

3. the call to Lemma 7.7 succeeds.

The success probability is therefore at least
2 e 1 €
IP [success] > :ﬁ'@'g > 0 ﬁ = Qq,d(ES).

We have shown that for any h € £((g, J(6) — €), the algorithm above outputs h with probability at
least Q) 4(¢°). Note that this implicitly proves an upper bound on the list of O 4(1/¢).

Therefore, the random choices that the algorithm makes lead it to different elements of the list.
We next argue that we can derandomize all random choices in the algorithm, so that all elements of
the list can be found with a deterministic algorithm.

1. For the random choice of k, we can try out all possible > /42 values for k.
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2. For random (V, B), we can again try out all possible values, which are at most n* - 2k <

Oq,d(1/€4)

n in number.

3. Lemma 7.7 can be derandomized using a standard threshold rounding argument, as argued in
Lemma 7.9.

Thus, the final algorithm starts with an empty list and goes over all the deterministic choices above.
Every h € L(g, J(5) — €) will be discovered in at least one of these deterministic steps, and we can
efficiently check whether A(g, 1) < J(J) — e. If yes, h is added to the output list. [ |

7.2 AEL Code

Let CAEL be an AEL code determined by an (n,d, A)-expander graph G(L, R, E), an inner code Cy of
distance dy, rate rp, alphabet size gy, and an outer code C; of distance 1, rate r| and alphabet size
q1 = |Co|- The code CAEL is of alphabet size qg, rate ror; and (designed) distance dy — %.

Theorem 7.2 (List Decoding AEL codes). Suppose the code Cq can be efficiently unique-decoded from
radius dgpc. Assume A < K -840 < K -8y, s0 that the distance of CAEL is at least &y — x. Then for any
e > 0, the code CAEL can be list decoded from a radius of J (8y — «) — € by using Oud b (1/¢&*) levels of

N 4
SoS-hierarchy, in time 1 Cabge (1/€),

Proof. Let g € [qg]R be a received word. Recall that the distance of an AEL codeword & with g is
givenby A%(g, 1) = Erer[1{8(r) # g }]-

We again start by applying the algorithmic covering Lemma 4.12 to get a pseudocodeword E|]
of SoS-degree t > Zd(‘z?izd + 2) such that for every h € £(g, J (6o —x) —¢),

E []E [I{ZNR(r) # hNR(r)}H = AX(E[],h) < (Jo—x) —&2

Here 7 > 0 is a small constant to be chosen later, and e, = 2¢ \/ 1-— qf—il (6o — x) > Q(e). Henceforth,
we fixan h € L ((g, J (6 — k) — €), so that AR(E[], h) < dy — k — e5. Our goal is to recover h.

d
Pick arandomk € {1,-- -, [@W }. From Lemma 6.3, we know that with probability at least ”Ti,
n q

01,02, 0 | L,r

E {E [CK'[ZNLw)rZNR(r)ZNR<v1>IZNR<vz>f“'IZNRm)]H <7

We assume that we found a k such that Eq. (1) holds. Let V be the (random) set of k vertices we
condition on, thatis, V = {vq,v;,- - - ,v;}, and let Nr(V) = Uyey Nr(v). Then,

VER]EV‘:]( bEr {COV[ZNL(Z)rZNR(r)|ZNR(V)]H <17

More explicitly, conditioning on N (V) involves sampling an assignment for Ng (V) according to
the local distribution of Zy, (). Let this random assignment be §, and we get

E []E [a;’[ZNL(z)fZNR(MZNR(V) = ﬁ]H <7.

VCR,|V|=k |Lr
B~Zng (v
2
By Markov’s inequality, and by choosing 7 = 1;(2;%,

(Sdec i 82:| < 477 € (7)

Cov = <
ng],l\jv\:k bEr {COV[ZNL(Z)'ZNW)|ZNR(V) ﬁ]} o " Odec €2~ 4(60 — x)

B~Zng (v
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€2

—~— _ Jdec €2
VQR],ITV\:k [gi [COV[ZNL(@/ZNR@)IZNR(v> = ﬁﬂ <= ] >1- 160 —%) ®)

B~Zng (v

As in the Tanner case, we next claim that the distance is preserved with significant probability
when conditioning randomly. Let i € £(g, J (dy — x) — ) so that AR(EE[-],h) < y — k — &5. Using a
similar argument as in the Tanner case,

By 187 (B 12y = )] < (o =) —e2 ©)

which allows us to claim via Markov’s inequality that

R(E — & €/2 €
) (B[ 2wy = 8] 1) < o= = 5] = Go—r)—eter/2 = 25—

Again, let (V, B) be a conditioning such that events in both Eq. (8) and Eq. (10) hold (which happens
with probability at least m). Let E*[:] = E[-|Zy,(v) = | be an 7-good pseudocodeword that

satisfies Eq. (10). This means

AP0 ARE[],h) < (G —K) — e2/2

0N EL S

Rearranging, we get that

cteg2 < AHM o AHGucea/d K- Gttt 2/4
AM(E[]h) T AMELLR) AL [, 1)

4

which gives the required bound on AL (E*[-], k) as

5&16682/4 < édec'SZ

L*r. < _ Ydecc2/* _
A (IE H/h) = §dec K+82/2 > Pdec 450

Finally, we use Lemma 7.8 to find h using [E*[.] with probability at least e /48;. The final success
probability is at least

Just as in the case of Tanner codes, this algorithm can be derandomized by trying out all possible
random choices made by the algorithm, to give a deterministic algorithm that recovers the list. |

Note that while the theorem above deals with list decoding, it can be easily adapted for list
recovery by replacing the use of Lemma 4.12 by Lemma 4.13. Next, we use the AEL amplification
scheme to construct near-MDS codes list decodable up to the Johnson bound.

Theorem 7.3. For any 1/2 > €1,e5 > 0, there is an infinite family of codes C of blocklength n with the
following properties:

(i) The rate of the code is p and distance is at least 1 — p — €.
(ii) The code is over an alphabet of size 20(e;*log(1/e1))

(iii) The code can be list decoded from radius J (1 — p — 1) — &2 in time n% (1/¢3),
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Proof. We sketch how to instantiate Theorem 7.2 to obtain such codes.
Suppose we are working with (1,d, A)-expander.

Choose the inner code Cy to be a Reed Solomon code of rate py, distance 1 — pg and alphabet size
go = d (or any MDS code). Choose the outer code C; over alphabet of size |Cy| = dfod to have rate
1 — g1 that can be unique decoded from radius J 4., = Q(s%), such as the one constructed in [GI05].

Let A = 4. with k = &1, s0 that A < ©(e]) and d = O(1/¢5).
The rate of the final AEL code is p := (1 — &1)pp, and the distance is at least

A 0 A

1-— -—— > 1- - —

( PO) o0 - 1—¢ Odec

> 1—-p—2e1p—¢
>1-p—-3¢

The alphabet size is qg =4 = zo(sfélog(l/sl)).

For list decodability, we use Theorem 7.2 to claim that the above code can be list decoded from

(1/€3) _ ,,06,(1/3)

j(l —p— 381) — g in time anO"”"sdﬂc =n

Replace ¢; by €1 /3 to get the final result. |

Note that we can also deal with C; that can be decoded from smaller radius like O(e}), by
suitably adjusting A and paying the cost in alphabet size. Above, we have not chosen parameters
optimally to keep the exposition simple. The alphabet size in the code constructed in [GI05] was
smaller than what we ask for here, but alphabet size can always be increased while preserving rate,
distance and unique decoding radius by folding multiple symbols together into one. This looks like
multiple symbols of the outer code being assigned to the same left node in the AEL construction.

7.3 Decoding from fractional vectors

This section has auxiliary claims needed to finish the list decoding algorithm proof. In the Tanner
code case, we reduce to unique decoding of the same code from an arbitrarily small radius. In
AEL, we reduce to unique decoding of the base (outer) code. In both these cases, we have some ¢
slack, that is sufficient for randomized rounding to produce a (corrupted) word within the unique
decoding radius.

Lemma 7.4. Let C bean [n, 4, p], code, which is unique decodable from distance 64, < 6/2 in time T (n).

Given a collection of distributions D = {D;};c,, each of them supported on [q], there is a unique codeword
h that satisfies

B[ (100 )] < duc e
This codeword h can be found in time O(qn) + T (n) with probability at least €/ d,..
Proof. First, we show uniqueness of h. Let i, i’ be two codewords in C such that
BB 02| <oe-c and  E[E 10 A < due-c

For any j € [q], we have 1{h; # h!} < 1{h; # j} + 1{h} # j}. Therefore,

M) = B[ £ )] < B[ B [0 £ 7) 100 £ )]

E LiEDi [1{h; #j}}} +E ng [1{K; ;éj}}} < 2840 —2e < 6.
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By distance property of the code, this means that A(h,h') =0, or that h = I'.

The algorithm to find / is to independently sample from every distribution to get a random
g € [g]", and then issue a unique decoding call from g. We show that with significant probability, i
lies in the J,,, radius ball around g, which will show that algorithm succeeds with that probability.

Elb( ] = E[Blafg #h)| = B[Bfg~m| = B| B s #n))] < o

i

Thus, by Markov's inequality, we have, P¢[A(g, 1) < 4ec] > 57—, which proves the claim. [

Remark 7.5. The success probability in the Lemma 7.4 can be amplified by repeated sampling. Moreover, the
fact that we reduce to the unique decoding algorithm of C is not important, as it is also possible to use a list
decoding algorithm for C from distance 64, to find h, as long as the sampled g satisfies (g, h) < Ogec. In that
case, we output a random element of list obtained, which incurs an additional loss of 1/ L factor, where L is
the list size guaranteed by list decoding algorithm for C up to 6 ..

Remark 7.6. As shown in Lemma 7.9, this argument can be derandomized using threshold rounding. The
use of Lermma 7.4 in the next two lemmas can therefore be replaced by Lemma 7.9.

Next, we use pseudocodewords that lie in the unique decoding ball to construct the collection of
distributions needed by Lemma 7.4, for the Tanner and AEL cases.

Lemma 7.7 (Unique decoding from Tanner pseudocodewords). Let CT*" be a code as in Section 7.1,
with distance 6 = 6y(dg — A) and A < 6y/3, and in particular it can be unique decoded from radius /4
in time O(|E|). Given a Tanner pseudocodeword E[-] such that A(E[],h) < /5, we can find h in time
O(|E|) with probability at least 1/5.

Proof. The pseudocodeword gives a collection of distributions D = {D, },.f, each distribution over
[q]. The e distribution D, gives a weight of E[1{Z, = j}] to the value j € [g].

The distance A(EE[-], ) translates to

AE[],h) =B [E[1{Z. # e}

E|E [2: HZ, = j}1{he # j} ]
j€lal i
Y 1{he # YE[1{Z. = j}]
Lj€la]

E (1 # ]

L~

I
~H

I
~H

We can therefore use this collection of distributions to obtain a codeword 1 € CTn yia Lemma 7.4
with 84, = 6/4 and € = §/20 such that A(E[-],h) < §/5. [

Next, we use similar ideas to round and decode from AEL pseudocodewords. We borrow the
terminology used for AEL codes from Section 7.2.

Lemma 7.8 (Unique decoding from AEL pseudocodewords). Let CAEL be a code as in Section 7.2, with
A < K -S40 and distance at least &y — k. Assume that the outer code C can be unique decoded from radius
S ec in time T (n). Given an AEL pseudocodeword E[-] and h € CAFL such that A (E[-],h) < 6400 — €, we
can find h in time O(n) + T (n) with probability at least &/ ;..
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Proof. First, we use the given pseudocodewords to build a collection of distributions D = {Dy},;,
each distribution over [g1]. Recall that Cy can be seen as a map from [g1] to [go]?. The ¢! distribution
gives a weight of E[1{Zy;, (;) = Co(a)}] to a € [q1].

Let /i be the codeword in C; corresponding to the codeword h. That is, I is such that Cy(h) =
hn, (¢)- With the collection of distributions D defined, we relate A™(IE[-], 1) to agreement of /i with D.

SHE[],h) = B [E [HZy, ) # I}

E E [ Y YZy, o) = Coa) }1{hy, 1) # C(“)}]

a€q]

Y Wiy # Col)}E [1{Zy, ) = Co(a)}]
__“6[‘71]
E, [ty % Co(@)}]]

La~Dy

ygjum#aﬂ]

I
~H

I
~f

I
~H

We call Lemma 7.4 for the code C; with the collection of distributions D and find h, and therefore
h, with probability at least &/ J,.. ]

To end this section, we note that the rounding from fractional vectors above can be derandomized
through a standard method known as threshold rounding. Similar ideas are used to derandomize
the classical Generalized Minimum Distance decoding for concatenated codes.

Lemma 7.9. Let C bean [n, 4, pl; code, which is unique decodable from distance 64, < 6/2 in time T (n).
Given a collection of distributions D = {D;}c(,, each of them supported on [q] described as a collection q
weights that sum to 1, there is a unique codeword h that satisfies

B[ & 10 £ 1] <

This codeword h can be found in time O(qn) - T (n) with a deterministic algorithm.

Proof. The uniqueness of & is as in proof of Lemma 7.4.

Let the weighton j € [g] according to D; be wjj, so that Y ) wij = 1. We replace the randomized
rounding of Lemma 7.4 by the following process:

(i) Define the cumulative sums c;; = Y.j'<j Wij, SO that c;; = 1. Define ¢;p = 0.
(ii) For each i € [n], embed D; into the interval [0,1] as g + 1 points (cjg = 0,¢1,¢i2,- -+, ¢ig = 1).
(iii) Choose 6 € [0,1] uniformly at random.

(iv) Build /' € [g]" coordinate-wise as follows. For i € [n], if

S [Ci(]',l),cij> p

then /] = j. This ensures that Py[h; = j] = w;;.
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We show that /' has the same distance from h in expectation as the collection of distributions
{Di}icrn-

E[a0m] = E [lg [1{n; # hi}]]
[H;Z {1{9 ¢ [Ci(h,-—l)fcihi)}}}

=E ]E, [1{9 & [Ci(hl._l),Cih,-)}H
= ]]lE', [l — wihj

p: L E [1{h # j}]} < Stee

1

Therefore, rounding according to a random threshold 6 produced an /' that is at most 4, distance
away from h. As the final step to derandomization, note that two thresholds 61, 8, produce the exact
same I’ if there is no point from step (ii) above embedded between 6; and 6,. Total number of points
embedded is at most g - n, and so it suffices to try at most O(q - n) many thresholds to produce all
the different 1/’ possible - one of which must be 6,,.-close to h. ]

8 List Decoding Concatenated Codes

In this section, we will adapt the techniques developed earlier to decode concatenated codes.
Concatenation is a useful operation to obtain codes with smaller alphabet size starting from a code
over large alphabet. Previous works on list decoding of concatenated codes [GS00, GR06, GS02]
seem to all rely on list recovery of outer code, with intricate weights to be passed along with inner
codewords. We will only use list decodability of outer code.

First, we show that the covering lemma based argument can be used to decode the concatenated
code up to the Johnson radius corresponding to product of decoding radius of outer code and the
distance of inner code. That is, if the distance of inner code is J, distance of outer code is J1, and the
decoding radius of outer code is d4,., we can decode the concatenated code up to radius J (84, - &o)-

Moreover, since concatenated codes do not involve expansion for their distance proof, we do
not need to deal with SoS-based pseudocodewords or any low-covariance conditions. In fact, our
pseudocodewords will just be local distributions over the inner code for each coordinate of the outer
code. Since this set of pseudocodewords can be described as the feasible set corresponding to linear
constraints over O(n) variables, we can minimize the appropriate norm (which is a convex function)

via Ellipsoid method to get a pseudocodeword with the covering property in time n9().

Note that this is weaker than decoding up to J (81 - dy), which is the Johnson radius correspond-
ing to the true distance of the concatenated code. In Section 8.2, we will see that by using the decoder
of outer code in a white box way, we can get to the Johnson bound 7 (J1 - p) when the outer code
supports list decoding through our Covering Lemma based machinery, like in the case of near-MDS
codes of Theorem 7.3.

8.1 List decoding arbitrary concatenated codes

Let the [n, 01, p1]4, outer code be C; and the [d, &y, po]g, inner code be Cp, with g = qgo'd. Let the
concatenated code be C* with distance atleast 6 = dy - d1. A codeword h* = Cy(h) of the concatenated
code can be seen as a tuple h* = (hj,h3,--- ,h;) where each hf € Cy, or hi = Co(h;) for some
h; € [q1]. Note that not all tuples of this form are codewords, and (Cy(f1),Co(f2),- - ,Co(fn)) € C*

iff (f1,f2,' .. /fn) c Cl.
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Definition 8.1. A pseudocodeword of the concatenated code is a psuedoexpectation operator E[-] of degree d

over the variables Z = {Zi,]-,k that respects the following d-local constraints:

i€[n],jeld],ke[qo]
(i) Zi%jlk = Zijk

(ii) Foreveryi € [n],j € [d], Lie[qo) Zijk = 1
(iii) Vi€ [n), (Zi1,Zip, - ,Zig) € Co.

We no longer enforce the constraint for non-negativity of squares of polynomials, and in fact, our
pseudoexpectation operators are just a collection of n distributions {Di}ie[n] over [g1]. The weight

assigned to f € [q1] in distribution D; is E[1{Z; = Co(f)}].

Following is the natural generalization of distances to pseudocodewords.

Definition 8.2 (Distance from a pseudocodeword). The distance of a pseudocodeword E|-] and a codeword
h* is defined as
MEL] 1) = E [EAZ )]

ien]
Lemma 8.3. Assume that C1 can be list-decoded from radius 64, in time T (n) with list size L.

For any & > 0, there is a deterministic algorithm that given a pseudocodeword E[-] outputs the list
‘C(]E [] /00 - ‘5dec) = {h* €C’: A(h*/lﬁ []) <o+ 5dec}
and runs in time 2°@WnOW) + 024 . 1) - T (n).

Proof. We use E|[-] to get local distributions D; over [q;] for each coordinate i.

MELLI) = B [Eb@ )] = E | E 85
> E | B U7 £ ha @), k)|
> E B 1t # o]
> E [ B 0 2ms )]
6 5 | E (1 2]

Any codeword h* = Cy(h) € £ must have the property that A(E[-], #*) < 84 - 8, s0 that

E[ £ 0/ A ] < b
Finally, we use Lemma 7.9 to decode from the above agreement. The only modification is that since
we might potentially deal with the list decoding algorithm of outer code C;, we take a union of
all the lists generated by the different calls corresponding to different thresholds, and then prune
it finally. For any h* = Cy(h) € L, there is some threshold for which the [g;]" string generated in
Lemma 7.9 will be at distance < J,,. from h. Therefore, h will be contained in at least one of the lists
discovered by the algorithm. |

Lemma 8.4. For any e > 0, there is an algorithm that given g € [qo]" and & > 0, finds a pseudocodeword
E[] such that £(g, T (8) —¢) C L(E[-],d — &3) in time 2°@) . nOW) for some 5 > 0.
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Proof Sketch. This is again an algorithmic implementation of the covering lemma, with the distri-
butions over codewords to be relaxed to distributions over pseudocodewords as defined above.
Minimizing the appropriate norm while optimizing over the convex set of pseudocodewords gives
us this covering property. We omit the details since the argument is very similar to Lemma 4.7.

Since the above optimization problem minimizes a convex quadratic function with linear
constraints on at most 2% - 1 variables, we can get a running time of 20(@) . ,0(1), |

Theorem 8.5. Let Cy be a binary inner code of blocklength d, distance &y and rate pg. Also let Cy be an outer
code of blocklength n, distance 6y and rate py on an alphabet of size |Co| = 2°0%. Assume that Cy can be
list-decoded from radius 8. in time T (n) with list size L.

Then the code C* obtained by concatenating C1 with Co can be list decoded up to a radius of J (840.00) in
time 2000 1 024 . n) - T (n).

Proof. Given g such that we wish to find £ = £(g, J (J4ec - o) — €), we first use Lemma 8.4 to find a
pseudocodeword E[-] that covers the list, and then use it via Lemma 8.3 to find L. ]

8.2 List Decoding with outer AEL codes

In this section, we show that when the near-MDS codes obtained using AEL distance amplification
are used for concatenation with smaller alphabet codes, we can list decode the smaller alphabet
code up to its Johnson bound. This will not be done by a black-box call to the list decoding/list
recovery algorithm of the outer code, but we will crucially use the SoS-based list decoding strategy
for the outer code.

To the best of our knowledge, list-decoding to the Johnson bound of the concatenated code has
not been achieved for the Reed-Solomon outer code. This shows that while our near-MDS codes
via AEL construction match Reed-Solomon codes in terms of list decoding radius, they have some
extra desirable features. Of course, the runtime of our algorithms is quite poor compared to the
near-linear time Reed-Solomon decoders.

The pseudocodewords for the concatenated code will be concatenations of the pseudocodewords
of outer AEL code. Since the covering lemma works irrespective of the code we are working with, we
can get a cover for the list of (final) codewords by efficiently optimizing over the pseudocodewords
of outer code. Then a simple argument shows that the distance property for outer pseudocodewords
translates to distance property for concatenated pseudocodewords.

Let us recall some notation for AEL Codes. Let C*FL be an AEL code determined by an (1,d, A)-
expander graph G = (L, R, E), an inner code C of distance Jy, rate ry, alphabet size g, and an outer
code C; of distance dy, rate r; and alphabet size g1 = |Co|. The code CAEL is of alphabet size g8, rate
ror1 and (designed) distance 6y — (?—1.

Suppose we concatenate CAEL with an [d,, 85, 72]4, code C such that qg = q?dz, to obtain a new

{ndz, ((50 — %) 1y rorlrz} ] code C3. Note that for the code C3, distance is defined for fi, f» € [g2]"%2
2
as

A (fi.fa)= E ][1{/‘1(7/]') # f2(r,))}] (11)

reR,j€[dy

which can also be extended to distances between a pseudocodeword E|[-] and a codeword 1* € C3 as

MELI) = (BB [N () # B )}

If the codeword h* € C3 is obtained by concatenating h € CAFL with C,, we denote hi* = C(h), and
the above distance expression is the same as

ME[)C) = - [E[HCZy) () # Caling) ()}
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Theorem 8.6. Let the code C1 be decodable from radius 64,., and A < « - 64,., s0 that the distance of code C3
is at least 05 (0o — x). For every e > 0, the code C3 can be list decoded up to the radius Jy, ((do — x) 62) — €

4
in time n%1saec(1/€),

Proof Sketch. We consider the same pseudocodewords as we did for AEL codes, and recall that
we proved the following distance property for 7-good pseudocodewords in Lemma 5.7. For any

he CAEL,
Aty
[E[1{ZN, (¢) # hn, (o) }]]

We extend the above distance property to the distance according to final C3,

i B (1)) # Colhagy) (D} ]| = B [E [ (CalZnyo) Calliny) )

> - E |E [{Zygr) # g}

E []E [1{ZNR(7) # hNR(r)}” > 6o — E,

> <50 - —= At )
E([E[{Zy, (1) # hn, o) }]]
That is,

* (1o A +
A (IE [] fcz(h)) > 5, |6y — — T (12)
AL (E[.],h)
The key distance property established, the rest of the argument is same as while decoding AEL
codes. Given g to be decoded, let’s call the list of codewords at distance less than J (5,(y — x)) — ¢
as L. We find a pseudocodeword E|[-] that is close to all the codewords in £. For any h* € £ such
that h* = C,(h), N _
N (E[], 1) = A (B[], Ca(h)) < 8albo — ) — 2

where ¢, = 2\/1 - ,12[73152(50 —x)-e=0(e).

The covering lemma used here minimizes ¢;-norm of the embedding corresponding to the
concatenated code C3 with the alphabet size g5, while the relaxation for pseudocodeword was
defined for C4FL which does not depend on C, at all. However, this embedding according to C3 is a
linear function of [E[-], therefore it is still a convex function that is minimized.

By conditioning FE[-], we obtain another pseudocodeword [E*|[-] which is 7-good and retains its
closeness to Cy(h). By choosing A and # small enough, Eq. (12) allows us to conclude that

At (]E [] /h) =E []E [1{ZNL(€) # hNL(E)}H < Ogec — €3

for some €3 > 0, which is sufficient to find &, and therefore C;(h), via Lemma 7.8.

As before, this algorithm can be derandomized by going over all random choices which must
discover the entire list £(g, Jy, ((do — x)d2) —€). [

Note that this argument does not place any restriction on 6y, and in particular, if we choose x
to be much smaller than §y, we can decode arbitrarily close to the Johnson radius corresponding
to the product bound J (dy - 6), even for small values of dy like 1/3. In contrast, the existing list
decoding algorithms for concatenated codes via list recovery of outer Reed-Solomon code [GS02]
only approach this Johnson bound when the outer distance is very close to 1.

In fact, we can also decode up to the Johnson bound of product of distances for any outer code
that supports list decoding up to Johnson bound via our Covering Lemma/SoS-based machinery.
This also includes Tanner code in particular.
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9 List Decoding Codes on Square Cayley Complex

First, let us set some notation for the quadripartite left-right square Cayley complex on the group
G of size n with generator sets A, B of size d each. Let S denote the set of squares. The functions
X,Y, U,V are 4 bijections from G x A X B to §, with the following property:

X(g,a,b) = Y(ga,a1,b) = U(bga,a™1,b) = V(bg,a,b7 ")

The set X(g,-,b) C S is defined as {X(g,4,b) : a € A}, and likewise for X(g,,-), X(g,a,-) and
corresponding Y, U, V sets. The sets X(g,-,-),Y(g,-,-),U(g,-,-) and V(g, -, -) should be seen as the
analogs of sets Ny (¢) and Ng(r) from the Tanner codes.

The code on this square Cayley complex is then defined as

CC ={heq)® : Vg€ G, hlxq,. ) €Ca®Cs,
h|y(g,-,») €Cy®Cp,
hlugg,.,) € Ca®Cg,
h|V(g,~,-) € Co ®Cg}

where C4 and Cp are inner codes of blocklength d each, and C4 ® Cp is their tensor code.

For the code defined by left-right Cayley complex with inner codes C4, Cp with parameters
(d,04,74) and (d, 6, rp) respectively, the distance of C5“C is lower bounded [DEL*22] by

6= (5A53(max(5A,5B) - )\)
Note that the distance of tensor code C4 ® Cp is at least 4 - Jp.

Theorem 9.1. For every e > 0, there is an algorithm based on O 4(1/ e*) levels of the SoS-hierarchy that

runs in time 1% /<) and can list decode CSCC up to Jy(6) —e.

Proof Sketch. We outline the proof by once again focusing on a proof of distance for the appropriate
notion of #-good pseudocodewords, and combining this proof with the covering lemma can be done

as in the case of Tanner codes. Assume WLOG that §4 > 5.

Consider the SoS relaxation where variables correspond to squares: Z = {Zs,j}s es,jeldl’ The
SoS-degree of this relaxation is at least d* so that we can enforce all the inner code constraints by
making the SoS relaxation respect such constraints explicitly.

Note that for a fixed b, the set of squares {X(g,a,b) : ¢ € G,a € A} can be seen as the edges of
an expander code, with the inner code as C4. This motivates the following definition.

A pseudocodeword is called #-good if for all b € B,

3115?2 [EOVV [ZX(gwb)' ZY(gz,-,b)H =1 (13)

As we proved before, this implies that for any i € C5¢C,

T = \/lélj: []E [1{ZX(g,-,b) # hX(g,-,h)}” \/]E {E {1{ZY(g,»,b) # hY(g,»,b)}H

satisfies
7 — (64 —MN1+7>0

Let’s prove upper and lower bounds on [E;[1{Zs # hs}] in terms of 1.
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B{Z £ h}] = E [B[WZxgan # hxigan}] |

-~ E [E [A(zmg,.,orhx(g,-f)H
EIE[0 1z =] 1 58 )
= 5A5BIE {]E [I{ZX(g,w) 7 hX(gn')}H

(SA(SBIE {lﬁ {1{ZX(g,-,b) 7# hX(gnb)}H

v

v

where the last inequality is true for any b € B.
Likewise, Es[1{Zs # hs}] > d40BE, [E [({Zy (4, 1) # hy(g,p) }]]- Therefore,

E [1{Zs # hs}] > 0408 \/15 {E {1{ZX(g,~,b) # hX(g,~,b)}H \/lgE []E [1{ZY(g,-,b) # hY(g,-,b)}H

= 5A53Tb

For the upper bound,

E[1{Zs # hs}] = ;E,b {IE {I{ZX(g,u,b) # hX(g,a,b)}”

= LgEa [lﬁ |:1{ZX(g,a,b) a hX(grﬂ/b)}}H
|

72+ Aty + 17}

Importantly, the lower bound works for any b, and so if any T, is large, we can conclude good
distance. Otherwise, all T, are small, and then the upper bound works well.

Suppose there is some b for which t, > (64 —A) — (SAZ—ZA. Then, the distance is atleast d 465 ((54 —
2
A) — —(SAZ 1)

If not, then all 13, are at most 5;—1)\. Then the distance,

ME[],h) < B[ + At + 1)
4 (64 +A)
5 [(JA—A)Z TS
b2 n@at )
Ga— A2 o4

IN

Putting everything together, if A < 64/3 and 17 < 6 /9, we get that
A(E[],h) = 6a05(64 — A) — 303y = 6= 3y

or

A(E[)],h) <3

Rest of the decoding argument is as before via covering lemma. We only need to show that
the 77-good property needed in Eq. (13) can be obtained by conditioning as before. In case we end
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up very close to a codeword, we can still unique decode via known unique decoding algorithms
[DEL"22] and Lemma 7.4.

The condition in Eq. (13) is that d different average correlations are small. Recall that we
ensured in the Tanner code case that covariance is small with probability 1 — o where y can be made
arbitrarily small with SoS-degree. By a union bound, we can ensure that the covariance is small
across all the d bipartite graphs with probability at least 1 — d - . Thus, by paying an additional
factor of d in the SoS-degree, we can ensure low covariance across all b € B as needed.

As before, this argument can be derandomized as well. |
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