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A B S T R A C T  

A  pr e c e di n g  p a p er [ M. D h ar, J. A. Di c ki ns o n, a n d M. A. B er g, J. C h e m. P h ys. 1 5 9 , 0 5 4 1 1 0 ( 2 0 2 3)] 

s h o ws h o w t o  r e m o v e  a d diti v e  n ois e  fr o m  a n  e x p eri m e nt al  ti m e  s eri es ,  all o wi n g  b ot h  t h e 

e q uili bri u m distri b uti o n of t h e s yst e m  a n d its Gr e e n’s f u n cti o n t o b e r e c o v er e d .  T h e  a p pr o a c h  is 

b as e d o n n o nli n e ar -c orr el ati o n  f u n cti o ns a n d  is f ull y n o n p ar a m etri c: n o i niti al m o d el of t h e s yst e m 

or of t h e n ois e is n e e d e d.  H o w e v er, s i n gl e-m ol e c ul e s p e ctr os c o p y  oft e n pr o d u c e s ti m e s eri es wit h  

eit h er p h ot o n or  p h ot o n -c o u nti n g  n ois e .   U nli k e  a d diti v e  n ois e,  p h ot o n  n ois e  is  si g n al -si z e 

c orr el at e d  a n d q u a nti z e d.  P h ot o n c o u nti n g a d ds t h e p ot e nti al f or bi as .  T his p a p er e xt e n ds n ois e -

c orr e ct e d -c orr el ati o n m et h o ds t o t hes e  c as e s  a n d t ests t h e m o n s y nt h eti c d at as et s .  N eit h er s i g n al-

si z e c orr el ati o n n or q u a nti z ati o n is a si g nifi c a nt  c o m pli c ati o n.  A n al ysis of t h e s a m pli n g err or 

yi el d s g ui d eli n es f or t h e d at a q u alit y n e e d e d t o r e c o v er t h e pr o p erti es of a s yst e m wit h a  gi v e n 

c o m pl e xit y .  W e s h o w t h at bi as i n p h ot o n-c o u nti n g d at a c a n b e c orr e ct e d , e v e n at t h e hi g h c o u nt 

r at es n e e d e d t o o pti mi z e  t h e ti m e r es ol uti o n.  Usi n g all t h es e r es ults, w e dis c uss t h e f a ct ors t h at 

li mit t h e ti m e r es ol uti o n of si n gl e-m ol e c ul e s p e ctr os c o p y  a n d t h e c o n diti o ns t h at w o ul d b e n e e d e d 

t o p us h m e as ur e m e nts i nt o t h e s u b mi cr os e c o n d r e gi o n . 
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I. INTRODUCTION 
Onsager’s original regression hypothesis postulated that if a system is at equilibrium, all the 

information about its dynamics is encoded in its thermal fluctuations about that equilibrium.1  In 
addition to its importance in theory and simulation, which are noise free, this hypothesis opens up 
new types of experiment,2-5 which do contain noise.  The most prominent of these equilibrium-
fluctuation experiments are fluorescence-correlation6,7 (FCS) and single-molecule 
spectroscopies.8-12   They always have high levels of noise, either due to detector imperfections or 
simply due to the quantization of light detection.  Modern instruments can partially compensate 
by collecting very large datasets, but detection noise remains a limiting factor in many single-
molecule experiments.  

The more common way to measure dynamics is by measuring a system’s nonequilibrium 
response to an external perturbation.  Although these perturbation–response experiments are 
theoretically equivalent to equilibrium-fluctuation experiments, the noise removal problem is 
fundamentally different in the two types of experiment.  In perturbation–response experiments, 
averaging repeated measurements is standard.  In equilibrium-fluctuation data, both the signal and 
the noise are fluctuations; a simple average of repeated experiments removes both equally.  
However, in either experiment, we can assume that the correlation time of detector noise is fast 
relative to the rate of change of the signal.  This principle underlies the use of fitting functions or 
smoothing routines for perturbation–response data.  The preceding paper (Paper 113) and this one 
show how to apply the same principle to equilibrium-fluctuation measurements by using 
nonlinear-correlation functions.  The noise-corrected correlation functions can then be used to 
recover all the system’s properties, both static and dynamic. 

This correlation approach offers a number of advantages over other classes of time-series 
analysis.  Compared to parametric methods, correlation analysis avoids the need to know or 
correctly guess an initial model for the system.  Correlation analysis is nonparametric: the data are 
first reduced to physically relevant system properties, and a model to account for those properties 
is developed later.  Compared to methods that seek an ideal trajectory underlying the noisy data, 
correlation analysis is more noise tolerant.  As a result, it can have improved time resolution.  These 
advantages are shared by the low-order, linear-correlation function, but the addition of high-order 
functions is required to recover all the system’s properties. 

Although Paper 113 showed that a correlation approach works well with additive noise, single-
molecule spectroscopy is subject to more complex noise: Poisson noise from linear photon 
detection or Bernoulli noise from photon counting.  Issues of noise–signal correlation, quantization 
noise, and bias are introduced.  This paper establishes that a correlation approach also works well 
with these types of noise.   
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T his p a p er als o a d dr ess e s t h e f u n d a m e nt al li mit ati o ns i m p os e d b y t h es e m or e c o m pl e x t y p es 

of n ois e.  It m a k e us ef ul st at e m e nts a b o ut t h e hi g h est e x p eri m e nt al ti m e r es ol uti o n f or a d at as et 

wit h a gi v e n q u alit y , t h at is, a gi v e n si g n al-t o-n ois e r ati o, ti m e -s eri es l e n gt h, a n d n u m b er of s eri es .  

C o n v ers el y , it als o pr e di ct s t h e si g n al-t o-n ois e r ati o  a n d q u a ntit y of d at a n e e d e d t o r e c o v er t h e 

pr o p erti es of a s yst e m of a gi v e n c o m pl e xit y.  T h e s e r es ults t h e n all o w a di s c ussi o n of t h e c urr e nt 

li mit ati o ns o n t h e ti m e r es ol uti o n of si n gl e- m ol e c ul e e x p eri m e nts a n d h o w t h e r es ol uti o n  c a n b e 

i m pr o v e d. 

Alt h o u g h O ns a g er’s r e gr essi o n h y p ot h esis i n its br o a d est f or m a p pli es t o all m e as ur es of a 

s yst e m’s d y n a mi cs, att e nti o n h as f o c us e d  al m ost e ntir el y o n t h e li n e ar -c orr el ati o n f u n cti o n.  F or a 

ti m e s eri es  of n ois y d at a D (t), t his f u n cti o n is 

 1 1 [  ]( )  ( )  ( 0)M D  D Dτ τ= . ( 1) 

It is f u n d a m e nt al t o fl u or es c e n c e-c orr el ati o n s p e ctr os c o p y 6, 7  a n d i s oft e n us e d i n si n gl e -m ol e c ul e 

s p e ctr os c o p y. 9, 1 4 -1 7   T h e  eff e ct s  of  d et e ct or  n ois e  ar e  li mit e d  t o  τ =  0.   As  a  r es ult,   t h e ti m e 

r es ol uti o n is li mit e d o nl y b y t h e d et e ct or-r es p o n s e ti m e a n d is hi g h er t h a n i n a n y  ot h er a n al ysis 

m et h o d .  H o w e v er , i n  g e n er al, t his f u n cti o n al o n e c arri es li mit e d i nf or m ati o n  o n t h e s yst e m’s 

pr o p erti es, a n d att e nti o n h as s hift e d a w a y fr o m li n e ar-c orr el ati o n a n al ysis  of si n gl e -m ol e c ul e d at a.  

H o w e v er, t h e li n e ar-c orr el ati o n f u n cti o n  is o nl y t h e l o w est m e m b er of a l ar g e s et of hi g h- or d er 

c orr el ati o n f u n cti o ns, 

 1  1 1[ ]( , , ) ( ) ( ) ( 0)
k  l m

k l m  N NM  D  D D Dτ τ  τ  τ  τ=  + +     .  ( 2) 

T hi s  s et  c o nt ai n s all  t h e   i nf or m ati o n a v ail a bl e i n  t h e  ti m e  s eri es.   H o w e v er ,  l e ar ni n g  w hi c h 

f u n cti o ns  pr o vi d e  w h at  i nf or m ati o n  a n d  d e v el o pi n g  eff e cti v e  m et h o d s  f or e xtr a cti n g  t h at  

i nf or m ati o n ar e  o n g oi n g pr oj e ct s.  O n e -di m e nsi o n al ( N  = 1) c orr el ati o n f u n cti o ns u p t o k  + l = 4 

h a v e  b e e n  us e d  i n  F C S  e x p eri m e nts. 1 8, 1 9   T h e  m ulti di m e nsi o n al  m e m b ers  of  t h e  s et —t h os e 

f u n cti o ns wit h m or e t h a n o n e ti m e d el a y τi— ar e i m p ort a nt w h e n t h er e ar e d y n a mi c al c o or di n at es 

t h at ar e n ot disti n g uis h e d b y t h e o bs er v a bl e D (t), t h at is, w h e n t h er e ar e hi d d e n c o or di n at es.2 0, 2 1   

B ot h t w o-di m e nsi o n al ( 2 D , N  = 2 ) a n d t hr e e-di m e nsi o n al ( 3 D, N  = 3 ) c orr el ati o n f u n cti o ns h a v e 

b e e n a p pli e d t o b ot h n ois e -fr e e, c o m p ut er si m ul ati o ns 2 2, 2 3  a n d t o n oi s y, si n gl e-m ol e c ul e a n d F C S 

d at a. 2 4 -3 1   F or si m pli cit y, t his p a p er will f o c us o n s yst e ms wit h o ut hi d d e n c o or di n at es a n d n ot 

r e q uiri n g m ulti di m e nsi o n al-c orr el ati o n f u n cti o ns .  H o w e v er, t h e m et h o ds d e v el o p e d h er e c a n b e 

e xt e n d e d t o t h es e m or e c o m pl e x c as es  (s e e P a p er 1 1 3 ). 

E x p eri m e nt s pr o d u c e d at a D (t) t h at c o nsist of a n u n d erl yi n g, n ois e-fr e e si g n al S (t) wit h t h e 

a d diti o n  of  n ois e.   P a p er  1 1 3  s h o w e d  t h at  d et e ct or n ois e  cr e at es  str o n g  eff e cts  i n  hi g h - or d er 

c orr el ati o n f u n cti o ns t h at ar e n ot pr es e nt i n t h e li n e ar c orr el ati o n, s o it is n ot p ossi bl e t o us e E q.  
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( 2) o n e x p eri m e nt al d at a wit h o ut n ois e c orr e cti o n .  H o w e v er , c o m p ut er si m ul ati o ns h a v e dir e ct 

a c c ess t o   a  n ois e-fr e e si g n al S (t).  L o o ki n g at t h e m h as s h o w n h o w t h e hi g h- or d er c orr el ati o n 

f u n cti o ns c a n  b e us e d, o n c e t h e n ois e is c orr e ct e d. 2 3, 3 2   I n a s yst e m wit h o ut hi d d e n c o or di n at es, it 

i s s uffi ci e nt t o l o o k at t h e s u b s et of 1 D, b ut n o nli n e ar, c orr el ati o n f u n cti o n s.  Diff er e nt n o nli n e ar 

f u n cti o ns  of  t h e  si g n al  c a n  b e  us e d,3 3  b ut  h er e , w e  f o c us  o n p o w ers,  yi el di n g  t h e  m o m e nt-

c orr el ati o n f u n cti o ns,  

 [  ]( )  ( )  ( 0)
k l

klM S  S  Sτ τ= . ( 3) 

T h e o v er all or d er of t h e c orr el ati o n f u n cti o n is n  = k  + l.  T hes e f u n cti o ns  c a n b e tr a nsf or m e d i nt o 

t h e e q uili bri u m- pr o b a bilit y  distri b uti o n  P e q (S ) of  t h e  si g n al  S ,  a n d  t h e  1 D Gr e e n’s  f u n cti o n  

G (S 1  | S 0 ; τ), w hi c h i s t h e c o n diti o n al pr o b a bilit y of o bs er vi n g S 1  at ti m e  t1  = t0  + τ, if S 0  o c c urs at 

ti m e t0 .  T h es e t w o q u a ntiti es f ull y d efi n e t h e pr o p erti es of t h e s yst e m :  its st at e s p a c e  is d efi n e d 

b y  Pe q (S ), a n d it s d y n a mi cs wit hi n t h at s p a c e ar e s p e cifi e d b y G (S 1  | S 0 ; τ).  T h i s a p pr o a c h h as b e e n 

us e d t o s u c c essf ull y a n al y z e n ois e- fr e e ti m e s eri es fr o m c o m p ut er si m ul ati o ns.2 3, 3 2    

T o i n cl u d e e x p eri m e nt al d at a i n t his a p pr o a c h , P a p er 1 i ntr o d u c e d a si m pl e n ois e-c orr e cti o n 

pr o c e d ur e f or hi g h -or d er c orr el ati o n f u n cti o ns a n d d et ail e d its b e h a vi or wit h a d diti v e n ois e. 1 3   I n 

t hi s pr o c e d ur e, n ois e a n d si g n al ar e disti n g uis h e d b y t h e diff er e n c e b et w e e n t h eir c orr el ati o n ti m es: 

d et e ct or -n ois e c orr el ati o n d e c a ys r a pi dl y c o m p ar e d t o si g n al c orr el ati o n.  F ull r e c o v er y of t h e 

s yst e m’s  pr o p erti es  fr o m  t h e  s et  of  n ois e -c orr e ct e d, n o nli n e ar- c orr el ati o n  f u n cti o ns  w as  

d e m o nstr at e d.  Wit h a n i nfi nit e a m o u nt of d at a, t h e s yst e m ’s pr o p erti es  c o ul d b e r e c o v er e d f or a n y 

si g n al- t o-n ois e r ati o.  I n r e alit y, pr o p ert y  r e c o v er y fr o m a fi nit e d at as et i s li mit e d b y s a m pli n g 

err or .  R el ati o ns hi ps d es cri bi n g t h e r e q uir e d d at a q u alit y : t h e si g n al-t o-n ois e r ati o, t h e l e n gt h of 

ti m e s eri es a n d t h e n u m b er of s eri es ; w er e d eri v e d f or a d diti v e n ois e.  Hi g h n ois e l e v els c a n  b e 

c o m p e ns at e d b y c oll e cti n g m or e a n d l o n g er  s eri es , u ntil o n e r e a c h es  a “fl o or ” i n t h e si g n al -t o-

n ois e r ati o  of a b o ut o n e h alf .  T h e n e e d t o bi n t h e ti m e s eri es t o r e a c h t his fl o or s ets t h e eff e cti v e 

ti m e r es ol uti o n of t h e e x p eri m e nt.  F or hi g h n ois e l e v els, it c a n gr e atl y e x c e e d t h e ti m e r es ol uti o n 

of t h e d et e ct or.  

T his c orr el ati o n a p pr o a c h c a n b e c o ntr ast e d wit h m or e est a blis h e d m et h o ds of si n gl e -m ol e c ul e 

a n al ysis. 3 4 -3 6   M a n y of t h e m ost p o p ul ar m et h o d s ar e f ull y p ar a m etri c: c o m pl et e m o d els of t h e 

s yst e m a n d t h e n ois e ar e pr o p os e d, a n d t h e u n k n o w n p ar a m et ers of t h e m o d el ar e fit t o t h e d at a.3 7 -

5 1   Pr o c e d ur es f or c o nti n u o us 3 7 -3 9  or di s cr et e st at e s p a c e s diff er.  F or e x a m pl e, h i d d e n  M ar k o v 

m o d els ar e  c o nfi n e d t o dis cr et e -st at e s yst e ms .4 0 -5 1   I n c o ntr ast, c orr el ati o n m et h o ds ar e a g n osti c 

a b o ut w h et h er t h e st at es ar e c o nti n u o us, dis cr et e , or a mi xt ur e of t h e t w o.  ( T h e m et h o d is i niti all y 

c o nti n u o us b ut c a n b e r e d u c e d t o dis cr et e st at es  l at er, if th e d at a s u p p ort t h at i nt er pr et ati o n.  S e e 

Fi gs. 6  a n d 1 3 b el o w.)  
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P ar a m etri c m et h o ds  als o  f a c e t h e pr o bl e ms of m o d el g e n er ati o n a n d m o d el s el e cti o n.  If t h e 

c orr e ct m o d el f or t h e s yst e m is n ot k n o w n  a pri ori , m ulti pl e m o d els m ust b e pr o p os e d  a n d fit , a n d 

t h e n, t h e “ b est ” m o d el m ust b e s el e ct e d.  K n o wi n g w h et h er t h e di v ersit y of pr o p os e d m o d els is 

s uffi ci e ntl y l ar g e , d e ci di n g w hi c h is t h e b est , a n d d et er mi ni n g t h e u ni q u e n e ss of t h e r es ults ar e all 

c h all e n g e s.  B a y esi a n n o n p ar a m etri c m et h o ds a ut o m at e t h e g e n er ati o n a n d s el e cti o n of m o d els  

usi n g  st atisti c all y  m oti v at e d  crit eri a. 5 2 -5 8   I n  c o ntr ast,  c orr el ati o n  m et h o ds  c a n  b e  f ull y 

n o n p ar a m etri c , a n d mo d elli n g c a n b e p ost p o n e d u ntil aft er t h e d at a ar e a n al y z e d.  

A n ot h er s et of e xisti n g m et h o ds ar e b as e d o n  e x pli citl y e xtr a ct i n g t h e n ois e-fr e e si g n al s eri es 

S (t)— oft e n c all e d t h e i d e al tr aj e ct or y — fr o m t h e n ois y d at a s eri es  D (t).  Wit h t h e i d e al tr aj e ct or y 

i n h a n d, a n al ysis is e asi er.  T h e 1 D hist o gr a m of S (t) gi v es P e q (S ),4 8, 5 9 -6 2  a n d a 2 D hi st o gr a m gi v es 

G (S 1  | S 0 ; τ).  I n t h e c as e of dis cr et e-st at e s yst e ms, t h e ti m e s eri es c a n b e r e d u c e d t o a s e q u en c e of 

d eri v e d q u a ntiti es: d w ell ti m es, tr a nsiti o ns ti m es, or  m or e g e n er al e v e nts .6 3 -6 5   P ar a m etri c m o d eli n g 

or  n o n p ar a m etri c  st atisti cs  c a n  t h e n b e  a p pli e d  t o  t h es e  d eri v e d  q u a ntiti es,  r at h er  t h a n  t o  r aw 

i nt e nsiti es, as i n t h e c orr el ati o n a p pr o a c h.  F or e x a m pl e, d w ell -ti m e hist o gr a ms ar e a n al o g o us t o 

t h e li n e ar i nt e nsit y c orr el ati o n s [ E q. ( 1)].1 4, 6 6   H i g h-or d er  st atisti cs  of d eri v e d q u a ntiti es , s u c h as 

2 D d w ell -ti m e hist o gr a ms,5, 6 7  c o nstr ai n e d d w ell -ti m e c orr el ati o n f u n cti o ns6 8, 6 9  or e v e nt -a v er a g e d 

c orr el ati o n f u n cti o ns ,7 0 -7 3  h a v e t h e s a m e g o als as t h e  hi g h -or d er i nt e nsit y c orr el ati o ns  d efi n e d i n 

E q. ( 2). 

H o w e v er,  e xtr a cti n g  t h e  i d e al  tr aj e ct or y  fr o m  n ois y  d at a is  pr o bl e m ati c i n  pr a cti c e.  T h e 

si m pl est a n d m ost g e n er al  m et h o d  of n ois e r e d u cti o n is bi n ni n g i n ti m e al o n g t h e ti m e s eri es.7 4 -7 6   

T h e m et h o d r e q uir es n o m o d el, b ut dr a m ati c all y r e d u c es t h e ti m e r es ol uti o n w h e n t h e si g n al -t o-

n ois e r ati o is l o w.   Im pr o v e m e nts ar e p ossi bl e  b y r estri cti n g t h e s ol uti o n s p a c e  t o c ert ai n cl ass es 

of m o d el.  F or e x a m pl e, if s ol uti o ns ar e c o nfi n e d t o a s m all n u m b er of st at es  u n d er g oi n g s u d d e n 

tr a nsiti o ns, t hr es h ol di n g,7 7, 7 8  filt eri n g,7 9  c h a n g e -p oi nt d et e cti o n ,8 0 -8 5  or m a c hi n e l e ar ni n g 8 6 -9 0  c a n 

yi el d a n i d e al tr aj e ct or y.   D et er mi ni n g t h e c orr e ct n u m b er of st at es r e m ai ns c h all e n gi n g.   

I n a d diti o n , t h e i d e al tr aj e ct or y S (t) is pr o bl e m ati c i n c o n c e pt.  K n o wl e d g e of t h e st at e of a 

s p e cifi c m ol e c ul e at a s p e cifi c ti m e c a n n ot b e i m pr o v e d b y c oll e cti n g m or e d at a  at ot h er ti m es or 

fr o m ot h er m ol e c ul es: in pr a cti c e, it is n ot a st atisti c all y c o nsist e nt q u a ntit y.  I nsisti n g t h at S (t) b e 

k n o w n a c c ur at el y  pl a c es  u n n e c ess ar y d e m a n ds o n t h e si g n al -t o-n ois e r ati o .  H o w e v er , t h e i d e al 

tr aj e ct or y is n e v er t h e ulti m at e g o al of a n a n al ysis ; o nl y its st atisti c al pr o p erti es ar e i m p ort a nt.  

C orr el ati o n m et h o ds b y p ass  a n y e x pli cit d et er mi n ati o n of t h e i d e al tr aj e ct or y, all o wi n g n oisi er d at a 

t o b e us e d a n d i m pr o vi n g t h e ti m e r es ol uti o n . 

A n ot h er i d e a  c urr e nt l y p o p ul ar i n si n gl e-m ol e c ul e a n al ysis is f org oi n g a n e ns e m bl e a v er a g e 

o v er  m ulti pl e  m ol e c ul es , f or  e x a m pl e,  b y  c al c ul ati n g  si n gl e-m ol e c ul e c orr el ati o n  f u n cti o ns  or 

si n gl e-m ol e c ul e diff usi o n c o nst a nts .  T h e li mit e d a m o u nt of d at a a v ail a bl e f or o n e m ol e c ul e c a n 

l e a v e l ar g e s a m pli n g err or i n t h e r es ults .9 1 -9 3   H o w e v er, a n y s yst e m t h at h as r e a c h e d e q uili bri u m 
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or a st a bl e st e a d y st at e b y t h e st art of t h e e x p eri m e nt is er g o di c.  A n a v er a g e o v er b ot h ti m e a n d 

m ol e c ul es is p ossi bl e a n d is i m pli e d b y t h e a n g ul ar br a c k ets 〈… 〉 i n o ur c orr el ati o n f u n cti o ns.  

Si mil arl y, p ar a m etri c m et h o ds oft e n  p o ol t h e r es ults fr o m m a n y m ol e c ul es. 5 1   H o w e v er , s o m e 

i n v esti g at ors h a v e ar g u e d t h at e ns e m bl e  a v er a gi n g  is  a ntit h eti c al  t o  si n gl e-m ol e c ul e 

e x p eri m e nts. 9 4 -9 9   M a n y of t h eir c o n c er ns ar e a d dr ess e d  b y r e c o g ni zi n g t h at ( e ns e m bl e -a v er a g e d) 

m ulti di m e nsi o n al -c orr el ati o n  f u n cti o ns  c o nt ai n  i nf or m ati o n  a b o ut  h et er o g e n eit y  wit hi n  t h e  

e ns e m bl e. 2 0 -2 2, 2 7 -2 9, 3 1   T h e a bilit y t o r e m o v e n ois e b y c orr el ati o n m et h o ds wit h o ut s e e ki n g a n i d e al 

tr aj e ct or y als o all e vi at es c o n c er ns a b o ut t h e l oss of i nf or m ati o n w h e n m ulti pl e ti m es s eri es ar e 

dir e ctl y a v er a g e d.  T h e c orr el ati o n m et h o ds d es cri b e d h er e all o w fr e e e ns e m bl e a v er a gi n g .  As a 

r es ult, t h e m e as ur e m e nt  of m a n y  m ol e c ul es  c a n  c o m p e ns at e f or t h e fi nit e lif eti m e of a n y o n e 

m ol e c ul e.    

P a p er 1 1 3  d e m o nstr at e d  t h e  p ot e nti al of c orr el ati o n  a n a l ysis w h e n  t h e  n ois e  is  a d diti v e.   

H o w e v er, si n gl e -m ol e c ul e s p e ctr os c o p y is s u bj e ct t o p h ot o n n ois e, w hi c h i s m or e c o m pl e x , a n d 

t h os e c o m pl e xiti es ar e a d dr ess e d i n t his p a p er.  At hi g h si g n al l e v els, t h e n ois e is G a ussi a n, b ut t h e 

wi dt h of t h e G a ussi a n  d e p e n ds o n t h e si g n al l e v el : t h er e is n ois e– si g n al c orr el ati o n .  At l o w si g n al 

l e v els, t h e n ois e als o b e c o m es  n o n -G a ussi a n a n d q u a nti z e d.   I n p h ot o n c o u nti n g, t h e d at a b e c o m e 

bi as e d  at hi g h c o u nt r at e s.  S e cti o n II d es cri b es a m o d el f or e a c h of t hes e t y p es of n ois e a n d a 

m o d el s yst e m wit h w hi c h t o t est t h e pr o p os e d  m et h o ds.   

S e cti o n III e x a mi n es p h ot o n n ois e.  It first ( S e c. III. A) us es si m ul at e d d at a t o d e m o nstr at e t h at 

n eit h er n ois e – si g n al c orr el ati o n  n or  n o n -G a ussi a n n ois e  n or  q u a nti z ati o n si g nifi c a ntl y d e gr a d e s 

c orr el ati o n  a n al ysis r el ati v e t o a d diti v e n ois e.   It t h e n ( S e c. III. B) a n al ys e s t h e d at a q u alit y n e e d e d 

f or a s u c c essf ul pr o p ert y r e c o v er y  wit h p h ot o n n ois e .  It s h o ws t h at a fl o or t o t h e si g n al l e v el e xists 

at a c o u nt r at e of a b o ut ½ c o u nt p er ti m e bi n, a n al o g o us  t o w h at w as s e e n f or a d diti v e n ois e i n 

P a p er 1 .1 3  

Si n gl e -m ol e c ul e d at a ar e oft e n c oll e ct e d  b y p h ot o n  c o u nti n g , l e a di n g t o bi n ar y ( B er n o ulli) 

si g n als. F or  li n e ar -c orr el ati o n  f u n cti o ns,  n o  c h a n g e  i n  m et h o d ol o g y  is  n e e d e d , a n d  t h e  

e x p eri m e nt al  ti m e r es ol uti o n c a n m at c h t h e d et e ct or ti m e r es ol uti o n .9, 1 5 -1 7   P ar a m etri c m et h o ds 

h a v e als o b e e n  d e v el o p e d  s p e cifi c all y  f or  t his  “ p h ot o n -b y -p h ot o n ” d at a ,  alt h o u g h  t h e  ti m e  

r es ol uti o n  is  n ot  as  hi g h .2 4, 3 8, 4 0, 4 2, 4 3, 4 7, 5 5 -5 8, 1 0 0   S e cti o n I V l o o ks  at  t his  pr o bl e m  f or  n o nli n e ar -

c orr el ati o n f u n cti o ns.  I n S e c. I V. A, we i d e ntif y t h e a m o u nt of ti m e bi n ni n g n e e d e d a n d t h e ti m e 

r es ol uti o n a c hi e v a bl e  i n t h e t y pi c al c as e of l o w c o u nt r at es a n d l o w bi as .   

H o w e v er, g e n er al  c o n c e pts ar g u e t h at  a ti m e s eri es will c o nt ai n t h e m ost i nf or m ati o n at hi g h 

c o u nt r at es  a n d hi g h  bi as.  It is diffi c ult t o dir e ctl y c orr e ct f or bi as i n p h ot o n-b y -p h ot o n d at a, b ut 

S e c . I V. B s h o ws  t h at it is e as y t o c orr e ct t h e r es ults of a c orr el ati o n a n al y sis.  T his a bilit y  o p e ns 

u p t h e a n al y zi n g  d at a wit h hi g h si g n al i nt e nsiti es  a n d , t h er ef ore, hi g h ti m e r es ol uti o n .   
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T h e f u n d a m e nt al li mits t o t h e ti m e  r es ol uti o n i n si n gl e-m ol e c ul e s p e ctr os c o p y r e m ai ns a n 

i m p ort a nt iss u e.1 0 1   I n m a n y si n gl e -m ol e c ul e e x p eri m e nts , t h e ti m e r es ol uti o n is li mit e d t o ≳  1 ms .  

H o w e v er, t h e ti m e r es ol uti o n of p h ot o n -c o u nti n g d et e ct ors  c a n b e or d ers  of  m a g nit u d e l o w er, 2 5 

ns or l ess .1 0 2 -1 0 7   O n e g o al of i m pr o v e d n ois e r e m o v al is t o r e d u c e t h e eff e cti v e ti m e r es ol uti o n.  

S e cti o n V  dis c uss es t his iss u e i n li g ht of t h e r es ults of t his p a p er .  As a n ill ustr ati o n, it pr es e nts a 

s c e n ari o i n w hi c h  t h e ti m e r es ol uti o n is s u bmi cr os e c o n d a n d dis c uss es t h e c o n diti o ns n e e d e d t o 

e xt e n d t h e c urr e nt li mits o n ti m e r es ol uti o n .  

II. M O D E LI N G D E T E C T O R N OI S E I N E Q UI LI B RI U M - FL U C T U A TI O N 

M E A S U R E M E N T S  

W e ass u m e t h at a m ol e c ul e or ot h er e mitt er  is at e q uili bri u m or i n a st a bl e st e a d y st at e .  Its 

q u a nt u m  yi el d X (t) is t h e o bs er v a bl e of i nt er est , a n d it  v ari es st o c h asti c all y wit h ti m e t.  T h e 

o bs er v a bl e’s st atisti cs ar e d efi n e d b y its j oi nt -pr o b a bilit y distri b uti o n P (X 1 , X 0 ; τ), t h e pr o b a bilit y 

of o bs er vi n g X 0  at ti m e t0  a n d t h e n X 1  at ti m e t1  = t0  + τ.  T hi s q u a ntit y c a n b e s plit i nt o t w o p arts,  

 1 0 1 0 e q 0(  ,  ; )  (  |  ; )  (  )P X  X  G X  X  P  Xτ τ= , ( 4) 

wit h t h e st ati c pr o p erti es d efi n e d b y t h e e q uili bri u m distri b uti o n P e q (X 0 ), a n d t h e d y n a mi cs d efi n e d 

b y t h e c o n diti o n al pr o b a bilit y or Gr e e n’s f u n cti o n G (X 1  | X 0 ; τ).  I n o ur e x a m pl es, t h es e d y n a mi cs 

will b e M ar k o vi a n (t h at is, n o c o or di n at es ot h er t h a n t h e q u a nt u m yi el d  aff e ct t h e d y n a mi cs ), b ut 

M ar k o vi a n  d y n a mi cs  ar e  n ot  r e q uir e d.   Si mil arl y,  dis cr et e -st at e  e x a m pl es of P e q (X 0 ) will  b e  

pr es e nt e d, b ut c o nti n u o u s distri b uti o ns c a n b e tr e at e d i n t h e s a m e m a n n er. 

T h e m ol e c ul e is  e x cit e d wit h a c o nst a nt li g ht fl u x Ie x .  T h e e mitt e d p h ot o ns ar e c oll e ct e d wit h 

a n e x p eri m e nt al  s e nsiti vit y ,  

 
o e x a bs

e x

I
S

σ

ω
=  Ω


, ( 5) 

w h er e  t h e fr a cti o n of e mitt e d p h ot o ns c oll e ct e d  a n d d et e ct e d is Ω, t h e a bs or pti o n cr oss -s e cti o n  is 

σ a b s, a n d t h e e x cit ati o n fr e q u e n c y is ω e x .  A n oi s e-fr e e d et e ct or w o ul d gi v e a si g n al  

 ( )o
( )  ( )S t  S  X t  B= + . ( 6) 

wit h a  b a c k gr o u n d c o ntri b uti o n B  fr o m t h e s a m pl e.   

A r e al d et e ct or g e n er at es d at a D (tj) t h at i n cl u d e n ois e 

 ( )( )  N oi s e  | ( )j jD t  D  S t , ( 7) 

w h er e ~ i n di c at es a r a n d o m s el e cti o n fr o m t h e c o n diti o n al -pr o b a bilit y distri b uti o n N ois e (D  | S ).  

T h e d at a ar e  g e n er at e d at dis cr et e ti m e p oi nts tj, w hi c h  ar e s e p ar at e d b y t h e ti m e r es ol uti o n of t h e 



  8 

d et e ct or,  T ε = tj+ 1  – tj.  T hi s ti m e i n cl u d es a n y d e a d ti m e a n d t e m p or al cr os s-t al k i n t h e d et e ct or. It 

m ust b e l o n g e n o u g h t h at t h e n ois e is u n c orr el at e d i n ti m e, t h at is  

 ( ) ( ) ( )(  )  ( )  (  )  ( )
m n m  n

E  D t  T  D t  E  D t  T  E  D tε ε+ = + , ( 8) 

w h er e E ( …) is t h e e x p e ct ati o n v al u e o v er m a n y h y p ot h eti c al d at as ets .  I n a d diti o n, w e ass u m e t h at 

t h e si g n al c orr el ati o n d e c a ys  sl o wl y r el ati v e t o t h e n ois e c orr el ati o n, t h at is, 

 ( ) ( )2
( ) ( 0)E S n T  S  E Sε ≈   ( 9) 

f or n  n ot  t o o  l ar g e.   T his  “f ast - n ois e/sl o w-si g n al ”  ass u m pti o n  is  t h e  pri m ar y  b asis  f or  n ois e  

r e m o v al.  

T h e n ois e is c h ar a ct eri z e d  b y its first t w o m o m e nts.  If th e d et e ct or is li n e ar , t h e n ois e is 

u n bi as e d, a n d   

 ( ) |E D  S  S= , ( 1 0) 

or usi n g t h e l a w of t ot al e x p e ct ati o n, 

 (  )  ( )E D  E S= . ( 1 1) 

I n t his c as e, t h e m a g nit u d e of t h e n ois e σ ε c a n b e m e as ur e d b y its v ari a n c e f or a gi v e n si g n al l e v el, 

a v er a g e d o v er all t h e si g n al l e v els i n t h e d at a , 

 

( )( )2
V ar |

V ar( )  V ar( )

E  D S

D S

εσ =

= − , ( 1 2) 

w h er e V ar( …) is t h e v ari a n c e o v er m a n y h y p ot h eti c al d at as ets.  T h e l ast li n e f oll o ws fr o m t h e l a w 

of t ot al v ari a n c e.  It is m or e us ef ul t o m e as ur e t h e n ois e’s m a g nit u d e r el ati v e t o t h e a v er a g e si g n al 

l e v el, gi vi n g t h e si g n al-t o-n ois e r ati o , 

 S N R
D

εσ
= .  ( 1 3) 

A si m pl e a n d c o m m o n m et h o d t o d e cr e as e t h e n oi s e is t o a v er a g e t h e d at a o v er N b  ti m e bi ns, 

 
1

(  ,  )  ( )
bj N

j b i
b i j

D t  N D t
N

+

=

= ∑ . ( 1 4) 

T h e e x p eri m e nt al n ois e is r e d u c e d t o  

 
1/ 2

( )b bN Nε εσ σ= . ( 1 5) 
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B ot h S (t) a n d D (t) ar e d efi n e d t o h a v e u nits of p h ot o ns /s, s o t h eir m a g nit u d es ar e i n d e p e n d e nt of 

ti m e  bi n ni n g.   T h e  si g n al -t o-n ois e  r ati o  i n cr e a s es wit h  bi n ni n g ,  b ut  t h e  e x p eri m e nt al  ti m e  

r es ol uti o n T r i s r e d u c e d, T r = N b  Tε.   

I n  g e n er al,  k n o wi n g  t h e  n ois e  distri b uti o n  r e q uir es  d et ail e d  c h ar a ct eri z ati o n  of  a  s p e cifi c  

d et e ct or. 1 0 2 -1 0 7   O ur pr e c e di n g p a p er c o nsi d er e d a d diti v e n ois e,1 3  f or w hi c h 

 N oi s e( | ) ( )D S  P  D  Sε= − . ( 1 6) 

w h er e P ε(ε ) i s a n  u n c o n diti o n e d  n ois e  distri b uti o n.   A d diti v e  n ois e  is  t y pi c al  of  el e ctr o ni c  

a m pl ifi ers.  It h as t hr e e pr o p erti es t h at m a k e it si m pl e.  First, a d diti v e n oi s e is u n bi as e d [E q. ( 1 0)

].  S e c o n d, t h e si g n al d y n a mi cs  a n d t h e n ois e g e n er ati o n  ar e i n d e p e n d e nt pr o c ess es .  I n p arti c ul ar, 

t h e v ari a n c e of t h e d at a i s i n d e p e n d e nt of t h e si g n al si z e, 

 ( ) 2
V ar ( , | )b bD t  N  S  N εσ= . ( 1 7) 

T h e si g n al- t o-n ois e r ati o  si m plifi es t o 

 S N R bN D

εσ
= . ( 1 8) 

L astl y, a d diti v e n ois e is eff e cti v el y  c o nti n u o us.  Alt h o u g h r e al d et e ct ors di giti z e t h e d at a t o dis cr e et 

v al u es , t his eff e ct is mi n or c o m p ar e d t o σ ε.   

I n  g e n er al, t h e a d diti v e- n ois e distri b uti o n c a n h a v e a v ari et y of f or ms.  F or t h e e x a m pl es 

pr es e nt e d h er e, G a ussi a n n ois e will b e us e d ,  

 
2

2

1
G a us si a n( ) e x p

2 2

X
X

ε ε
π σ σ

 
 = −
 
 

  ( 1 9) 

a n d  

 N oi s e( | )  G a ussi a n( )D S  D  S= −   ( 2 0) 

A n e q ui v al e nt d efi niti o n of a d diti v e n ois e is t h at  

 ( )  ( )  ( )j  j jD t  S t  tε= + , ( 2 1) 

w h er e ε(tj) i s a s e c o n d st o c h asti c pr o c ess wit h a distri b uti o n Pε(ε ),  

 ( ) ~ ( )jt  P  D Sεε ε = − , ( 2 2) 

w hi c h  is i n d e p e n d e nt of t h e si g n al.  T h e l a c k of bi as [ E q. ( 1 1)] i m pli es t h at P ε(ε ) h as a z er o m e a n.  

T h e i n d e p e n d e n c e of si g n al a n d n ois e pr o c ess es i m pli es t h at  

 ( )( 0) ( )( ) ) (
k l k l

E  S  E  E Sε τ ε= . ( 2 3) 



  1 0 

I n p arti c ul ar, t h e n ois e m a g nit u d e σ ε i s t h e st a n d ar d d e vi ati o n of P ε(ε ) [ c o m p ar e t o E q. ( 1 7)].  

Alt h o u g h E qs. ( 2 1) a n d ( 2 2) ar e m or e f a mili ar w a ys t o d es cri b e a d diti v e n ois e, E qs.  ( 7) a n d ( 1 6) 

ar e e asi er t o g e n er ali z e.  

T his p a p er will l o o k at  n ois e wit h m or e c o m pl e x f e at ur es : si g n al- c orr el at e d n ois e, q u a nti z e d 

n ois e, a n d bi as e d n ois e .  Li g ht d et e cti o n is s u bj e ct n ot o nl y t o n ois e fr o m d et e ct or i m p erf e cti o ns, 

b ut als o t o n ois e fr o m t h e q u a nti z e d n at ur e of li g ht.  P h ot o n n ois e o c c urs w h e n  t his l att er s o ur c e is 

i m p ort a nt.  If t h e a v er a g e n u m b er of c oll e ct e d p h ot o ns i n a ti m e bi n is N̅ct , t h e n u m b er of p h ot o ns 

a ct u all y d et e ct e d N ct  f oll o ws a P oiss o n distri b uti o n,1 0 8   

 
ct

ct ct
ct ct ct

ct

P oi s s o n( | ) ; 0, 1,
!

N
N N

N N  e  N
N

−
= =  . ( 2 4) 

F or  p h ot o n  n ois e,  t h er e  ar e  t w o,  alt er n ati v e  d es cri pti o ns  of  t h e  d at a  a n d  si g n al,  eit h er  as  

i nt e nsiti es D (tj)  a n d S (tj),  w hi c h  h a v e u nits  of  p h ot o ns  p er  s e c o n d  a n d  bi n ni n g-i n d e p e n d e nt 

m a g nit u d es, or as c o u nt l e v els  N ct (tj) a n d N̅ct (tj), w hi c h ar e  u nitl ess ( p h ot o ns p er bi n) a n d h a v e  

bi n ni n g- d e p e n d e nt m a g nit u d es.  T h e s e t w o d es cri pti o ns ar e r el at e d b y  

 

ct

ct

( )  ( )

( )  ( )

j b  j

j b  j

N  t  N T  D t

N  t  N T S t

ε

ε

=

= . ( 2 5) 

I n t er ms of i nt e nsiti es, t h e n ois e is d efi n e d b y 

 N oi s e( | ) P oi ss o n( | )b bD  S  N T D  N T Sε ε= . ( 2 6) 

A s p e ci al pr o p ert y of P oi ss o n n ois e is t h at t h e s u m of P oiss o n v ari a bl es is al s o a P oiss o n v ari a bl e .  

U p o n bi n ni n g, t h e s h a p e of t h e distri b uti o n c h a n g es, b ut t h e f or m d o es n ot .1 0 8   As a r es ult, N b  d o es 

n ot a p p e ar as a n i n d e p e n d e nt v ari a bl e i n E q. ( 2 6) [ c o ntr ast E q. ( 3 3) b el o w]. 

Si mil ar t o  a d diti v e n ois e, p h ot o n n ois e is u n bi as e d [ E q. ( 1 0)].  U nli k e a d diti v e n ois e, p h ot o n 

n ois e is c orr el at e d t o t h e si g n al l e v el .  H o w e v er, t h e c orr el ati o n is si m pl e t o d es cri b e , 

 ( )V ar ( , | )b
b

S
D t  N  S

N T ε

= . ( 2 7) 

[ c o m p ar e  t o  E q.  ( 1 7)].   T h es e t w o pr o p erti es  m a k e  it  p ossi bl e  t o  c al c ul at e  t h e  a v er a g e n ois e 

m a g n it u d e, σ ε = (〈D 〉/N b T ε)
1/ 2 , a n d t h e a v er a g e si g n al-t o-n ois e r ati o ,  

 
1/ 2

ctS N R bN T  D  Nε= = . ( 2 8) 

[ c o m p ar e t o E q. ( 1 8)].  B e c a us e t h e si g n al-t o-n ois e r ati o is w ell d efi n e d f or b ot h a d diti v e a n d 

p h ot o n n ois e, it is t h e b est b asis f or c o m p ari n g t h e m. 
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P h ot o n n ois e als o diff ers fr o m a d diti v e n ois e i n t h at it is q u a nti z e d: N ct  i s li mit e d t o i nt e g ers 

[ E q. ( 2 4)].  H o w e v er, t h e eff e cts of n ois e –si g n al c orr el ati o n a n d q u a nti z ati o n ar e disti n g uis h a bl e.  

T h e eff e cts of q u a nti z ati o n dis a p p e ar f or  〈N ct 〉  > > 1  or S N R > > 1, w h er e as t h e eff e cts of c orr el ati o n 

r e m ai n at all si g n al l e v els.  

I n t h e li n e ar p h ot o n d et e ct or  j ust dis c uss e d, t h er e is n o u p p er li mit t o t h e n u m b er of p h ot o ns 

t h at  c a n  b e  d et e ct e d  i n  o n e  ti m e bi n.   C urr e nt -d et e ct e d  p h ot o m ulti pli ers,  p h ot o di o d es , a n d 

p h ot o di o d e arr a ys a p pr o xi m at e t his i d e al.  H o w e v er, t h e hi g h est s e nsiti vit y a n d  ti m e r es ol uti o n 

a n d t h e l o w est  b a c k gr o u n d  ar e  a c hi e v e d  b y  p h ot o n- c o u nti n g d et e ct or s,  s u c h  as  a v al a n c h e  

p h ot o di o d es .  I n p h ot o n c o u nti n g, a n y  n u m b er of p h ot o ns wit hi n t h e d et e ct or-ti m e bi n cr e at es t h e 

s a m e r es ult .  T h is b e h a vi or is i d e ali z e d as B er n o ulli n ois e,1 0 8  

 

o
ct

o
ct

o ct
ct ct

ct

; 0
B er n o ulli( | )

1 ;  1

N

N

e N
N N

e N

−

−


=

= 
 − =

, ( 2 9) 

i n w hi c h o nl y t h e a bs e n ce (N ct  = 0) or t h e pr es e n c e of o n e or m or e p h ot o ns ( N ct  = 1) i s r e gist er e d.   

T h e tr u e distri b uti o n of p h ot o ns is ass u m e d t o b e P oiss o n, a n d t h e tr u e, a v er a g e n u m b er of p h ot o ns  

i n a n d et e ct or -ti m e bi n is 𝑁𝑁� ct
o .  T h e u n bi n n e d d at a ar e  g e n er at e d b y  

 ( )N oi s e( | )  B er n o ulli | ( )jD  S T D T S tε ε= . ( 3 0) 

As wit h p h ot o n n ois e, it is c orr el at e d a n d q u a nti z e d.  H o w e v er, t h e d at a ar e  n o w bi as e d,  

 ( )1
(  | )  1

T S
E D  S  e

T
ε

ε

−
= −   ( 3 1) 

[ c o m p ar e t o E q. ( 1 0)].  A s a r es ult, n eit h er σ ε n or S N R ar e us ef ul m e as ur es of t h e n ois e m a g nit u d e.  

T h e u n bi n n e d c o u nt l e v el 𝑁𝑁� ct
o  i s m or e i m p ort a nt. 

U nli k e a d diti v e or p h ot o n n ois e, t h e st atisti cs of p h ot o n  c o u nti n g c h a n g e u p o n ti m e bi n ni n g .  

T h e B er n o ulli distri b uti o n b e c o m es a b i n o mi al distri b uti o n, 

( )o cto
ct ct cto

ct ct
ct

ct

Bi n o mi al( | , ) 1

0, 1, ,

b

N
N N N Nb

b

b

N
N  N N  e e

N

N N

− − −   
= −   

  

= 

. ( 3 2) 

I n t er ms of i nt e nsiti es, 

 ( )N oi s e( | , )  Bi n o mi al | ( ),b b  j bD  S N N T D T S t  Nε ε= . ( 3 3) 

T h e d et e ct or -ti m e c o u nts 𝑁𝑁� ct
o  a n d t h e e xt e nt of bi n ni n g N b  ar e i n d e p e n d e ntl y r el e v a nt, n ot j ust t h eir 

pr o d u ct [ c o ntr ast  wit h  E q. ( 2 4)].   
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O n e  w a y  t o  a v oi d  t h e  c o m pli c ati o ns  of  p h ot o n -c o u nti n g  n ois e  is  t o  o p er at e  i n  t h e  q u asi-

P oiss o n li mit: t h e d et e ct or -c o u nt r at e m ust b e l o w 𝑁𝑁� ct
o  = T εS  ≪  1, a n d t h e ti m e bi n ni n g m ust b e 

e xt e nsi v e, N̅ct  = N b 𝑁𝑁� ct
o  ≳  1.  I n t hi s li mit, t h e n ois e a p pr o a c h es a P oiss o n distri b uti o n, 

 
o
ct

o
ct

o o
ct ct ct c t

0

c o nst

li m  Bi n o mi al( | , ) P oi ss o n( | )

b

b b
N

N N

N N N  N N N
→

=

= . ( 3 4) 

T h e n oi s e b e c o m es u n bi as e d , it c a n b e d es cri b e d b y a si g n al -t o-n ois e r ati o  [ E q.  ( 2 8) ], a n d t h e 

d et e ct or  is  li n e ar .   T h es e  d esir a bl e  pr o p erti es  c o m e  at  t h e  e x p e ns e  of  a n  e x p eri m e nt al  ti m e  

r es ol uti o n m u c h gr e at er t h a n t h e d et e ct or ti m e r es ol uti o n.   

 

FI G. 1.   S y nt h eti c  d at a  w e r e  g e n e r at e d  f r o m  t hi s  m o d el s y st e m .   T h e  e q uili b ri u m 

p r o b a biliti e s of t h e st at e s v e r s u s t h e i r q u a nt u m yi el d s a r e s h o w n a s bl a c k b ar s (l eft s c al e) , 

al o n g  wit h  t h ei r  st at e-t o- st at e  t r a n siti o n  r at e s  ( bl u e  a rr o w s).   T h e  c u m ul ati v e-

di st ri b uti o n f u n cti o n i s s h o w n a s a d a s h e d, r e d c u r v e ( ri g ht s c al e).   

T o c o m p ar e t h es e diff er e nt t y p es of n ois e, i d e al-si g n al ti m e s eri es S (t) w er e  g e n er at e d fr o m a 

m o d el s yst e m, a n d t h e n diff er e nt t y p es of n ois e w er e  a d d e d t o t h e m  t o cr e at e d at a ti m e s eri es D (t).  

T h e m o d el is t h e s a m e o n e us e d i n o ur pr e c e di n g p a p er o n a d diti v e n ois e, 1 3  e x c e pt t h e o bs er v e d 

pr o p ert y X  is n o w e x pli citl y a q u a nt u m yi el d.  T h e m o d el ( Fi g. 1) c o nsists of t hr e e, dis cr et e st at es 

wit h e q uili bri u m pr o b a biliti es P e q  = { 5/ 1 2, 1/ 4, 1/ 3 } a n d c orr es p o n di n g q u a nt u m yi el ds X  = { 0, 

0. 5, 1. 0 }.  T h e c u m ul ati v e pr o b a bilit y,  

 
0

( )  (  )
X

X XF  X  P  X d X′ ′= ∫ , ( 3 5) 

is als o s h o w n. 

T h e ki n eti cs ar e ulti m at el y d efi n e d b y t h e st at e -t o-st at e r at es k ij.  H o w e v er, wit h t h e p o p ul ati o n 

r ati os alr e a d y s et, w e o nl y n e e d t o d efi n e t h e e q uili br ati o n ti m es, (k ij + k ji)− 1 .  B ei n g  a si m ul ati o n, 

all t h e r at es c a n b e u nif or ml y s c al e d t o a n y r el e v a nt ti m e s c al e.  H o w e v er, w e will q u ot e s p e cifi c 

ti m es t o h el p vis u ali z e t h e r es ults.  T h e l o w- a n d m e di u m - q u a nt u m-yi el d st at es e x c h a n g e r a pi dl y 
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wit h a  f ast-e q uili br ati o n ti m e of T f = (k 1 2  + k 2 1 )− 1  = 1 m s.  T h e m e di u m - a n d hi g h -q u a nt u m -yi el d 

st at es  e x c h a n g e wit h  a sl o w -e q uili br ati o n ti m e T er  = (k 2 3  + k 3 2 )− 1  = 1 0 0  m s.   As t h e  sl o w est  

r el a x ati o n i n t h e s yst e m, it is als o t h e er g o di c ti m e.  T h er e ar e n o dir e ct tr a nsiti o ns b et w e e n t h e 

l o w- a n d hi g h -q u a nt u m -yi el d st at es , (k 1 3  + k 3 1 )− 1  =  0 .  I n t h e i niti al si m ul ati o ns, t h e d et e ct or ti m e 

r es ol uti o n will b e T ε = 1 0 μ s . 

T h e l e n gt h of a si n gl e  s eri es will b e T L .  T h e c orr el ati o n f u n cti o n s us e a n er g o di c a v er a g e 〈… 〉, 

o n e t h at  all o ws b ot h a v er a gi n g o v er  t h e T L  / T ε ti m e p oi nts fr o m  o n e m ol e c ul e a n d  e ns e m bl e 

a v er a gi n g o v er m ulti pl e s eri es fr o m N e n  diff er e nt m ol e c ul es.  T h e o v er all d at as et si z e is  N er  = 

N e n  T L  / T ε d at a p oi nt s.   

T h e i niti al si m ul ati o ns will h a v e o n e s eri es ( N e n  = 1 m ol e c ul e) a n d  a l e n gt h of  T L  = 1 0 0 0 s , 

r es ulti n g i n N er  = 1 0 8  d at a p oi nt s.  T his l ar g e si z e h as t h e p e d a g o gi c a d v a nt a g e t h at w e c a n s e e t h e 

eff e cts of  cl e arl y s e p ar at e d  f ast a n d sl o w d y n a mi cs.  At t h e s a m e ti m e, t h e eff e cts of d et e ct or n ois e 

d o mi n at e, a n d  t h e  err ors i n  s a m pli n g  t h e  sl o w  d y n a mi cs  a n d  i n  r es ol vi n g  t h e  f ast  d y n a mi cs  

r e m ai ni n g s e c o n d ar y.  A n e x a m pl e of a s m all er  d at as et will b e gi v e n i n S e c. V. A . 

 

FI G. 2 .  E x a m pl e s  of ti m e s e ri e s wit h diff e r e nt t y p e s of n oi s e : n oi s y d at a (bl a c k  p oi nt s ) 

a n d t h e u n d e rl yi n g, n oi s e -f r e e si g n al ( r e d  p oi nt s ).  All  s e ri e s  h a v e a ti m e bi n of 1 0 μ s.  

L eft c ol u m n : M e di u m -i nt e n sit y si g n al , S o  = 0. 1  μ s − 1 .  Ri g ht c ol u m n : Hi g h-i nt e n sit y si g n al , 

S o  = 1 μ s − 1 .  ( a) M e di u m -i nt e n sit y si g n al wit h G a u s si a n − a d diti v e n oi s e  (σ ε  = S o ,  S N R = 

0. 5 8 , f r o m P a p e r 1 1 3 ).  ( b) Hi g h -i nt e n sit y si g n al wit h p h ot o n n oi s e ( N̅ct  = 5. 8 3, S N R = 2. 4 1 ).  

( c) M e di u m -i nt e n sit y si g n al  wit h p h ot o n  n oi s e  (N̅ct  = 0. 5 8 3, S N R  =  0. 7 6) .   ( d) H i g h-

i nt e n sit y si g n al  wit h  p h ot o n -c o u nti n g n oi s e  (𝑁𝑁� ct
0  = 0. 0 5 8 3  bi n n e d b y N b  = 1 0 0 , S N R ≈  2. 4 ).  

S e e T a bl e S 1  i n t h e s u p pl e m e nt a r y m at e ri al  f o r d et ail s of t h e d at a s et s.  

Fi g ur e  2  s h o ws  s a m pl es  of d at a wit h diff er e nt t y p es of n ois e .  I n e a c h c a s e, t h e n ois e-fr e e 

si g n al is s h o w n i n r e d , a n d t h e n ois y d at a ar e s h o w n  i n bl a c k.  [ Fi gs. 2 ( a)–  2 ( c) us e t h e s a m e si g n al 
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ti m e s eri es; Fi g. 2 ( d) us es a s e p ar at el y g e n er at e d s eri es .]  T h e d at a i n Fi g . 2( a) h a v e G a ussi a n –

a d diti v e n ois e wit h a l o w si g n al -t o-n ois e r ati o, S N R = 0. 5 8 3 ( σ ε = S o  = 0. 1 μ s − 1 ).  T hes e  d at a  w er e  

e xt e nsi v el y a n al y z e d i n P a p er 1 1 3  a n d s er v e as a r ef er e n c e.   

Fi g ur e 2( b ) s h o ws t h e eff e cts of c orr el at e d n ois e.  T h e si g n al w as i n cr e as e d 1 0-f ol d (S o  = 1  

μ s − 1  or 〈S 〉 = 5 8 3 c o u nt/ ms) t o r e d u c e q u a nti z ati o n, a n d p h ot o n n ois e [ E q. ( 2 6)] w as a d d e d.  T h e 

n ois e f or t h e hi g h - q u a nt u m-yi el d st at es is n oti c e a bl y hi g h er t h a n f or t h e l o w - q u a nt u m-yi el d st at es.  

Fi g ur e 2( c ) a d ds q u a nti z ati o n eff e cts.  As i n Fi g. 2( b ), t h e d at a h as p h ot o n n ois e, b ut t h e si g n al 

l e v el h as b e e n dr o p p e d (S o  = 0. 1  μ s − 1  or 〈S 〉 = 5 8. 3 c o u nt/ ms), u ntil t h e si g n al-t o- n ois e r ati o ( S N R 

=  0. 7 6 4)  is  c o m p ar a bl e  t o  t h e  a d diti v e  e x a m pl e  i n  Fi g.  2( a ).   T h e  q u a nti z ati o n  g a ps  ar e  n o w  

c o m p ar a bl e t o t h e o v er all s pr e a d d u e t o n ois e.  T h e n ois e distri b uti o n als o d e v el o ps n oti c e a bl e 

s k e wi n g t o w ar d hi g h c o u nts , es p e ci all y w h e n t h e si g n al is l o w. 

Fi g ur e 2 ( d) s h o ws a n e x a m pl e of p h ot o n -c o u nti n g n ois e  j ust o utsi d e t h e q u asi -P oiss o n li mit.  

D at a fr o m a p h ot o n -c o u nti n g d et e ct or wit h a ti m e r es ol uti o n of T ε = 0. 1 μ s h as b e e n bi n n e d t o 1 0 

μ s (N b  = 1 0 0 ).  A hi g h si g n al l e v el , t h e s a m e as i n Fi g. 2( b ) (S o  = 1  μ s − 1  or 〈S 〉 = 5 8 3 c o u nt/ ms ), 

cr e at es  bi as , i n a d diti o n t o n ois e –si g n al c orr el ati o n a n d n ois e  q u a nti z ati o n .  T h e s m all b i as is 

dis c er n a bl e as a sli g ht d efi ci e n c y  i n t h e n u m b er of hi g h v al u es w hil e i n t h e hi g h- q u a nt u m- yi el d 

st at e.  

III. C O R R E C TI N G P H O T O N N OI S E  

A.  R e c o v e ri n g t h e s y st e m’ s pr o p e rti e s  

I n t h e a bs e n c e of d et e ct or n ois e, t h e pr o p erti es of a s yst e m ar e e asil y e xtr a ct e d fr o m a ti m e 

s eri es of its fl u ct u ati o ns at e q uili bri u m  S (t) usi n g hist o gr a ms.  T h e e q uili bri u m distri b uti o n is w ell 

a p pr o xi m at e d b y a 1 D hi st o gr a m of t h e s eri es , a n d t h e Gr e e n’s f u n cti o n c a n b e a p pr o xi m at e d b y  a 

2 D hist o gr a m s of v al u es s e p ar at e d b y s p e cifi c ti m es.  W e st art wit h a n  alt er n ati v e a p pr o a c h t h at is 

i niti all y m or e c o m pl e x.  H o w e v er, it will b e c o m e m or e us ef ul w h e n n ois e is i ntr o d u c e d.  

W e  d efi n e a s et of m o m e nt- c orr el ati o n f u n cti o ns, 3 3  

 [  ]( )  ( )  ( 0)
k l

klM S  S  Sτ τ= , ( 3 6) 

w hi c h ar e writt e n as f u n cti o n als of t h e ti m e s eri e s S (t).  T h e y c a n b e r e g ar d e d as r a w, bi v ari at e 

m o m e nts of P (S 1 , S 0 ; τ).
1 0 9   T h e u ni v ari at e m o m e nts of P e q (S 0 ),  

 [ ] [ ]( 0);
n

n klS  S  M  S  n k lµ = = = + ,  ( 3 7) 
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c a n b e m e as ur e d as  t h e z er o -d el a y p oi nts of t h e m o m e nt -c orr el ati o n f u n cti o n s of t h e s a m e o v er all 

or d er n .  T h es e m o m e nts ar e s uffi ci e nt t o fi n d P e q (S 0 ) ( P a p er 11 3 ).  Aft er t his distri b uti o n is f o u n d, 

t h e m o m e nt -c orr el ati o n f u n cti o ns [ E q. ( 3 6)] ar e s uffi ci e nt t o fi n d G (S 1  | S 0 ; τ).
3 3   

 

FI G. 3 .  Eff e ct of n oi s e a n d n oi s e c o rr e cti o n o n m o m e nt -c o rr el ati o n f u n cti o n s.  T o p r o w: 

M e di u m -i nt e n sit y si g n al a n d  G a u s si a n – a d diti v e  n oi s e.   Mi d dl e  r o w:  H i g h-i nt e n sit y 

si g n al a n d  p h ot o n n oi s e.  B ott o m r o w: M e di u m -i nt e n sit y si g n al a n d  p h ot o n n oi s e.  Bl a c k , 

s oli d  c u r v e s: f r o m  n oi s e -f r e e si g n al Δ M kl [S ](τ).  Gr e e n , d a s h e d c u r v e s: f r o m n oi s y d at a 

wit h o ut n oi s e c o rr e cti o n  Δ M kl [D ](τ).  T h e y  h a v e b e e n r e d u c e d b y t h e f a ct o r s gi v e n wit h i n 

t h e fi g u r e s t o b ri n g t h e m o nt o t h e v e rti c al s c al e.  T h e i r ti m e-z e r o p oi nt s ( g r e e n ci r cl e s) 

a r e still off -s c al e .  T h e cir cl e s a r e l a b el e d wit h t h ei r v e rti c al v al u e ( aft e r di vi si o n).  R e d 

c r o s s e s : f r o m n oi s y d at a wit h n oi s e c o rr e cti o n Δ Ḿ kl [D ](τ). 

Fi g ur e  3  s h o ws  e x a m pl es  of  n ois e -fr e e  c orr el ati o n  f u n cti o ns  c al c ul at e d  fr o m  S (t)  ( bl a c k  

c ur v es,  i d e nti c al  f or  all  t hr e e  r o ws).   B e c a us e  t h es e  f u n cti o ns  d o  n ot  d e c a y  t o  z er o,  w e  pl ot  

Δ M kl (τ) = M kl (τ) −  M kl (∞ ).  T h e l o w est n o n-tri vi al, m o m e nt -c orr el ati o n f u n cti o n M 1 ,1 [S ](τ) i s t h e 

st a n d ar d, li n e ar -c orr el ati o n f u n cti o n a n d is s h o w n i n t h e l eft -h a n d c ol u m n.  B y its elf, it d o es n ot 

h a v e  e n o u g h  i nf or m ati o n  t o  r e c o v er  t h e  Gr e e n’s  f u n cti o n.   Hi g h er  or d ers  a d d  t h e  r e q uir e d  
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i nf or m ati o n.  T h e n u m b er of or d ers n e e d e d f or a s u c c essf ul r e c o v er y i n cr e as es wit h t h e c o m pl e xit y 

of t h e s yst e m  ( P a p er 11 3 ).  Or d ers u p t o t h os e of t h e c e nt er c ol u m n, n  = 8, ar e s uffi ci e nt f or a s yst e m 

of t hr e e dis cr et e st at es.  Wit h  f o ur dis cr et e st at es,  or d ers  at  l e ast  u p  t o  t h os e of t h e ri g ht - h a n d 

c ol u m n, n  = 1 3, ar e n e e d e d.  

I n t h e pr es e n c e of str o n g n ois e, n eit h er hist o gr a m mi n g n or u n c orr e ct e d m o m e nt- c orr el ati o n  

f u n cti o ns w or k w ell.  T h e gr e e n, d as h e d c ur v es i n Fi g. 3 s h o w t h e eff e cts of str o n g G a ussi a n n ois e 

[t o p r o w of Fi g. 3 , als o s e e Fi g. 2 ( a)], m o d er at e p h ot o n n ois e [ mi d dl e r o w of Fi g. 3 , als o s e e Fi g. 

2 ( b)] a n d str o n g p h ot o n n ois e [ b ott o m r o w of Fi g. 3, als o s e e Fi g. 2 ( c)] o n t h e m o m e nt-c orr el ati o n 

f u n cti o ns.  B e c a us e d et e ct or n ois e is u n c orr el at e d b et w e e n diff er e nt ti m e p oi nts, t h e n ois e o nl y 

aff e cts t h e τ = 0 p oi nt of t h e li n e ar -c orr el ati o n f u n cti o n, r e g ar dl ess of t h e n at ur e of t h e n ois e ( Fi g. 

3 , l eft-h a n d c ol u m n).  A s a r es ult, t h e li n e ar-c orr el ati o n f u n cti o n h as v er y g o o d ti m e r es ol uti o n, 

e v e n  wit h  n ois y  d at a. 9, 1 4 -1 7   H o w e v er,  n ois e  m or e  str o n gl y  aff e ct s  hi g h er- or d er  c orr el ati o n  

f u n cti o ns, s o m u c h s o t h at t h e gr e e n, d as h e d c ur v e s m ust b e r es c al e d t o r e m ai n o n t h e pl ots i n t h e 

c e nt er a n d ri g ht -h a n d c ol u m ns of Fi g. 3 .  Hist o gr a m mi n g t h es e d at a f ails j ust as dr a m ati c all y  

( P a p er 11 3 ).  S o m e t y p e of n ois e c orr e cti o n is n e e d e d t o r e c o v er t h e s yst e m’ s pr o p erti es. 

B ot h  t h e  si g n al  a n d  t h e  n ois e  ar e  st o c h asti c  pr o c ess es . T h e  f u n d a m e nt al  f e at ur e  t h at  

disti n g uis h es b et w e e n t h e m  is t h eir c orr el ati o n ti m e; t h e n ois e h as a s h ort c orr el ati o n ti m e, a n d t h e 

si g n al h as a l o n g o n e.  T o e x pl oit t his diff er e n c e, pri m e d p o w ers of t h e d at a ar e d efi n e d b y usi n g 

v al u es s e p ar at e d b y t h e n ois e -c orr el ati o n  ti m e T ε,  

 ( )( )  (  1)  (  )  ( )
k

D t  D  k  T  t  D T  t  D tε ε
′ =  − +  + . ( 3 8) 

T h e pri m e d p o w ers ar e t h e n us e d t o d efi n e t h e n ois e- c orr e ct e d , m o m e nt- c orr el ati o n f u n cti o ns, 

 [ ]( ) ( ) ( 0) [ ]( )
k l

kl klM  D  D l T  D  M Sετ τ τ′ ′′ = + ≈ , ( 3 9) 

a n d m o m e nts, 

 [  ]  [ ]
n

n nD D  Sµ µ′′ = ≈ . ( 4 0) 

T h es e d efi niti o ns e xt e n d t h e n ois e r ej e cti o n of t h e li n e ar -c orr el ati o n f u n cti o n t o t h e n o nli n e ar c as e.   

If t h e f ast est si g n al-c orr el ati o n ti m e is still l o n g c o m p ar e d t o n T ε, t h e n oi s e-c orr e ct e d r es ults fr o m 

t h e d at a will cl os el y a p pr o xi m at e t h os e fr o m t h e n ois e-fr e e si g n al.  T h es e v al u es c a n t h e n b e us e d 

t o r e c o v er b ot h t h e e q uili bri u m distri b uti o n a n d Gr e e n’s f u n cti o n. 

T h e pr a cti c alit y of t his a p pr o a c h w as   d e m o nstr at e d f or a d diti v e n ois e i n P a p er 1 1 3  a n d i s 

s u m m ari z e d   b y t h e  t o p  r o w  of  Fi g.  3,  w hi c h  s h o ws  n ois e- c orr e ct e d c orr el ati o n  f u n cti o ns  f or 

G a ussi a n – a d diti v e n ois e  (r e d cr oss es).  T h e a gr e e m e nt wit h t h e n ois e-fr e e ( bl a c k c ur v es ) r es ult is 
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e x c ell e nt, e v e n at hi g h or d ers.  T h e a c c ur a c y of t h e n ois e -c orr e ct e d m o m e nts  c a n b e j u d g e d fr o m 

t h e τ = 0 p oi nts. 

T h e c urr e nt q u esti o n is w h et h er t h e p erf or m a n c e of t his m et h o d d e gr a d es f or p h ot o n n ois e.  

T h e mi d dl e r o w of Fi g. 3 s h o ws hi g h-si g n al, p h ot o n- n ois e d at a, w hi c h is aff e ct e d b y n ois e –si g n al 

c orr el ati o n  [s e e Fi g. 2 ( b)].  T h e b ott o m r o w s h o ws l o w-si g n al, p h ot o n- n ois e d at a  [s e e Fi g. 2 ( c)], 

w hi c h is als o aff e ct e d b y q u a nti z ati o n.  I n b ot h c as es, E q. ( 3 9) c o nti n u es t o a c c ur at el y c orr e ct n ois e 

eff e cts of m a n y or d ers of m a g nit u d e, j ust as it di d f or a d diti v e n ois e. 

H o w e v er, cl os e e x a mi n ati o n of Fi g. 3 s h o ws t h at t h e n ois e -c orr e cti o n is n ot p erf e ct, es p e ci all y 

at t h e hi g h est  or d ers.  T h er e is  r esi d u al err or d u e t o i m p erf e ct s a m pli n g, d e s pit e t h e l ar g e a m o u nt 

of d at a us e d.  C o m p ari n g t h e G a ussi a n− a d diti v e a n d t h e l o w-si g n al, p h ot o n- n ois e c as es [ Fi g. 3(c)  

a n d  3(i )],  w hi c h  h a v e  si mil ar  si g n al-t o-n ois e  r ati os , t h e  p h ot o n  n ois e l e a v es s o m e w h at  hi g h er  

s a m pli n g err or.  T h e c a us e of t his  eff e ct  will b e dis c uss e d b el o w, b ut w e first c h e c k t o s e e w h et h er 

it cr e at es a pr o bl e m i n r e c o v eri n g t h e s yst e m ’s pr o p erti es. 

W e first f o c us o n r e c o v eri n g t h e e q uili bri u m distri b uti o n a n d bri efl y r e vi e w t h e m et h o ds t h at 

w er e d e v el o p e d i n P a p er 1 .1 3     A s e q u e n c e of n oi s e -c orr e ct e d m o m e nts , μ [́ D] = { μ n [D ] } f or n  = 

1 t o N μ , ar e c al c ul at e d fr o m t h e n ois y d at a usi n g E qs. ( 3 8) a n d ( 4 0).  A v e ct or of N P  e v e nl y s p a c e d 

p oi nts  is  t a k e n  al o n g  t h e  si g n al  a xis,  S  =  { S i} fr o m S 1  = S mi n  t o  SN p  = S m a x ,.   T h e  r e c o v er e d  

e q uili bri u m distri b uti o n is gi v e n b y t h e v e ct or of v al u es at t h es e p oi nts, P r(S ) = { P r(S i) }.  T h es e 

q u a ntiti es s atisf y t h e e q u ati o n , 

 [  ]  ( )  ( )rD′ = ⋅μ  V S  P  S , ( 4 1) 

w h er e t h e V a n d er m o n d e m atri x V (S ) is d efi n e d b y1 1 0  
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. ( 4 2) 

T h e pr o bl e m is t o i n v ert E q. ( 4 1) t o fi n d P r(S ) fr o m μ [́ D].  As wit h m a n y i n v ers e pr o bl e ms, t his 

o n e is u n d er d et er mi n e d a n d ill - c o n diti o n e d.1 1 1   As a r es ult, a n i nfi nit e n u m b er of v er y diff er e nt 

f u n cti o ns s ol v e t h e pr o bl e m e x a ctl y.   

M or e o v er, d u e t o t h e s a m pli n g err or  i n μ [́D ], e v e n t h e c orr e ct s ol uti o n s h o ul d n ot s ol v e E q. 

( 4 1) e x a ctl y.  R at h er, t h e s ol uti o n err or ,  
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∑

V P
P , ( 4 3) 
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s h o ul d h a v e a n o n z er o  v al u e  e q u al t o t h e ( u n k n o w n) si z e of t h e s a m pli n g err o r.  If χ  is t o o s m all, 

t h e s ol uti o n is “fitti n g t h e err or ” i nst e a d of gi vi n g a m or e a c c ur at e r es ult.   

I n  s u c h  c as es,  “r e g ul ari zi n g ”  c o n diti o ns  ar e  c h os e n  t o  s el e ct  fr o m  a m o n g  t h e  p ossi bl e  

s ol uti o ns. 1 1 1 -1 1 4   I n o ur c a s e, t h e c o nstr ai n e d  mi ni mi z ati o n ,  

 
2

1 2 s pmi n  ( )  ( )  ( ,  )
r

r  r rR  R Pχ β  α + +
 P

P  P P   

             

,
1

,

s u bj e ct t o 1

a n d 0; 1, ,

PN

r i
i

r i P

P

P  i N

=

=

≥ =

∑

 , ( 4 4) 

e x pr ess es o ur c h oi c es .  T h e first c o nstr ai nt r e q uir e s t h at μ 0 [P r] = 1, t h at is, t h e s ol uti o n m ust h a v e 

u nit ar e a.  T h e s e c o n d c o nstr ai nt r e q uir es t h e pr o b a bilit y distri b uti o n t o b e  p ositi v e e v er y w h er e.  

B e c a us e w e ar e d e ali n g wit h q u a nt u m yi el ds, w e als o s et S mi n  = 0 , i m pl yi n g t h at t h e pr o b a bilit y of 

a  n e g ati v e  si g n al  is  z er o.    T h e  m a xi m u m  p ossi bl e  si g n al  S m a x  i s  l ess  o b vi o us.   H o w e v er,  b y 

c h e c ki n g t h at t h e r e c o v er e d pr o b a bilit y r e a c h es z er o  b ef or e  t his p oi nt, w e c a n v erif y t h at o ur c h oi c e 

w as  s uffi ci e ntl y l ar g e , aft er t h e f a ct . 

T h e c o n diti o ns  s o  f ar  r ej e ct  m a n y m at h e m ati c all y  g o o d  s ol uti o ns  b y  usi n g   p h ysi c al 

r e q uir e m e nts t h at ar e n e arl y c ert ai n.  T h e  r e g ul ari zi n g f u n cti o ns, R 1 (P r) a n d R 2 (P r, P s p), i m p os e 

r e q uir e m e nts t h at ar e als o gr o u n d e d i n p h ysi c al e x p e ct ati o ns , b ut t h at ar e m or e s u bj e cti v e.  T h e 

m ai n c o nstr ai nt  is  t o  f a v or  a s m o ot h er  s ol uti o n o v er  a  j a g g e d,  n oisi er  o n e.   S u c h  s m o ot hi n g  

r e g ul ari z ers als o f a v or s ol uti o ns wit h br o a d er p e a k s o v er o n es wit h n arr o w  p e a ks .  P a p er 1 1 3  f o u n d 

t h at 

 
2

1

1
( )

1r r
PN

R = ⋅
−

P  D P , ( 4 5) 

w h er e  

 

1 1

1 1

− 
 

=  
 − 

D   , ( 4 6) 

w or ks w ell as a s m o ot hi n g r e g ul ari z er i n t his pr o bl e m.  T his f u n cti o n a p pr o xi m at es t h e a v er a g e 

first d eri v ati v e of t h e distri b uti o n a n d is a st a n d ar d c h oi c e.1 1 0, 1 1 1   T h e m a g nit u d e of t h e r e g ul ari zi n g 

p ar a m et er β  r efl e cts t h e i m p ort a n c e gi v e n t o s m o ot h n ess r el ati v e t o t h e i m p ort a n c e of m at c hi n g 

t h e d at a.   

T h e s p arsit y r e g ul ari z er, 
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, s p

2 s p ,( ,  )

r i

r r i
P P

R P  P
<

= ∑P , ( 4 7)  

dis cri mi n at es a g ai nst l o w pr o b a bilit y ar e as, s p e cifi c all y pr o b a biliti es b el o w P s p, a n d p us h es t h e m 

t o w ar d z er o.  It is j ustifi e d b y t h e e x p e ct ati o n t h at d at a ar e p o or at disti n g uis hi n g b et w e e n z er o a n d 

l o w pr o b a bilit y a n d t h at it is b ett er n ot t o i nf er pr o b a bilit y w h er e it m a y n ot e xist. Its eff e ct s ar e t o 

r e m o v e b as eli n e n ois e a n d l o w -l e v el  b a c k gr o u n d t o n arr o w t h e wi n gs of p e a ks a n d t o r e d u c e 

i nt er p e a k i nt e nsiti es (P a p er 1 1 3 ).  I n t h e e x a m pl es i n t his p a p er, t his r e g ul ari z er will n ot b e n e e d e d, 

b ut it is i n cl u d e d f or g e n er alit y.    

T h es e r e g ul ari zi n g  f u n cti o ns  s h o ul d  n ot  p us h  t h e  s ol uti o n  o utsi d e  t h e  d at a’s  err or  r a n g e.  

U nf ort u n at el y, t h e c orr e ct err or  l e v el is n ot k n o w n.  A m or e us ef ul m e as ur e is χ  / χ mi n , t h e r ati o of 

t h e err or of a f ull y r e g ul ari z ed s ol uti o n χ , t o o n e b a s e d o n  o nl y hi g h - c o nfi d e n c e c o nstr ai nts χ mi n  (α  

= β  = 0 ).  T h e s et of s ol uti o ns wit h χ  / χ mi n  o nl y m o d estl y l ar g er t h a n o n e d efi n e s t h e “err or b ars ” 

of t h e r es ult. 

Fi n all y, w e m ust c h o os e t h e n u m b er of m o m e nts t o us e N μ .  O n o n e h a n d, t h e err or i n t h e 

m o m e nts i n cr e as es e x p o n e nti all y wit h t h e or d er of t h e m o m e nt .1 3   I n cl u di n g m o m e nts  b e y o n d 

s o m e n u m b er N μ , m a x will d e gr a d e t h e q u alit y of t h e s ol uti o n.  T h e v al u e of N μ ,m a x  d e p e n ds o n t h e 

q u alit y of t h e d at a.  O n t h e ot h er h a n d, t h er e is a mi ni m u m n u m b er of m o m e nts t h at ar e n e e d e d t o 

f or a n a d e q u at e   r e c o v er y, N μ , mi n.  T hi s n u m b er i n cr e as es wit h t h e c o m pl e xit y of t h e s yst e m a n d 

s er v es as a us ef ul q u a ntifi c ati o n of a s yst e m’s  c o m pl e xit y.  As s h o w n i n P a p er 1 ,1 3  for t w o di s cr et e 

st at es, N μ , mi n = 4 – 5 ; f or t hr e e, N μ , mi n = 7 – 8; a n d f or f o ur, N μ , mi n ≈  1 6.  F or g o o d q u alit y d at a, N μ , m a x 

> N μ , mi n, a n d n e arl y t h e s a m e r es ult is f o u n d f or N μ  a n y w h er e b et w e e n t h es e li mits.  F or p o or 

q u alit y d at a, N μ , m a x < N μ , mi n, t h e s ol uti o n c h a n g es err ati c all y wit h N μ , a n d a g o o d r e c o v er y is n ot 

p ossi bl e. 

D o t h es e m et h o ds w or k a s w ell o n p h ot o n n ois e as t h e y di d o n a d diti v e n ois e ?  Gi v e n t h e g o o d 

n ois e  c orr e cti o n  s e e n  i n  Fi g .  3(f), w e  e x p e ct  t h e m  t o,  at  l e ast  w h e n  t h e  si g n al  is  hi g h  a n d  

n ois e −si g n al c orr el ati o n i s t h e o nl y n e w iss u e.  Fi g ur e 4 s h o ws t h e e q uili bri u m distri b uti o n (s oli d, 

bl a c k  c ur v e) r e c o v er e d fr o m t h e hi g h-i nt e nsit y, p h ot o n-n ois e d at a s et  [s e e Fi g. 2 ( b)].  T h e p e a ks 

ar e s uffi ci e ntl y n arr o w t o s h o w t h at t h e s yst e m c o nsists of t hr e e, disti n ct  st at es .  Th e r e ar e err or 

r a n g es o n t h e st at e p ositi o ns, w hi c h ar e  e x pr ess e d as p e a k  wi dt hs.  T h e wi dt hs v ar y a cr oss t h e 

si g n al r a n g e.  N ot s ur prisi n gl y, t h e hi g h -si g n al st at e, fr o m w hi c h t h e m ost p h ot o ns ar e c oll e ct e d, 

h as t h e m ost pr e cis e  p ositi o n. 

C o m p ari n g t h e  c u m ul ati v e pr o b a bilit i es of t h e ori gi n al m o d el ( d as h e d , r e d c ur v e) a n d of t h e  

r e c o v er e d distri b uti o n  (s oli d, r e d c ur v e) s h o ws t h at t h e p e a k p ositi o ns a n d ar e as ar e a c c ur at el y 

r e c o v er e d.  N ot e t h at t h e r e c o v er e d si g n al diff ers fr o m t h e a bs ol ut e q u a nt u m yi el d b y t w o f a ct ors 

t h at ar e g e n er all y u n k n o w n e x p eri m e nt all y: t h e i nstr u m e nt al s e nsiti vit y S o  a n d t h e b a c k gr o u n d 
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l e v el B  [s e e E q. ( 6)].  Fi g ur e 4  a n d s u bs e q u e nt fi g ur es  c orr e ct f or t h e s e nsiti vit y .  H o w e v er, t h e y 

l e a v e  i n  t h e  b a c k gr o u n d as  a  r e mi n d er  t h at  it  is  n ot  p art  of  t h e  n ois e  c orr e cti o n  a n d  m ust  b e  

c orr e ct e d  wit h  a d diti o n al  m e as ur e m e nts  o n  a  bl a n k  s a m pl e .   A  l ar g e  n u m b er  of m o m e nts ar e 

a c c ur at e : N μ  = 1 5 w er e us e d i n Fi g. 4  a n d m a n y m or e c a n b e us e d , N μ , m a x > 1 5 .  T hi s r es ults r efl e ct s  

t h e r el ati v el y hi g h si g n al -t o-n ois e r ati o of t h es e d at a  ( S N R = 2. 4).  O v er all , t h e m et h o ds of P a p er 

1 1 3  c a n b e us e d o n si g n al -c orr el at e d n ois e wit h o ut m o difi c ati o n.  

 

FI G. 4 .  A s t at e s p a c e r e c o v e r e d f r o m d at a wit h n oi s e – si g n al c o rr el ati o n  [hi g h -i nt e n sit y, 

p h ot o n -n oi s e d at a s et , s e e Fi g. 2 ( b)].  T h e e q uili bri u m di st ri b uti o n ( bl a c k, s oli d c u r v e) 

a n d  c u m ul ati v e  p r o b a bilit y  ( r e d , s oli d  c u r v e)  ar e  s h o w n.   T h e  c o rr e ct  c u m ul ati v e  

p r o b a bilit y  i s  s h o w n  a s  t h e  r e d,  d a s h e d  c u r v e.   S e e  T a bl e  S 2  i n  t h e  s u p pl e m e nt a r y 

m at e ri al  f o r t h e r e g ul a ri z ati o n c o n diti o n s. 

T h e eff e ct of n ois e q u a nti z ati o n  is i ntr o d u c e d i n Fi g. 5 .  It c o m p ar es r es ults fr o m t h e m e di u m -

i nt e nsit y, p h ot o n-n ois e d at a t o t h os e fr o m t h e a d diti v e -n ois e d at a.   T h es e d at as ets h a v e si mil ar 

si g n al -t o-n ois e r ati os  ( S N R = 0. 7 6 a n d 0. 5 8, r es p e cti v el y), w hi c h all o ws a m or e dir e ct  c o m p aris o n  

of  n ois e  t y p es .  Fi g ur e 5 ( a)  c o m p ar es  t h e  distri b uti o ns;  Fi g.  5 ( b)  s h o ws  t h e  c orr es p o n di n g  

c u m ul ati v e pr o b a biliti es.  T h e tr u e r es ults ar e als o s h o w n i n bl a c k.  Al m ost i d e nti c al distri b uti o ns 

ar e r e c o v er e d wit h eit h er t y p e of n ois e, a n d t h es e distri b uti o ns a gr e e w ell wit h t h e s yst e m’s tr u e 

pr o p erti es.  N o c h a n g e i n m et h o ds is n e e d e d f or q u a nti z e d n ois e.  

H o w e v er, t h er e is a dis c er n a bl e, q u a ntit ati v e diff er e n c e i n t h e r es ults.  F or a d diti v e n ois e , 

n e arl y i d e nti c al r es ults w er e f o u n d o v er t h e r a n g e N μ  = 8 − 1 3, w h er e as t h e r es ults f or p h ot o n n ois e 

ar e o nl y u n c h a n gi n g  f or N μ  = 8 − 1 0.  T h at is, N μ , m a x = 1 3 a c c ur at e m o m e nts ar e e xtr a ct e d wit h  

a d diti v e n ois e, b ut  o nl y N μ , m a x = 1 0 a c c ur at e m o m e nts wit h  p h ot o n n ois e.  F ort u n at el y, t his n u m b er 

i s hi g h er t h a n t h e mi ni m u m  f or t hr e e st at es, N μ , mi n = 7 − 8 , a n d a g o o d r e c o v er y is still p ossi bl e (Fi g. 

5 ).  H o w e v er  t o a c hi e v e a n e ntir el y i d e nti c al r e c o v er y, p h ot o n n ois e r e q uir es s o m e w h at hi g h er 

q u alit y  d at a  t h a n  G a ussi a n – a d diti v e  n ois e  d o es.   T his  r es ult  is  c o nsist e nt  wit h  t h e  e arli er  
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o bs er v ati o n of hi g h er s a m pli n g err or i n Fi g. 2 (f) v ers us Fi g. 2 (c ).  T h us, t h e d e m a n ds f or d at a 

q u alit y wit h p h ot o n n ois e ar e hi g h er t h a n wit h a d diti v e n ois e, b ut o nl y sli g htl y hi g h er.  

  

FI G. 5 .  C o m p a ri s o n  of st at e di st ri b uti o n s  r e c o v e r e d f r o m d at a wit h a d diti v e v e r s u s 

p h ot o n n oi s e  [ s e e Fi g s. 2 ( a) a n d 2 ( c), r e s p e cti v el y].  E q uili b ri u m d i st ri b uti o ns ( a) a n d 

c u m ul ati v e p r o b a biliti e s ( b)  r e c o v e r e d f r o m m e di u m -i nt e n sit y d at a  wit h p h ot o n  n oi s e 

u si n g N μ  = 1 0  m o m e nt s ( r e d, d a s h e d c u r v es ) o r wit h  G a u s si a n – a d diti v e n oi s e  u si n g N μ  = 

1 3 m o m e nt s ( bl u e, t hi n c u r v e s).  T h e s e d at a s et s h a v e si mil a r si g n al -t o-n oi s e r ati o s ( S N R 

= 0. 7 6 o r  0. 5 8 , r e s p e cti v el y ).  T h e c o rr e ct v al u e s a r e s h o w n a s s oli d, bl a c k b a r s i n ( a) o r a s 

th e  s oli d, bl a c k c u r v e i n ( b).   

W e n o w t ur n t o r e c o v eri n g t h e s yst e m’s d y n a mi c s.  T h e s a m pli n g err or  i n t h e first p oi nt of 

t h e m o m e nt-c orr el ati o n f u n cti o ns r efl e cts t h e err or  al o n g t h e e ntir e c orr el ati o n f u n cti o n (Fi g. 3 ).  

T h us, w e e x p e ct t h at t h e a bilit y t o r e c o v er e q uili bri u m distri b uti o ns will e xt e n d t o t h e r e c o v ery of 

ki n eti cs as w ell .  A g e n er al dis c ussi o n of t his pr o c ess is i n R efs. 2 3, 3 2, 3 3 ; t h e s p e cifi cs us e d h er e 

ar e d es cri b e d  i n t h e s u p pl e m e nt ar y m at eri al, S e c. S I.  W e us e  t h e p h ot o n-n ois e d at a  us e d i n Fi g. 5  

a n d s h o w n i n Fi g. 2 (c ).  

T h e r e c o v er y of ki n eti cs i s si m plifi e d b y i g n ori n g t h e li n e wi dt hs i n t h e r e c o v er e d distri b uti o ns.  

T h us, t h e distri b uti o n is r e d u c e d t o t hr e e dis cr et e st at es.  I n t h e si m plifi e d c al c ul ati o n, o nl y t hr e e 

m o m e nt -c orr el ati o n f u n cti o ns ar e us e d: 𝑁𝑁 1 ,1
′ [𝑁𝑁 ]( 𝑁𝑁 ) , 𝑀𝑀 1 ,2

′ [𝐷𝐷 ]( 𝜏𝜏 )  = 𝑀𝑀 2 ,1
′ [𝐷𝐷 ]( 𝜏𝜏 )  a n d 𝑀𝑀 2 ,2

′ [𝐷𝐷 ]( 𝜏𝜏 ) .  

( Hi g h er  m o m e nt  f u n cti o ns  w o ul d  b e  us ef ul  if  w e  w a nt e d  t o  l o o k  f or  d y n a mi cs  wit hi n  t h e  

li n e wi dt hs.)  B y its elf, t h e li n e ar -c orr el ati o n f u n cti o n  𝑀𝑀 1 ,1
′ [𝐷𝐷 ]( 𝜏𝜏 )  i d e ntifi es t w o ti m e c o nst a nts 
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[ Fi g. 3 ( g)], b ut it c a n n ot assi g n t h e m t o s p e cifi c st at e-t o-st at e tr a nsiti o ns.  T h e t w o, a d diti o n al 

c orr el ati o n f u n cti o ns ar e s uffi ci e nt t o r es ol v e t his a m bi g uit y.   

R es ults ar e s h o w n i n Fi g. 6 .  T h e c orr el ati o n f u n cti o n is first c o n v ert e d t o t h e Gr e e n’s f u n cti o n, 

w hi c h is m or e e asil y pl ott e d as t h e j oi nt pr o b a bilit y  [ E q. ( 4), Fi g s. 6 ( a)– 6 ( e)].  T his f u n cti o n is 

s y m m etri c i n t h e t w o si g n als, S 0  a n d S 1 .  At τ = 0, t his pr o b a bilit y is di a g o n al, wit h t h e e q uili bri u m 

distri b uti o n al o n g t h e di a g o n al [ Fi g. 6 ( a)].  B y τ = 1. 1  m s, a  cr oss  p e a k b et w e e n t h e t w o l o w -si g n al 

p e a ks is cl e arl y visi bl e [ Fi g. 6 ( b)], a n d it c o nti n u es t o gr o w t o its f ull h ei g ht b y τ = 1 0  ms [ Fi g. 

6 ( c)].   T his  p e a k  i n di c at es  t h at  t h e f ast  c o m p o n e nt  of t h e a ut o c orr el ati o n  is d u e t o tr a nsiti o ns 

b et w e e n t h e t w o l o w -si g n al st at es.  A d diti o n al cr oss  p e a ks b et w e e n t h e hi g h -si g n al st at e a n d t h e 

p air of l o w -si g n al st at es ar e visi bl e at τ = 1 0 0 ms [ Fi g. 6 (d )] a n d r e a c h t h eir f ull h ei g ht b y τ = 1. 1  s 

[ Fi g. 6 (e )].  T h e ti mi n g of t his p e a k gr o wt h  s h o ws t h at t h e sl o w c o m p o n e nt of  t h e a ut o c orr el ati o n 

i s d u e  t o  tr a nsiti o ns  i n  a n d  o ut  of  t h e  hi g h est-si g n al  st at e.   T h e  f a ct  t h at  t h e  s yst e m  r e a c h es  

e q uili bri u m wit hi n t h e m e as ur e m e nt ti m e c a n b e v erifi e d b y t h e f a ct t h at t h e l o n g ti m e v al u e of t h e 

j oi nt pr o b a bilit y is t h e cr oss pr o d u ct of t h e e q uili bri u m distri b uti on.  

 

FI G. 6 .  K i n eti c s r e c o v e r e d  f r o m t h e n oi s e-c o rr e ct e d, m o m e nt -c o rr el ati o n f u n cti o n s [Fi g. 

3 ( g)–  3 (i)]:  ( a)– ( e) T h e j oi nt-p r o b a bilit y di st ri b uti o n P (S 1 , S 0 ; τ).  (f)– ( h) T h e ei g e n st at e s 

R k (S ) n o r m ali z e d  t o  a  m e a n -s q u a r e d  a m plit u d e  of  o n e.   (i) T h e  c o rr e s p o n di n g  

ei g e n d e c a y s E k k (τ) (p oi nt s ).   T h e  ei g e n d e c a y s  a r e  fit  wit h  si n gl e  e x p o n e nti al s  (s oli d 

c u r v e s , T f = 0. 9 9  m s  f r o m  E 2 ,2 , T er  = 1 6 0  m s  f r o m  E 1 ,1 ).   T h e  c r o s s -d e c a y s  a r e  z e r o  

(s u p pl e m e nt a r y m at e ri al , Fi g. S 2 ).   

It i s p ossi bl e t o f urt h er r e d u c e t h e j oi nt pr o b a bilit y t o ei g e nst at es a n d ei g e n d e c a ys [Fi g s. 6 (f)–  

6 (i)].  N u m b er  t h e st at es fr o m 0  f or t h e l o w est-si g n al st at e t o 2  f or t h e hi g h est-si g n al st at e .  In 

t er ms of dis cr et e-st at e l a b els , P ij(τ) i s a r e al , s y m m etri c m atri x a n d c a n b e di a g o n ali z e d at a n y 
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si n gl e d el a y  ti m e.  A p pl yi n g t h e s a m e tr a nsf or m ati o n at all ti m es gi v es t h e m atri x E ij(τ).  If t hi s 

m atri x r e m ai ns di a g o n al at all ti m es, t h e s yst e m h as ri g ht ei g e nst at es R i(S ). T h e di a g o n als E ii(τ) 

ar e t h e ei g e n d e c a ys , a n d  t h e ei g e nst at es ar e e xtr a ct e d fr o m t h e di a g o n ali zi n g m atri x.   

I n o ur e x a m pl e, di a g o n ali zi n g at τ = 1 0 ms m a k es t h e off-di a g o n al d e c a ys z er o at all ti m es  

(s u p pl e m e nt ar y m at eri al , Fi g. S 2 ), s o ei g e nst at es a n d ei g e n d e c a ys c a n b e f o u n d.  On e ei g e n d e c a y 

E 0, 0 ( τ) i s c o nst a nt [ Fi g. 6(i)], a n d its ass o ci at e d ei g e nst at e R 0 (S ) i s pr o p orti o n al t o t h e e q uili bri u m 

distri b uti o n  [ Fi g. 6(f)].   T h e f ast ei g e nd e c a y  E 2, 2 ( τ) [ Fi g. 6(i)] c orr es p o n ds t o t h e f ast c o m p o n e nt 

of t h e a ut o c orr el ati o n f u n cti o n [ Fi g. 3( g)].  Its ei g e nst at e R 2 (S ) i n v ol v es o nl y e x c h a n g e b et w e e n 

t h e t w o l o w-si g n al st at es  [ Fi g. 6( h)].  T h e i nt er m e di at e ei g e n d e c a y  E 1, 1 (τ) [ Fi g. 6(i)] c orr es p o n ds 

t o t h e sl o w c o m p o n e nt of t h e a ut o c orr el ati o n [ Fi g. 3( g)].  Its ei g e nst at e R 1 (S ) s h o ws t h at t his ti m e 

c orr es p o n ds t o t h e e x c h a n g e b et w e e n t h e hi g h est si g n al st at e a n d t h e l o w er t w o  [ Fi g. 6( g)].  T h e 

ei g e n d e c a ys fit t o si n gl e e x p o n e nti als [ Fi g. 6 (i)], s h o wi n g t h at t h e s yst e m is M ar k o vi a n i n t h e 

q u a n t u m yi el d.  T h er e ar e n o hi d d e n st at es, t h at is, n o st at es  wit h i d e nti c al q u a nt u m yi el ds, b ut 

diff er e nt ki n eti cs .  T h e ti m e c o nst a nts ( 0. 9 9 ms a n d 1 6 0 ms ) r e c o v er t h e ori gi n al r at e c o nst a nts of 

t h e s yst e m ( 1. 0 0 ms a n d 1 0 0 ms) wit h r e as o n a bl e a c c ur a c y . 

I n P a p er 1, t h e s a m e c al c ul ati o ns w er e d o n e wit h t h e s a m e d at a, e x c e pt wit h G a ussi a n – a d diti v e 

n ois e (s e e Fi g. 1 2 i n t h at p a p er).1 3   T h es e r es ults ar e n e arl y i d e nti c al .  I n t his e x a m pl e, t h e eff e cts 

of n ois e q u a nti z ati o n a n d n ois e –si g n al c orr el ati o n ar e n ot i m p ort a nt. 

B.  T h e or y of p h ot o n -n oi s e s a m pli n g e rr or  

T o u n d erst a n d n ois e i n a m or e g e n er al c o nt e xt t h a n t h e s p e cifi c e x a m pl e s pr es e nt e d a b o v e, 

w e n e e d a m or e a n al yti c al tr e at m e nt .  T his a n al ysis will s h o w h o w t h e r es ults a b o v e g e n er ali z e t o 

ot h er s yst e ms or t o d at a wit h l o w er q u alit y.  T h e a n al ysis f o c uss es o n  t h e m o m e nts, t h at is, t o t h e 

first p oi nt of t h e m o m e nt-c orr el ati o n f u n cti o ns.  H o w e v er, si mil ar c o nsi d er ati o ns will h ol d at l at er 

d el a ys as w ell.  

M a n y of t h e r es ults i n P a p er 1 1 3  a p pl y t o a n y t y p e of u n bi as e d n ois e a n d c a n b e us e d as a 

st arti n g p oi nt.  First, n ois e- c orr e cti o n  d o es n ot i ntr o d u c e bi as: 

 ( ) ( )[ ]  [  ]n n SE D E Pµ µ′ = . ( 4 8) 

[A fi nit e ti m e s eri es D (t) is s a m pl e d fr o m a c orr e s p o n di n g, i d e al pr o b a bilit y distri b uti o n P D (D ).  

T h us, m o m e nts writt e n a s f u n cti o n als of a ti m e s eri es i n cl u d e s a m pli n g err or a n d f u n cti o n al s of a 

pr o b a bilit y distri b uti o n d o n ot.]  T h e t y pi c al  fr a cti o n al err or i n a n ois e-c orr e ct e d m o m e nt is  
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= . ( 4 9) 

T his t ot al err or h as t w o c o ntri b uti o ns, 
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,n S  nεω  ω ω= + ,  ( 5 0) 

t h e si g n al-s a m pli n g err or ω S  a n d t h e n ois e-s a m pli n g err or ω ε,n . 

T h e si g n al -s a m pli n g err or e xists e v e n wit h a n ois e -fr e e d at as et d u e t o its fi nit e si z e.  T h at si z e 

i s c h ar a ct eri z e d b y t h e l e n gt h of a n i n di vi d u al ti m e s eri es T L  (t h e si z e of t h e ti m e a v er a g e i n 〈… 〉) 

c o m p ar e d t o t h e l o n g est r el a x ati o n ti m e i n t h e s yst e m (t h e er g o di c ti m e) T er  a n d b y t h e n u m b er of 

m ol e c ul es m e as ur e d N e n  (t h e si z e of t h e e ns e m bl e a v er a g e i n 〈… 〉).  I n t h e l ar g e-or d er li mit t h at is 

r el e v a nt f or d et er mi ni n g N μ , m a x, t h e si g n al-s a m pli n g err or is i n d e p e n d e nt of or d er: 

 
2

e n
er

2 1

1

S
L

a

T
N

T

ω
−

=
 

+  
 

. ( 5 1) 

T h e d et ails of t h e e q uili bri u m distri b uti o n d et er mi n e a , w hi c h is a p pr o xi m at el y c o nst a nt a n d is of 

or d er u nit y.   

Si g n al- s a m pli n g  n ois e  is  of  s e c o n d ar y  i nt er est  f or t h e  c urr e nt  dis c ussi o n.  First,  it  is  

i n d e p e n d e nt of t h e n at ur e of t h e n ois e.  W h e n t h e n ois e is si g nifi c a nt, a n d t h e d at as et is n ot v er y 

s m all ,  si g n al-s a m pli n g  n ois e  is  s m all er  t h a n  t h e  n ois e-s a m pli n g  err or  a n d  is l ess  i m p ort a nt  i n 

r e c o v eri n g t h e  s yst e m’s  pr o p erti es.1 3   As  a n  e x a m pl e,  t h e  bl a c k  c ur v e  i n  Fi g.  3(i) h as   si g n al-

s a m pli n g err or, w hi c h is vis u all y u n d et e ct a bl e, w h er e as  t h e r e d p oi nts als o i n cl u d e n ois e-s a m pli n g 

err or , w hi c h c a n b e s e e n at hi g h or d ers. 

Wit h  si m ul at e d d at a,  n ois e c orr e cti o n s h o ul d  b e  p erf e ct  f or  a n i nfi nit e  d at as et  [ E q. ( 4 8)].  

H o w e v er, i n a fi nit e d at as et, err ors i n s a m pli n g t h e n ois e l e a d t o i m p erf e cti o ns i n its r e m o v al.  T h is 

n ois e-s a m pli n g err or is 1 3  

 ( )2 2( )
, 2

1er

1
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n
E  D S  S

kP N
εω

µ

−

=

 
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 
∑ . ( 5 2) 

It d e p e n ds o n t h e n ois e pr o c ess N ois e(D  | S ) t hr o u g h its v ari a n c e V ar( D  | S ).  F or a d diti v e n ois e,  

 
2

V ar( | )D S εσ=  ( 5 3) 

[ E q. ( 1 6)].  T o tr e at p h ot o n n ois e, w e s u bstit ut e 1 0 8   
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b

S
D S

N T ε

= . ( 5 4) 

[ E q. ( 2 6)].  Usi n g t h e s a m e l ar g e-or d er a p pr o xi m ati o ns  us e d i n E q. ( 5 1), p h ot o n n ois e gi v es  
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(s u p pl e m e nt ar y m at eri al, S e c. S II. 1), w h er e as a d diti v e n ois e pr e vi o usl y g a v e ( P a p er 11 3 ) 
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. ( 5 6) 

Li k e a , b  is a q u a ntit y t h at d e p e n ds o n t h e d et ails of t h e e q uili bri u m distri b uti o n, b ut t h at is c o nst a nt 

a n d  n e ar  u nit y  at  hi g h  or d ers.   T h us,  d es pit e  t h e  si g nifi c a nt  diff er e n c es  b et w e e n  a d diti v e  a n d  

p h ot o n n ois e, t h e diff er e n c es i n t h e s a m pli n g err or  ar e mi n or, w h e n c o m p ar e d o n t h e b asis of t h eir 

si g n al-t o-n ois e r ati o s.   

N ot e t h at E qs. ( 5 5) a n d ( 5 6) pr e di ct t h e a bs ol ut e si z e of t h e s a m pli n g err or a n d h a v e b e e n  

t est e d a g ai nst si m ul at e d d at a  (s e e P a p er 1 1 3 ), b ut t h at ω ε,n  i s n ot dir e ctl y o bs er v a bl e i n r e al d at a.  

A m or e pr a cti c al m e as ur e of d at a err or  is t h e m a xi m u m n u m b er of a c c ur at e m o m e nts N μ , m a x t h at 

c a n b e r e c o v er e d fr o m a d at as et.  T o esti m at e  t his q u a ntit y f or a c ert ai n d at as et si z e a n d si g n al-t o 

n ois e  r ati o ,  w e  n e e d  ω ε, m a x, t h e  m a xi m u m  fr a cti o n al err or  t h at  a  m o m e nt  c a n  h a v e  b ef or e  it  

d e gr a d es t h e r e c o v er y.  W e pr e vi o usl y f o u n d t h at ω ε, m a x = 5  × 1 0− 3  i s a r e a s o n a bl e v al u e. 1 3   S etti n g  

ω ε,n  = ω ε, m a x w h e n n  = N μ , m a x, E q. ( 5 5) gi v es 
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f or p h ot o n n ois e, a n d E q. ( 5 6) gi v es 
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f or a d diti v e n ois e.   H er e a n d i n t h e r est of t h e p a p er, w e s et  a  = b  = 1.  T his si m plifi c ati o n  is 

s uffi ci e nt t o pr e di ct tr e n d s i n a n d t o esti m at e m a g nit u d es  f or g e n eri c d at as ets. 

T h es e f or m ul as pr e di ct t h at a d at as et wit h p h ot o n n ois e will n e e d a n a p pr o xi m at el y  1. 4 ti m e 

hi g h er si g n al -t o-n ois e r ati o t o b e e q ui v al e nt t o a d at as et wit h G a ussi a n n ois e.  F or t h e G a ussi a n –

a d diti v e- n ois e a n d m e di u m -i nt e nsit y, p h ot o n-n ois e d at as ets, t h es e f or m ul as pr e di ct N μ , m a x = 1 3 

a n d N μ , m a x = 1 1, r es p e cti v el y.  T h es e r es ults ar e c o nsist e nt wit h o ur fitti n g r es ults, N μ , m a x = 1 3 a n d 

N μ , m a x = 1 0, r es p e cti v el y.   

W e c a n r e p hr as e t h e pr o bl e m t o as k h o w l ar g e a d at as et is n e e d e d t o r e c o v er a gi v e n s yst e m.  

Cl e arl y , a m or e c o m pl e x s yst e m will r e q uir e m or e d at a, e v e n f or a fi x e d si g n al -t o- n ois e  r ati o.  

H er e, a s yst e m’s c o m pl e xit y is m e as ur e d b y t h e mi ni m u m n u m b er of a c c ur at e m o m e nts  n e e d e d t o 

r e c o v er its pr o p erti es, Nμ , mi n.  It e nt ers  t hr o u g h t h e b asi c crit eri o n f or a s u c c e ssf ul r e c o v er y , N μ , mi n 

≲  N μ , m a x.  F or p h ot o n n ois e, it is us ef ul t o c h ar a ct eri z e t h e si z e of t h e d at as et  t hr o u g h t h e t ot al 
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n u m b er of p h ot o ns c oll e ct e d N p h  = N̅ct  N er .  Si mil arl y, t h e n ois e c a n b e c h ar a ct eri z e d t hr o u g h  t h e 

a v er a g e n u m b er of c o u nt s p er ti m e bi n N̅ct . 

E q u ati o n ( 5 5) gi v es diff er e nt a ns w ers  i n t w o li mits.  I n t h e hi g h- c o u nt-r at e li mit, N̅ct  ≫  ½,  

 
2

p h , m a x , mi nN Nε µω
−

 . ( 5 9) 

T hi s r es ult is t y pi c al f or n ois e a n al ysis.  T h e n u m b er of p h ot o ns  n e e d e d  is  a fi x e d  v al u e t h at 

d e p e n ds o n  t h e c o m pl e xit y of t h e s yst e m b ei n g a n al y z e d.  If t h e c o u nt r at e N̅ct  i s l o wer e d, t h e t ot al 

n u m b er  of  d at a  p oi nts  N er  m ust  i n cr e as e  i n  pr o p orti o n, b y  i n cr e asi n g  eit h er t h e  l e n gt h  of  t h e  

m e as ur e m e nt  T L  or t h e n u m b er of m ol e c ul es m e as ur e d N e n .  H o w e v er, t h e c o u nt r at e d o es n ot 

m att er as a n i n d e p e n d e nt f a ct or ; n ois e l e v el a n d d at as et si z e c a n b e fr e el y tr a d e d. 

T his b e h a vi or c h a n g es i n t h e l o w - c o u nt-r at e r e gi m e.  I n t h e li mit N̅ct  ≪  ½, E q. ( 5 5) gi v es 

 
( ) , mi n

p h 12
, m a x ct

2

2
N

N
N µ

εω
−

  . ( 6 0) 

N o w , as t h e c o u nt r at e dr o ps , t h e t ot al n u m b er of p h ot o ns or t h e t ot al n u m b er of d at a p oi nts m ust 

i n cr e as e b y a hi g h p o w er of t h e dr o p, t y pi c all y a p o w er of  5 – 1 5.  It is n o l o n g er pr a cti c al t o 

c o m p e ns at e f or a l o w c o u nt r at e b y c oll e cti n g m or e d at a.  T h us, N̅ct  ≈ ½ ( S N R ≈  1 / √ 2 ) is a “fl o or ” 

t o t h e si g n al l e v el t h at c a n b e s u cc essf ull y a n al y z e d.   A si mil ar fl o or e xists f or a d diti v e n ois e at a 

si mil ar l e v el, S N R ≈  ½ ( P a p er 11 3 ).   

F or a st atisti c all y c o nsist e nt q u a ntit y, t h e r es ults fr o m a n ar bitr aril y l ar g e d at as et  (N er  ⟶  ∞ ) 

al w a ys c o n v er g e t o t h e c orr e ct a ns w er, r e g ar dl ess of t h e si g n al -t o-n ois e r ati o.  At hi g h si g n al l e v e ls, 

t h e r at e of c o n v er g e n c e is sl o w (wit h t h e s q u ar e r o ot of t h e d at as et si z e) , b ut f a mili ar.  H o w e v er, 

f or  a  si g n al-t o-n ois e  r ati o  t h at  is  b el o w  t h e  si g n al fl o or,  t h e  r at e  of  c o n v er g e n c e  b e c o m es  s o 

u nf a v or a bl e t h at c oll e cti n g s uffi ci e nt d at a b e c o m es i m pr a cti c al.    

T h e e xist e n c e of a si g n al fl o or h as a m aj or eff e ct o n t h e m a xi m u m ti m e r es ol uti o n of t h e 

e x p eri m e nt .   A b o v e t h e fl o or, c orr el ati o n -b as e d n ois e- r e m o v al pr es er v es ti m e r es ol uti o n b ett er 

t h a n ti m e bi n ni n g.  T h e bl urri n g of ti m e d u e t o n oi s e r e m o v al  [ E q. ( 3 8)] c a n b e esti m at e d ( P a p er 

1 1 3 ) t o gi v e t h e ti m e r es ol uti o n of t h e e x p eri m e nt a s  

 
, mi n 1

2

1
; >

2r

N
T T S T

µ
ε ε

+
=  . ( 6 1) 

T h e e x a ct si g n al l e v el is n ot r el e v a nt t o t h e ti m e r es ol uti o n, a n d th e ti m e r es ol uti o n c a n b e  i m pr o v e d 

b y c h o osi n g a f ast er d et e ct or. 

O n t h e ot h er h a n d , if t h e r a w c o u nt r at e is b el o w t hi s fl o or, c orr el ati o n  m et h o ds ar e i n effi ci e nt , 

a n d t h e d at a m ust b e bi n n e d u ntil N̅ct  ≈ ½ .  A c c o u nti n g f or t h e bi n ni n g, t h e m a xi m u m e x p eri m e nt al 

ti m e r es ol uti o n is 
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, mi n 1

2

1
;

4r

N
T S T

S

µ
ε

+
= < . ( 6 2) 

N o w t h e d et e ct or ti m e r es ol uti o n is irr el e v a nt.  T h e e x p eri m e nt al ti m e r es ol uti o n c a n o nl y b e 

i m pr o v e d b y i n cr e asi n g t h e si g n al fr o m t h e s a m pl e, eit h er b y i n cr e asi n g t h e  c oll e cti o n effi ci e n c y 

or b y usi n g m or e i nt e ns e e x cit ati o n.  

T h es e  f or m ul as r es ol v e t h e a p p ar e nt p ar a d o x p os e d i n t h e i ntr o d u cti o n.  T h e ti m e r es ol uti o n 

a si n gl e- m ol e c ul e e x p eri m e nt c a n b e  m u c h  l o n g er t h at t h e ti m e r es ol uti o n of its d et e ct or  b e c a us e 

t h e n at ur e of si gn al a v er a gi n g c h a n g es at t h e si g n al fl o or.  Si m pl y i n cr e a si n g t h e d et e ct or s p e e d  

wit h a c o nst a nt si g n al l e v el will i n e vit a bl y p ut t h e e xp eri m e nt b el o w t his li mit.  

I V.  CO R R E C TI N G  P H O T O N - CO U N TI N G N OI S E  

A.  L o w -bi a s c o n diti o n s  

T h e pr e vi o us s e cti o n ( S e c. III) s h o w e d t h at n ois e fr o m li n e ar p h ot o n d et e ct or s c a n b e c orr e ct e d 

usi n g m o m e nt -c orr el ati o n f u n cti o ns.  H o w e v er, m a n y si n gl e-m ol e c ul es e x p eri m e nts ar e d o n e wit h 

p h ot o n- c o u nti n g d et e ct or s  b e c a us e of t h eir hi g h ti m e r es ol uti o n a n d l o w b a c k gr o u n d .  Oft e n,  t h e 

c o u nt r at e is k e pt l o w , a n d t h e d et e ct or is q u asi-li n e ar.  Wit h e xt e nsi v e bi n ni n g, p h ot o n- c o u nti n g 

n ois e b e c o m es  q u asi-P oiss o n, a n d t h e d at a c a n b e tr e at e d as if t h e y c a m e fr o m a li n e ar p h ot o n 

d et e ct or.   H o w e v er, t h e bi n ni n g c a us es t h e ti m e r e s ol uti o n of t h e e x p eri m e nt t o b e m u c h l ess t h a n 

t h e d et e ct or ti m e r es ol uti o n. 

O n t h e ot h er h a n d, “ p h ot o n- b y- p h ot o n ” a n al ys es dir e ctl y tr e at u n bi n n e d p h ot o n - c o u nti n g d at a.  

P h ot o n- b y- p h ot o n, li n e ar -c orr el ati o n f u n cti o ns gi v e a ti m e r es ol uti o n e q u al t o t h e d et e ct or ti m e 

r es ol uti o n,9, 1 4 -1 7, 1 0 0  b ut t h e y d o n ot e x h a ust t h e i nf or m ati o n i n t h e ti m e s eri es .  I n c o ntr ast, ph ot o n-

b y- p h ot o n, p ar a m etri c a n al ys es pr o vi d e a c o m pl et e i nt er pr et ati o n  of t h e d at a, b ut h a v e a l o w er ti m e 

r es ol uti o n.2 4, 3 8, 4 0, 4 2, 4 3, 4 7, 5 5 -5 8, 1 0 0    T hi s s u bs e cti o n ( S e c. I V. A) l o o ks at a c o m pl et e ,  n o n p ar a m etri c 

a n al ysis of p h ot o n -c o u nti n g d at a i n t h e u n bi as e d r e gi m e a n d el u ci d at es t h e f a ct ors li miti n g t h e 

ti m e r es ol uti o n.  T h e a n al ysis ar g u es f or usi n g c o n diti o ns wit h bi as, a t o pi c tr e at e d i n t h e f oll o wi n g 

s u bs e cti o n ( S e c. I V. B). 

W e m ust first  as k w h et h er  a m o m e nt -b as e d m et h o d c a n w or k at all o n  u n bi n n e d  p h ot o n-

c o u nti n g d at a.  I n its r a w f or m, t h e d at a c o nsist e ntir el y of o n es a n d z er os.  T a ki n g a p o w er of t h e 

ti m e s eri es l e a v es it u n c h a n g e d.  E v er y m o m e nt -c orr el ati o n f u n cti o n is i d e nti c al t o t h e li n e ar-

c orr el ati o n f u n cti o n, a n d t h er e is n o a d v a nt a g e t o  usi n g hi g her or d ers.   

Pri m e d p o w ers s ol v e t his pr o bl e m.  E v er y v al u e of D k (́ti) a ct u all y s a m pl e s a s e q u e n c e of k  

p oi nts st arti n g at ti [ E q. ( 3 8)].  A n o n z er o D k (́ti) o c c urs o nl y w h e n  t h e e ntir e s e q u e n c e is n o n z er o.  

T h e n u m b er of s u c h o c c urr e n c es v ari es wit h t h e p o w er, as s h o w n i n Fi g. 7.  T h e d et ail e d s h a p e of 

t his v ari ati o n is n ot e x p o n e nti al d u e t o t h e distri b uti o n of si g n al l e v els, a n d t his n o n- e x p o n e nti al 
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v ari ati o n is e x pl oit e d b y a n a n al ysis usi n g pri m e d m o m e nts a n d m o m e nt -c orr el ati o n f u n cti o ns.  I n 

t h e li mit of a n i nfi nit e a m o u nt of d at a, a  n o nli n e ar -c orr el ati o n a n al ysis c o ul d b e c o m pl et e d wit h 

t h e s a m e hi g h-ti m e r es ol uti o n t h at a li n e ar-c orr el ati o n f u n cti o n h as . 

 

FI G. 7 .  T h e n u m b e r of n o n z e r o o c c u rr e n c e s of D k
 ́i n u n bi n n e d, p h ot o n-c o u nti n g d at a  

wit h m e di u m  i nt e n sit y a n d l o w bi a s  (〈𝑁𝑁� ct
0 〉 = 5. 8 3 × 1 0 − 3 , r e d s q u a r e s), hi g h i nt e n sit y a n d 

m o d e r at e bi a s (〈𝑁𝑁� ct
0 〉 = 5. 8 3 × 1 0 − 2 , g r e e n t ri a n gl e s) or v e r y hi g h  i nt e n sit y a n d hi g h bi a s 

(〈𝑁𝑁� ct
0 〉 = 0. 5 8 3, bl u e ci r cl e s).  

U nf ort u n at el y, t h e s a m pli n g err or i n a fi nit e d at as et alt ers t his c o n cl usi o n.  I n a fi nit e d at as et 

wit h a l o w c o u nt r at e , th e n u m b er of n o n z er o v al u es of a pri m e d p o w er  dr o p s v er y r a pi dl y  wit h 

t h e p o w er.  Fi g ur e  7  s h o ws r es ult fr o m d at a  wit h p h ot o n -c o u nti n g n ois e [ E q. ( 3 0)] a n d wit h a 

d et e ct or 1 0 0 -ti m es f ast er (T ε = 0. 1 μ s ) t h a n t h e o n e us e d i n t h e e x a m pl es i n S e c. III.  Th e r e d li n e 

c o m e s fr o m a  m e di u m -i nt e nsit y d at as et (〈S 〉 = 5 8. 3  p h ot o n/ ms) .  At  t his  c o u nt  r at e  ( 〈𝑀𝑀� ct
0 〉 = 

0. 0 0 5 8 3) , bi as is l o w, b ut  D 4 (́ti) = 1 o c c urs o nl y o n c e , a n d D 3 (́ti) = 1 o c c urs f e w er t h a n 1 0 0 ti m es, 

e v e n i n a v er y l ar g e d at a s et.  T h e v er y hi g h s a m pli n g err or  m a k es t h es e, or a n y hi g h er p o w ers , 

u n us a bl e.   

T h e sit u ati o n i m pr o v es s o m e w h at f or a hi g h -i nt e nsit y d at as et ( Fi g . 7 , gr e e n li n e, 〈S 〉 = 5 8 3 

p h ot o n/ ms , 〈𝐷𝐷� ct
0 〉 = 0. 0 5 8 3 ) at t h e e x p e ns e of i ntr o d u ci n g s o m e bi as .  H o w e v er,  it is still n ot p ossi bl e 

t o a c c ur at el y c al c ul at e pri m e d p o w ers u p  t o  t h e  or d er r e q uir e d t o f ull y r e c o v er t h e s yst e m ’s 

pr o p erti es,  N μ , mi n =  7 − 8.   T h us,  l o w -t o-m o d er at e  bi as  d at a  m ust  t o  bi n n e d  b ef or e  a  c o m pl et e  

c orr el ati o n  a n al ysis c a n b e d o n e .  T h e hi g h -ti m e r e s ol uti o n of p h ot o n-b y -p h ot o n li n e ar c orr el ati o ns 

d o es n ot e xt e n d t o hi g h er c orr el ati o n f u n cti o ns.   

T h e s a m e r e as o ni n g a p pli e d t o m o m e nt -c orr el ati o n f u n cti o ns.  T h e n e e d f or pr o gr essi v el y 

m or e bi n ni n g at hi g h er or d ers is ill ustr at e d i n Fi g . 8  usi n g t h e m e di u m -i nt e nsit y, l o w-bi as d at as et 

(〈𝜏𝜏� ct
0 〉 = 0. 0 0 5 8 3) .  F or t h e li n e ar -c orr el ati o n f u n cti o n M 1 ,1 [D ](τ), g o o d r es ults c a n b e f o u n d wit h o ut 

a n y bi n ni n g  [ Fi g. 8 ( a), bl a c k c ur v e].  F or M 2 ,2 [D ](τ), n o bi n ni n g pr o d u c es e xtr e m el y n ois y r es ults 

[ Fi g. 8 ( b), bl a c k c ur v e].    H o w e v er, bi n ni n g b y N b  = 1 0 ( bl u e c ur v e) pr o d u c es a n a c c e pt a bl e 
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c orr el ati o n f u n cti o n  [ Fi g. 8 ( b), bl u e  c ur v e].  (O ur c orr el ati o n al g orit h m us es  q u asi -l o g arit h mi c ti m e 

bi ns , w hi c h cr e at es a d diti o n al si g n al a v er a gi n g at l at er ti m es.  T h us, t h e n oi s e at e arl y ti m es li mits 

t h e o v er all a n al ysis.)  F or M 4 ,4 [D ](τ), bi n ni n g b y N b  = 1 0 l e a v es e x c essi v e n ois e  [ Fi g. 8 ( c), bl u e 

c ur v e], b ut wit h N b  = 1 0 0, t h e r es ult is a c c e pt a bl e  [ Fi g. 8 ( c), r e d c ur v e].  F or M 8 ,8 [D ](τ), N b  = 1 0 0 

i s i n a d e q u at e [ Fi g. 8 ( d), r e d c ur v e], a n d f urt h er bi n ni n g t o N b  = 4 0 0 i s n e e d e d [ Fi g. 8 ( d), gr e e n  

c ur v e].   T h e a m o u nt of bi n ni n g r e q uir e d d e p e n ds o n t h e n u m b er of m o m e nts n e e d e d a n d, t h us, o n 

t h e c o m pl e xit y of t h e s yst e m. 

 

FI G. 8 .  Eff e ct of ti m e bi n ni n g o n  m o m e nt -c o rr el ati o n f u n cti o n s f r o m m e di u m -i nt e n sit y 

d at a wit h p h ot o n -c o u nti n g n oi s e  [(〈𝑁𝑁� ct
0 〉 = 5. 8 3 × 1 0 − 3 , al s o s e e Fi g. 7 , r e d s q u a r e s]: ( a) 

M 1 ,1 [D ](τ) wit h n o bi n ni n g (N b  =  1 , bl a c k c u r v e) , ( b) M 2 ,2 [D ](τ) wit h n o bi n ni n g (N b  = 1, 

t hi n bl a c k c u r v e) o r wit h 1 0 -f ol d bi n n i n g (N b  = 1 0;  h e a v y, bl u e c u r v e) , ( c) M 4 ,4 [D ](τ) wit h 

1 0 -f ol d (N b  = 1 0;  t hi n, bl u e  c u r v e) o r 1 0 0 -f ol d bi n ni n g (N b  = 1 0 0 ; h e a v y, r e d  c u r v e) ; ( d) 

M 4 ,4 [D ](τ) wit h 1 00 -f ol d (N b  = 1 0 0 ; t hi n, r e d c u r v e) o r 4 0 0 -f ol d bi n ni n g (N b  = 4 0 0; h e a v y, 

g r e e n  c u r v e) . 

Fi g ur e 9  l o o ks at t h e c o n s e q u e n c es tr e ati n g l o w-c o u nt -r at e p h ot o n-c o u nti n g d at a as if it c a m e 

fr o m a li n e ar p h ot o n d et e ct or.  Fi g ur e 9 ( a) s h o w s  e q uili bri u m distri b uti o ns r e c o v er e d fr o m d at a 

fr o m a sl o w, li n e ar p h ot o n d et e ct or [se e als o Fi gs. 2 ( c), 3 ( g)– 3 (i), 5 , a n d 6 ].  Fi g ur e 9 ( b) is t h e 

s a m e, e x c e pt t h e d at a ar e  fr o m a f ast, p h ot o n-c o u nti n g d et e ct or , aft er bi n ni n g t o t h e s a m e ti m e 

r es ol uti o n.  S p e cifi c all y, t h e  p h ot o n -c o u nti n g d at a h a v e a n u n bi n n e d c o u nt r at e of 〈𝑁𝑁� ct
o 〉 = 5. 8 × 1 0 –

3 , a d et e ct or ti m e of T ε = 1 0 0 ns , a n d h a v e b e e n bi n n e d b y a f a ct or of N b  = 1 0 0 [s e e als o Fi gs. 7 ; 

Fi g. 8 ( c), r e d; a n d 8 ( d), r e d].  T h e r e c o v er y fr o m t h e p h ot o n -c o u nti n g d at a wit h q u asi -P oiss o n 

n ois e is of m ar gi n al q u alit y [ Fi g. 9 ( b)].  T h e distri b uti o n c h a n g es err ati c all y d e p e n di n g o n t h e e x a ct 

n u m b er  of  m o m e nts  us e d.   T his  i nst a bilit y  i n di c at es  t h at  t h es e  l o w  m o m e nts  alr e a d y  h a v e  

si g nifi c a nt err or.  I n c o m p aris o n, li n e ar-p h ot o n -d et e cti o n d at a wit h tr u e -P oi ss o n n ois e gi v e a st a bl e 
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r e c o v er y u n d er i d e nti c al c o n diti o ns [ Fi g. 9 ( a)].  E v e n at a c o u nt r at e of l ess t h a n 1 %, p h ot o n-

c o u nti n g e nt ails a l oss of i nf or m ati o n wit h a d et e ct a bl e eff e ct. 

F ort u n at el y, t h e l oss is s m all a n d is e asil y c orr e ct e d.  Fi g ur e 9 ( c) s h o ws g o o d r e c o v er y wit h 

a d diti o n al ti m e bi n ni n g b y a f a ct or of f o ur.  Alt er n ati v el y, Fi g . 9( d) s h o ws a g o o d r e c o v er y wit h a 

1 0- ti m es hi g h er c o u nt r at e.  O v er all, h a vi n g a hi g h er ti m e -r es ol uti o n d et e ct or h as n ot i m pr o v e d t h e 

r es ults of t h e e x p eri m e nt. 

 

FI G. 9.   C o m p a ri s o n  of  di st ri b uti o n  r e c o v e r y  f r o m  d at a f r o m  a  sl o w, li n e a r  p h ot o n  

d et e ct o r wit h t r u e P oi s s o n n oi s e (T ε  = 1 0 μ s, ) o r f r o m d at a f r o m a hi g h -s p e e d , p h ot o n -

c o u nti n g d et e ct o r  wit h q u a si- P oi s s o n n oi s e  (T ε  = 0. 1 μ s, N b  = 1 0 0).  Wit hi n e a c h s u b p a n el, 

r e c o v e ri e s a r e s h o w n u si n g diff e r e nt n u m b e r s of m o m e nt s : N μ  = 8  (bl a c k ), 9 (r e d ), o r 1 0 

(g r e e n ).  ( a) Li n e a r - ph ot o n -d et e ct o r  d at a wit h m e di u m i nt e n sit y a n d 1 0- μ s bi n s ( s e e al s o 

Fi g. 5) .  ( b) P h ot o n -c o u nti n g  d at a wit h  m e di u m i nt e n sit y a n d  1 0-μ s ti m e bi n s.  ( c) P h ot o n -

c o u nti n g d at a wit h  m e di u m i nt e n sit y a n d  4 0 -μ s ti m e bi n s.  ( d) P h ot o -c o u nti n g d at a wit h 

hi g h i nt e n sit y a n d 1 0- μ s ti m e bi n s.    

W e c a n g e n er ali z e t his c o n cl usi o n b y esti m ati n g t h e eff e ct of s a m pli n g err or o n u n bi n n e d, 

u n bi as e d p h ot o n -c o u nti n g d at a, as w e di d i n S e c. III. B f or p h ot o n n ois e.  D et ails ar e gi v e n i n t h e 

s u p pl e m e nt a r y m at eri al  (S e c. S II. 2).  F or a gi v e n s et of d at a, t h e esti m at e d n u m b er of a c c ur at e 

m o m e nts is  

 
( )2

er , m a x

, m a x 1o
ct

l n

l n

N
N

N

ε

µ

ω

−
=

 
 
 

 ( 6 3) 

[ c o m p ar e t o E qs.  ( 5 7) a n d   ( 5 8)].  C o n v ers el y, if a c ert ai n n u m b er of m o m e nts ar e n e e d e d, t h e 

r e q uir e d n u m b er of c oll e ct e d p h ot o ns c a n b e esti m at e d:  
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p h 12 o
, m a x ct

1
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N
µ

εω
−

 . ( 6 4) 

As e x p e ct e d, b ot h of t h es e e q u ati o ns ar e v er y si mil ar  t o t h e p h ot o n-n ois e r e s ult i n t h e li mit of l o w 

c o u nt r at es.  I n p arti c ul ar, E q. ( 6 4) m at c h es  t h e r es ult f or p h ot o n n ois e b el o w t h e si g n al fl o or [ E q. 

( 6 0)].  P h ot o n-c o u nti n g d at a n e v er e nt ers t h e hi g h- si g n al  r e gi o n w h er e t h e m or e c o n v e nti o n al  

S N R 1/ 2  d e p e n d e n c e [ E q.  ( 5 9)] h ol ds. 

B e c a us e t h e y ar e eff e cti v el y b el o w t h e si g n al fl o or , u n bi as e d p h ot o n-c o u nti n g d at a al w a ys 

r e q uir e ti m e bi n ni n g a n d al w a ys h a v e a n e x p eri m e nt al  ti m e r es ol uti o n si mil ar t o t h at of l o w- c o u nt-

r at e, p h ot o n- n ois e d at a:  

 
o, mi n 1
ct 2

1
; <

4r

N
T N

S

µ +
=  . ( 6 5) 

[s e e E q. ( 6 2)].  T h e r es ol uti o n d e p e n ds criti c all y o n t h e si g n al l e v el, b ut it is i n d e p e n d e nt of t h e 

d et e ct or.    

H o w e v er, r aisi n g t h e si g n al l e v el si g nifi c a ntl y will b e gi n t o i ntr o d u c e bi as.  T his eff e ct w as 

s e e n  i n a cl os e e x a mi n ati o n of  Fi g. 9.  Usi n g 1 0-ti m es hi g h er si g n al [ Fi g. 9( d)] g a v e i m pr o v e d ti m e 

r es ol uti o n [c o m p ar e t o Fi g. 9( c )].  H o w e v er, a s m all a m o u nt of bi as is n o w e vi d e nt : t h e p ositi o n 

of t h e hi g h -i nt e nsit y p e a k is s hift e d fr o m its c orr e ct p ositi o n [s e e als o Fi gs. 1 0 ( b) a n d 1 0 ( e) b el o w].  

I n cr e asi n g t h e i nt e nsit y t o i m pr o v e t h e ti m e r es ol uti o n will f urt h er i n cr e as e t h e bi as.   

B.   Bi a s c orr e cti o n a n d  t h e o pti m al s i g n al le v el   

Gi v e n t h e  tr a d e-off b et w e e n ti m e r es ol uti o n a n d bi as, w h at is t h e o pti m al si g n al l e v el t o us e 

i n p h ot o n c o u nti n g ?  Gi v e n t h at li n e ar p h ot o n d et e ct ors h a v e a n o pti m u m si g n al l e v el of 𝑁𝑁� ct
0  = ½, 

it i s t e m pti n g t o s u g g est t h at t h e s a m e l e v el is o pti m al f or a p h ot o n -c o u nti n g d et e ct or.  I nf or m ati o n 

t h e or y s u p p orts t his a ns w er .1 1 5   A n u n bi n n e d, p h ot o n-c o u nti n g ti m e s eri es h as t w o o ut c o m es  w h e n 

t h e s yst e m is g e n er ati n g si g n al S : a c o u nt of o n e o c c urri n g wit h pr o b a bilit y 𝑁𝑁� ct
o  a n d a c o u nt of z er o 

wit h pr o b a bilit y 1 − 𝑁𝑁� ct
0 .  Inf or m ati o n e ntr o p y is g ai n e d at a r at e ℋ (D  | S ) = ( 1− 𝑀𝑀� ct

o ) l o g( 1− 𝐷𝐷� ct
o )  + 

𝜏𝜏� ct
o l o g(𝑀𝑀� ct

o )  as t h e ti m e s eri es is e xt e n d e d .  N o i nf or m ati o n is g ai n e d i n t h e u n bi a s e d li mit, 𝐷𝐷� ct
o  ⟶  

0, or i n t h e s at ur at e d li mit , 𝜏𝜏� ct
0  ⟶  1.  T h e m a xi m u m i nf or m ati o n r at e o c c urs w h e n 𝑀𝑀� ct

o  = ½.  N ot 

k n o wi n g t h e distri b uti o n of S  b ef or e h a n d, t h e o pti m al e x p eri m e nt al str at e g y is t o s et t h e a v er a g e 

c o u nt r at e t o 〈𝐷𝐷� ct
o 〉 = ½. 

A d at as et cl os e t o  t his c o n diti o n w as g e n er at e d b y i n cr e asi n g t h e si g n al a n ot h er f a ct or of 1 0, 

t o 〈S 〉 = 5 8 0 p h ot o n/ ms  (〈𝜏𝜏� ct
o 〉 = 0. 5 8 3) .  Wit h t his v er y- hi g h-i nt e nsit y d at as et, t h e bl u e li n e a n d 

cir cl es  i n  Fi g.  7 s h o w  t h at   p o w ers  b e y o n d k  ́  >  1 5 ar e  w ell  s a m pl e d wi t h  n o  bi n ni n g.   T h e 

distri b uti o n r e c o v er e d wit h o ut bi n ni n g is s h o w n a s t h e gr e e n , d as h e d c ur v e i n Fi g. 1 0( c).  It h as 
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t h e c orr e ct n u m b er of n arr o w p e a ks wit h  t h e c orr e ct ar e as  a n d wit h n o c o m pr o mis e i n t h e ti m e 

r es ol uti o n of t h e d et e ct or.  H o w e v er, t h e p e a k p ositi o ns ar e str o n gl y bi as e d  t o w ar d l o w v al u es.   

H o w c a n a d at as et wit h t h e m a xi m u m a m o u nt of i nf or m ati o n gi v e a n err o n e o us r es ult ?  T h e 

r es ol uti o n c o m es fr o m  r e ali zi n g t h at bi as is d et er mi nisti c a n d, t h er ef or e, c orr e ct a bl e , s o l o n g as t h e 

n at ur e of t h e bi as  is u n d erst o o d .  F or p h ot o n c o u nti n g, t h e bi as  is gi v e n b y E q. ( 3 1) .  D efi ni n g a 

n e w v ari a bl e Ŝ  b y  

 ( )1ˆ 1
S T

S e
T

ε

ε

−
= −   ( 6 6) 

cr e at es a tr a nsf or m ati o n t h at is n o nli n e ar, b ut i n v erti bl e,  

 ( )1 ˆl n 1S  T S
T ε

ε

= − . ( 6 7) 

I n t er ms of t his v ari a bl e, t h e d et e ct or  is u n bi as e d, 

 ˆ ˆ(  | )E D  S  S= . ( 6 8) 

R e c o v er y  of  t h e  d at a  wit h  t h e  m et h o ds  us e d  s o  f ar  gi v es r es ults i n  t er ms  of  t his tr a nsf or m e d 

v ari a bl e , P r̂(Ŝ 0 ) a n d  Ĝ r(Ŝ 1  | Ŝ 0 ; τ).  A p pl yi n g t h e i n v ers e tr a nsf or m ati o n [ E q. ( 6 7)] t o t h es e r es ults 

gi v es t h e d esir e d P r(S 0 ) a n d G r(S 1  | S 0 ; τ).   

T o i m pl e m e nt  t his  s c h e m e  r e q uir es  a d dr essi n g o n e  s u btl e  p oi nt,  w hi c h  c a n  b e  s e e n  b y 

r ewriti n g E q. ( 4 4) t o i n cl u d e a pr ef err e d s ol uti o n P 0 : 

 
2

1 0 2 0 s pmi n ( ) ( ) ( , )
r

r r  rR  R Pχ β  α +  − +  −
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P  P P  P P   

             

,
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,

s u bj e ct t o 1

a n d 0; 1, ,

PN

r i
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r i P
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P  i N

=

=

≥ =

∑

 , ( 6 9) 

T his e q u ati o n s el e cts s ol uti o ns t h at ar e b ot h cl os e t o t h e d at a a n d cl os e t o P 0 .  I n a B a y esi a n  

p ers p e cti v e, P 0  r e pr es e nt s pri or i nf or m ati o n a b o ut t h e s ol uti o n, w hi c h is c o m bi n e d wit h t h e n e w 

d at a  t o  s el e ct  a n  o pti m u m  s ol uti o n.   Oft e n  n o  s u c h  pri or  i nf or m ati o n  e xists,  a n d a fl at, “ n o -

i nf or m ati o n ”  pri or s h o ul d  b e  us e d .1 1 6    A  fl at ,  c o nti n u o us pr o b a bilit y  d e nsit y  P 0 (S )  =  c o nsta nt  

dis cr eti z es  t o a c o nst a nt pr o b a bilit y v e ct or  P0 , wit h  P 0, i = 1/ N p  if t h e si g n al v e ct or S  h as e v e nl y 

s p a c e d p oi nts.  I n t his c as e, R 1 (P 0 ) = 0.  T h us, e v e n t h o u g h  t h e e arli er E q. ( 4 4) d o es n ot dis pl a y P 0  

e x pli citl y , it i n cl u d es a fl at pri or i m pli citl y.  H o w e v er, a fl at pri or is o nl y a p pr o pri at e f or a v ari a bl e 

wit h  tr a nsl ati o n al  i n v ari a n c e,  s u c h  as  S .1 1 6   If  s u c h  a  v ari a bl e  is  tr a nsf or m e d  n o nli n e arl y, f or 

e x a m pl e t o Ŝ ,  t h e  n o-i nf or m ati o n pri or s h o ul d al s o b e tr a nsf or m e d  a n d will n o l o n g er b e fl at.   



  3 3  

F ail ur e t o a c c o u nt f or t his c h a n g e i n t h e pri or gi v es  p o or r es ults f or r e c o v eri n g t h e distri b uti o n  

(s u p pl e m e nt ar y m at eri al , Fi g. S 3 ). 

 

FI G. 1 0 .  Eff e ct  of  bi a s  c o rr e cti o n.   Di st ri b uti o n s  r e c o v e r e d  f r o m  d at a  wit h  p h ot o n -

c o u nti n g  n oi s e  wit h  diff e r e nt  c o u nt  r at e s  a n d  l e v el s  of  bi a s.   R e s ult s wit h o ut  bi a s  

c o rr e cti o n  a r e s h o w n a s  g r e e n , d a s h e d c u r v e s;  t h o s e wit h bi a s c o rr e cti o n  a r e s h o w n a s  

r e d, s oli d c u r v e s ; a n d t h e c o rr e ct r e s ult s  a r e s h o w n a s bl a c k , v e rti c al b a r s or  bl a c k, s oli d  

c u r v e s .  ( a) a n d ( d): l o w-c o u nt -r at e (〈𝑁𝑁� ct
o 〉 = 5. 8 3 × 1 0 − 3 , m e di u m -i nt e n sit y) a n d l o w -bi a s  

d at a .  ( b) a n d ( d): m e di u m-c o u nt -r at e (〈𝑁𝑁� ct
o 〉 = 5. 8 3 × 1 0 − 2 , hi g h -i nt e n sit y) a n d m e di u m -

bi a s  d at a .  ( c) a n d ( e): o pti m al -c o u nt -r at e (〈𝑁𝑁� ct
o 〉 = 0. 5 8 3 , v e r y -hi g h -i nt e n sit y) a n d hi g h -

bi a s d at a .  T o p r o w  –  Di st ri b uti o n s ; b ott o m r o w  –  C u m ul ati v e p r o b a bilit y f u n cti o n s.  

T o m o dif y t h e pri or, w e c o ul d t a k e u n e q u al pr o b a biliti es P 0, i o n a t h e ori gi n al , e v e nl y s p a c e d 

S  t o gi v e P̂0 (S ).  I nst e a d, w e k e e p t h e pr o b a biliti es P 0, i e q u al  b ut tr a nsf or m t h e e v e nl y s p a c e d S  t o 

a n u n e v e n l y s p a c e d Ŝ  usi n g E q. ( 6 6).  T h e r es ulti n g P 0 (Ŝ ) i s al s o a dis cr eti z ati o n of t h e m o difi e d 

pr o b a bilit y d e nsit y.  It s atisfi es R 1 (P 0 ) = 0, s o E q. ( 4 4) c a n b e s ol v e d as b ef or e, wit h o ut a n e x pli cit 

P 0 .  Bi as i s r e m o v e d fr o m t h e s ol uti o n P r b y p airi n g it wit h t h e ori gi n al si g n al v e ct or t o gi v e P r(S ).   

T h e eff e cti v e n ess  of t his pr o c ess is s h o w n i n Fi g. 1 0 , w hi c h c o m p ar es  distri b uti o ns  wit h o ut  

(gr e e n , d as h e d li n es) a n d wit h (r e d, s oli ds li n es) bi as c orr e cti o n .  F or t h e m e di u m -i nt e nsit y d at a 

[ Fi gs. 1 0 ( a) a n d 1 0 (d )], t h e bi as is l o w, a n d t h e c orr e cti o n h as littl e eff e ct.   Fi g ur es 1 0 ( b) a n d 1 0 ( e) 

f or t h e  hi g h-i nt e nsit y d at a  s h o w  t h at  a  m o d est  bi as  c a n  b e  a c c ur at el y  c orr e ct e d.   M ost 

e n c o ur a gi n gl y, t h e v er y str o n g bi as i n t h e v er y-hi g h -i nt e nsit y d at a c a n b e c orr e ct e d a c c ur at el y  [Fi g . 

1 0 (c ) a n d 1 0 (f)].  T h us, a c c ur at e b i as c orr e cti o n d e m a n ds n o hi g h er  d at a q u alit y t h a n t h e r est of 

t h e pr o p ert y r e c o v er y. 
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V.  W H A T LI MI T S T H E TI M E R E S O L U TI O N I N SI N G L E-M O L E C U L E 

E X P E RI M E N T S ?  

Si n gl e -m ol e c ul e s p e ctr os c o p y is r e g ar d e d as a sl o w t e c h ni q u e , oft e n li mit e d t o millis e c o n d 

ti m es  a n d  l o n g er.   H o w e v er,  si m ul at i o ns  h a v e  s u g g est e d  t h at  p h ot o n-b y -p h ot o n  p ar a m etri c  

m o d el i n g s h o ul d b e a bl e t o r e c o v er d e c a y ti m es of t e ns of mi cr os e c o n ds .4 8   A ut o c orr el ati o ns  ar e 

u lti m at el y li mit e d b y t h e fl u or es c e n c e lif eti m e of t h e m ol e c ul es  a n d t h us c a n gi v e d e c a y ti m es of  

t e ns of n a n os e c o n ds.9   At t h e s a m e , th e l o w ti m e r es ol uti o n of hist o gr a m mi n g li mits t h e e x pl or ati o n 

of t h e st at e s p a c e,  e v e n wit h hi g h ti m e -r es ol uti o n e x p eri m e nts.3 0, 3 1   T hi s s e cti o n att e m pts t o cl arif y  

t h e f u n d a m e nt al f a ct ors t h at li mit t h e ti m e r es ol uti o n of si n gl e -m ol e c ul e e x p eri m e nts , i n li g ht of 

t h e r es ults of t his p a p er.  

A.  A s u b mi c r o s e c o n d -ti m e-r e s ol uti o n s c e n a ri o  

W e b e gi n b y p osi n g a s c e n ari o  f or a hi g h-ti m e-r es ol uti o n e x p eri m e nt.  T h e r e alis m of t his 

s c e n ari o  will  b e  dis c uss e d  i n  t h e  f oll o wi n g s u bs e cti o n  ( S e c. V. B ).  As  a  s yst e m  of  m o d er at e  

c o m pl e xit y, w e a g ai n t a k e a m ol e c ul e wit h t h e s a m e t hr e e st at es s h o w n i n Fi g. 1 , a n d t h us t h e s a m e 

P  a n d S  v e ct ors.  H o w e v er, w e  i n cr e as e t h e r at es t o gi v e T f = (k 1 2  + k 2 1 )
− 1  = 1 μ s a n d T er  = (k 2 3  + 

k 3 2 )
− 1  = 4 μ s .  T h e r at e m atri x is t h e n 

 

0. 3 8 0. 6 2 0

0. 3 8 0. 7 7 0. 1 1

0 0. 1 4 0. 1 1

sµ

− 
 

⋅ =  − 
 − 

k . (7 0 ) 

E a c h m ol e c ul e p h ot o bl e a c h es wit h a ti m e c o nst a nt t h at all o ws a n a v er a g e of 4. 7  × 1 0 5  p h ot o ns t o 

b e c oll e ct e d  fr o m e a c h m ol e c ul e. 

W e t a k e a p h ot o n -c o u nti n g d et e ct or wit h a d e a d ti m e of T ε = 2 5 ns.  A v al a n c h e p h ot o di o d es 

t his f ast ar e c o m m er ci all y a v ail a bl e,1 1 7  w h er e as r es e ar c h -l e v el d e vi c es ar e r e p ort e d wit h d e a d ti m es 

d o w n t o 1 ns. 1 0 2 -1 0 7   T o r e a c h t h e o pti m al si g n al l e v el f or t h e  d et e ct or, w e n e e d a v er y hi g h si g n al 

r at e of 〈S 〉 = 2 .3  × 1 0 7  c o u nt s / s ( hi g h-ti m e-r es ol uti o n p h ot o n c o u nti n g i n T a bl e S 1 , s u p pl e m e nt ar y 

m at eri al ).  Gi v e n t h e p h ot o bl e a c hi n g r at e, t h e ti m e s eri es ar e li mit e d t o a n a v er a g e l e n gt h of 2 0 

m s.  T o a c q uir e s uffi ci e nt d at a, N e n  = 1 0  m ol e c ul e s ar e m e as ur e d.   

Fi g ur e 1 1 ( a) s h o ws a s a m pl e of t h e r a w d at a ( bl a c k) fr o m t his m o d el as w ell as t h e i d e al si g n al 

fr o m t h e s yst e m’s tr u e st at es (r e d).  A st a n d ar d, n o n p ar a m etri c a n al ysis w o ul d f o c us o n t h e ti m e -

bi n n e d hist o gr a m [ N b  = 4 0, Fi g. 1 1 ( b), bl a c k c ur v e] a n d t h e a ut o c orr el ati o n [ Fi g. 1 1 ( c), bl a c k 

p oi nts] of t h es e d at a.  E v e n wit h o pti m al bi n ni n g, t h e hist o gr a m h as w e a k e vi d e n c e of t h e t hr e e 

u n d erl yi n g st at es.  T h e a ut o c orr el ati o n r et ai ns t h e f ull ti m e r es ol uti o n of t h e d et e ct or, b ut als o h as 

w e a k e vi d e n c e f or m ulti pl e st at es.  It is fit m o d er at el y w ell b y a si n gl e e x p o n e nti al ( bl u e s oli d 

c ur v e),  w hi c h  is  c o nsist e nt  wit h  o nl y  t w o  st at e s.   It  is  m or e  a c c ur at el y  fit  wit h  a  str et c h e d  
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e x p o n e nti al ( n ot s h o w n,  T  = 4. 9 7 μ s, β st = 0. 8 0), w hi c h is c o nsist e nt wit h a c o nti n u o us st at e s p a c e.  

T h us st a n d ar d n o n p ar a m etri c m et h o ds ar e i n a d e q u at e f or t his d at a.  

 

FI G. 1 1 .  St a n d a r d , n o n p a r a m et ri c  c h a r a ct e ri z ati o n  of  a v e r y -hi g h -si g n al , p h ot o n -

c o u nti n g d at a s et .  ( a) A s a m pl e of t h e ti m e s e ri e s: i d e al si g n al ( r e d p oi nt s ) a n d d et e ct e d 

d at a ( bl a c k  p oi nt s ).  ( b) T h e hi st o g r a m of t h e d at a wit h a bi n ti m e of 1 μ s ( N b  = 4 0; bl a c k , 

s oli d  c u r v e ),  a n d  t h e  bi a s e d  di st ri b uti o n  r e c o v er e d  b y  c o rr el ati o n  m et h o d s  ( g r e e n , 

d a s h e d  c u r v e ).   ( c)  A ut o c o rr el ati o n of  t h e  d at a  ( bl a c k  p oi nt s )  al o n g  wit h  a  si n gl e -

e x p o n e nti al fit ( bl u e , s oli d  c u r v e ; T  = 5. 0 8 μ s) . 

 

FI G. 1 2 .  Di st ri b uti o n s r e c o v e r e d f r o m t h e v e r y -hi g h -si g n al d at a  aft e r bi a s  c o rr e cti o n : 

p r o b a bilit y d e n siti e s  (bl a c k , s oli d  c u r v e ) a n d c u m ul ati v e p r o b a biliti e s  (r e d, s oli d  c u r v e ) 

a r e c o m p a r e d t o t h e c o rr e ct c u m ul ati v e p r o b a bilit y ( r e d , d a s h e d  c u r v e ).  C o m p a r e t o 

1 1 ( b). 

T h e s uit a bilit y of a c orr el ati o n a n al ysis f or t his s yst e m c a n b e esti m at e d fr o m o ur r es ults.  T h e 

c o m pl e xit y of a t hr e e-st at e s yst e m gi v es  N μ , mi n = 8  (P a p er 1 1 3 ), s o t h e e x p eri m e nt al ti m e r es ol uti o n 
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is esti m at e d t o b e T r = 1 1 0 ns [ E q. ( 6 1)].  If a d e c a y is k n o w n t o b e e x p o n e nti al, its r at e c a n b e 

m e as ur e d wit h a ti m e r es ol uti o n o nl y 2 – 3  ti m es f a st er t h a n t h e d e c a y ti m e.  H o w e v er, w e d o n ot 

r estri ct o ur c orr el ati o n f u n cti o ns  t o e x p o n e nti als, s o a m or e r e as o n a bl e all o w a n c e is a f a ct or of 1 0.  

Ti m e c o nst a nts gr e at er t h a n 1 μ s s h o ul d b e m e as ur a bl e.  E xtr a p ol ati n g E q. ( 6 4) t o t h es e hi g h c o u nt 

l e v els  esti m at es  t h at  N p h  =  5  ×  1 0 6  p h ot o n  n e e d  t o  b e  c oll e ct e d,  cl os e  t o  t h e  n u m b er  i n  t h e  

si m ul ati o n ( N p h  = 4. 7  ×  1 0 6 ).    T h us, c orr el ati o n m et h o ds s h o ul d w or k o n t his d at a s et . 

W e first r e c o v er t h e distri b uti o n as d es cri b e d a b o v e .  I n Fi g. 1 1 ( b), th e bi as e d distri b uti o n 

( gr e e n d as h e d )  is  c o m p ar e d  t o  t h e  si m pl e hist o gr a m  ( bl a c k  s oli d).   Aft er  bi as  c orr e cti o n,  t h e  

r e c o v er e d distri b uti o n ( Fi g. 1 2 , s oli d ) m at c h es t h e tr u e distri b uti o n ( Fi g. 1 2 , d as h e d ), b ot h i n t h e 

p ositi o ns of t h e st at es a n d i n t h eir p o p ul ati o ns.  T h e c orr el ati o n m et h o d a v oi ds m ost of t h e p e a k 

br o a d e ni n g i n t h e hist o gr a m.  I n p arti c ul ar, t h e ti m e bl urri n g of t h e st at es is s m all , i m pl yi n g a n 

eff e cti v e ti m e r es ol uti o n w ell u n d er  1 μ s.  

R e d u ci n g t h e r e c o v er e d distri b uti o n t o d elt a -f u n cti o n st at es (s u p pl e m e nt a r y m at eri al , S e c. S I) 

yi el ds r e c o v er e d p o p ul ati o ns P e q  = { 0. 4 1 6 , 0.2 4 8 , 0.3 3 6  } a n d si g n als S = { 0. 1 2 5 , 0.6 0 8 , 1.1 1 4 },  

w hi c h c a n b e c o m p ar e d  t o t h e i n p ut v al u es P e q  = { 0. 4 1 7 , 0. 2 5 0 , 0. 3 3 3 }  a n d S = { 0 . 1 2 5, 0.6 2 5 , 

1. 1 2 5 } .  T h e st ati c f e at ur es of t h e s yst e m ar e a c c ur at el y r e c o v er e d . 

 

FI G. 1 3 .  Ki n eti c s  r e c o v er e d  f r o m t h e v e r y -hi g h -si g n al, p h ot o n -c o u nti n g d at a ( c o m p a r e 

t o Fi g. 6 ):  ( a)– ( e) T h e j oi nt-p r o b a bilit y di st ri b uti o n P (S 1 , S 0 ; τ).  (f)– ( h) T h e ei g e n st at e s 

R k (S ) n o r m ali z e d  t o  a  m e a n -s q u a r e d  a m plit u d e  of  o n e.   (i) T h e  c o rr e s p o n di n g  

ei g e n d e c a y s E k k (τ) (p oi nt s ).  E 1 ,1  (bl u e t ri a n gl e s ) a n d E 2 ,2  (r e d ci r cl e s ) a r e fit wit h si n gl e 

e x p o n e nti al s ( s oli d c u r v e s , T 1  = 6. 7 5 μ s f r o m E 1 ,1 , T 2  = 0. 9 9 μ s f r o m E 2 ,2 ).  T h e c r o s s -d e c a y s 

a r e z e r o ( s u p pl e m e nt a r y m at e ri al , Fi g. S 2 ).   
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T h e  ki n eti c  a n al ysis  us e d  t o  g e n er at e Fi g. 6  w a s  r e p e at e d  o n  t his  d at a  t o  cr e at e  Fi g. 1 3  

(s u p pl e m e nt a r y m at eri al, S e c. S I).  T h e j oi nt-pr o b a bilit y distri b uti o n [ Fi gs. 1 3 ( a)– 1 3 ( e)] vis u all y 

i d e ntifi es t h e c o n n e cti o ns b et w e e n t h e st at es.  T h e e x c h a n g e b et w e e n t h e l o w- a n d m e di u m -si g n al 

st at es o c c urs first, as s e e n i n t h e gr o wt h of t h eir cr oss p e a ks i n Fi gs. 1 3 ( b) a n d 1 3 ( c).  E x c h a n g e 

wit h t h e hi g h -i nt e nsit y st at e o nl y o c c urs l at er, as s e e n i n t h e gr o wt h of its cr oss p e a ks i n Fi gs. 1 3 ( d) 

a n d 1 3 ( e).  Wit h t h e t w o e x c h a n g e r at es b ei n g cl os er t o g et h er i n t his e x a m pl e t h a n i n Fi g. 6 , t h e 

d e g e n er a c y i n t h e gr o wt h of t h es e t w o, l at er cr oss p e a ks is lift e d.  T h e cr oss p e a k b et w e e n t h e hi g h 

a n d m e di u m -i nt e nsit y st at es gr o ws i n first, i d e ntif yi n g t h es e as t h e dir e ctl y c o u pl e d st at es.  T h e 

l o w-i nt e nsit y st at e is o nl y i n dir e ctl y c o u pl e d t o t h e hi g h-i nt e nsit y st at e, d el a yi n g t h e gr o wt h of its 

cr oss p e a k.   

T h e st at e -t o-st at e c o n n e cti o ns ar e m a d e m or e q u a ntit ati v e b y e xtr a cti n g t h e ei g e nst at es [ Fi gs. 

1 3 (f)– 1 3 ( h)].   T h e  st ati c  ei g e nst at e  R 0  [ Fi g. 1 3 (f)]  is  si m pl y  a  r e p etiti o n  of  t h e  e q uili bri u m  

distri b uti o n, b ut t h e f ast est ei g e nst at e R 2  [ Fi g. 1 3 ( h)] s h o ws t h at t h e l o w- a n d m e di u m -si g n al st at es 

ar e dir e ctl y c o n n e ct e d b y t h e f ast e x c h a n g e.  T h e i nt er m e di at e ei g e nst at e R 1  [ Fi g. 1 3 ( h)] s h o ws 

t h at b ot h t h e l o w- a n d hi g h -i nt e nsit y st at es f e e d i nt o t h e m e di u m-i nt e nsit y st at e, mi ni mi zi n g its 

c o ntri b uti o n t o t h e ei g e nst at e . 

T h e ei g e n d e c a ys ass o ci at e d wit h t h es e ei g e nst at es [ Fi g. 1 3 (i)] ar e  w ell  s e p ar at e d  a n d  ar e w ell 

fit b y si n gl e e x p o n e nti als, i n c o ntr ast  t o t h e a m bi g uit y of t h e a ut o c orr el ati o n f u n cti o n [ Fi g. 1 1 ( c)].    

E x p o n e nti al ei g e n d e c a ys ass ur e  us  t h at t h e s yst e m is M ar k o vi a n i n t h e i d e ntifi e d st at es a n d t h at 

t h er e ar e n o hi d d e n or u nr es ol v e d st at es aff e cti n g t h e ki n eti cs.  T h e ei g e nst at es a n d t h eir d e c a y 

ti m es c a n t h e n b e c o m bi n e d t o r e c o v er t h e r at e m atri x, 

 

0. 3 7 0. 5 8 0. 0 3

0. 3 5 0. 6 8 0. 0 7

0. 0 2 0. 1 0 0. 1 0

sµ

− 
 

⋅ =  − 
 − 

k , (7 1 ) 

w hi c h cl os el y r e pr o d u c e s  t h e i n p ut m atri x [E q. ( 7 0)].  T h us  i n t his s c e n ari o, all t h e st ati c a n d 

ki n eti c f e at ur es  of t h e s y st e m ar e a c c ur at el y r e c o v er e d , wit h a n eff e cti v e ti m e r es ol uti o n i n t h e 

s u b mi cr os e c o n d r e gi m e. 

B.  I s s u e s i n re al e x p e ri m e nt s  

R e al d et e ct ors h a v e n ois e st atisti cs t h at ar e m or e c o m pl e x t h a n t h e i d e al m o d els c o nsi d er 

h er e. 1 1 8, 1 1 9   H o w e v er,  all  t h e  m aj or  f or ms  of  c o m pl e xit y;  n o n -G a ussi a n  st atisti cs,  si g n al -n ois e 

c orr el ati o n , a n d q u a nti z ati o n; h a v e b e e n tr e at e d, a n d t h e y h a v e o nl y mi n or eff e cts o n t h e n ois e 

r e m o v al.  T h at r es ult h ol ds b e c a us e t h e o nl y ess e nti al pr o p ert y of d et e ct or n ois e is t h at it h as a 

f ast er c orr el ati o n ti m e t h a n t h e si g n al.  F urt h er k n o wl e d g e of t h e n ois e st atisti cs is n ot n e e d e d, as 

l o n g as t h e d et e ct or is li n e ar a n d u n bi as e d.  
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H o w d o es t h e n ois e -c orr el ati o n ti m e  of t h es e si m ul ati o ns T ε r el at e t o r e al d et e ct ors ?  Wit h a n  

el e ctr o ni c  a ut o c orr el at or,  t h e  d et e ct or  p uls e wi dt h  or  ti mi n g  jitt er  li mit  t h e  ti m e  r es ol uti o n.9   

H o w e v er, it is u nli k el y t h at  el e ctr o ni c c orr el at ors t o m a n y  or d er s will b e c o m e pr a cti c al. 1 8, 1 9   T h e 

s oft w ar e  c orr el ati o n  us e d  h er e  is  d e p e n d e nt  o n t h e ti m e  b et w e e n  st atisti c all y i n d e p e n d e nt 

m e as ur e m e nts.  T h us, T ε, as us e d h er e , is d et er mi n e d b y t h e  d et e ct or d e a d  ti m e a n d b y a n y cr osst al k 

b et w e e n ti m e bi ns. 

Wit h  a bi as e d d et e ct or, a n a c c ur at e d es cri pti o n  of its n o nli n e arit y is als o n e e d e d.  I n t h e c as e 

of a n i d e al p h ot o n c o u nter , t h e n o nli n e arit y is k n o w n a pri ori .  Wit h a r e al d et e ct or, its n o nli n e arit y 

n e e ds t o b e m e as ur e d , a n d E q. ( 3 1) n e e ds t o b e r e pl a c e d b y t h os e e m piri c al r es ults.  O t h er wis e, 

t h e bi as c orr e cti o n will b e u n c h a n g e d .   

I n  a d diti o n  t o  f ast  d et e cti o n  n ois e,  ma n y  r e al  i nstr u m e nts  als o s uff er  fr o m  sl o w  n ois e  or  

b as eli n e drift, w hi c h t h e c urr e nt m et h o ds c a n n ot r e m o v e.  H o w e v er , o n e c a n a p p e al t o t h e br o a d er 

pr e mis e of  t his w or k t o s u g g est a w a y f or w ar d.  Hi g h -or d er n ois e c orr el ati o ns c a n b e m e as ur e d o n 

a bl a n k s a m pl e.   N ois e a n d si g n al c a n t h e n b e s e p ar at e d o n t h e b asis of t h eir diff eri n g c orr el ati o n 

f u n cti o ns.   Alt h o u g h  a  s p e cifi c r o ut e  t o  usi n g  t his  i nf or m ati o n  effi ci e ntl y  h as  n ot  b e e n  

d e m o nstr at e d , a b asi c  i d e a s h o ul d p ersist: s a m pli n g err or li mits t h e c h ar a ct eri zi n g of  t h e n ois e a n d , 

th er e b y, li mits t h e si g n al r e c o v er y.  T h us, t h e esti m at es of t h e r e q uir e d d at a q u alit y pr es e nt e d h er e 

will r e m ai n r el e v a nt.  

C urr e nt d et e ct or t e c h n ol o g y is c o m p ati bl e  wit h o ur hi g h -ti m e-r es ol uti o n s c e n ari o.  H o w e v er, 

re al s a m pl e s m a y  p os e pr o bl e ms .  Fr o m t h e p ers p e cti v e of c orr el ati o n m et h o ds , p h ot o bli n ki n g , or 

a n y ot h er r e v ersi bl e p h ot o p h ysi c al pr o c ess , j ust cr e at es a n a d diti o n al st at e wit h a diff er e nt q u a nt u m 

yi el d .  Wit h a n a d diti o n al st at e, t h e c o m pl e xit y of t h e s yst e m a n d  t h e r e q uir e d n u m b er of m o m e nts 

b ot h i n cr e as e.   As  a  r es ult,  t h e q u a ntit y  of  d at a  m ust  b e  i n cr e as e d  a n d/ or  t h e  ti m e  r es ol uti o n  

d e cr e as e d , as d es cri b e d a b o v e .  H o w e v er, e xtr a p h ot o pr o c ess es will n ot i n v ali d at e a c orr el ati o n 

a p pr o a c h . 

T h e m ost u n us u al f e at ur e of o ur hi g h -ti m e-r es ol uti o n s c e n ari o is its v er y hi g h si g n al l e v el.  

M aj or i m pr o v e m e nts i n o pti c al -c oll e cti o n effi c i e n c y or d et e ct or q u a nt u m yi el d ar e u nli k el y, s o 

v er y hi g h e x cit ati o n i nt e nsit y w o ul d b e r e q uir e d i n a r e al e x p eri m e nt .  H i g h i nt e nsit y will cr e at e 

r a pi d,  p er m a n e nt p h ot o bl e a c hi n g ,  alt h o u g h  t h e  d et ails  ar e  hi g hl y  s yst e m  d e p e n d e nt.1 2 0 -1 2 3   

H o w e v er, s o l o n g as t h e bl e a c hi n g is li n e ar i n t h e ex cit ati o n i nt e nsit y, t h e a c c essi bl e ti m e r a n g e 

si m pl y s hifts t o w ar d s h ort er ti m es .  H i g h ti m e-r es ol uti o n e x p eri m e nts ar e  f e asi bl e, at t h e e x p e ns e 

of l osi n g a n y sl o w d y n a mi cs .  Si mil arl y, li n e ar h e ati n g c a n b e d e alt wit h b y r e d u ci n g t h e e x p os ur e 

ti m e.  I n f a ct, a n y s a m pl e pr o bl e m t h at is li n e ar i n t h e e x cit ati o n i nt e nsit y c a n b e a c c o m m o d at e d 

b y a p pr o pri at e e x p eri m e nt al d esi g n.    
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Correlation methods do not require long time series.  Measurements on multiple molecules 
are easily combined to increase the dataset size.  As shown in detail in Paper 1,13 even the presence 
of relaxation times beyond the photobleaching time is not overly problematic. 

We are left with the conclusion that nonlinear-excitation effects are the fundamental limitation 
on the time resolution of single-molecule experiments.  We hope that by focusing attention on this 
issue, we can inspire better characterization of the nonlinear effects in specific samples and 
improved methods for minimizing them. 

VI. COMPARISON TO OTHER METHODS 
Some of the earliest, and still very popular, methods of single-molecule data analysis focus 

on removing noise from a noisy time series to reveal an ideal trajectory.77-90  The ideal trajectory 
is then used to construct histograms, dwell-time distributions, or other statistical quantities.  Even 
with a sophisticated, change-point method, the data are initially binned to 10–30 photons/bin, 
rather than to ½ photon/bin as in a correlation analysis.80  Correlation methods require less binning 
by a factor of 40, with a proportional increase in the time resolution.    

The rationale for this improvement is simple.  Knowing the state of every molecule at every 
time demands a large amount of information from the data.  However, in the end, we do not need 
the details of every realization of a stochastic process; we only need its average statistical 
properties.  Correlation methods bypass determining these extra details and, thus, demand less of 
the data. 

A place where an ideal trajectory might seem essential is in experiments that record multiple 
data channels and then perform a nonlinear calculation on them.  For example, FRET (fluorescence 
resonant-energy transfer) records donor and acceptor channels and calculates a FRET efficiency 
from them.11  Other experiments record the fluorescence intensity from two polarizations and use 
them to calculate the anisotropy.8  It might seem that noise-free signals are needed to do these 
nonlinear calculations. 

However, one can envision extending the principles of correlation analysis to this problem 
With multiple data series, one can calculate the entire set of nonlinear, auto- and cross-correlation 
functions.  These can be related analytically to the correlation functions of the desired quantity, 
for example, to FRET-efficiency or anisotropy correlation functions.  The nonlinear calculations 
are done on correlation functions, not time series.  The techniques developed here could then be 
extended to extract the FRET-efficiency or anisotropy distributions and kinetics.  Significant work 
needs to be done to demonstrate the feasibility of this idea, but one should not infer that correlation 
methods are fundamentally limited to single-channel experiments. 

More recently, hidden-Markov models and other parametric models have become 
popular.37,38,40-51,86  We anticipate that these methods perform better than correlation methods, in 
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some cases.  Because the range of solutions is systematically restricted in a parametric method, 
the range of acceptable solutions will be smaller, and the calculated uncertainty range of the results 
will be smaller.  If the parametric model is based on reliable prior experiments, parametric methods 
allow that prior information to be incorporated into the analysis, improving its accuracy.  On the 
other hand, if confidence in the model is low, or if it is chosen arbitrarily, potentially valid solutions 
are lost.  The narrow uncertainty range calculated for the random error comes with the caveat that 
a systematic error may be undetected.   

Even when a parametric method is desirable, existing methods typically use the large set of 
raw data points as their input and can become computationally intense.45,67  In these cases, a hybrid, 
parametric-correlation method may be useful.  As discussed in Paper 1,13 one can also design a 
parametric analysis that uses the moments and moment-correlation functions as the target for 
fitting the model.  (The delta-function models used to create Figs. 6 and 13 are examples.  See the 
supplementary material, Sec. I.A.)  Such an approach incorporates a well-established model into 
the analysis, while retaining the data-reduction features of the correlation approach. 

Innovation in single-molecule analysis is ongoing; incorporating machine-learning techniques 
is a current example.86-90  Will a new method prove to be even more efficient than correlation 
methods?  We do not expect so.  The hierarchy of nonlinear and multidimensional-correlation 
functions defined in Eq. (2) is a complete description of a stochastic time series.  The number of 
orders of this hierarchy accessible from a finite dataset is limited by sampling noise, an issue that 
will similarly limit any analysis method.  The number of dimensions needed is limited to the 
number of hidden coordinates needed to reduce the system to Markovian dynamics.  Again, the 
limitations are based on the nature of the system, not the method of analysis.  Other approaches 
may be able to extract the same information and match the computational performance of our 
method, but it is hard to see how they could do significantly better. 

The other feature that we can expect to be common to any type of analysis is the signal floor.  
It indicates a change in how noise averages and defines how much time binning is needed.  The 
specific cases of additive, photon, and photon-counting noise have been analyzed in detail, but the 
unifying principle can also be seen.  With additive noise, the signal floor occurs when the spread 
in the data from a single state (the noise width) exceeds the spacing between different states.  The 
data distribution is exactly a convolution of the signal and noise.  When a broad function is 
convolved with narrow one, there is a loss of information.  When the noise and signal are correlated 
in magnitude, a convolution is not an exact description, but the same idea applies to some weighted 
measure of the noise width.  When the noise is quantized, the literal noise width must be replaced 
by the quantum spacing, that is, by the noise width for an optimal signal level.  In all cases, the 
signal floor occurs when the additional spread in the data exceeds the intrinsic spread in the signal.  
Thus, the existence of a signal floor is a general feature of noisy data, not of the analysis method.  



  41 

Our estimates for the optimal time binning and the resulting estimates for the time resolution 
should remain applicable to any future analysis method. 

VII. CONCLUSIONS 
This paper has added another piece to a growing body of work that shows that times series 

can be completely analyzed using only correlation functions.13,22,23,27-29,31-33  For an experimental 
time series, the first task is removing the effects of detector noise.  Whereas Paper 1 developed 
methods for removing simple, additive noise,13 this paper has extended those methods to more 
complex types of noise, including the noise encountered in single-molecule spectroscopy.  Many 
noise-removal methods rely on the difference in correlation times of signal and noise to separate 
them, but correlation methods exploit this difference in a particularly direct and efficient manner. 

The overall correlation analysis can be seen as a data-reduction process.  In the first step, not 
only is the noise removed, but also the large set of raw data points is reduced to a smaller set of 
moments and moment-correlation functions.  In the second step, these quantities are reduced to an 
even smaller set of physically relevant quantities—population distributions and transition rates.  
This second stage can also include correction of bias, in cases where the detector is not linear.  

These final results are a reduced form of the data in the sense that a single model or assignment 
of states does not emerge.  A range of solutions consistent with the data are generated by varying 
the regularizing conditions.  The analyst retains the freedom to select from within this range to 
make a final interpretation of the data, based on their needs and their outside knowledge of the 
system.  For example, they can decide after data reduction whether a peak in state space represents 
a single structure or a cluster of poorly resolved structures or whether a small rate constant means 
that the states are not kinetically connected at all.  Model building comes after the data are 
analyzed; it is not a predicate to data analysis. 

Experiments are not limited by noise alone; they are also limited by the finite size of the 
dataset.  Thus, results in the limit of infinite amounts of data do not prove that a method is viable.  
Paper 113 and this paper yield several insights into the effects of a finite dataset.  First, with high-
noise data, the inability to sufficiently sample the noise can be more limiting than the level of 
signal  sampling.  As a result, there is a floor to the signal level (or a ceiling to the noise level) 
beyond which it becomes impractical to collect enough data to compensate for a high noise level.  
Below this floor, the normal trend of converging with the square root of the number of data points 
does not apply.  The common case of photon-counting always lies in this regime. 

These ideas led to guidelines for the data quality (the number of data points and the signal-to-
noise ratio) needed to recover the properties of a system.  Very reasonably, the necessary data 
quality varies with the complexity of the system.  These guidelines also lead to the conclusion 
about when time binning is needed and how wide the bins should be: the optimal signal level lies 
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n e ar ½  p h ot o n  p er  bi n.   T his  c o n diti o n  t h e n  s ets  t h e  ti m e  r es ol uti o n  p ossi bl e  u n d er  gi v e n  

e x p eri m e nt al cir c u mst a n c es.  

O n e c a n t ur n t his pr o bl e m ar o u n d t o as k w h at e x p eri m e nt al cir c u mst a n c es will o pti mi z e t h e 

ti m e r es ol uti o n.  F or p h ot o n -c o u nti n g e x p eri m e nts, si g n al l e v els i n t h e str o n gl y bi as e d r e gi m e ar e 

n e e d e d t o a c hi e v e a n e x p eri m e nt al ti m e r es ol uti o n a p pr o a c hi n g t h e d et e ct or’ s ti m e r es ol uti o n.   T h e 

bi as -c orr e cti o n m et h o ds d e m o nstr at e d h er e  off er a r o ut e t o t his hi g h ti m e r es ol uti o n.  

All  t h es e  i d e as  h a v e  b e e n  t est e d  a g ai nst  si m ul at e d  d at a,  w hi c h  v erifi es  t h e  v ali dit y a n d 

a c c ur a c y of t h e m et h o ds  wit h fi nit e d at as ets .  N e e dl ess t o s a y, si m ul ati o ns c a n n ot a nti ci p at e all t h e 

i ss u es pr es e nt i n t h e m a n y diff er e nt s a m pl es t h at ar e of i nt er est t o si n gl e-m ol e c ul e s p e ctr os c o p y .  

W e h o p e t h at b y cl arif yi n g t h e iss u es i n v ol v e d, t his p a p er will sti m ul at e dis c ussi o n a n d i n n o v ati o n 

ar o u n d  t h e e x p eri m e nt al iss u es i n v ol v ed .   
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S u p pl e m e nt ar y M at eri al  f or 

E ffi ci e nt, n o n p a r a m etri c r e m o v al of n oi s e a n d r e c o v er y of 

pr o b a bilit y di stri b uti o n s fr o m ti m e s eri e s u si n g n o nli n e ar -

c orr el ati o n f u n cti o n s: P h ot o n a n d p h ot o n - co u nti n g n oi s e  

M ai n a k D h a r a n d M a r k A. B e r g a)  

D e p art m e nt  of  C h e mi str y  a n d  Bi o c h e mi str y,  U ni v er sit y  of  S o ut h  C ar oli n a,  C ol u m bi a,  S o ut h 

C ar oli n a  2 9 2 0 8, U S A  

I. R E C O V E R I N G T H E KI N E TI C S 

A.  Si m plifi e d di stri b uti o n  

T h e  g e n er al  t h e or y  n e e d e d  t o  r e c o v er  ki n eti cs  fr o m  n o nli n e ar c orr el ati o n  f u n cti o ns  w as  

pr es e nt e d i n R ef. 3 3 .  T hi s s e cti o n pr es e nts t h e d et ails  of h o w t h e s p e cifi c e x a m pl es i n Fi gs. 6 a n d 

1 3 a n d E q. ( 7 1) w er e g e n er at e d.  T h e st at e s p a c e w as first si m plifi e d b y eli mi n ati n g t h e li n e wi dt h s 

i n t h e distri b uti o ns s h o w n  i n  Fi gs.  5 a n d 1 2 ( a).  A p ar a m etri c m o d el c o nsisti n g of t hr e e d elt a 

f u n cti o ns w as fit t o t h e s a m e s et of m o m e nts us e d t o g e n er at e t h e distri b uti o ns.  T h e pr o b a biliti es 

w er e c o nstr ai n e d  t o a s u m of o n e, gi vi n g fi v e p ar a m et ers t o b e fit: t hr e e st at e p ositi o ns a n d t w o 

p o p ul ati o n r ati os.  T h es e p ar a m et ers w er e fit  t o N μ  = 1 0 or 1 3 m o m e nts , r es p e cti v el y, usi n g E q. 

( 4 4).  T h e z er o -li n e wi dt h m o d el g a v e g o o d r es ults: f or t h e s yst e m of Fi g.  5, wit h P e q  = { 0. 4 0 9 , 

0. 2 5 1 , 0.3 4 0 } a n d S  = { 0. 1 2 5 , 0.6 0 0, 1. 1 2 5 } , a n d f or t h e s yst e m of Fi g. 1 2, wit h P e q  = { 0. 4 1 6, 

0. 2 4 8, 0. 3 3 6 } a n d S = { 0. 1 2 5, 0. 6 0 8, 1. 1 1 4 } .   T h es e v al u es  c a n b e c o m p ar e d t o t h e i n p ut v al u es, 

P e q  = { 0. 4 1 7, 0. 2 5 0, 0. 3 3 3 } a n d S = { 0. 1 2 5, 0. 6 2 5, 1. 1 2 5 } ( Fi g. 1). 

B.  C o nti n u o u s f or m ul ati o n  

T h e si m plifi e d distri b uti o ns w er e us e d t o c al c ul at e t h e n or m ali z e d, ort h o g o n al m o d es of  t h e 

s yst e m Q n (S ), as d efi n e d i n R ef. 3 3.  F or a s yst e m  wit h  t hr e e dis cr et e st at es, t h er e ar e o nl y t hr e e 

i n d e p e n d e nt  m o d es, n  = 0, 1, 2.  T h e y ar e p ol y n o mi al f u n cti o ns t h at d e p e n d o n t h e first f o ur 

m o m e nts of t h e distri b uti o n: 

( ) ( )

0

1 1

2
1/ 2

2  4  3 3 1  3 1

( )  1

ˆ( )

ˆ  ˆ ˆ ˆ  ˆ ˆ( )  3  1 2 1

Q S

S
Q S

S S
Q S

µ
σ

µ  µ µ µ  µ µ
σ σ

−

=

 
= − 

 

     
=  + −  − +  +  −     

      
, ( S1) 
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w h er e t h e st a n d ar di z e d m o m e nts, 

 

( )

( )

2 2
2 1

1 1

3
3  3  2 1  13

2 4
4  4  3 1  2 1  14

ˆ

1
ˆ 3 2

1
ˆ 4 6  3

σ  µ µ

µ  µ σ

µ  µ  µ µ  µ
σ

µ  µ  µ µ  µ µ  µ
σ

= −

=

=  − +

=  − +  − , ( S2) 

ar e us e d.  F or c o nsist e n c y wit h t h e r e m ai n d er of t h e c al c ul ati o n, t h e m o m e nts w er e c al c ul at e d fr o m 

t h e si m plifi e d distri b uti o ns. 

Wit h t h e tr a nsf or m ati o n fr o m si g n al t o m o d e s d efi n e d, t h e m o d e-c orr el ati o n m atri x C ( τ) is 

d efi n e d b y its el e m e nts  

 ( )  ( )  ( 0)m n  m nC  Q Qτ τ= . ( S3) 

Usi n g E q. ( S 1), th e y c a n b e c al c ul at e  fr o m t h e m o m e nt-c orr el ati o n f u n cti o ns.  F or t h e c urr e nt 

s yst e m,  

 1 1 1 1
ˆ( )  ( )C Mτ τ= , ( S4) 

 
( ) ( )1/ 2

1 2 4 3 1 2 3 1 1 1
ˆ ˆˆ ˆ ˆ ˆ( )  3  1  ( )  2 ( )C M Mτ  µ  µ  τ µ  µ  τ

−  =  + −  − +  , ( S5) 

a n d  

 

( ) ( )

( )

1
2 2 4 3 2 2 3 1 1 2

2
3 3 1 1 1 1

ˆ ˆˆ ˆ ˆ ˆ( )  3  1  ( )  2 2 ( )

ˆˆ  ˆ ˆ  ˆ4  4  ( )

C  M M

M

τ µ µ  τ  µ µ  τ

µ  µ µ  µ  τ

− = + −  −  +

+ +  +


. ( S6) 

w h er e t h e st a n d ar di z e d , m o m e nt- c orr el ati o n f u n cti o ns, 

 
[ ]( )ˆ ( ) m n m n

m n m n

M D
M

τ  µ µ
τ

σ
+

′  ′ ′−
= , ( S7) 

ar e us e d.  T h e si m plifi c ati o n of t h e  st ati c distri b uti o n t o t hr e e st at es l e a d t o t h e si m plifi c ati o n of 

t h e d y n a mi cs t o  t h es e  t hr e e  f u n cti o ns.    (Hi g h er  or d ers  w o ul d  b e  n e e d e d  t o  t est  f or  d y n a mi c s 

b et w e e n u nr es ol v e d st at es wit hi n t h e li n e wi dt hs.)    T h e m o d e -c orr el ati o n m atri x  h as  a  si m pl er  

str u ct ur e t h a n t h e m o m e nt -c orr el ati o n m atri x : its off-di a g o n al el e m e nts all st art at z er o a n d d e c a y 

t o z er o at l o n g ti m e.  R es ults fr o m o ur e x a m pl es ar e s h o w n i n Fi g. S 1 . 
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FI G. S 1.   M o d e -c o rr el ati o n f u n cti o n s C 1 1 (τ) ( bl a c k), C 2 1 (τ) ( r e d), C 1 2 (τ) ( g r e e n d a s h e d) a n d 

C 2 2 (τ) ( bl u e) f r o m t h e d at a u s e d i n ( a) Fi g. 6 a n d ( b) Fi g.  1 3. 

Fr o m R ef. 3 3, t h e Gr e e n’ s f u n cti o n is r el at e d t o t h e m o d e- c orr el ati o n f u n cti o ns b y 

 
1 0 e q 1 1 0

,

(  |  )  ( )  ( )  ( )  (  )m  m n n
n m

G S  S  P  S  Q  S  C  Q  Sτ= ∑ . ( S8) 

E q u ati o n ( 4) t h e n gi v es t h e ti m e- d e p e n d e nt, j oi nt- pr o b a bilit y distri b uti o n. 

C.  M atri x f or m ul ati o n  

F or a dis cr et e  distri b uti o n, t h e e q u ati o ns i n S e c. S I. B t a k e o n a m atri x f or m.  A p o p ul ati o n 

distri b uti o n  is a v e ct or P  .  T h e v al u es of t h e m o d e e q u ati o ns [ E q. ( S 1)] ar e o nl y n e e d e d at t h e 

p ositi o ns i n t h e v e ct or S .  T h us, w e o bt ai n a m atri x Q  wit h el e m e nts  Q m n   = Q m (S n ).  Th e n Q P  i s 

a d es cri pti o n of t h e p o p ul ati o n i n t er ms of m o d e p o p ul ati o ns.  T h at is , Q  is a tr a nsf or m ati o n m atri x 

b et w e e n si g n al a n d m o d e r e pr es e nt ati o ns.  F or o ur t w o e x a m pl es,  

 

1. 0 0 1. 0 0 1. 0 0

1. 0 7 0. 0 4 1. 2 6

0. 5 6 1. 7 3 0. 6 1

 
 

= − 
 − 

Q  ( S9) 

f or t h e d at a i n Fi g. 6, a n d  
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1. 0 0 1. 0 0 1. 0 0

1. 1 1 0. 2 8 1. 1 7

0. 4 0 1. 7 2 0. 7 8

 
 

= − 
 − 

Q  ( S1 0) 

f or t h e d at a i n Fi g. 1 3 .  T h e diff er e n c es ar e o nl y d u e t o t h e diff er e nt s a m pli n g err or i n e a c h d at as et.  

C o nti n u i n g wit h a dis cr et e-st at e s yst e m, E q. ( S 8) r e d u c es t o a m atri x e q u ati o n f or t h e ti m e-

d e p e n d e nt j oi nt- pr o b a bilit y distri b uti o n, 

 ( ) ( )
e q e q

e q e q

( ) di a g( ) ( ) di a g( )

( )

T

T

τ τ

τ

=

=  ⊗

P  P  Q C  Q  P

P  P  Q C  Q , ( S1 1) 

w h er e di a g( V ) is t h e di a g o n al m atri x wit h di a g o n al el e m e nts c orr es p o n di n g t o t h e v e ct or V , ⊗  i s 

t h e o ut er pr o d u ct a n d ⊙  i s t h e H a d a m ar d ( el e m e nt-wis e) pr o d u ct .  E a c h  el e m e nt  of t h e ti m e -

d e p e n d e nt- pr o b a bilit y m atri x  P m n (τ) i s t h e pr o b a bilit y of st arti n g is st at e n  a n d e n di n g i n st at e m  

at a ti m e τ l at er.  R es ults h a v e b e e n s h o w n Fi gs. 6( a) a n d 1 3 ( a). 

 

FI G. S 2.   C r o s s -c o rr el ati o n f u n cti o n s E 1, 2 (τ) ( bl a c k) a n d E 2, 1 (τ) ( r e d) f r o m t h e c o rr el ati o n 

f u n cti o n i n ( a) Fi g. S 1 ( a) a n d ( b) Fi g. S 1 ( b).  T h e f u n cti o n s h a v e b e e n r ot at e d t o e x a ctl y 

z e r o at τ = 1 0. 2 m s a n d τ = 2. 4 μ s, r e s p e cti v el y.  C o m p a r e t o Fi g s. 6 (i) a n d 1 3 (i). 

T h e m atri x r e pr es e nt ati o n m a k es it str ai g htf or w ar d t o c al c ul at e a r ot ati o n m atri x A , 



  S 5 

 
1

( )  ( )τ τ
−

=A C  A  E , ( S1 2) 

s u c h t h at E (τ) is di a g o n al f or a s p e cifi c v al u e of τ.  If t h e s yst e m h as ei g e nst at es, E (τ) will b e 

di a g o n al at all ot h er ti m es, as w ell.  Fi g ur e S 2  s h o w s t h e off -di a g o n al el e m e nts fr o m o ur e x a m pl es, 

a n d t h e y ar e i n d e e d z er o , wit hi n e x p eri m e nt al err or .  T h e di a g o n al el e m e nts of E (τ) ar e t h e n t h e 

ei g e n d e c a ys.   T h es e ar e s h o w n i n Fi gs. 6(i) a n d 1 3(i ).  T h e c orr es p o n di n g ri g ht ei g e nst at e s ar e 

r e pr es e nt e d b y p o p ul ati o n v e ct ors R n  t h at f or m t h e c ol u m ns of a m atri x gi v e n b y  

 0 1 e q( , , ) di a g( )=R  R  A Q  P . ( S1 3) 

 T h es e ar e s h o w n i n Fi gs. 6(f)– 6( h) a n d 1 3 (f)– 1 3 ( h). 

If t h e s yst e m is M ar k o vi a n i n t h e o bs er v a bl e st at es, t h e ei g e n d e c a ys will b e e x p o n e nti al, 

 , ( ) n
n n e

λ τ
τ

−
=E , ( S1 4) 

wit h ei g e n v al u es λ n .  T h es e fit s h a v e b e e n s h o w n i n Fi gs.  6(i) a n d 1 3 (i).  Alt er n ati v e fits t o str et c h e d 

e x p o n e nti als, e x p[ − (λ n /τ)
β st] yi el d  n e arl y  e x p o n e nti al  r es ult  ( 1 – β st  <  0. 0 1 5).  T h e  v e ct or  of  

ei g e n v al u es λ  c a n b e r ot at e d t o gi v e t h e m atri x of st at e -t o-st at e r at es,  

 
1

di a g( )
−

=k R λ R . ( S1 5) 

A n e x a m pl e is gi v e n i n E q. ( 7 1). 

II. S A M P LI N G -N OI S E D E RI V A TI O N S 

St arti n g  wit h t h e g e n er al E q. ( 5 2) a n d i ns erti n g t h e p h ot o n- n ois e c o n diti o n [ E q. ( 5 4)] yi el ds  

 
2 2
, 2

er 1

1 1
kn

n k
n

b nk

n

k N TN
ε

ε

µ
ω

µ
−

=

  
=   

   
∑ . ( S1 6) 

T h e as y m pt oti c a p pr o xi m ati o n f or t h e m o m e nts (R ef. 1 3, E q. S 3 4) gi v es 

 
( )

2
2

1

2

2

n k
k

n

a

b

µ

µ µ

− = , ( S1 7) 

w h er e a  a n d b  ar e c o nst a nts c h ar a ct eristi c of t h e distri b uti o n.   I ns erti n g t his r es ult i nt o E q. ( S 1 6) 

a n d a d di n g k  = 0 t o t h e s u m m ati o n l e a ds t o 

 2
,

1er 0

2 1
1

2

kn

n
bk

na

k b N TN
ε

ε

ω
µ=

   
 = −  
     
∑ . ( S1 8) 

A p pl yi n g t h e bi n o mi al t h e or e m a n d si m plif yi n g wit h E q s. ( 2 5) a n d ( 2 8) r es ults i n E q. ( 5 5). 



  S 6 

T o d eri v e E qs. ( 6 3)  a n d  ( 6 4), ass u m e p h ot o n -c o u nti n g d at a wit h a c o u nt  r at e of 𝑁𝑁� ct
o .  T h e 

pr o b a bilit y t h at a ti m e bi n st arts a s e q u e n c e of n  n o n-z er o v al u es is (𝑁𝑁� ct
o )n .  At l o w c o u nt r at es, 

t h es e s e q u e n c es d o n ot o v erl a p, a n d t h e t ot al n u m b er i n t h e d at as et  is N er (𝑁𝑁� ct
o )n .  T h e n u m b er of 

t h es e s e q u e n c es d et er mi n es t h e v al u e of t h e n t h n ois e-c orr e ct e d m o m e nt.  T h us, t h e fr a cti o n al 

s a m pli n g  err or i n t h at m o m e nt [ E q. ( 4 9)] will b e t h e i n v ers e of t h e s q u ar e r o ot of t his n u m b er,  

 

( )o
er ct

1
n

n
N N

ω = . ( S1 9) 

F or t h e l ar g est m o m e nt wit h a c c e pt a bl e err or , n  = N μ , m a x a n d ω n  = ω ε,m a x .  T h us, 

 

( ) , m a x
, m a x

o
er ct

1

N
N N

µ
εω = . ( S2 0) 

S ol vi n g f or N μ , m a x gi v es E q. ( 6 3). 

O n t h e ot h er h a n d, if w e k n o w t h at N μ ,mi n  a c c ur at e m o m e nts ar e n e e d e d, t h e n t h e n u m b er of 

p h ot o ns c oll e ct e d , N p h  = N er 𝑀𝑀 ct
o , m ust b e l ar g e e n o u g h t o e ns ur e t h at N μ , m a x > N μ ,mi n .  I ns erti n g 

t h es e c o n diti o ns i nt o E q. ( S 2 0) l e a ds t o E q. ( 6 4). 

III. A D DI TI O N A L FI G U R E A N D T A B L E S  

 

FI G.  S 3.   Di st ri b uti o n s r e c o v e r e d  f r o m  t h e  v e r y -hi g h -i nt e n sit y  d at a wit h o ut  

t r a n sf o r mi n g  t h e  p ri o r.   Bef o r e  bi a s  c o rr e cti o n : g r e e n,  d a s h e d  c u r v e.   A ft e r  bi a s  

c o rr e cti o n : r e d , s oli d c u r v e.  I n p ut m o d el: bl a c k b a r s.  C o m p a r e t o Fi g. 1 0 ( c). 
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T a bl e S 1 .  P a r a m et e r s u s e d t o g e n e r at e t h e  s y nt h eti c d at a s et s  u s e d i n t h e p a p e r . 

D at as et  S o  

( p h ot o n/μ s) 

T ε 

(μ s)  

〈𝑁𝑁� ct
o 〉 〈S 〉 

( p h ot o n/ m s) 

〈D 〉 

( c o u nt/ m s) 

T L  

( s) 

N p h  

( p h ot o n s/ 
m ol e c ul e)  

N b  〈N̅ct 〉 S N R  Fi g ur e s  

M e di u m -i nt e n sit y, 
G a u ssi a n – a d diti v e b  

0. 1 a  1 0  —  5 8. 1 9 a  5 8. 1 9
a
 1 0 0 0  —  1   0. 5 8 b  2 ( a), 3 ( a– c), 5  

M e di u m -i nt e n sit y, 
p h ot o n -n ois e  

0. 1  1 0  0. 5 8 3  5 8. 2 6  5 8. 2 6  1 0 0 0  5. 8 3 × 1 0 7  1  0. 5 8 3  0. 7 6  
2 (c ), 3 ( g– i), 5 , 6 , 
9 ( a), S 1  ( a), S 2 ( a) 

Hi g h -i nt e n sit y, 
p h ot o n -n ois e  

1  1 0  5. 8 3  5 8 2. 6  5 8 2. 6  1 0 0 0  5. 8 3 × 1 0 8  1  5. 8 3  2. 4 1  2 (b ) , 3 ( d– f), 4  

M e di u m -i nt e n sit y, 
p h ot o n -c o u nti n g  

0. 1  0. 1  0. 0 0 5 8 3  5 9. 2 1 6  5 8. 8 5  1 0 0 0  5. 9 2 × 1 0 7   

1  0. 0 0 5 8 3  —  7  

1 – 4 0 0  v ari o u s  —  8  

1 0 0  0. 5 8 3  ~ 0. 7 6 c  9 ( b) 

4 0 0  2. 3 3  ~ 1. 5 c  9 ( c), 1 0 ( a & d) 

Hi g h -i nt e n sit y, 
p h ot o n -c o u nti n g  

1  0. 1  0. 0 5 8 3  5 9 2. 1 6  5 6 5. 9  1 0 0 0  5. 9 2 × 1 0 8  
1  0. 0 5 8 3  —  7  

1 0 0  5. 8 3  ~ 2. 4 c  2 ( d), 9 ( d), 1 0 ( b & e) 

V er y -hi g h -
i nt e n sit y, 

p h ot o n -c o u nti n g  
1 0  0. 1  0. 5 8 3  5, 8 2 6  3, 8 9 8  1 0  5. 8 3 × 1 0 7  1  0. 5 8 3  —  7 , 1 0 ( c &f), S 3  

Hi g h -ti m e-
r es ol uti o n, p h ot o n-

c o u nti n g d  
4 0  0. 0 2 5  0. 5 8 3  2 3, 3 0 0  1 5, 4 8 4  0. 0 2 0  4. 7 0 × 1 0 5  1  0. 5 8 3  —  

1 1 , 1 2 , 1 3 ,  
S 1 ( b), S 2 (b)  

a  S u b stit ut e a c o nti n u o u s q u a ntit y, e. g., c h ar g e, f or p h ot o n or c o u nt.  
b  σ ε = S o . 
c C al c ul at e d wit h t h e p h ot o n -n ois e f or m ul a, E q. ( 2 8). 
d  T h e n u m b er of m ol e c ul es  N e n  = 1 0 , a n d  t ot al n u m b er of p h ot o n s i n t h e d at as et is  4. 7 0 × 1 0 6 . 

 



  S 8  

T a bl e S 2 :  R e g ul a ri z ati o n p a r a m et e r s  f o r t h e di st ri b uti o n r e c o v e r i e s s h o w n i n t h e p a p e r .  

F o r all d at a s et s , S mi n  = 0. 0 1 2 5 , S m a x  =  2. 0 1 2 5 , a n d α  = 0 ( n o s p a r sit y r e g ul a ri z ati o n ). 

 

D at as et  N μ  χ 0  
a  β  χ  / χ 0  Fi g ur e s  

M e di u m -i nt e n sit y, 
G a u ssi a n – a d diti v e  

1 3  8. 0 6 × 1 0 − 5  1. 4 0 × 1 0 − 3  1. 2 3  5  

M e di u m -i nt e n sit y, 
p h ot o n -n ois e  

8  1. 5 2 × 1 0 − 4  2. 2 2 × 1 0 − 3  1. 2 1  9 ( a) 

9  2. 2 8 × 1 0 − 4  1. 8 0 × 1 0 − 3  1. 2 6  9 ( a) 

1 0  2. 2 9 × 1 0 − 4  3. 0 0 × 1 0 − 3  1. 2 4  5 , 9 ( a) 

Hi g h -i nt e n sit y 
p h ot o n -n ois e  

1 5  1. 6 9 × 1 0 − 4  4. 1 0 × 1 0 − 3  1. 2 7  4  

M e di u m -i nt e n sit y, 
p h ot o n -c o u nti n g,  

N b  = 1 0 0  

8  5. 8 1 × 1 0 − 4  1. 1 0 × 1 0 − 2  1. 2 2  

9 ( b) 9  9. 0 6 × 1 0 − 4  6. 7 0 × 1 0 − 2  1. 2 3  

1 0  9. 7 4 × 1 0 − 4  4. 4 9 × 1 0 − 2  1. 2 4  

M e di u m -i nt e n sit y, 
p h ot o n -c o u nti n g,  

N b  = 4 0 0  

8  1. 8 4 × 1 0 − 4  2. 7 0 × 1 0 − 3  1. 2 4  9 ( c) 

9  1. 7 7 × 1 0 − 4  2. 7 0 × 1 0 − 3  1. 2 0  9 ( c) 

1 0  1. 8 0 × 1 0 − 4  1. 8 0 × 1 0 − 3  1. 2 3  9 ( c), 1 0 ( a & d) 

Hi g h -i nt e n sit y, 
p h ot o n -c o u nti n g  

8  8. 4 2 × 1 0 − 6  1. 1 1 × 1 0 − 4  1. 3 0  9 ( d) 

9  3. 9 9 × 1 0 − 5  3. 2 5 × 1 0 − 4  1. 2 9  9 ( d) 

1 0  3. 7 9 × 1 0 − 5   3. 2 5 × 1 0 − 4  1. 1 9  9 ( d) 

1 5  1. 2 2 × 1 0 − 4  2. 2 0 × 1 0 − 3  1. 2 2  1 0 ( b & e) 

V er y -hi g h -
i nt e n sit y, 

p h ot o n -c o u nti n g  
1 5  

1. 6 9 × 1 0 − 4  2. 2 0 × 1 0 − 3  1. 2 3  1 0 ( c &f) 

3. 3 0 × 1 0 − 4  7. 4 0 × 1 0 − 3  1. 5 1  S 3  

Hi g h -ti m e-
r es ol uti o n, p h ot o n-

c o u nti n g  
1 3  6. 5 4 × 1 0 − 4  7. 7 0 × 1 0 − 3  1. 1 2  1 2  

a  β  = 0.  
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