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Phononic supercrystal as a highly absorbing metamaterial
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‘We demonstrate analytically, numerically, and experimentally that a 2D supercrystal (SC)—an elastic structure
of solid rods with two distinct spatial periods embedded in a viscous fluid—exhibits very high acoustic absorp-
tion. Smaller diameter rods arranged in a 2D lattice with a smaller period serve as an effective medium with
high viscosity for a set of larger rods arranged in a lattice of much larger period. The enhancement of acoustic
absorption is due to strong viscous friction within a narrow layer with high gradients of velocity formed around
each scatterer. The SC as a whole is considered in the homogenization limit of frequencies where it behaves as a
metafluid with an effective speed of sound and effective viscosity. Analytical results for the effective parameters
are calculated for any Bravais lattices and arbitrary cross-sections of the rods. Experimental measurements of
acoustic absorption in a supercrystal with hexagonal lattices for both types of rods are in a good agreement with

analytical and numerical results.
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Viscous dissipation in fluids is caused by frictionlike forces
acting between the layers of fluid moving with different veloc-
ities. A homogeneous fluid weakly absorbs propagating sound
wave since velocities of vibrating fluid elements smoothly
change at the wavelength scale A. Much larger velocity gra-
dients appear within a narrow boundary layer § << A formed
near fluid-solid interface where fluid sticks to solid surface
[1]. Damping of acoustic or elastic wave may be enhanced
within relatively narrow range of frequencies near mechanical
resonance [2—4]. The absorption band may be broaden due
to inclusion of thermoviscous losses and combination of dif-
ferent structural elements like graded phononic crystal [5-7],
resonators with spatial symmetry [8] or coherent coupling [9],
porous and perforated media [10-12], and onmidirectional
trapping of acoustic wave into phononic black hole [13].

The constituents of most effective wave absorbers are not
necessarily the materials with high energy losses. Multiple in-
teractions with scatterers and their specific geometry may lead
to essential increase of absorption. Enhanced electromagnetic
absorption at certain values of filling fraction was theoreti-
cally predicted for a 2D photonic crystal with complex-valued
constituents [14]. The acoustic counterpart of this effect
was demonstrated for the imaginary part of the effective
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mass density in a homogenized multi-scale phononic crystal
of solid cylinders in air [15] and in a multilayered elastic
structure [16].

Absorbance of a phononic crystal is much higher than the
absorbance of its viscous background due to formation of a
boundary layer around each scatterer. In the low-frequency
limit a phononic crystal behaves as a homogeneous medium
with effective parameters. The homogenization theory of 2D
phononic crystal with viscous background was developed in
Ref. [17]. Calculations of the decay coefficient of sound for
several 2D lattices show that the boundary-layer effect may
increase viscous decay of sound by 2-3 orders of magnitude
[17,18]. A homogenized lossy phononic crystal can be consid-
ered as a metafluid with enhanced and anisotropic viscosity.
The latter property is realized in the crystals with lower than
3-fold rotational symmetry. A theory of lossy solid-fluid su-
perlattice valid at any frequency was recently proposed in
Ref. [19].

A supercrystal (SC) is an artificial two-scale periodic
structure where some properties attributed to photonic or
phononic crystals may be enhanced. One-dimensional super-
crystal serves as a model for periodic porous medium [20].
A layered supercrystal where the unit cell contains a layer
of a regular dielectric and a layer of hyperbolic metamaterial
presented by a homogenized multi-layered metallic sequence
is a 1D hypercrystal [21]. Due to presence of the hyperbolic
constituent, a photonic hypercrystal supports propagation of
an unusual surface mode, which turns out to be a mix-
ture of Tamm state and surface plasmon. Three-dimensional
supercrystals were fabricated by packing clusters of gold
nanoparticles in 3D periodic lattice [22]. Colloidal crystals
organized in a diamond-like lattice represent 3D phononic
supercrystal possessing an extremely wide band gap [23].

Published by the American Physical Society


https://orcid.org/0009-0006-1120-5767
https://orcid.org/0000-0003-0742-4407
https://ror.org/01460j859
https://orcid.org/0000-0002-8910-5241
https://ror.org/00v97ad02
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevResearch.6.L042005&domain=pdf&date_stamp=2024-10-04
https://doi.org/10.1103/PhysRevResearch.6.L042005
https://creativecommons.org/licenses/by/4.0/

IBARIAS, SANCHEZ-DEHESA, AND KROKHIN

PHYSICAL REVIEW RESEARCH 6, L042005 (2024)

m
0.035" ©090°0°0902090°5°5%0
O OO0 0007070000
O O~0_O70-70 7070700 O
O OZ0 _ 0O 07070°-0-070_°0
OOO OOOOOOOOOOOOOOOOOOOO
O 10 OZT0 1071020 070010 IO
O~ 0 OO0 707070 O 10
O 20 O O 201070 O ~ O
0.015 QRO 2
O 1010 e o o O
O 10 O O 7 O O
e _o o O O
026950 @2% 9
0jos0505 ROPOMC ol
o e @ e _ o @ O
e o o O 20 10 7O @)
OOOOOO OOOOOO OO'
OOOOOO OOOOO'DSO}O OOO

- $
0.015[508058 00000000 500000

;

OgO gO 02080808080808080
Q OQO OOOOOOOOOOOOOOOO
O OOOOOOOOOOOOOOOOOOOO
_00350 e _e e e e e o e e o
. de|
0.04 8 0.1 0.12 0.14

FIG. 1. 2D supercrystal of cylindrical rods in air. Small cylinders
of radius R; = 0.88169 mm arranged in a hexagonal lattice with
period a; = 3.755 mm. These small rods form a background for
the hexagonal lattice of larger rods with R, = 19.715 mm and a, =
20a; = 75.1 mm. Both lattices have close filling fractions: f; = 0.2
and f, = 0.25.

Here we propose a phononic SC with air background which
exhibits anomalously strong acoustic absorption within a wide
band of frequencies. Figure 1 shows that at the larger scale,
the SC looks as a set of large solid cylinders arranged in a
hexagonal lattice with period a,. Unlike acoustic black-hole
metamaterials, where enhanced absorption is due to the redi-
rection of the incident waves towards the phononic crystal
core with multiple narrow channels where viscous dissipation
takes place [13], sound wave in supercrystal is absorbed due
to multiple reflections from solid scatterers of essentially dif-
ferent size. The frequency of sound is supposed to be well
below the first bandgap where effective parameters for speed
of sound, mass density, and decay coefficient can be intro-
duced. The background for these large solid scatterers is not
directly air but a set of smaller cylinders also arranged in the
hexagonal lattice with much shorter period a;. They form a
viscous metafluid background for the larger cylinders. Due
to two-scale periodicity there is a two-step enhancement of
acoustic absorption. We report analytical, numerical, and ex-
perimental results for attenuation of sound in a hexagonal SC.
The experimental results are obtained by measuring acoustic
transmission and absorption of a supercrystal of acrylonitrile
butadiene styrene (ABS) plastic cylinders in air. All the re-
ported results are in a good agreement with each other.

In a homogeneous fluid acoustic pressure decays expo-
nentially with distance, p(x) o e~ "*. Contribution of viscous
dissipation to the attenuation coefficient is given by yp =
wz(%no + &)/ 2poc(3,, where w/2m is the wave frequency, po,
co, Mo, and &y are the fluid density, speed of sound, and
viscosity coefficients. A sound wave propagating through a
2D lattice of solid rods losses its energy mainly within a
narrow boundary layer of thickness § = +/21¢/(pow) formed
around each rod. The necessary condition for sound wave
to propagate through a set of solid scatterers is § << A =
2mco/w. The relative energy loss on the lattice period a
due to interaction with a single rod of circumference L is
AE/E ~ (§/A)(L/a). The attenuation coefficient is the rel-
ative energy loss per unit length. For 2D phononic crystal

it can be estimated as y,;, ~ AE /aE ~ a%\/% ~ ﬁ«/ —3‘:(70 )
Here f ~ (L/a)? is the filling fraction of solid scatterers in
2D lattice. This simple, order of magnitude estimate ignores
contribution of inter rods scattering, specific shape of the rod’s
cross-section, and geometry of the unit cell. Using expansion
over plane waves, the asymptotically exact result for y,;, was
obtained in the low-frequency limit, where dispersion relation
is linear, @ = cefrk [17]. The effective speed of sound cegr for
solid-fluid phononic crystal was calculated in Refs. [24-26].
Due to natural anisotropy of crystal lattice the exact decay
coefficient depends on the direction of propagation k = k/k.
The microstructure of the crystal enters to y,;, through a nu-

merical coefficient M (K, po)/N (K, po) [27],

L [on MK, po)
2Accer(k)V 2p0 N(k, po)
Here the dimensionless quantities M (ﬁ, 0o) and N (ﬁ, o) are

represented by some cumbersome series over reciprocal lat-
tice vectors G [17]. These series contain the bulk form-factor

ypn(K) =

ey

F(G) = 1 / e 6Tdr, )
AC a

where A, is the area of the unit cell and integration runs
over the cross-section of the solid rod a. This form-factor
defines the Fourier coefficients of any periodic function in a
crystal lattice. Since dissipation occurs within the boundary
layer, there is one more form-factor related to the periodic
2D structure of contours /, separating solid rods from fluid
environment

L(G) = % 7§ e 6Tdl. 3)

At small filling fractions, the decay coefficient exhibits
square-root singularity due to the factor \/L2/A. ~ /f. At
moderate and high fillings, the fraction M (k) /N (k) grows fast
with the filling fraction leading to strongly enhanced viscous
losses [17,18].

In the frequency region where both lattices homogenize,
Eq. (1) with the appropriate values of the effective density
and speed of sound is applied for calculation of the decay
coefficient of each set of cylinders and the SC as a whole.
The homogenization condition X > 4a, [25] is satisfied for
frequencies up to 1 kHz lying well below the first band gap at
1.6 kHz. Of course, at these frequencies the lattice with period
a; also behaves as a homogeneous medium. Thus the whole
SC homogenizes.

Due to the threefold rotational symmetry the homogenized
SC becomes acoustically isotropic in the low-frequency limit
[24]. Dissipation of acoustic energy occurs mainly within the
narrow boundary layer formed around each big and small
cylinder. The neighboring boundary layers do not overlap if
the filling fractions are not close to the corresponding close
packing values. In this case, both lattices give additive contri-
butions to the total decay coefficient of the SC

Yse = V1 + V2, 4)

similar to the contributions of distinguishable scatterers
to resistance of metal (Matthiessen’s rule). While two
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contributions to dissipation of sound are independent, each
decay coefficient in Eq. (4) depends on the parameters of both
lattices. Sound wave interacts with big and small cylinders
that leads to additional enhancement of dissipation in super-
crystal. Due to inter-lattice scattering each decay coefficient
in Eq. (4) exceeds the decay coefficient in the corresponding
phononic crystal containing one type of cylinders in air, i.e.,
v1 > Ypn1 and y» > 0. The decay coefficient ypu1 (Vpn2)
is calculated directly from Eq. (1) by substituting the ge-
ometrical parameters of the lattice with period a; (a;) and
the physical parameters of air background: ny = 1.85 x 1073
kg/(sm), pp = 1.29 kg/m?, and ¢y = 344 m/s. Since the alu-
minum cylinders in air behave as hard scatterers, their elastic
parameters can be omitted. The calculated decay coefficient in
the lattice with period a; (a2) is Ypn1 = 0.004/w m~! (Vph2 =
2.35 x 107*/w m~') [27]. Scattering at solid cylinders leads
to five orders of magnitude stronger decay than that in free air.
For example, at frequency 250 Hz, y,u1 /70 = 2.58 x 10°.

The decay due to small cylinders is further enhanced in the
SC. In the homogenized SC the small cylinders are imbed-
ded not in air but in the elastic effective medium which
replaces the phononic crystal of big cylinders in air. The
effective parameters of the last medium, c.¢> = 308 m/s and
Pefiz = 2.15 kg/m?, are calculated using the theory proposed
in Refs. [24,25,28]. The decay coefficient due to the small
cylinders in the SC is calculated from Eq. (1) where ce is
replaced by speed of sound in the SC ¢, = 281 m/s and the
mass density pp in the arguments of N and M is replaced
by pefr2- The mass density under the square root in Eq. (1)
remains pg since this factor originates from the thickness of
the boundary layer, which is defined by the density of air. The
calculated contribution of the small cylinders to the decay in
the SC turns out to be 12.5% higher than the decay coefficient
¥pi1 in the corresponding phononic crystal,

L, a)_n() M (pefr2)

= =0.0045/0o m~!.  (5)
2Ac1¢5¢ Y 200 N(pefi2)

Vi

The contribution y, of the big cylinders to the decay of
sound in the SC is similarly calculated. The big cylinders
are imbedded in a metafluid originated from the homoge-
nized lattice of small cylinders. The effective mass density
of this metafluid is pesr; = 1.94 kg/m3 and speed of sound
cefft = 314 m/s. The speed of sound in the lattice of big
cylinders with metafluid background of density pe; is the
same as the speed of sound in the lattice of small cylinders
with metafluid background of density pefs, i.€., it is cg. This
symmetry is a property of the homogenized SC where any
set of the cylinders may serve as a background for the other
one. The decay coefficient y, can now be written in the form
similar to Eq. (5)

B 2Ac2 Csc

M
@i Man) _ 5 6 104 o m™. (6)
2p0 N(pefr1)

The decay due to the big cylinders is enhanced by 11% in
the SC as compared to the decay yph2 in the phononic crystal.
Note that the ratio 3,/ is close to the ratio of the cumulative
areas of two types of the cylindrical surfaces in infinite super-
crystal, (R,/Ry)(a; /a2)2 ~ (0.057. The latter can be written
as AL_:Z / ALTII’ that may be erroneously considered as weak

Y2

£,=02; f,=0.25

B
...........
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FIG. 2. Reflectance, transmittance, and absorbance spectra for
two SC slabs of the same thickness d = 1.56m. Solid lines show
analytically calculated spectra for the slab of homogeneous metafluid
with the effective parameters of the corresponding SCs. Dotted lines
show numerically calculated spectra for the finite-length SCs. For
the SC with higher filling fraction of big cylinders (lower panel)
their contribution to the decay coefficient y;. = 0.0058./w is about
45% of the attenuation due to the background of the lattice of small
cylinders. The shaded area marks the bandgap.

sensitivity of M/N to the geometry of the unit cell. However,
this spurious independence is due to relatively low and close
filling fractions of the lattices, fj = 0.2 and f, = 0.25.

According to Eq. (4) the total decay of sound in the SC is
evaluated as

Yse = V1 + 72 = 0.0048/w m™. @)

Due to interlattice interaction the sound wave in the SC decays
by 20% faster than in the phononic crystal of small cylinders.

The homogenized SC can be considered as a viscous
metafluid with density p = 322.5 kg/m?, elastic modu-
lus Ay = Xo/(1 — fi)(1 — f5) = 0.254 MPa, and speed of
sound ¢y = /Agc/psc = 281 m/s. Its effective viscosity 7.
is introduced by equating y,. to the bulk decay coefficient
20715 /3pscCly Of a homogeneous metafluid,

3pscC 0.51 x 10° [ k
Nse = e VYse = a0 _g . ®)
w w sSm

Note that the effective viscosity exhibits anomalous depen-
dence decaying with frequency. At frequency of 1 kHz, the
SC behaves as a metafluid, which is approximately 5000 times
more viscous than air.

The accuracy of the proposed theory is confirmed by
numerically calculated spectra of sound transmission (7'), re-
flection (R) and absorption (&) for a finite-length SC. The slab
thickness d = 24 x \/§a2/2 = 1.56 m, where 24 is the num-
ber of parallel layers of cylinders with the interlayer distance
V/3a,/2 arranged in a hexagonal lattice, see Fig. 1. Numer-
ically calculated spectra for two SC with the same lattice
structure but different filling fractions are shown in Fig. 2 by

L042005-3



IBARIAS, SANCHEZ-DEHESA, AND KROKHIN

PHYSICAL REVIEW RESEARCH 6, L042005 (2024)

dotted lines. These spectra coincide well with the analytically
calculated spectra (solid lines) for the homogeneous slab of
the same thickness d with mechanical and dissipative effective
parameters of the corresponding SC.

The numerical spectra are calculated in the thermoviscous
boundary layer impedance approximation (BLI). The adia-
batic condition was applied to exclude the thermic losses
within the boundary layers around the scatterers [29]. This
approximation is practically indistinguishable from the time-
consuming full COMSOL calculations, since only very small
part ¥/ vsc ~ 1073 of acoustic energy is absorbed in the bulk
of air matrix [27]. The analytical spectra of the homoge-
neous slabs are close to the numerical spectra even above the
homogenization limit at 900 Hz [25]. Essential differences
appear for the frequencies close to the band gap (>1.2 kHz).
Oscillations on the graphs are due to the Fabry-Perot res-
onance at frequencies 90 and 79 Hz (cy./2d) for the slabs
representing two different SCs with effective speeds of sound
of 281 and 247 m/s.

The viscous losses were measured using a 3D printed
sample of ABS plastic with density 1.05 g/cm?. The pa-
rameters of the SC were selected to be exactly the same
as reported in Ref. [15]: a; = 2.5mm, a, = 33.7mm, R, =
1mm, and R, = 9.7mm. The SC thickness slab was d =
30mm. This slab contains 13 periods a; that is sufficient
to measure the dispersive and dissipative parameters of the
corresponding phononic crystal. However, only one layer of
the big cylinders fits the slab, therefore some disagreement
with the results obtained for infinite supercrystal is expected.
The thickness of the slab is limited by the geometrical parame-
ters of the standard circular cross-section acoustic impedance
tube (ACUPRO) with driver JBL 2426H. A reference sam-
ple of thickness d, = 28.7mm with small cylinders only
was 3D printed to demonstrate applicability of the results
of the homogenization theory. The transfer-matrix method
[30] was applied to extract the acoustic impedance Z = pc
and the complex wave number k + iy from the experimental
data.

Since at frequencies below 1.5 kHz the typical decay length
of sound 1/y ~ 0.5m is much larger than the 3D printed
sample size d, the attenuation of sound signal is relatively
low, while it is 4-5 orders of magnitude stronger than in
air. The values of the decay coefficient were extracted from
the measurements of acoustic impedances of the SC sample
and of the reference phononic crystal with period a;. The
results are shown in Fig. 3. The effective parameters of the
fabricated SC calculated for infinite sample are: ps. = 8.39
kg/m3, ¢ = 241 m/s, and y,. = 0.021/w m~". For the sam-
ple of phononic crystal of small cylinders (the background
medium), they are pp, = 4.54 kg/m3, Cpg = 274 m/s, and
Yoo = 0.018/w m~'. It is seen from Fig. 3 that the correspon-
dence between the theory and experiment is better for the slab
of phononic crystal than for the supercrystal sample because
of lack of periodicity in the latter case. For both experimental
samples, the frequency dependence of the normalized decay
coefficient follows the analytical result yg./yp o< w™3/2. It is
natural that the numerical results accounting for thermovis-
cous losses (dashed curve) are closer to the experimental
data, especially for the phononic crystal sample. By the same
reason the analytical curves are closer to the numerical data

500 1000 1500 2000
Frequency (Hz)

Frequency (Hz)

FIG. 3. Comparison of the experimental, numerical and analyt-
ical spectra for the normalized decay coefficient in a supercrystal
(a) and in a phononic crystal of small cylinders with period a; =
2.5mm (b). The experimental data (symbols) are obtained by mea-
suring the acoustic impedance of the slabs of thicknesses 30 mm
(supercrystal) and of 28.7 mm (phononic crystal). The analytical
results (continuous lines) are calculated for the corresponding infinite
structures. The numerical spectra are calculated in the BLI approxi-
mation separately for pure viscous (dotted curve) and thermoviscous
(dashed curve) losses of a supercrystal (a) (10 layers of big cylinders)
and of a phononic crystal (b) (300 layers of small cylinders). The
insets show photos of the supercrystal and phononic crystal samples.

accounting only viscous losses. It is seen from Fig. 3 that
the contribution of thermal losses may reach 10% at low fre-
quencies. Note that the homogenization theory proposed here
justifies the phenomenologically predicted enhanced inertia in
a lossy supercrystal [15].

In conclusion, we propose a theory for calculation of the
effective parameters of a 2D lossy phononic SC, i.e., a struc-
ture of elastic rods with doubly periodicity in a viscous fluid
matrix. Frequency-dependent effective viscosity is introduced
for phononic crystal with arbitrary 2D Bravais lattice and
arbitrary cross-section of cylindrical inclusions. Theoretical
predictions are confirmed by numerical simulations and par-
tially by experimental results. Some disagreement observed
between theory and experiment is attributed to insufficient
length of the SC sample used in the experiment. At the
same time, the experimental results obtained for the phononic
crystal with many periods, which serves as the background
medium for the supercrystal, are in a better agreement with
the theory. In addition, Fig. 3 indicates that the experimental
values of the decay coefficient are higher than the theory
predicts. We attribute this difference to the fact that thermal
losses in water are omitted in the proposed theory.

The proposed theory is applicable for design of metafluids
with prescribed elastic parameters and enhanced dissipative
losses. In addition, it is valid for lattices with low rota-
tional symmetry, which in the low-frequency limit behave as
anisotropic metafluids. In these structures viscosity becomes
a fourth-rank tensor where the odd viscosity effects theoret-
ically predicted for hypothetical anisotropic fluids may be
observed [31].
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