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We construct a new family of permutationally invariant codes that correct ¢ Pauli er-
rors for any ¢ > 1. We also show that codes in the new family correct quantum deletion
errors as well as spontaneous decay errors. Our construction contains some of the pre-
viously known permutationally invariant quantum codes as particular cases, which also
admit transversal gates. In many cases, the codes in the new family are shorter than
the best previously known explicit permutationally invariant codes for Pauli errors and
deletions. Furthermore, our new code family includes a new ((4,2,2)) optimal single-
deletion-correcting code. As a separate result, we generalize the conditions for permu-
tationally invariant codes to correct ¢ Pauli errors from the previously known results for
t = 1 to any number of errors. For small ¢, these conditions can be used to construct new
examples of codes by computer.

1 Introduction

Quantum error correction is one of the essential components of quantum computing that aims to
protect quantum information from errors caused by quantum noise, such as decoherence. Mapping
a quantum state to be protected into a higher-dimensional Hilbert space of the physical system is a
significant part of quantum error correction. A subspace of the Hilbert space of a physical system
is called a quantum code for a given type of errors if it satisfies certain specific conditions for error
correction [12]. In many applications, it is desirable to construct quantum codes that lie within the
ground space of the system. Motivated by this goal, in this paper, we study permutation-invariant
quantum codes whose codewords form ground states of the ferromagnetic Heisenberg model.

Recall that Heisenberg’s model characterizes interactions between spins in the system. Two spin-
1/2 particles are coupled by an interaction described by the Hamiltonian Ho S;8 j» where S; and S;
are spin operators for the particles ¢ and j, respectively. In the absence of an external magnetic field,
the Heisenberg ferromagnetic model is described by the Hamiltonian that can be written in the form

H=-2)"7;8:8;,
1<j

where J;; is the exchange (coupling) constant between particles ¢ and j in the system. Note that
Jij > 0 since we are considering the ferromagnetic model. See [2, Ch. 1,4] for a detailed discussion
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of this model. It can be shown that
1
Pij = §I + QSZ‘SJ‘,

where I is the identity and where P;; is the swap operator that exchanges spin 7 and spin j, essentially
swapping the spin—% particles i and 7, e.g., P12|1{11) = |{111). The Hamiltonian of the Heisenberg
model can be written in terms of the swap operators in the following way:

X 1
H=->J; (Pij—21> :
i<j

A state |1)) is called permutation-invariant if it is preserved by all swap operators P;;, i.e., |¢) is a
common eigenstate of the swap operators with eigenvalue 1. Denoting J =, _. J;;, we observe that
for any permutation-invariant state |1)),

1<j

(g _ ;&) 6 = = Y Ty Pyley = —Jl.

1<j

Since J;; > 0, the spectral norm of H— %I is bounded above by J, so the smallest eigenvalue of the
Hamiltonian is —J /2, and its corresponding eigenstate is |1)). Therefore, any permutation-invariant
state is a ground state in the ferromagnetic Heisenberg model [21].

Permutation-invariant codes were introduced in the works of Ruskai and Pollatsek [30, 28]. The
codes they constructed encode a single logical qubit, and are capable of correcting all one-qubit errors
and certain types of two-qubit errors. In particular, Ruskai’s ((9, 2, 3)) code [30] has the basis

00y = 0% + \/12782|1603>
1y = 1% + V%Z'OW

where the sum is extended to all permutations of the argument state. This code is obtained as a
symmetrized version of Shor’s 9-qubit code % [34]. Generalizing this construction, Ouyang [21]
found a family of permutation-invariant codes that correct ¢ arbitrary errors and ¢ spontaneous decay
errors. The family is parameterized by integers g, n, and u (hence the name “gnu codes"), and the
shortest t-error-correcting codes in it are of length (2¢ + 1)2. Ouyang subsequently showed that
permutation-invariant codes are capable of supporting reliable quantum storage, quantum sensing,
and decoherence-free communication [24, 23, 25].

In hindsight, it is clear that permutation-invariant codes also support recovery of encoded states
from deletion errors: since permutations preserve the states, deletion of arbitrary ¢ positions is not
different from deleting the first t qubits, and thus deletions are equivalent to erasures. However,
making this idea formal requires a rigorous definition of the quantum deletion channel as well as
proving the equivalence. This was accomplished in the works of Nakayama and Hagiwara [18, 10,
19], who also observed that permutation-invariant codes are capable of correcting deletion errors and
constructed single-deletion-correcting codes. Subsequently, works [32, 22] showed that Ouyang’s gnu
codes can correct ¢ deletions. In particular, the shortest known code to correct ¢ deletions comes from
this family, and it has length (¢ + 1)2.

Recall that correcting deletions has a long history in classical coding theory. This problem was
introduced as far back as 1965 by Levenshtein [15], and it has been studied both in combinatorial and
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probabilistic versions. Despite a number of spectacular advances in recent years, both problems are
still far from solution: for instance, the only case when the optimal codes are known is correcting a
single deletion [35]. We refer the reader to two recent surveys dealing with constructive and capacity
aspects of transmission over the deletion channel, [9] and [4], published in the special issue devoted
to the scientific legacy of Vladimir Levenshtein.

In quantum coding theory, a deletion can be modeled as a partial trace operation where the traced-
out qubits are unknown. It turns out that the performance of permutation-invariant codes for correcting
errors or deletions is sometimes amenable to analysis. Focusing on this code family, we study the
error correction (Knill-Laflamme) conditions for general permutation-invariant codes. Using deletion
correction as motivation, we propose a new family of permutation-invariant codes defined by their
parameters g, m, d, and €. The shortest codes in this family have length (2¢+1)2?—2t and can correct all
t patterns of qubit errors and 2¢ deletion errors. The shortest ¢-error-correcting permutation-invariant
codes known previously are due to Ouyang and require 2¢ more physical qubits than the codes that
we propose. Specializing our construction to ¢ = 1, we observe that the length of our code is the
same as the Pollatsek—Ruskai’s ((7,2,3)) permutation-invariant code [28], although the two codes
are different. The authors of [28] also derived explicit conditions for correcting a single error with
permutation-invariant codes, and we extend this result to ¢ > 1 errors.

In Sections 2 and 3 we collect the necessary definitions and some basic facts about quantum
deletions. In particular, in Sec. 3 we recall the definition of deletion operators [33] and prove some
of their properties. Sec. 4 contains a detailed form of the error correcting conditions for permutation-
invariant codes. Our main result (the new code family) is presented in Sec. 5 (checking the error
correcting conditions turns out to be technically involved, and the proof is moved to Appendix A). In
Sec. 6 we find the conditions on the code parameters for the codes to correct a given number ¢ > 1
of spontaneous decay errors. Finally, in Sec. 7 we present a generalization of the Pollatsek—Ruskai
conditions for error correction with their permutation-invariant codes, and show that it potentially
leads to new examples of such codes.

2 Preliminaries

Throughout this paper, we use the following notation. Let |¥) = |11, ..., ¥n) = |¥1) ® |¢2) ®
... ® [thpy = C?®" be a pure state, where C2®" is a shorthand for (C?)®", and we assume that
(il hiy = 1foralli = 1,2,...,n. A general quantum state is identified with its density matrix,
i.e., a positive semidefinite Hermitian matrix of trace 1. The density matrix of a pure state is simply
p = |1){1p|. For a collection of pure states |11 ), [t)2), ..., |1, such that Pr(|¢);)) = p; for all ¢ and
>..pi = 1, the density matrix is defined as p = Y, p;[t;){);|. Denote by S(C?®") the set of all
density matrices of order 2".

Definition 2.1. Consider an n x n matrix A = >3, c« 1yn Gay|®)XY|, where agy € C. For an
integer i € {1,2,...,n}, the partial trace of A is a mapping

Tr; : S(C*®") — §(C2®(—1)
A Y agy Tr(lz)yi) ey il

xz,ye{0,1}"

where LTnj = |$1, sy Li—15 Lip 1y - - - 7xn> and Yoi = ’yla s Yi-1,Yi+ 1y - - 7yn>

Throughout the paper we use following standard definition of binomial coefficients: for a real x
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and integer r
z(z—1)..(z—r+1) ifr>o0

x o
=<1 ifr=0
r
0

otherwise.

Permutation-invariant quantum states are conveniently described in terms of Dicke states [6, 11,
17].

Definition 2.2. A Dicke state |DI!) is a linear combination of all qubit states of length n of
“Hamming weight” w, i.e.

Dy =—— 3 |,

(1) zefoyn

|z|=w

Sometimes we also use unnormalized Dicke states given by [H2) = /()| D).

Note that (D} | D7) = &;;, where d;; is the Kronecker delta.

For spin—% particles, a Dicke state | DY) can be viewed as a superposition of the tensor product of
states of an n-particle system in which w particles are in the spin-up, and n — w are in the spin-down
configuration; for instance,

001) + [010) +[100) _ [U)+ [T +[1I)
V3 V3 '

A quantum code € maps a 2F-dimensional Hilbert space into a subspace of the 2"-dimensional Hilbert
space C2®" j.e., it encodes k logical qubits into n physical qubits. Throughout this paper, we will be
dealing with two-dimensional codes and denote their basis codewords by |¢y) and |cy ).

The following definition originates with [28].

DY) =

Definition 2.3. A permutation-invariant code % is a pair of basis vectors of the form

n

lcoy = >, ayID}) and ey = ) 51D}, (1)
=0

j=0

where o, 8 € C,j =0,1,...,n and Zjdjﬂj = 0.

2.1 Kraus Operators and the Knill-Laflamme conditions

A quantum channel A is a linear operator acting on density matrices such that it admits the Kraus
decomposition

Alp) = Y, ApAT, (2)

Aef g

where ) fia AAT = T and R 4 is the Kraus set of the channel. Elements of this set are called Kraus
operators.
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Ezample 1. (Depolarizing Channel). Let X,Y,Z (bit flip, phase flip, combined flip) be
the set of Pauli errors that act on a state p € S(C?) with probability p/3 each. Defining

R = {IVT=p),(X\/p/3), (Y/D/3),(Z~/P/3)} to be the Kraus set of the depolarizing

channel, we can write its action on p in the form
p
Alp) = (1 =plp+ 5 (XpX +YpY + ZpZ).

Observe that 3, 4cq , AAT =T
The necessary and sufficient conditions for the quantum error correction were formulated by Knill
and Laflamme [12].

Theorem 2.1 (Knill-Laflamme conditions). Let € be a quantum code with an orthonormal
basis |co),|c1), ..., |ck—1), and let A be a quantum channel with Kraus operators A;. There
exists a quantum recovery operator R such that R(A(p)) = p for every density matriz supported
on & if and only if for every a,b,

<ci|A2Ab|cj> =0 foralli#j, (3)
(ci| Al Ap|e)) = gap  foralli=0,1,...,k—1, (4)

for some constants gqp € C.

3  Quantum Deletion Channel

In the classical coding theory, a t-deletion error is defined as a map from an n-bit string = to the set
of its subsequences of length n — ¢. Following [33], in this section, we define deletions and a deletion
channel for quantum codes. We begin with the following definition.

Definition 3.1. (t-Deletion channel) Let ¢ € {1,2,...,n} and let p € S(C?*®") be a quantum
state. For a set I = {i1,ia...,4} < {1,2,...,n} with iy < iy < ... < i, define a map
Dy : S(C*n) — S(C2@(—1)) a5

D7 (p) := Trjy 0--- 0 Tri, (p).

The action of Dy deletes the qubits in locations contained in I, and is called a t-deletion error.
A t-deletion channel Del} is a convex combination of all ¢-deletion errors, where ¢ is a fixed
integer with |I] = ¢, i.e.,

Deli(p) = >, p(1)Di(p), (5)
I:|I|=t

where p(I) is a probability distribution.

Let n > t > 1 be integers. Define the set [ = {iq,i2,...,4:} < {1,2,...n} with i} < iz <
. < it. Let|e) = |cica...cy be a pure quantum state with ¢ € {0,1}'. Define the operator
A’[Lm =414 ®...8 A, [33], where

Aj: <Cz| j.:eiEE7
IQ ]¢E

Here I is the 2 x 2 identity matrix.
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Lemma 3.1 ([33], Lemma 3.1). Lett > 1, n >t be integers. Define the set I = {i1,ia,... i1} C
{1,2,...n} with i1 < iy < ... < 4. Let |¢) = |cica...cr) be a pure quantum state with
(cico...cy) € {0,1}. Then,

n _ n—t+1 gn—t+2 n—1 n
AT e = Ad e Ao des)  Adr s e | At

Lemma 3.1 can be easily proved by direct calculations. We are now in a position to describe the
Kraus decomposition of the deletion channel. First, we cite another auxiliary result.

Lemma 3.2 ([33], Lemma 4.2). Let p € S (C*®") be a quantum state. The output state after
deleting the qubits on the positions labeled by the set I < {1,2,...,n} can be expressed as

n n nT
Di(p) = Z AI,(c\PA1,<c|'
ce{0,1}t

Lemma 3.2 together with Definition 3.1 implies that the Kraus decomposition (2) of the quantum
t-deletion channel is given by

Delf(p) = Y p(1) A} (P AT (o, (6)
I.c

where p(E) is a probability distribution.
It will be convenient to distinguish between two types of deletions.

Definition 3.2. (Deletion operators) A 0-type deletion applied to the i-th qubit in an n-qubit
system is the operator an) = AZ@. Likewise, a 1-type deletion is the operator Gz(n) = A2<1|.
In other words, given @ € {0, 1}" the action of these operators on the state |x) is

FM|z) = 0| z)ewy and G |z) = (1]l

where ‘.’IJNZ> = ’(L‘l e o i1 L4471 - - - xn>.

At first glance, it is not clear how the channel representation (6) fits with the definition in (5). In
the next example we illustrate their equivalence for the case of 2-qubit systems.

Ezample 2. (Single deletion channel) For a 2-qubit system, Lemma 3.2 together with Defini-
tions 3.1 and 3.2 imply the following form of the single-deletion channel:

Del%(p) =p1 <F§2)pF§2)T + ng)png)T) + po (Fg)ng)Jr + GéQ)pGgg)T) , (7)

where p; + p2 = 1. Our point is that each of the two brackets represents a partial trace,
see (10) below. On account of (6), (2), and Definition 3.2, Kraus operators for the deletion
channel have the following explicit form:

1000 1000
A1=\/271F§2)=\/271{0 10 0}7 A2=mF§2)=x/272[o 0 1 o]’

0 010 0100
A3=\/171G52):\/171[0 00 J’ A4:\/172G52):\/172[0 00 J )

It is easy to verify

Ala, + AlA, + AlA; + AlA, = 14,

Accepted in (Yuantum 2024-04-08, click title to verify. Published under CC-BY 4.0. 6



where I, is the identity matrix of order 4. Consider the action of the channel on the |¢)) =
%(\O@ + |01)), whose density matrix is

1/2 1/2 0 0
o=l =20 ol ©)
0 0 00
Inserting (8) and (9) into (7), we obtain
Dett(s) = [ 1fa Vol +72| o o] =m0 + 2 Trale) (10)

meaning that the deletion operation removes on the first qubit with probability p; and the
second qubit with probability po.

In the next lemma, we present explicit action of the deletion operations on Dicke states.

Lemma 3.3. Let |D]') be a Dicke state. Then for allie {1,2,...,n},

F™|Dny = |D” b,

G"|pry = (i-1) D™=

(w)

Proof. For any i € {1,2,...,n}, acting by Fl(n) on the state |HJ) = Zw:|z|=w|a)> annihilates
the terms |x) with z; = 1 and deletes one zero from the states |x) with x; = 0. Thus, the
only retained states are those with x; = 0, and

MIHEY = [HE.
Likewise,
G\ HEy = |HI D,
]

By the nature of permutation-invariant states, the statements we make below in the paper do not
depend on the location of the deleted qubit, and we write O-type and 1-type deletions simply as F', G,
omitting the subscripts and superscripts from the notation.

Let us write out explicitly the action of powers of the operators F' and G on Dicke states.

Lemma 3.4. Let |D]') be a Dicke state and let a € {1,...,n}. Then for any k € {1,2,...,a}
and i € {1,2,....,n—k + 1}

(F)*|Dpy = FetD L pO YR Dy =

7,1

ID” “

(@)D =G gV G™M Dy = “r::,a>.

() )
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Proof. By a direct calculation using Lemma 3.3,

n n 1
|Dn> \/ o a+1 w )()wn D a> |Dn a>

Similarly,

n—a n—2\ (n—1 n—a
(w—a) co (w—2) (w—l) ’Dn—a _ (w—a) |Dn—a 0
(GG NG T
w—a /" \w—1/ \w w
The Kraus operators for the deletion channel will be written as combinations of powers of I’ and
G. It helps that the actions of these operators on any permutation-invariant state commute.

Lemma 3.5. Let |D}}) be a Dicke state. For any ii,j1 € {1,2,...,n} and i2,j2 € {1,2,...,n—
1},

(&) Dy =

(n=1) a(n) | pny _ p(n=1) ~(n)| n

22

Proof. By a direct calculation using Lemma 3.3,

n—1
Gy VFID;) = WGEZ‘WDZ—% -
n 1 p—

Lemmas 3.1, 3.2, 3.4, and 3.5 imply that the Kraus set of the ¢-deletion channel for a permutation-
invariant code has the form {G*F'"® : a € {0,1,...,t}}. Throughout the paper, we will write this
set as

—=|Dn3

Similarly,

& = {]E()vEla”'vEt}? (]-]-)

where E, = G®F'~%. The following lemma describes the action of the error operator E, € £; on
permutation-invariant states.

Lemma 3.6. Let E, be an element of the Kraus set of the t-deletion channel €; for a permutation-
invariant code. Then, for any permutation-invariant state |D}p),

Eo| Dy = (’E’;; ) Dy

Proof. By Lemma 3.4,

(n t+a)
E ‘D > GaFt a|D > w Ga‘DZ—t+a>

()
e

D
() P .
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We make an important observation: Upon applying a deletion error to a permutation-invariant
state, we obtain a permutation-invariant state (on fewer qubits). Clearly, this does not hold for Pauli
errors: for instance,

[101) + [110) + |000)

\/g )
which is not permutation-invariant. Moreover, generally X;|D;.) # X,;|Dy,) if i # j, so the Kraus
set for Pauli errors is much larger than for deletions, complicating the analysis. A workaround pro-
posed in [28] suggests averaging Pauli errors, but general constructions look difficult. At the same
time, invariance with respect to permutations plays the defining role for deletions, and it is also the
main property supporting the code construction we propose. We note that given a deletion-correcting
permutation-invariant code, we can argue about its distance and make claims about its properties with
respect to correcting Pauli errors. Indeed, the following proposition is true.

X1|D}) =

Proposition 3.7. A permutation-invariant code that corrects 2t deletions, also corrects all
combinations of t Pauli errors.

Proof. For a permutation-invariant state, deleting any 2t qubits is equivalent to deleting the
first 2t qubits in an n-qubit state, so deletions are equivalent to erasures. Of course, a code
that corrects 2t erasures has the quantum distance of at least 2t + 1 (see, e.g., [29]). Thus,
correcting deletions is tied to the code distance, and distance d = 2t+1 is a sufficient condition
for correcting ¢t qubit errors. O

4 Error correction conditions for permutation-invariant codes

Sufficient conditions for any code to correct ¢ deletions were previously derived in [32]. In this sec-
tion, we focus on permutation-invariant codes and derive the necessary and sufficient conditions for
such a code to correct deletions by showing the equivalence between them and the Knill-Laflamme
conditions for the 2¢-deletion channel. By Proposition 3.7, this also implies that they correct ¢ qubit
erTors.

Theorem 4.1. Let € be a permutation-invariant quantum error correction code as given in
Definition 2.3, and suppose that the coefficients o;j and B;, j = 1,...,n in the codewords
(1) are real. Then the code € corrects all t-qubit errors if and only if its coefficient vectors
a = (ap,a1,...,an) and = (Po, B1,--.,Pn) satisfy the following conditions:

(Cl) Z Oéjﬁj = 0;
j=0
(C2) Za?: Z,B?zl;
n (n—.2t)
SR B R

(j¥a) (50)

(C4) Forall 0 <a,b< 2t

<.
Il
o
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Z ) (¥+a®jrb — Bj+abj+p) =0

(m) (s

n (C3), (C4) we assume by definition that Disn) = B(Sn) =01if s> n.
Proof. Since the Dicke states are orthonormal by construction, conditions (C1), (C2) are
required for the codewords |cp), |¢1) to form orthonormal states. We will argue that conditions
(C3) and (C4) are equivalent to the Knill-Laflamme conditions for the 2¢-deletion channel.
By Proposition 3.7 this suffices to prove the theorem.
Recall the form of the Kraus set of the 2¢-deletion channel (11). By (1) and Lemma 3.6,
we have

(5-a)
(5)

(j—e)
(5)

To show the equivalence of (C3) and (3), we compute

Ea’C()> = Z Q; |Dn 2t y

J=0

Eoler) = > B
j=0

n o n (@—Qt) (n—2t)
cnlEX R ey = By | ~oalrmhl Dy 2 D 2t
i) §§)5\<mﬁ< |
n nf2t
= Z ( : ) Qjtalitb

J=0 (jZa) (jib)

for all 0 < a,b < 2¢t. Turning to condition (C4), we find

(ajoyr = BiBir) 6j—aji—b

n n n—2t\ (m—2t
(eo|EfEy|co) — (e1[EfBylery = >0 \ G (n))((n) ) (ajay — BBy ) (DY 2| DY
j=04=0 Jj/\g’
n— 2t) n/ 2;)
)

ee (6

TLAN 00

- i & (jratjrp — Bjtali+s)
Jj=0 (jZa) (ij

for all 0 < a,b < 2t, and thus (C4) is equivalent to (4). Together with Proposition 3.7 this
proves the theorem. ]
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Ezample 3. Ouyang’s permutation-invariant codes [21] with parameters (g, m,u) can be de-
fined via the logical computational basis

= 3 Ao, o= ¥ ko,

| even [ odd
o<is<m o<is<m

where n = gmu is the code length. Consider a (2t + 1,2t + 1,1) code from this family.
Its coefficient vectors trivially satisfy conditions (C1)-(C3) because of the choice of the gap
parameter g = 2¢ + 1, and condition (C4) turns into

g(_”l () (%2)5) ,

gl

which is zero for all 0 < a < 2t (see Lemmas 1 and 2 in [21]). Coupled with Theorem 4.1, this
shows that this code corrects ¢t qubit errors, recovering one of the results in [21]. This example
will prove useful in Prop. 5.4 below, where we relate our code construction to Ouyang’s codes.

5 A new family of permutation-invariant Codes

In this section, we present a new family of permutation-invariant codes, defined by the parameters
g,m, 6, and €. Here, g is the gap parameter, m is the occupancy number, J is a parameter to adjust
the code length, and the parameter e determines the sign of the coefficients. The code we construct
encodes one logical qubit into n = 2gm + 0 + 1 physical qubits. The following combinatorial
identities, proved in Appendix A, will play a role in the construction.

Lemma 5.1. Let n, g, m,a,r be integers such that g >0 and 0 < a <r <2m <n/g. Then

o (B-G- -

m+1 gl gl

Lemma 5.2. For any real x and integer m such that x > m > 0,

B - () st )

m+1

Construction 5.1. Let g, m, d be nonnegative integers, and let € € {—1,+1}. Define a permutation-
invariant code Qg 5. via its logical computational basis

lcoy = > bDpy+ D> AbilDi_ g,

| even [ odd
o<ism o<is<m
n n
‘cl> = 2 ’Ybl‘Dgl> te€ Z Pybl’Dn—gl%
[ odd | even
o<i<m o<i<m

where n = 2gm+6+1, by = 4/ ("} 7:,/{11 and y = "/(29) ;Z(mQJng is the normalizing factor.
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The next theorem establishes the error correction properties of the code Qg 1, 5.
Theorem 5.3. Let t be a nonnegative integer and let m >t and 6 = 2t. If
(g=2t,e=—1)or(g=2t+1,e=+1),

then the code Q5. encodes one qubit into n = 2gm + 6 + 1 qubits and corrects any t qubit
errors.

Proof. We need to prove that the coefficient vectors a, 8 of the basis states satisfy conditions
(C1)-(C4). Writing these coefficients for the code Q,, ;s explicitly, we obtain

Q= Z f jgl+ Z f ]n gls

| even [ odd
o<i<m o<is<m
Bj: Z f ]gl_ Z f ]n gls
[ odd [ even
o<i<m o<i<m

where f(l) = vb;. Throughout the proof, all the sums on [ are taken over [ =0,1,...,m. We
start with

ajﬁj = Z Z f(l)f(l/ glgl’ ]gl Z Z f gln gl’(;jgl

l even [’odd l even [’ even

+ Z Z f(l)f(l/ n— gl,gl’ jn—gl — Z Z f n gl,n—gl’(sj,nfgla

[ odd I’ odd l odd [’ even

where we use the fact d;,0; = 0;0x. The first sum in this expression is clearly zero since
gl # gl if I is even and I’ is odd, and thus dg g = 0.. Turning to the second sum, now [
and I" are even. It is easy to see that n = 2gm + § + 1 # g(I +I') since | + I’ < 2m, and so
dgimn—gr = 0, and the second sum is zero. The third and fourth sums are treated as the first
and second, respectively, and they are easily seen to be zero. This shows that condition (C1)
holds.

To check condition (C2), write

Z Z FDFT)og1.g105.91 + Z Z FOFU)og1n—g1 0591

l even [’ even l even [’ odd

+ Z Z f(Df(l/)(sn—gl,gl’(sj,nfgl + Z Z f(l)f(l/)(sn—gl,n—gl’éj,nfgl-

L odd I’ even l odd I’ odd

Notice that the second and third sums are zero since n = 2gm + 0 + 1 # g(l + ') for
any [,I'’ < m. The first sum is not 0 only if [ = I’, and therefore it can be written as
>t even f (1?8 1. Similarly, the fourth sum can be expressed as >} ; ,qq f(1)?0;n—q. Hence,

AN WULYED WL A ES WU,
j 7=0 [ even =0

=0 I odd
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where we used Lemma 5.2. A similar sequence of steps confirms that Z;LZO ﬁjz =1, and thus
condition (C2) is also satisfied.
For condition (C3), let us first evaluate the term

ajJraBj-‘rb = Z Z f(l)f(l/)églfa,gl’fb(sj,gl—a - Z Z f(l)f(l/)(sglfa,nfgl’fbé‘j,gl—a

l even [’ odd l even [’ even
+ Z Z f(l)f(l/)5n—gl—a,gl’—b5j,n—gl—a - Z Z f(l)f(l/)én—gl—a,n—gl’ 6 n—gl'—
l odd [!’odd [ odd [!’even

First, observe that the second sum is zero. To see this, recall that § > 2t, [ +1' < 2m, and
b—a < 2t. Therefore, g(l+1')+b—a < 2gm+2t < 2gm+4d+1 = n. Slmllarly, the third sum
is also zero. For the first sum to be nonzero, it should be that g(I —1') = a —b. If g > 2¢, then
|l —1'| =1 and |a —b| < 2t, so this condition cannot be fulfilled. The equality g(I —1') = a—b
is possible only if ¢ = 2t and a — b = +2t, equivalently I’ = [ F 1. By the same argument,
the fourth sum is not 0 only if ¢ = 2t and a — b = +2¢, hence I’ = [ + 1. Therefore, the
first sum can be written as > on f(1) f(I F 1)d; g1—q, while the fourth sum can be written as
D oven S(OF(UF 1)d;n—gi—p. Hence, we have

n (n 2t) n —2t)
Z Oéj+a5j+b = Z f(1) Z (‘Sj,gl—a - 5j,n—gl—b)

§=0 (g+a) (g+b) I even J=0 (j+a) (]+b)
_ (5) (u"5"0)
= 2, fOfaF1) < - -
l gﬂl <\/(:;l) (gl—':ll)—a) \/(n—gln—b+a) (nfgl)
(51-a) (or+o-20)

[l
]
k’ﬁ
=
=
—

|

2, (WZJD (ha) 4 rhoa) ()

Now, observe that we have two different cases: either a = 0 and b = 2¢, or a = 2t and b = 0.
For both of them, the difference inside the parentheses is zero, meaning that we have proved
condition (C3).

Finally, consider condition (C4). Let us start with evaluating the term

Ojraljry = Z Z f gl a,gl’— b5 ,gl— at Z Z f gl a,n—gl/—béj,gl—a

leven [’even leven !’ odd

+ Z Z f(l)f(l/)5nfglfa,nfgl’fb5j,n—gl—a

lodd !’ odd
+ Z Z f(l)f(l/)6n—gl—a,gl’—b6j,n—gl—a~

[ odd [’ even

First, recall that 6 > 2t, [ + 1’ < 2m and |b — a| < 2¢t. Therefore, the second sum is zero since
gl +1U)+b—a <2gm+2t <2gm+ §+ 1 = n, and the fourth sum is zero by a similar
argument. For the first sum to be nonzero, for both [ and I’ even, the equality g(I—1') = a—b
should hold. Since a — b < 2t and g > 2t, it can hold only when a = b and [ = I’. As before,
what remains of the sum is the diagonal, and it can be written as Y, o o, f(1)%8;,g—q. For the
same reasons, the third sum degrades to Zz odd f (l)25j’n_gl_a, which yields

Ajtraljtp = Z f jgl —a + Z f ]n—gl—a'

| even [ odd
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By following similar steps, we find that

6j+a5j+b: Z f jn gl— at Z f jgl a-

| even | odd

In summary, we have
m
Ajt+alljtp — ﬁj-&-aﬁj-}-b = Z(_l)lf(l)2 <5jagl—a - 5jan—gl—a> .
=0
Then, recalling that a = b, the expression in condition (C4) has the form

n2t m

Z (aj-i-aaj-i-b - Bj-&-a/@)j—&-b) = Z(_ 2 Z ] gl—a — 5j,n—gl—a)
J=0 (]+a) (]+b) =0 j=0 ]+a
S m) ((Zl_—%f) B (glr’i;?j-a)>
TE e\ Tw )

which is zero by Lemma 5.1. Following the same sequence of steps, it is possible to show the
error correction property of the code Q,,,; 5 +. The proof is now complete. O

Ezxample 4. (PI Code Q212 ) Suppose g =2, m =1, 6 = 2, and e = —1. Then the length of

the codeisn =2gm+d+1=7and v = (”/7(39 ;(ﬁfql V21/4. The coeflicients b; have

S(AIEAR R GIEHRE

Using Construction 5.1, the code Qs 12— can be defined via its logical codewords

) =\ DD [ 1DD and ey =\ 1E1DD — /DD (14)

Note that it has the same length as the 7-qubit permutation-invariant code of [28], and it can
correct a single error owing to Theorem 5.3.

Ezample 5. (PI Code Q424,—) Suppose g =4, m =2, 6 =4, and € = —1. Then the length of
the code is n = 2gm + § + 1 = 21 and v = 4/455/512. Since m = 2, [ takes values 0 , 1, and
2. The coefficients b; have the form by = 4/128/1547, by = 16/1/663, ba = 4/128/195. Using

Construction 5.1, the code Q424 _ is

5 7 35
_ 2 p2t Lp2 D21
lco) \/68’ 0>+/\/12| 5 )+ 7102| 17
_ 35 | o [T h21 [ D 21
le1) = 102|D4 b 12\D13> 68|D21>

This code is shorter than all currently known explicit permutation-invariant codes that correct
double errors

the form
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Note that the permutation-invariant code Qa2 — of length (2¢ + 1)2 — 2t corrects arbitrary ¢
qubit errors and has the best code parameters among all the previously known permutation-invariant
codes with this property. The following proposition describes the relation between our code family

and Ouyang’s gnu codes [21].
Proposition 5.4. For all odd integers m > 0 and for all integers g > 0, the code Q RS
coincides with Ouyang’s gnu code with parameters (g, m,1).

Proof. First notice that the length of the code Q melg gy
matching the length of Ouyang’s code with parameters (g,m,1). ertlng the entries of the

is n = 2g™5= L L g—14+1=gm,

coefficient vector « for the code Q melg g we have
aj= Y fD%a+ >, D emo
osléaefl)m Oslsl(%igl)/2
D N () P E D S (A1
o<ietn 1)/ (D)3 <m
= ZZ f()85,g1,
o<l<m

where we made the change of variable I’ = m — [ and used the fact that m — [ is even for all [
and m odd. Computing the function f(I)?, we obtain
m/2 (m—1)/2
2 me
f(l)2 _ leg _ (( 1)/2)( l )

m+1 ((mnﬁ;/z)
_ 2 ((mri/12)/2) m)
m+1 ((mf‘l) ) l

/2
B 1 m
om=1\ [ )’

where the second equality is obtained by rewriting the numerator on the first line, and the
third one by writing out the binomial coefficients on the second line, namely (( m/2 ) =

m—1)/2
% and ((mfr”l)/Q) = (mﬂ)(mf{';g'z’mfg);”?. Therefore, the coefficient vector a of

the code Qg m=1 . 94 is equal to the coefficient vector o of the code in Example 3 with
g1,

parameters (g,m,1). A similar argument establishes that the coefficient vector 3 of two codes

are also equal. O

5.1 Deletion Correction Property

We already know that the code Q ,, 5 corrects deletions. A precise formulation of this claim is given
in the following proposition.

Proposition 5.5. If m > [5],0 > s and
(g=s,e=—1)or(g=s+1,e=+1),

then the code Qg m s corrects all patterns of s deletions.
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This claim follows from the fact that conditions (C3) and (C4) are equivalent to the Knill-Laflamme
conditions for correcting 2¢ deletions when they are phrased for a permutation-invariant code.

For an odd number of deletions, the shortest code Qy ,, 5. has length (s+ 1)2. This coincides with
the length of Ouyang’s gnu codes, although the code families are different. For any even number of
deletions > 0, the code Qg ., 5., Where (g,m, , €) = (s, [s/2],s,—), has length (s + 1)* — s, which
is shorter than the existing constructions.

In [19], Nakayama and Hagiwara showed that the smallest length of single quantum deletion-
correcting codes is 4. They also constructed a code that meets this bound with equality. We note
that code Q1 11,— gives another construction of an optimal code correcting one deletion. Its logical
codewords are

1 1

co) = \/;000@ + \[6(\111@ +[1101) + [1011) + |0111)),
1 1

le1) = \fG(\ooow +10010) + |0100) + [1000)) — \[3\1111>.

5.2 Transversality

In this section we make some remarks concerning the transversal action of logical gates on the codes
that we propose. Let G + 7 be a universal set of gates, where G is a group of easily implementable
gates (such as those that act transversally on the physical states), and 7 is a single gate outside of this
group. Such collections of gates are known to support universal computations [20]. The search for
codes that accept transversal action of a group of gates G has been a frequent research topic in the
literature, e.g., [16, 3]. Sometimes such gate sets are called golden-gates, with a primary example of
the form 20 + T, where 7' is the square root of the phase gate and 20 is the binary octahedral group
(ak.a. the Clifford group). The authors of [27] considered a universal set G + 7 that additionally
minimizes the number of 7 gates. They also defined another golden-gate set of the form 21 + 74,
where 21 is the binary icosahedral group and 74 is another non-Clifford gate that they defined.
Permutation-invariant codes were linked to transversal gate sets in the recent paper [13], based on
the results of [8]. Among other results, [8] constructed spin codes as representation of the group 27
that can be mapped onto permutation-invariant codes. For instance, [8] constructed a code spanned by

the basis states
=35 |55 V5 55 (152)
N S (150)

Following up on this work, the authors of [13] defined a Dicke state mapping & that converts a state
of a spin-j system into a permutation-invariant state on n = 25 qubits. It can be defined as follows:

2 :|j,my — |DF ). (16)

This mapping converts the logical gates of a spin code into the logical transversal gates of a permutation-
invariant code. To link this line of work to our paper, observe that applying Z to the spin code of
(15a)-(15b), we obtain exactly our code Q2,12 (14). Hence, this code admits the 2I group gates
transversally [13].

Accepted in (Yuantum 2024-04-08, click title to verify. Published under CC-BY 4.0. 16



Even more recently, paper [14] introduced a family of permutation-invariant codes of distance 3
that admits transversal gates from B Doy, (the binary dihedral group of degree 2b). The group B Dy is
a non-abelian subgroup of SU (2) of order 8b with generators

e—i7r/2b 0
X, Z, < 0 ei7r/2b ’

For instance, BDy = (X,Z), BDy = (X, Z,S), and BDg = (X, Z,S,T). It is well known that
[[2"*! — 1,1, 3]] Reed-Muller codes implement the B Dy- group gates transversally.

Proposition 5.6. Let b > 0 be an integer that is not of the form 2" or 3(2"). The codes in the
family Q3 1.2p—4,+ tmplement the group BDq, transversally when 3fb and implement the group
BDyy3 transversally when 3|b. The codes Q3 1.2r—4 4 implement the group BDayr transversally
for all integers r = 3.

This follows because the first code family in the proposition offers an alternative construction of
the codes in Family 1 in [14], where the transversality properties are proved. The second code family
in the proposition is the same as Family 2 in [14].

For example, the code Q3 1 4 4 of length n = 11 with its basis codewords

V5 V11

lco) = T’Dél> + T\Dél%
V11 \/5
le1) = T|D§1> + T|DH

can correct one error and it implements the 7" gate transversally. For comparison, the [[15, 1, 3]]
Reed-Muller code, which also has this property, is longer than our construction. Furthermore, the
code Q31,124+ with its codewords

13 19

lco) = A/ 3*2|D59> +4/ 3*2\17%2 )
19 13

ler) = A/ 33|D§9> t 4/ 3*2\D%3>-

can correct one error, implements the /7" gate transversally, and has better code parameters than
the [[31, 1, 3]] RM code that implements a tranversal /7. These observations prompts us to inquire
whether other codes in our family admit transversal logical gates.

6 Spontaneous Decay Errors

In this section, we show that the codes constructed in Sec. 5 correct errors of a different kind, arising
from spontaneous photon emission.
6.1 Basics of the amplitude damping channel

This channel model arises from an approximation of noisy evolution in many physical systems. One
of them is the process in which an excited electron decays to its ground state, resulting in the emission
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of a photon. Say that the ground state is |0) and the excited state is |1), and let the probability of decay
be p, which is assumed to be small. Then, the behavior of this noise process on a single qubit system
can be defined by the quantum channel

&,(p) = AopA} + A1pAl, (17)

where

|1 0 10 \/p

to-lo ) o W)
We clearly have Ag|0) = |0), Ag|1) = /1 —p|1)and A1|0) = 0, A1[1) = ,/p|0). Because of this,
this channel model is called the amplitude damping channel [5], [36, Sec.4.4], and it forms a quantum
analog of the classical Z-channel. The action of €, can be extended naturally to n-qubit systems by
assuming that spontaneous decay affects independently each of the qubits in the superposition. We
denote the n-qubit amplitude damping channel by 8?”. The Kraus set of this channel has the form
ng@n = {®",K;: K; € {Ag, A1}}. Let us further introduce the set of amplitude damping errors
of multiplicity ¢,

ept = {K € JCE?@n : | supp(K)| < t}, (18)

where K := ®]" | K; and supp(K) := {i € {1,2,...,n} : K; = A}, calling it a truncated Kraus
set of 8%3" [26].

In quantum coding theory, the problem of error correction is equivalent to minimizing the worst-
case error of a code after the recovery process. In other words, let € be a quantum channel, let 4 be a
quantum code, and let R be the recovery operator that corrects errors introduced by the channel. Then,
the worst-case error is

FEe o (R) = 1—F(p,Roé&
e#(R) = max [1 = Fp,RoE)],
where S(%) = {p € S(C9) : 3} eplc|plc) = 1} (here B is an orthonormal basis of ¢’ and g > 2 is
an integer), and F'(p, R o €) is the entanglement fidelity, defined as

F(pRog)i= S | Tr(4p)2,
AG:KZROS

where Kg.¢ is the Kraus set of the channel R o € [31], [36, p.228]. The fidelity is a way to measure
how close the recovered density matrix R o (p) is to the original matrix p.
With this, the error correction problem can be stated as the following min-max problem:
inf Fe »(R) = inf 1—-F(p,Ro&)].
inf Eeo(R) = inf max [1 = F(p,Ro&)]
Following [21], we say that the code corrects ¢ amplitude damping errors if there exist some positive
constants A and pg such that

N

inf Fgon (R) Apttt (19)
holds for all p € [0, po].

In this section, we quantify the error correction properties of the codes Qg , 5. Our main result
here is given in the following theorem.
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Theorem 6.1. Let t be a nonnegative integer. Let g = t+ 1, m > [%1, 0=t, and e = +1.
Then the code Q5. corrects t amplitude-damping errors.

The general tool for proving error correction in the sense of (19) is given in the following theorem.

Theorem 6.2. (/21], Theorem 10) Let € be a truncated Kraus set, and A,B € €. Let € be a

code with an orthonormal basis B. If n = %, then
Tr M — |e|?A
inf Fe o(R) <1 — ——————, 20
inf e ¢ (R) 50 (20)
where
1
M:= ) maplAXB|, map:= ] > (il ATBley), (21)
A,Bee |ciyeB
A= M Bl -1 MY 22
IEfagmlaX an+ (B )IE%IE%X A B> (22)
i#j
where
Mag:= ) (<Cz‘!ATB\Cj> - mA,B5|ci>,|cj>> |ci){c4l, (23)
|Ci>,|Cj>€3

and MY denotes the matriz element indexed by 1, j.

Let 81(?” be the amplitude damping channel with decay probability p and let ¢,; < X £en be the

truncated Kraus set as defined in (18). The following lemma provides a lower bound for the trace of
matrix M in (21):

Lemma 6.3. (/21], Lemma 11) Let p > 0 be a real number. Then
. T [ n +1
TrM>>\mm( M oa A) >1 <t+1>p ,
AEep,t
where Apin 15 the smallest eigenvalue of M.

Define a := |supp(A)|, b := |supp(B)| and ¢ := |supp(A) U supp(B)| — a. The following
lemma describes the action of amplitude damping errors on Dicke states.

Lemma 6.4. (/21], Lemma 13) Let A,B € €,¢+. Then

(Di|A'B|DY = p*(1 — p)w‘“Wéa,b-

We will use this equality in the form

(D1AB|D) = i(—l)k-awpkaa,b. (24)
k=0 w

Let {|c4),|c—)} be the Hadamard basis of the code Qg ,, 5., namely |cy) = % and |c_) =

%. The following lemma provides an upper bound for A in (22).
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Lemma 6.5. Let A,B€¢€,;. Then, for allpe (0,1),
A < Cp2m—t+1
where!

Co=max 3 |PMes|ATBle)] (25)

k=2m—t+1

Proof. We start with writing m4 p in (21) explicitly:
LAl LY
mA,B = §<00’A Blco) + §<01!A Bicy).

Observe that {co|ATB|c;) = (e1|ATBley) = 0 since g = t + 1. Hence, the matrix M 4 g in
(23) can be written as

C| T Cp) — (C T C
My = OB LAEBI ()]~ e

= {cx|ATBle-) (Jeo)eol — [er)eal).

We obtain

A = max [(e+ | AT Ble-)| (26)

The Qg m 5. code in Construction 5.1 can be written in the Hadamard basis as follows:

’Ybl pn SRl n
’C+> Z gl> t+e€ 2 i(e)l’Dn—gD
l:O

ey = Z“’l HZ’”’Z Y IDm_ .

Let f(I) = (vb;)/+/2. Then, the inner product

(ex|ATBle_y = 3 37 f) W) (=1)" (D | ATB|Dgyry

1=01'=0
—e X > FO W) (—e) (DB ATBIDE_ >
1=01'=0
+eX > () (-1 Dr_ | ATBIDY
1=01'=0
— XN W) (—e) (D | ATBIDE_ .
1=01'=0

Observe that (Dy; |ATB|D"_ g = <Dy gl\ATB|D n,») = 0 since the weight of any state can
decrease by at most t upon applying A, B, and n — gl —t # gl’ for any [,I’. To see this,

1[pk]() refers to the coefficient of p* in the expansion of the expression in the parentheses in powers of p.
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recall that [ + 1’ < 2m and § > t, which yields g(I + ') +t < 2gm +t < 2gm + 6 + 1 = n.

Furthermore, the inner products <Dgl]ATB\Dg,> and (D)_ gl]ATB\sz g are zero unless
[ =10, since g >t + 1. Therefore, recalling € = 1, we obtain
m
(c+|A'Ble_y = Y fF(D*(~1)! ((Dy|A'B|Dy) —(Di_y|A'BID;_,p)) - (27)

1=0
By combining (24) with (27) and interchanging the order of summation, we obtain

crlalBle) = 3, (-1t %—nlf((;%? (GoCas)

G [ @

Here we considered Kraus operators A and B such that | supp(A)| = | supp(B)|. Recall that
¢,a < t, which together with Lemma 6.7 below implies that the inner sum in (28) is zero for
all £ < 2m — t. Now using (26) and (28) completes the proof. O

We will borrow the following lemma from [21] with a small change.

Lemma 6.6 ([21], Lemma 15). Let A € €, + and p1 < 1/2 be a real number. Let

Po

)

_ o —t/(2m=2t+1) 2 1/(2m—2t41)
=n o

where C' is given by (25) and

D := mjn min{(co| AT Alco), (c1|AT Aler)).

Suppose that pg < p1. Then, for all p < py,

D
Amin(-l\d') = Ept

Proof of Theorem 6.1: By using Theorem 6.2 and Lemmas 6.3, 6.5, and 6.6, we can bound the
worst case error for the amplitude damping channel on n qubit as follows:

B 1— (tﬁl)pﬁ_l _ |€p,t|20p2m_t+1

1+ QC|€p,t|2g|5p7t‘_1)p2m72t+1

inf Egen o (R) < 1 (29)

Note that if m > [%] holds, then the upper bound in (29) converges to zero in the rate of ¢ + 1 as p
goes to zero. This proves the theorem. O

For example, consider the code Q3 3 2 — with basis states

1

co) = 5 (1ID3Y + V21IDF) + V35IDE) + VIIDE) )
1

e1) = 5 (VTIDEY) + V3503 — V21| D) - D3 ).
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As shown above, this code is of length 21 and it corrects 2 amplitude damping errors.

To compare the codes Qg 1, 5. With the existing constructions of permutation-invariant codes that
correct amplitude damping errors, we note that the shortest code in Ouyang’s gnu family that corrects
t amplitude damping errors has length (¢t + 1)(3t + 1) + ¢. At the same time, taking (g, m,d,€) =
(t + 1,[3L],¢,F1), we obtain a code Qg 5. of length (¢ + 1)(1 + 2[2L]). Thus, for an even ¢
our construction requires ¢ fewer physical qubits than the best permutation-invariant codes known
previously. At the same time, for odd ¢ it needs 1 more physical qubit compared to the gnu codes.

The next lemma was referenced toward the end of the proof of Lemma 6.5.

Lemma 6.7. Let a,c,k,g,n,m,t be nonnegative integers. For all n > 2gm, k < 2m —t,
c<a<t<m,

gl—a) (n—(c+a)) (n—gl—a) (n—(c+a))

i (m) ) [(k—a gl—a _\ k—a n—gl—a ] —0. (30)

(3 (o0 (o0

m+1
Proof. Since (") (920) = (") () and (P27 (M0 = (N (mgh) s the

left-hand side of (30) can be rewritten as

() 2 (a5 - (a0

m+1

which is zero by Lemma 5.1. O

7 Generalization of the Pollatsek—Ruskai Conditions

In [28, Thm. 1] the authors formulated necessary and sufficient conditions for permutation-invariant
codes of a specific form (1) to correct a single error (and some double errors). In this section we will
generalize their conditions to extend to arbitrary patterns of ¢ errors for all ¢ > 1. The permutation-
invariant code %, of [28] has logical codewords

(n—1)/2 (n—1)/2 .
= 3 o ( )|D3l> and Jey= Y guzis ( )r%o, (31)
=0

~ 20+ 1

where the states are not normalized, and where n is assumed to be an odd integer. The conditions for
the code %, to correct ¢ qubit errors have the following form.

Proposition 7.1. Let a,b be nonnegative integers. For real coefficients qo, qo, - - ., gn—1, not all
zero, conditions (C3) and (C4) for the code €, can be equivalently stated as

(D1) For all even a and odd b, a,b < 2t

n—1_

¢
3 n—2t
> o ) P2k+aln—2k—b = 0;

k=0
(D2) For all even a and b, a < b, a + b < 2t,

n—1

2 n — 2t
Z ok (@2k+aG2k+b — Qrr2t—a@2k+2t—b) = 0;
k=0
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(D3) For all odd a and b, a <b, a+b < 2t,

n=1_4
3 n — 2t
Z ok (Gn—2k—a@n—2k—b — Gn—2k—2t+aGn—2k—2t+b) = 0.
k=0

Proof. Observe that the coefficient vectors o and j in (31) are

(n—1)/2 n
;= Z q; <j>5j,2l;
1=0

We begin with writing the term

(n—1)/2 (n—1)/2 - -
Qjyaljrp = Z Z Gj+aGn—j—b <j+a> <j+b> 021—a,20'+1-b95,2—a-

=0 '=0

We see that the product ajiq3j4p # 0 only if 21" = 21 + b —a — 1. For this to hold, since both
[ and I’ are integers, the numbers a and b must be of different parity. By symmetry, the cases
(odd,even) and (even,odd) lead to the same expression. Thus, it suffices to consider only one
of them, say that of even a and odd b where 0 < a,b < 2t. Condition (C3) yields

n 2t) (n—1)/2 n

n _
Z Oé]+a,8]+b Z Z < . 2t> Qj—&-aQn—j—b(sj,Ql—a

J=0 (era) (y+b)

(n—1)/2 (n _ 9t

q219n—21+a—b
l:O 2l — a)

n — 2t
2k+a9n—2k—b-
k=0

Hence, for the code %, conditions (C3) and (D1) are equivalent. Now, let us write the terms

(n—1)/2 (n—1)/2 - -
QjaQjyh = ;) lgo Gj+ali+b <j+a) (j+b>521—a,2z'—b5g‘,21a

and

(n—1)/2 (n—1)/2 - -
Bitabj+b = Z Z Gn—j—a9n—j—b <j+a) <j+b>52l+1—a,2l’+1—b5j,2l+1—a-

=0 I'=0

The products ojq0+p and Bj1qfj4p are nonzero only when 21 = 2’ + a — b, implying that
a and b have the same parity. We start with both being even, obtaining

(n Qt) (n—=1)/2 n

n —
Z )aj+aaj+b Z Z < . 2t> Qj+aqj+b0521—a
Jj=

J=0 (g+a) (g+b
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(n—1)/2

- 2 —a 421921 —a+b

l 0
n — 2t
Q2k+aq92k+b)

and

n n72t (n=1)/2 n
— 2t
Z ) 6]+a6]+b Z Z (n . >anaQn—j—b6j,2l+1—a

g=0 (J+a) (]+b) =0 j=0 J
B (”—21:)/2 —
B = \2+1l-a In—2l-19n—2l—1+a—b
n=1_4
3 (n - 2t>
B 42k +2t—aq2k+2t—b-
k=0 2k

In the end we obtain

n n 2t nlt W — 9
Z L (@jrajsp — Bjrabjss) = Z < ) Q2k-+aQ2k+b — G2k+2t—al2k+2t—b) -
Jj=0 (]-&-a) (g+b j=0
(32)
Likewise, for a and b odd, we compute
Z =t (jra@jrb — Bi+aBisb)
J=0 (]-Hz) (]+b
n-1_
% n — 2t
= Z ( o ) (In—2k—aln—2k—b — n—2k—2t+aln—2k—2t+b) - (33)
k=0

Observe that (32) and (33) are invariant under the exchange a < b, and they are trivially
zero when a + b = 2t. Furthermore, up to the sign, they have the same values in the regions
a+b> 2t and a+ b < 2t. Since conditions (D2) and (D3) require (32) and (33) to be zero,
they can result in different values only if @ < b and a + b < 2t. This shows that conditions
(D2) and (D3) together are equivalent to (C4). The proof is now complete. O

For t = 1, conditions (D1), (D2), and (D3) are equivalent to the conditions for error correction in
[28, Thm. 1]. Here we have extended them for any ¢, and thus the code %, corrects all ¢ qubit errors
if and only if it has real coefficients that satisfy conditions (D1)-(D3).

We end this section with a remark concerning code construction. Observe that condition (D1)
produces t(¢ + 1) quadratic equations for the coefficients, and condition (D2) and (D3) together yield
t(t + 1)/2 more. Therefore, to construct a ¢-error-correcting code that satisfies Proposition 7.1, we
need to solve a system of 3¢(¢ + 1)/2 quadratic equations with respect to (n + 1)/2 real unknowns,
where n is the code length. Generally, such a system is more likely than not to be incompatible, except
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for trivial solutions if the length n < 3t2 + 3t — 1 since it would be over-determined. For codes of
length n > 3t% 4 3t — 1, there is also no guarantee of a non-trivial solution, and even attempting to
solve the system by computer is a non-trivial task. Along this path, for ¢ = 1, Pollatsek and Ruskai
[28] showed that there is no code of length 5 that satisfies these conditions. The shortest permutation-
invariant code for the single errors they obtained has length 7. For ¢ = 2, it can be shown that there is
no code of length shorter than 19. For n > 19, one can try to solve a set of 9 quadratic equations to
find an explicit code for double errors.

As an example, let us examine the case where t = 1, and n = 7. By (D1) the options for (a, b) are
(0,1) or (2, 1), which yields the following equations:

o= (s () () o
() ()ome ()

From (D2) for (a,b) = (0,0) we have

0-(3) -+ (5) @-a+ () @- ).

As far as (D3) is concerned, there are no pairs (a, b), both odd, such that a + b < 2t, so this condition
is vacuous and can be ignored. Performing simplifications, we obtain the following set of equations

3q2g6 + 5¢; = 0
qoge + 15g2q4 = 0
a8 + 9q3 — 543 — 5¢¢ = 0.

Solving this system, we obtain the ((7,2,3)) permutation-invariant code of [28]. This is to be expected
since when ¢ = 1, conditions (D1)-(D3) are equivalent to the conditions in [28, Thm. 1]. At the
same time, conditions (D1)-(D3) are sufficient for the existence of codes that correct any number
t of errors, although their use becomes more difficult as ¢ increases. For instance, for ¢ = 2 and
n = 19, conditions (D1)-(D3) give rise to 9 quadratic equations. Solving them by computer, we
determine that there exists a ((19, 2, 5)) permutation-invariant code, and one choice of the coefficients
q2i,1 = 0,...,9 has the form

Go = 1,q2 = 0.0477572, ¢4 = —0.0267249, g5 = —0.00506367, g5 = 0.00332914, q10 = 0.00527235,
q1a = —0.000947223, g14 = 0.0152707, g16 = 0.00888631, g15 = 0.32678.

These numbers are approximations of the solution, produced by msolve, a C library for solving
systems of polynomial equations [1]. Its output is an interval for each of the variables, where the
solution is actually contained. These numbers were also verified by Wolfram Mathematica.

8 Concluding remarks

In this paper, we introduced the necessary and sufficient conditions for a permutation-invariant code to
correct arbitrary ¢ errors. We also presented a family of permutation-invariant codes that can be defined
explicitly using parameters g, m, d, €. By adjusting these parameters, one can show that the proposed
codes correct arbitrary ¢ Pauli errors, t amplitude damping errors, or ¢ deletion errors. The minimum
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length of our codes is smaller than in the previous explicit permutation-invariant code constructions.
Since any permutation-invariant state must necessarily be a ground state of the ferromagnetic Heisen-
berg model in the absence of an external magnetic field, the proposed codes are also suitable for a
range of applications discussed in [23, 24, 25].

9 Acknowledgment

The research of A. Barg was partially supported by NSF grants CCF-2110113 (NSF-BSF), CCF-
2104489, and CCF-2330909.

A Proofs of combinatorial lemmas from Sec. 5

Proof of Lemma 5.1. First, let us notice that

by~ (O e

m—+1

The following negation relation is obtained directly by definition: (¥) = (=1)" (T_f_l). Negat-
ing the second binomial on the right in the above equality, we obtain

B (m) B m_1 (/9 (2m —n/g\ m!(m + )T (n/g —2m)
B (n/él) == l( l )( m—1 ) I (n/g+1) '

m+1

Similarly, we obtain

(gi—a) _ <gz> <n - gl> al(r — a)l(n —r)!

(gl) a r—a n!

i) :<ng ><n—gl> al(r — a)l(n—r)!

(;l) —a a n!
Hence, identity (12) is equivalent to the following identity:
2 (7)) -2 ) L) e
= l m—1 a r—a = l m—1 r—a a

To prove (34) at once for all a,r satisfying 0 < a < r < 2m, we first convert it into a power
series identity. To do so, we multiply it by z%, sum over a = 0, 1,...,7, and note that

azi;) <gal> <7:~ :il) 2 = [y (1 +2y)? (1 +y)" 7

I

and
ZO () (5)e =11 e ey,
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where [y"] denotes the operator of taking the coefficient of y". It follows that (34) is equivalent
to the following power series having equal coefficients of 3" (which are polynomials in x) for

all » < 2m:
() et @

F(z,y) g ]
Glay) = lf;] ()R a s,

In other words, to prove the lemma, we need to show that F(z,y) = G(z,y) (mod y*>™*1).

It is easy to see that
Fa,y) = [ (L4 2(1+ 2y)*)"9 (1 + 2(1+ y)?)*" "1 4 )"

z x n/g
_ [Zm] <<1 + y)g1++ il + y>g> (1 + Z)2m7

and
Gla,y) = [7] (L 2L+ 9)?)" (1 + (1 + 2))" /91 4y

zy)d + 2 9\ "9
:[Zm] ((1+ y)liz(l_’_y) ) (1+Z)2m_

Introducing A := (1 + y)9 and B := (1 + zy)Y for the sake of simplicity, we get that

A+ zB\™9 9
F — m 1 m
@ =1 (7)o (35)
B+ zA\"? 9
=[z" 1 m,
Gy = 1" (5E28) T
Let us define a function g(z) = ﬁ and introduce a new variable w = g(z). Note that
z = flw) = 22V VIZAw and thus f(g(z)) = 1. Let us write (35) using our new variable.

For this, we introduce a function H(w) obtained from the right-hand side of (35) upon the
variable change:

o=t = (452 A5 (T
- (AlizZB )n/g(1+z)2m.
Let
D(w) = 2w?

fw)  1—2w—+1-4w

Our plan is to express F(z,y) using H(w). This task is resolved by the Biirmann-Lagrange
lemma [7, p.733] which says that

F(z,y) = [e"]H(g(2)) = [w™{H (w)®(w)" " (&(w) — wd'(w))}.
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Substituting ® and simplifying, we further obtain

A+B A-B

Fle) = 10" (557445 @)n/g 1

V1 —4dw'

Noticing that A — B is a multiple of y, we can expand the last formula modulo y

follows:
Py = (-4 (A1 2Y7 i; (") (A5 2Y (77 12) o

2m+1 as

Note that the expression for G(x,y) can be obtained by exchanging A and B. Observe that
the terms with odd j are zero (since (j/ 2;1/ 2) = 0), while for even j, the corresponding terms
in F(z,y) and G(z,y) coincide. This completes the proof of Lemma 5.1. O

Proof of Lemma 5.2. Straightforward by Zeilberger’s “creative telescoping”. Let F'(m,l) :=

@)
G

notice that

and let s(m) = >}, F(m,1), where the summation can be extended to all [ € Z. First

2(m +2)F(m,l) =2z —m —1)F(m + 1,1) = G(m,l + 1) — G(m,), (37)

where

l(m+ 2)

G(m,l) == F(m,|)———=.
(m7 ) (m7 )m _ l + 1
To see this, divide both sides of (37) by F(m,1) and use

F(m,l+1) (m—=10)2x—-1) F(m+1,1) (m+2)(m+1)

F(m,1) 2z —1-m—-1)(1+1) F(m,l) (m—1+1)2x—1-—m—1)’
obtaining the same expression on both sides. Now, sum (37) on [ to obtain

2(m +2)s(m) —2(x —m —1)s(m+1) =0,

or
+ 2 o +2—3j 1 v j+2
sm+1) = s(m)——=— = s(0) [ [ ———L_ - [
z—m—1 A:Ox—m—1+j 2:6].:01:—1—]
Thus,
1 (m+1)! m+1 1
s(m) = 27 (1 — 1 - 2 — x (z—1Y\"
z(@x—m)(x—1)m1) 2(z—m)L( ")
which is the same as (13). O
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