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EXTENDING ERROR BOUNDS FOR RADIAL BASIS

FUNCTION INTERPOLATION TO MEASURING THE ERROR

IN HIGHER ORDER SOBOLEV NORMS

T. HANGELBROEK AND C. RIEGER

Abstract. Radial basis functions (RBFs) are prominent examples for repro-
ducing kernels with associated reproducing kernel Hilbert spaces (RKHSs).
The convergence theory for the kernel-based interpolation in that space is well
understood and optimal rates for the whole RKHS are often known. Sch-
aback added the doubling trick [Math. Comp. 68 (1999), pp. 201–216], which
shows that functions having double the smoothness required by the RKHS
(along with specific, albeit complicated boundary behavior) can be approx-
imated with higher convergence rates than the optimal rates for the whole
space. Other advances allowed interpolation of target functions which are less
smooth, and different norms which measure interpolation error. The current
state of the art of error analysis for RBF interpolation treats target functions
having smoothness up to twice that of the native space, but error measured in
norms which are weaker than that required for membership in the RKHS.

Motivated by the fact that the kernels and the approximants they generate
are smoother than required by the native space, this article extends the dou-
bling trick to error which measures higher smoothness. This extension holds
for a family of kernels satisfying easily checked hypotheses which we describe
in this article, and includes many prominent RBFs. In the course of the proof,
new convergence rates are obtained for the abstract operator considered by
Devore and Ron in [Trans. Amer. Math. Soc. 362 (2010), pp. 6205–6229], and
new Bernstein estimates are obtained relating high order smoothness norms
to the native space norm.

1. Introduction

A hallmark of the mathematical theory of radial basis functions (RBFs) is the
well-posedness of interpolation at scattered sites. In the simplest setting, a finite set
Ξ ⊂ Rd generates a basic finite dimensional space VΞ = span{φ(·−x) | x ∈ Ξ}, using
the RBF φ : Rd → R, which is a continuous, positive definite, radially symmetric
function. Interpolation at the sites Ξ is well-posed; to any function f : Rd → R,
defined at sites Ξ, there is a unique continuous RBF interpolant IΞf ∈ VΞ. The
current state of the art treats error measured in a variety of Sobolev norms up to
a critical order determined by the RBF. The goal of this paper is to provide a new
error analysis for RBF interpolation treating errors measured in Sobolev norms
higher than this critical order.
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The motivation to extend the range of error estimates to higher order Sobolev
norms stems from different mathematical areas. The first motivation stems from ap-
proximation theory. To determine the exact range of parameters in which rigorous
error estimates can be shown is a natural question, one which has been considered
for radial basis functions in [15, 19, 25, 27].

Measuring error in higher Sobolev norms has also gained attention in the context
of deep learning. See, for example, [10, 18]. There are several reasons to include
derivative information in the loss function for training deep neural networks. One
motivation stems from the observation that including derivative information can
improve the performance of the predictive error in learning, see [9]. Another stems
from the fact that machine learning techniques have become an incredibly popular
tool to solve partial differential equations – this includes using deep neural networks,
but also Gaussian processes and kernels, see [7]. This aspect is closely connected
to the next motivation.

A particularly strong motivation comes from using RBFs as tools for mesh-free
solution of PDEs. In this regard, we mention the cosmos of (pseudo-)spectral meth-
ods, although other approaches, namely Galerkin and RBF-FD methods, can also
benefit. Traditionally, in spectral methods one considers (orthogonal) polynomials
for which such approximation results are also available, see for instance [5, Theorem
2.2] where also error estimates in higher (weighted) Sobolev norms are discussed.
We consider now radial basis functions and pseudo-spectral methods, see [16] for
an introduction into the topic. See also [35] for non-standard differential operators.
The overall problem is that one seeks a finite dimensional approximation to a linear
differential operator L. A main focus in pseudo-spectral methods is that the ap-
proximate operator should be applicable to a function f from which only its values
on a discrete set of possibly scattered points Ξ are known. A common approach
is to consider a kernel-based interpolation IΞf to the function and to consider the
differential operator applied to the interpolant as discretized differential operator.
To formally justify this procedure a consistency argument of the following form

f ≈ IΞ(f) ⇒ Lf ≈ LIΞf

is needed. Such estimates can be rigorously proven if the interpolation error mea-
sured in high (depending on L) Sobolev norms can be controlled.

1.1. The doubling trick. For each positive definite RBF φ, there is an associ-
ated reproducing kernel Hilbert space (RKHS) N (φ) ⊂ C(Rd), the native space, for
which (x, y) '→ φ(x− y) is the reproducing kernel. The native space has an associ-
ated error analysis for interpolation which works as follows: the interpolation oper-
ator IΞ is the N (φ)-orthogonal projector onto VΞ. Thus ‖IΞf − f‖N (φ) ≤ ‖f‖N (φ),
which leads, thanks to the embedding N (φ) ⊂ C(Rd), to (tautological) pointwise
bounds of the form

|f(x) − IΞf(x)| ≤ PΞ(x)‖f‖N (φ),

where PΞ(x) = max‖f‖N(φ)=1 |IΞf(x) − f(x)| is called the power function. Often,
the power function can be made small when Ξ is well distributed near to x.

This natural error estimate can be improved by the doubling trick for RBFs,
originally described in [29]. It is the RBF version of the classical Aubin-Nitsche
trick [3, 28] used in the theory of Finite Elements. Roughly, it guarantees that a

function f ∈ N (φ ∗ φ) ∩ N (φ) which has deconvolution v = (f̂/φ̂)∨ supported in a
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compact set Ω satisfies

‖f − IΞf‖N (φ) ≤ ‖f‖N (φ∗φ)‖PΞ‖L2(Ω).

A particularly strong version of this result considers φ with N (φ) norm equivalent to
Wm

2 (Rd), m > d/2, and Ω ⊂ Rd a compact set satisfying an interior cone condition.
In that case, N (φ ∗ φ) = W 2m

2 (Rd), and the result of applying the doubling trick
gives

(1.1) ‖f − IΞf‖Wσ
2 (Ω) ≤ Ch2m−σ‖f‖W 2m

2 (Rd) for all 0 ≤ σ ≤ m.

Here h := maxx∈Ω dist(x,Ξ) is the fill distance of Ξ in Ω.
Interestingly, in the case that the native space is Wm

2 (Rd), the RBF φ, along
with the finite dimensional space VΞ, lies in W σ

p (Rd), for σ < 2m− d + d/p. Thus,
it is reasonable to ask if IΞf converges to f in higher order Sobolev norms when f
satisfies the conditions required for the doubling trick. This is the problem we seek
to answer.

Precisely, we will show in Theorem 5.1 that for the interpolation error for f =
φ∗ν ∈ W 2m

2 (Rd) with ν ∈ L2(Rd) having support in Ω and with a suitable positive
definite kernel

(1.2) ‖f − IΞf‖Wσ
2 (Ω) ≤ Chmqm−σ‖ν‖L2(Rd)

holds for all sufficiently dense subsets and for any m < σ for which ,σ- < 2m −
d/2. Here we employ the separation radius q := 1

2 minξ∈Ξ dist(ξ,Ξ \ {ξ}). Under
conditions of quasi-uniformity of Ξ (i.e., when h ≤ ρq for some constant ρ > 1) and
using the original result [29], this yields

‖f − IΞf‖Wσ
2 (Ω) ≤ Ch2m−σ‖ν‖L2(Rd)

for all σ ≥ 0 such that ,σ- < 2m − d/2.
At this point, we note that we might have obtained such approximation orders for

the case σ > m by using a smoother kernel of order greater than σ and employing
the classical result (1.1). However, following the general guideline [31, Guideline
3.11] it is favorable to use the least smooth kernel to obtain a given approximation
rate.

We illustrate this by considering the family of integer order Matérn kernels.
For an integer k ≥ d/2, the kernel φ̃k is the fundamental solution to the elliptic
differential operator (1 −∆)k on Rd. These kernels are discussed in greater detail
in Example 3.3. We note that each φ̃k has native space N (φ̃k) = W k

2 (Rd).
For a bounded set Ω ⊂ Rd with smooth boundary, suppose f ∈ W 2m

2 (Rd),
but with support in Ω. Given a finite set Ξ ⊂ Ω, we would like to measure the
interpolation error ‖f − IΞf‖W m+n

2 (Ω) for 0 ≤ n < m−d/2, where IΞf is the kernel

interpolant using a suitable Matérn kernel φ̃k. For such kernels, the resulting linear
system has a theoretically derived upper bound on the largest eigenvalue of order
q−d and theoretically derived lower bound on the smallest eigenvalue of order q2k−d.
This results in an upper bound for the condition number of order q−2k.

Standard error estimates [33, Corollary 11.33] permit us to interpolate using
the kernel φ̃2m; this gives ‖f − IΞf‖W m+n

2 (Ω) = O(hm−n), but the resulting linear

system has a theoretically derived condition number of order q−4m.
An improvement in the condition number could be sought by using a kernel

φ̃m+n. In this case, one might hope to employ the doubling trick as described above;
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this can be done if dist(supp(f), ∂Ω) > 0.1 Using φ̃m+n still leads to error ‖f −
IΞf‖W m+n

2 (Ω) = O(hm−n), but now with an improved condition number of order

q−2m−2n (along with the extra requirement that supp(f) is compactly contained in
Ω).

We point out that if f ∈ W 2m
2 (Rd) with suppf ⊂ Ω, then the function ν :=

(1−∆)mf ∈ L2(Rd) has support in Ω. Thus f = φ̃m ∗ ν and for point sets Ξ which
are quasi-uniform, the result Theorem 5.1 guarantees error ‖f − IΞf‖W m+n

2 (Ω) =

O(hm−n), but with a condition number of order q−2m which is the least one of
those choices.

1.2. Outline. We introduce notation and present some necessary background on
RBF interpolation in section 2.

In section 3 we present high order Bernstein inequalities and discuss their appli-
cation to three prominent families of RBFs: surface splines (introduced in Example
3.2), Matérn kernels (described in Example 3.3), and various compactly supported
kernels including Wendland’s kernels of minimal degree (described in Example 3.4).

In section 4 we introduce an integral-based approximation scheme TΞ : f '→
TΞf ∈ VΞ(φ) and discuss its error analysis. The application of this approxima-
tion scheme is then discussed for surface splines, Matérn kernels and compactly
supported kernels.

Section 5 gives interpolation error in the case that the RBF φ is positive definite;
this setting yields the result (1.2) mentioned earlier. This applies to Matérn ker-
nels and some compactly supported RBFs. A precise discussion of the compactly
supported kernels for which this works is given in section 5.2.

Section 6 gives interpolation error in the case that the RBF φ is conditionally
positive definite. This requires a bit more care than the positive definite case; in
particular, the results require extra hypotheses which are not present in section
5. Section 6.2 shows how these hypotheses can be met for an RBF whose Fourier
transform has an algebraic singularity. Section 6.3 treats the surface splines, and
derives estimates in terms of the fill distance.

In Appendix A, we prove a lemma about regularity of local polynomial repro-
ductions which is used in section 4, but which may find use beyond the scope of
this article.

2. Notation and background

Throughout the article, we will use C as a generic positive constant whose value
may change from line to line.

1The doubling result cannot be applied directly, since f ∈ W 2m
2 (Rd) is not assumed to

be in W
2(m+n)
2 (Rd). Still, if dist(supp(f), ∂Ω) > 0 and h is sufficiently small, one may find

Fh ∈ W
2(m+n)
2 (Rd) with supp(Fh) ⊂ Ω, such that ‖f − Fh‖W m+n

2
≤ Chm−n‖f‖W2m

2 (Rd)

holds, along with ‖Fh‖W
2(m+n)
2 (Rd)

≤ Ch−2n‖f‖W2m
2 (Rd). (By mollification – see [12].) Then

‖f − IΞf‖
W m+n

2 (Rd)
≤ ‖f − Fh‖W m+n

2 (Rd)
+ ‖Fh − IΞFh‖W m+n

2 (Rd)
+ ‖IΞ(Fh − f)‖

W m+n
2 (Rd)

,

with each term controlled by Chm−n‖f‖W2m
2 (Rd); for the first term, this follows from the approx-

imation error; for the second term it follows by applying (1.2) to obtain

‖Fh − IΞFh‖W m+n
2 (Rd)

≤ Chm+n‖Fh‖W
2(m+n)
2 (Rd)

≤ Chm−n‖f‖W2m
2 (Rd);

for the third term, ‖IΞ(Fh −f)‖
W m+n

2 (Rd)
≤ ‖Fh −f‖

W m+n
2 (Rd)

follows because IΞ is orthogonal

projection.
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Denote by x '→ |x| the Euclidean norm in Rd and let (x, y) '→ dist(x, y) = |x−y|
be the corresponding distance, which we extend to act on subsets of Rd in a natural
way (in particular, dist(x, A) = inf{dist(x, a) | a ∈ A}). Let Ω ⊂ Rd and Ξ ⊂ Ω a
finite subset. Define the separation radius by qΞ := 1

2 minξ∈Ξ dist(ξ,Ξ\{ξ}), the fill

distance by hΞ,Ω := supx∈Ω dist(x,Ξ), and the mesh ratio by ρΞ,Ω := hΞ,Ω

qΞ
. When

the underlying sets are clear from context, we will simply write h, q and ρ.
Define the space of polynomials by P(Rd) and the subspace of polynomials of

degree m or less by Pm(Rd). The space of Schwartz functions is denoted S(Rd).
The Fourier transform of a Schwartz function is

Fγ(ω) = (2π)−d/2

∫

Rd

γ(x)e−ix·ωdx,

and for tempered distributions, the Fourier transform Fu is the distribution which
satisfies 〈Fu, γ〉 := 〈u, Fγ〉 for all γ ∈ S(Rd). For m ≥ 0, define

Sm(Rd) := {γ ∈ S(Rd) | sup
ω∈Rd

|ω|−mγ(ω) < ∞}.

If the distributional Fourier transform of φ coincides on Rd \{0} with a measurable
function which represents the Fourier transform on S2m(Rd) then it has generalized
Fourier transform of order m. Denoting the generalized Fourier transform of φ by
φ̂ : Rd \ {0} → C, the above definition is equivalent to the identity

(∀γ ∈ S2m(Rd))

∫

Rd

φ̂(ω)γ(ω)dω =

∫

Rd

Fγ(ω)φ(ω)dω.

See [17, 24] for more background.

Sobolev spaces. We recall (see for instance [1, Definition 2.39]) the Bessel poten-
tial operators which are defined for tempered distributions via the formula

F(Jsf) = (1 + | · |2)s/2Ff.

For τ ≥ 0 we define the Sobolev space Hτ via Bessel potentials: that is, Hτ is the
space of all u ∈ L2(Rd) such that Jτu ∈ L2(Rd). Its norm is

‖u‖2
Hτ :=

∫

Rd

Fu(ω)(1 + |ω|2)τ/2dω.

For any s, τ ∈ R, Js : Hτ → Hτ−s is an isometry between Sobolev spaces.
The space Ḣτ consists of distributions u for which there exists p ∈ P such that

(−∆)τ/2u− p ∈ L2(Rd). If u has generalized Fourier transform of some order, then

|u|Ḣτ
2

:=
∥∥| · |τ û

∥∥
L2(Rd)

.

In order to work on compact sets Ω ⊂ Rd we also need Sobolev spaces on
domains. For k ∈ N, we define the Sobolev space W k

2 (Ω) to be all functions u
with distributional derivatives Dαu ∈ L2(Ω) for all |α| ≤ k. Associated with these
spaces are the seminorms

|u|2W k
2 (Ω) :=

∑

|α|=k

k!

α!
‖Dαu‖2

L2(Ω)
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and norms ‖u‖2
W k

2 (Ω)
:=

∑k
j=0 |u|2

W k
2 (Ω)

. For fractional order Sobolev spaces, we

use the seminorm

|u|2
W k+s

2 (Ω)
=

∑

|α|=k

∫

Ω

∫

Ω

|Dαu(x) − Dαu(y)|
|x − y|d+2s

dxdy

and norm ‖u‖2
W k+s

2 (Ω)
:=

∑k
j=0 |u|2

W k
2 (Ω)

+|u|2
W k+s

2 (Ω)
. It is well known that W τ

2 (Rd)

and Hτ have equivalent norms. To ensure equivalence between seminorms, we use
Lemma 1.

Lemma 1. If u has generalized Fourier transform of order 3τ4/2, then the semi-
norms |u|W τ

2 (Rd) and |u|Ḣτ are equivalent.

Before embarking on the proof, we make the following observation which allows
us to relate generalized and distributional Fourier transforms: for κ ∈ S(Rd) and
multi-integer α, F−1(Dακ)(ω) = (−iω)αF−1(κ)(ω), so F−1(Dακ) ∈ S|α|(Rd).

Lemma 2. If f has generalized Fourier transform of order m, and |α| ≥ 2m, then
the distributional Fourier transform of Dαf is represented by the locally integrable
function: namely, F(Dαf)(ξ) = (iω)αf̂(ξ) almost everywhere.

Proof. Let γ ∈ S(Rd) and define ψ via Fψ = DαFγ. By the above argument,
ψ = F−1(DαFγ) ∈ S|α|(Rd) and ψ(ω) = (−iω)αγ(ω) holds. Then

(Dαf)(Fγ) = (−1)|α|
∫

Rd

f(x)Dα(Fγ)(x)dx = (−1)|α|
∫

Rd

f(x)Fψ(x)dx

holds by the definition of the distributional derivatives and by the definition of ψ.
Thus (Dαf)(Fγ) = (−1)|α| ∫

Rd f̂(ξ)ψ(ξ)dξ follows by the definition of the general-
ized Fourier transform. Applying the formula for ψ gives

(Dαf)(Fγ) = (−1)|α|
∫

Rd

f̂(ξ)(−iω)αγ(ω)dξ =

∫

Rd

f̂(ξ)(iω)αγ(ω)dξ

and the result follows. !

Proof of Lemma 1. Suppose u has generalized Fourier transform of order 3τ4/2.
In case τ = k ∈ N, it follows that

∫
Rd |Dαu(x)|2dx =

∫
Rd |F(Dαu)(ω)|2dω =∫

Rd |ωαû(ω)|2dω for any |α| = k (the first equality is Plancherel’s theorem, and the
second is Lemma 2). It follows that |u|Ẇ k

2 (Rd) ∼ |u|Ḣk .

In case τ /∈ N with s = τ − 3τ4, we use [13, Proposition 3.4] to show that, for
a multi-index |α| = 3τ4, |Dαu|Ḣs ∼ |Dαu|W s

2 (Rd). Applying this to the definition

gives |u|2W τ
2 (Rd) ∼

∑
|α|=&τ' |Dαu|2

Ḣs . The equivalence
∑

|α|=&τ' |Dαu|2
Ḣs ∼ |u|2

Ḣτ

follows because F(Dαu)(ω) = (iω)αû(ω) for ω 6= 0. !

Radial basis functions and native spaces. A function φ : Rd → R is condition-
ally positive definite of order m0 (hereafter abbreviated by CPD) if the following
holds: for any finite Ξ ⊂ Rd, the collocation matrix

ΦΞ =
(
φ(ξ − ζ)

)
ξ,ζ∈Ξ

is strictly positive definite on the subspace
{

a : Ξ → R | (∀p ∈ Pm0−1)
∑

ξ∈Ξ

aξp(ξ) = 0
}
.
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If m0 ≤ 0, then φ is positive definite. A function which is CPD and symmetric with
respect to rotations is called a radial basis function (RBF).

A version of Bochner’s theorem [33, Theorem 8.12] asserts that if φ is continuous
and increases at most algebraically (so that |φ(x)| ≤ C|x|α for some α ∈ R) and if
φ has a continuous generalized Fourier transform of order m0 which satisfies that
φ̂ > 0 on some open set, then φ is CPD of order m0. Although more will come later,
this assumption will be in place throughout the article. It is worth noting that both
the order of the generalized Fourier transform and the order of conditional positive
definiteness have the nesting property: if φ has order m0 then it has order m0 + 1.

For a CPD function of order m0 there is an associated function space, called
the native space, N (φ), which consists of continuous functions. One may find its
construction in [30, 33]. The space has a semi-inner product (f, g) '→ 〈f, g〉N (φ)

with nullspace Pm0−1. It is complete in the sense that the quotient N (φ)/Pm0−1

is a Hilbert space. We denote the induced seminorm by f '→ |f |N (φ).
If φ is positive definite (i.e., m0 ≤ 0), the nullspace is trivial, and N (φ) is a

Hilbert space. In this case, f '→ |f |N (φ) is a norm.
It is worth noting that the native space depends both on the function φ and

the order m0; this is relevant because of the nesting property described above, so a
given CPD function will generate infinitely many native spaces (one for each order).

For any functional of the form
∑

ξ∈Ξ aξδξ supported on Ξ ⊂ Rd which annihilates
Pm0−1 we have for f ∈ N (φ) that

(2.1)
∑

ξ∈Ξ

aξf(ξ) =

〈
f,
∑

ξ∈Ξ

aξφ(· − ξ)

〉

N (φ)

.

For Ξ ⊂ Rd, we define the finite dimensional space

VΞ(φ) :=
{∑

ξ∈Ξ

aξφ(· − ξ) |
∑

ξ∈Ξ

aξδξ ⊥ Pm0−1

}
+ Pm0−1.

For any Ξ ⊂ Rd, we have VΞ(φ) ⊂ N (φ).
If Ξ is unisolvent with respect to Pm0−1 (meaning that if p ∈ Pm0−1 vanishes on

Ξ, then it is identically zero), then the interpolation operator

IΞ : N (φ) → VΞ(φ) where (IΞf)|Ξ = f |Ξ for all f ∈ N (φ)

is well-defined. It is the orthogonal projector onto VΞ(φ) with respect to the N (φ)
semi-inner product. Note that, like the native space, the interpolation operator
depends on the order m0 of conditional positive definiteness as well as on φ (as well
as on Ξ).

For a CPD function φ which has a continuous generalized Fourier transform of
order m0, the native space can be expressed as the space of continuous functions
f which are tempered distributions, which have a generalized Fourier transform of
order m0/2, and for which

∫
Rd |f̂(ω)|2/φ̂(ω)dω < ∞. In this case, the formula

(2.2) 〈f, g〉N (φ) =

∫

Rd

f̂(ω)ĝ(ω)(φ̂(ω))−1dω

holds. See [30, 33] for details.
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3. Higher order Bernstein inequalities

Bernstein estimates for RBF approximation have been demonstrated in [27], and
more recently [20] for bounded regions. The existing literature treats the case that
the weaker norm is L2(Rd). In this section we present Bernstein inequalities where
the weaker norm is the native space. These hold for RBFs which have the following
property:

Assumption 1. We assume φ to be an RBF whose generalized Fourier transform
satisfies the following two inequalities almost everywhere

C1(1 + |ω|2)−τ ≤ φ̂(ω) in Rd,

φ̂(ω) ≤ C2|ω|−2τ in Rd \ B(0, r0)

for some exponent τ > d/2 and constants 0 < C1 ≤ C2.

This guarantees the continuous embedding Hτ ⊂ N (φ). However, it does not

quite imply N (φ) ⊂ Ḣτ , since φ̂ may have a sharper singularity at ω = 0 than

O(|ω|−2τ ). Of course, this assumption permits φ̂ to have no singularity at all.
Under this assumption, [33, Theorem 12.3] applies (see also [26]), with a τ de-

pendent constant C0:

(3.1) λmin(ΦΞ) := min∑N
ξ∈Ξ aξδξ⊥Pm0−1

∑

ξ,ζ∈Ξ

aξaζφ(ξ − ζ) ≥ C0C1q
2τ−d‖a‖2

)2(Ξ).

This can be used to prove a bandlimited approximation result as in [27, Lemma
3.3]. To this end, for σ > 0, define for a tempered distribution u, the function
uσ := (ûχB(0,σ))

∨. By the identity (2.2), if u ∈ N (φ), then uσ ∈ N (φ) as well.

Lemma 3. If φ satisfies Assumption 1, then there is κ > 0 so that for any finite
set of points Ξ ⊂ Rd, if σ > max(r0,κ/q), then |u − uσ|N (φ) ≤ 1

2 |u|N (φ) for all
u ∈ VΞ(φ).

Proof. The proof follows that of [27, Lemma 3.3], with a simple modification to
treat the requirement that σ > r0. !

As in [27, Theorem 5.1] this gives rise to a Bernstein estimate. In contrast to
the result in [27], this uses a higher order smoothness norm on the right hand side.

Theorem 3.1. Suppose φ satisfies Assumption 1, and that 0 ≤ s < τ − d/2. Then
there is a constant C so that for any Ξ ⊂ Rd with separation radius q < 1,

|Jsu|N (φ) ≤ Cq−s|u|N (φ)

holds for any u ∈ VΞ(φ).

Note that every polynomial space Pm is an invariant subspace of Js. This follows
from 〈Jsp, Fψ〉 = 〈Fp, (1 + | · |2)s/2ψ〉, which is a consequence of the definition of
Js. In particular, one may and then using the product rule in conjunction with the
characterization

F(Pm) = {Fq | q ∈ Pm} = span{δ0Dα | |α| ≤ m}

to obtain JsPm = Pm. Since Pm0−1 is the nullspace of the native space seminorm,
we have |Js(u+p)|N (φ) = |Jsu|N (φ). Thus for φ satisfying Assumption 1, |Jsu|N (φ)

can be calculated, via (2.2), as an integral on the Fourier domain.
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Proof. The function ψτ−s := J2sφ satisfies Assumption 1, with τ−s in place of τ , as

can be observed from its generalized Fourier transform ψ̂τ−s(ω) = (1 + |ω|2)sφ̂(ω).

An application of (2.2) gives |Jsu|2N (φ) =
∫

Rd |
∑

ξ∈Ξ cξei〈ω,ξ〉|2(1 + |ω|2)sφ̂(ω)dω

for any u =
∑

ξ∈Ξ cξφ(· − ξ) ∈ VΞ(φ), which provides the identity

|Jsu|2N (φ) =

∣∣∣∣∣∣

∑

ξ∈Ξ

cξψτ−s(· − ξ)

∣∣∣∣∣∣

2

N (ψτ−s)

= |ũ|2N (ψτ−s),

where we define ũ :=
∑

ξ∈Ξ cξψτ−s(· − ξ). Let σ = 2 max(κ/q, r0). Then Lemma 3

guarantees that |ũ|2N (ψτ−s) ≤ 4|(ũ)σ|2N (ψτ−s). Finally, we have

| (ũ)σ |2N (ψτ−s) =

∫

|ω|<σ

∣∣∣
∑

ξ∈Ξ

cξe
i〈ω,ξ〉

∣∣∣
2
φ̂(ω)(1 + |ω|2)s dω

≤
(1 + 4κ2

4κ2

)s
σ2s

∫

|ω|<σ

∣∣∣
∑

ξ∈Ξ

cξe
i〈ω,ξ〉

∣∣∣
2
φ̂(ω)dω ≤ Cq−2s |u|2N (φ) ,

since q < 1. In the first inequality, we have used the fact that σ is bounded below by

σ ≥ 2κ > 0, so 1 + σ2 ≤
(

1+4κ2

4κ2

)
σ2. The second inequality follows automatically

if σ = 2κ/q; if r0 > κ/q, then the result holds with a slightly larger, r0 dependent
constant, because σ2s ≤ (2r0)2s ≤ (2r0)2sq−2s. !

This applies to a number of prominent RBF families.

Example 3.2. The surface spline φm, the fundamental solution to ∆m on Rd for
m > d/2, is CPD of order 3m − d/24 + 1, and has generalized Fourier transform

φ̂m(ω) = |ω|−2m of order 3m − d/24 + 1. It is, however, customary to consider φm

as CPD of order m0 = m, in which case [33, Theorem 10.43] shows that the native
spaces is the Beppo-Levi space

BLm(Rd) = {f ∈ L2,loc(Rd) | (∀|α| = m) Dαf ∈ L2(Rd)}.

The seminorm for this space is |f |N (φm) = |f |W m
2 (Rd). Then Theorem 3.1 states

that for u ∈ VΞ(φm) and s < m − d/2, we have |Jsu|Ḣm ≤ Cq−s|u|W m
2 (Rd).

Example 3.3. The Matérn kernels φ̃τ , τ > d/2, known also as Bessel potential
kernels, are the fundamental solutions to the (possibly) fractional operator (1−∆)τ

on Rd. They are strictly positive definite, with native space N (φ̃τ ) = Hτ . For any
u ∈ VΞ(φ̃τ ) we have ‖u‖Hτ+s ≤ Cq−s‖u‖Hτ as long as s < τ − d/2. These RBFs
are discussed further in Example 4.2.

Example 3.4. Various compactly supported RBFs, including Wendland’s com-
pactly supported RBFs of minimal degree, denoted φk,d (where k is a parameter
derived from its construction, but related to its smoothness) satisfy Assumption
1. Each kernel φk,d is strictly positive definite, and has native space N (φk,d) =
Hk+(d+1)/2(Rd). Theorem 3.1 states that for any u ∈ VΞ(φk,d) we have

‖u‖Hk+(d+1)/2+s(Rd) ≤ Cq−s‖u‖Hk+(d+1)/2(Rd)

as long as s < k + 1/2− d/2. These are discussed again in Example 4.3 in the next
section.
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4. RBF approximation with Sobolev norms

We now give Jackson estimates for the spaces VΞ(φ) using the norm ‖·‖Hm+n(Rd),
with 0 ≤ n < m − d/2. Our first result involves a version of the approximation
scheme developed in [11] for RBFs which are fundamental solutions to differential
operators. This scheme was used to get approximation results with error measured
in Lp(Rd); we expand this slightly to error in Sobolev norms, and for RBFs satis-
fying a more general set of conditions. Specifically, we show that it provides strong
results for target functions u ∈ H2m having deconvolution (û/φ̂)∨ supported in Ω.

For this, we make a basic assumption about the radially symmetric function φ.
Namely, that it is a smooth perturbation of a type of (essentially) homogeneous
function. To make this definition we introduce the function hs for s ≥ 0 as

hs(x) =

{
|x|s s /∈ 2N,

|x|s log |x| s ∈ 2N.

By [22, (3.1)], it follows that

(4.1) Dαhs(x) = ps−|α|(x) log(x) + qs−|α|(x)

with qs−|α| a homogeneous, rational function of degree s − |α|, and ps−|α| a homo-
geneous polynomial of degree s− |α|, which is zero when s /∈ 2Z or when s− |α| < 0.

Assumption 2. Suppose s and L are positive, with s > d/2 and L > s + d. We
assume φ ∈ C(Rd)∩Cs+d−1(Rd \{0}) is radially symmetric, and there is a constant
r0 > 0 so that φ|Rd\B(0,r0) ∈ CL(Rd \ B(0, r0)) and the following two conditions
hold

(1) there is a constant C so that for all multi-indices |β| = L and |x| > r0,

|Dβφ(x)| ≤ C|x|s−|β|,

(2) there exist functions u, v ∈ CL(B(0, r0)) so that for |x| < r0

φ(x) = u(x) + hs(x)v(x).

Although neither Assumption 1 nor 2 implies the other, if φ is to satisfy both
simultaneously, with v(0) 6= 0 it must follow that s = 2τ−d. To see this, decompose
φ = φ1+φ2+φ3 into three radially symmetric components such that φ1 is supported
near the origin, φ2 is supported in a neighborhood of {x | |x| = r0} and φ3 is

supported away from {x | |x| ≤ r0}. Assumption 2 guarantees that φ̂2(ξ) and φ̂3(ξ)

are both o(|ξ|−(s+d)), while φ̂1(ξ) ∼ |ξ|−(s+d) due to fact that it behaves locally like
hs near the origin.

By item (1) of Assumption 2, Dβφ3 ∈ L1(Rd) for all multi-indices |β| = L, so

|φ̂3(ξ)| ≤ C|ξ|−L. Because φ2 ∈ Cs+d−1(Rd) and it has derivatives Dβφ2(x) of
order |β| = s + d which extend continuously to the boundary {x | |x| = r0}, its

distributional derivatives of order |β| = s+d are in L1(Rd), so |φ̂2(ξ)| = o(|ξ|−(s+d))
as ξ → ∞.

Finally, by expanding v from (2) in a Taylor series about the origin, we have

v(x) =
∑L

j=0 cj |x|j + R(x) (the terms corresponding to odd values of j vanish, but
for the present argument, there is no advantage in omitting these terms). Near

to the origin, φ1(x) = u(x) +
∑L

j=0 cjhs+j(x) + hs(x)R(x) which implies that
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C1|ξ|−s−d ≤ φ̂1(ξ) ≤ C2|ξ|−s−d for 0 < C1 ≤ C2 < ∞, since hs has distribu-

tional Fourier transform ĥs(ξ) ∝ |ξ|−s−d on Rd \ {0}, and the other components of
φ1 have Fourier transform which decays more rapidly.

Example 4.1. The family of surface splines given in Example 3.2 is defined for
m > d/2 as φm(x) = Cm,dh2m−d(x). Thus, they satisfy Assumption 2 with s =
2m − d. Item (1) follows from (4.1) and the remark following it, while item (2)
follows with u = 0 and constant v.

Example 4.2. The Matérn kernels φ̃τ (x) = |x|τ−d/2Kτ−d/2(|x|) satisfy Assump-
tion 2 with s = 2τ − d. Here Kµ is a modified Bessel function [14, 10.25]. Each
φ̃τ is in C∞(Rd \ {0}) and satisfies the decay condition |Dαφ̃τ (x)| ≤ CM |x|−M for
all M and all α. Furthermore, item (2) holds by using the convergent power series
expansion

φ̃τ (x) =
∞∑

j=0

aj |x|2j + h2τ−d(|x|)
∞∑

j=0

bj |x|2j

which is valid for all µ > d/2. When µ − d/2 ∈ N, this is given in both [14, Eq.
10.31.1] and [2, Eq. 9.6.11]. When µ − d/2 is fractional, it follows from either
[14, Eq. 10.27.4 and Eq. 10.25.2] or [2, Eq. 9.6.2 and Eq. 9.6.10].

Example 4.3. The compactly supported Wendland kernels of minimal degree φk,d,
described in [33, Chapter 9], satisfy Assumption 2 only in dimension d = 2. Indeed,
for d ∈ N, φk,d ∈ C2k+&d/2'+1(Rd \ {0}), so when d = 2, φk,2 ∈ C2k+2(R2 \ {0}). In
this case, s = 2k + 1 and r0 = 1. Item (1) holds because supp(φk,d) = B(0, 1).

The fact that item (2) holds follows from [33, Theorem 9.12]. Specifically,

φk,2(x) = p(|x|) for a polynomial p(r) =
∑3k+2

j=0 ajrj whose first k odd coefficients
are zero. I.e., a2k+1 is the first non-zero coefficient of an odd power.

There do exist a number of compactly supported RBFs which satisfy Assump-
tions 1 and 2, however (the generalized Wendland functions studied in [8]). These
are discussed in section 5.2.

Our interest is to approximate functions f having the form f = φ ∗ ν + p, for
ν ∈ L2(Rd), with supp(ν) contained in a compact set Ω, and p ∈ Pm0−1. We note
that φ is sufficiently smooth to allow differentiation under the integral sign:

Dα

∫

Ω
ν(z)φ(x − z)dz =

∫

Ω
ν(z)Dαφ(x − z)dz

whenever |α| < s + d, by compactness of Ω, integrability of ν, and continuity of
Dαφ.

4.1. Approximation scheme. We consider an approximation scheme similar to
the one presented in [11]. For this, we consider a compact set Ω ⊂ Rd, a finite
subset Ξ ⊂ Ω, and a sufficiently regular local polynomial reproduction. The latter
is a map a(·, ·) : Ξ× Ω → R which satisfies the following conditions:

• for every z ∈ Ω if dist(ξ, z) > Kh then a(ξ, z) = 0
• for every z ∈ Ω,

∑
ξ∈Ξ

∣∣a(ξ, z)
∣∣ ≤ Γ

• for every p ∈ PL and z ∈ Ω,
∑

ξ∈Ξ a(ξ, z)p(ξ) = p(z)
• for every ξ ∈ Ξ, a(ξ, ·) is measurable.
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If Ω satisfies an interior cone condition and h is sufficiently small, then [33, Theorem
3.14] guarantees existence of a local polynomial reproduction which has the first
three of these four properties. In Appendix A, we present the modification to
[33, Theorem 3.14] which is needed to get the fourth condition (actually, we show
that each a(ξ, ·) can be chosen to be infinitely smooth).

For any function f which can be decomposed as f = φ ∗ ν + p, with ν ∈ L2(Rd)
having support in Ω, and p ∈ P, we define the approximation scheme TΞ as

TΞf(x) :=
∑

ξ∈Ξ

(∫

Ω
a(ξ, z)ν(z)dz

)
φ(x − ξ) + p(x).

Remark 4.4. If L ≥ m and ν ⊥ Pm, then the coefficients Aξ =
∫
Ω a(ξ, z)ν(z)dz

satisfy
∑

ξ∈Ξ

Aξp(ξ) =

∫

Ω
ν(z)

∑

ξ∈Ξ

a(ξ, z)p(ξ)dz =

∫

Ω
ν(z)p(z)dz = 0

for any p ∈ Pm. In particular, if φ is CPD of order m0 and f = ν ∗ φ + p with
ν ⊥ Pm0−1 and p ∈ Pm0−1, then we have TΞf ∈ VΞ(φ).

4.2. Approximation error. In order to calculate the error ‖Dαf−DαTΞf‖L2(Rd),

we introduce, for each multi-index α with |α| < s + d, the error kernel E(α) :
Rd × Ω → R, where

E(α)(x, z) :=

∣∣∣∣∣∣
Dαφ(x − z) −

∑

ξ∈Ξ

a(ξ, z)Dαφ(x − ξ)

∣∣∣∣∣∣
.

To analyze the error kernel, we make use of polynomial reproduction in the following
way:

Lemma 4. Let L be a non-negative integer. Suppose that w ⊂ Rd, W is a neigh-
borhood of w, X̃ ⊂ W is a finite set, and ã ∈ RX̃ satisfies

∑
ζ∈X̃ ãζp(ζ) = p(w)

for all p ∈ PL, along with |ζ − w| > r ⇒ ãζ = 0. For any positive integer M ,
with M ≤ L + 1, if U is M -times continuously differentiable in a neighborhood of
B(w, r), then we have

(4.2)
∣∣∣U(w) −

∑

ζ∈X̃

ãζU(ζ)
∣∣∣ ≤

‖ã‖)1(X̃)

M !
rM max

|β|=M
‖DβU‖L∞(B(w,r)).

Proof. We can express U(ζ) = P (ζ)+R(ζ), with P the Taylor polynomial of degree
M − 1 centered at w. Thus, P =

∑
|β|<M

1
β!D

βU(w)(·−w)β . For ζ ∈ B(w, r), the
remainder satisfies

|R(ζ)| ≤ 1

M !
|ζ − w|M max

|β|=M
‖DβU‖L∞(B(w,r)).

Then |U(w)−
∑

ζ∈X̃ ãζU(ζ)| ≤ ‖ã‖)1 max|ζ−w|≤r |R(ζ)|, and the result follows. !

Lemma 5. Suppose φ satisfies Assumption 2. Then the error kernel satisfies, for
|x − z| > 2Kh, the estimate

E(α)(x, z) ≤





Chs−|α|

(
|x−z|

h

)s−L
|x − z| /∈ [r0 − Kh, r0 + Kh],

Chs+d−1−|α| r0 − Kh ≤ |x − z| ≤ r0 + Kh.
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Proof. We split this into three cases according to the size of |x − z|. Case 1 treats
the punctured space |x−z| > r0+Kh, Case 2 treats the annulus r0−Kh ≤ |x−z| ≤
r0 + Kh, and Case 3 treats the inner annulus 2Kh ≤ |x − z| < r0 + Kh.

In each case, we use Lemma 4 applied to U = Dαφ(x − ·) at the point w = z in

W = Ω using the point set X̃ = Ξ and the vector ã ∈ RX̃ defined by ãζ = a(ζ, z).
By local polynomial reproduction, the hypotheses of Lemma 4 hold with r = Kh
and ‖ã‖)1(X̃) = Γ.

The only difference between the cases lies in the smoothness M enjoyed by U .

Case 1 (Assume |x − z| > r0 + Kh). In this case, U = Dαφ(x − ·) is M = L − |α|
times continuously differentiable on Rd \ B(x, r0). Under these conditions, we have
E(α)(x, z) = |U(w) −

∑
ζ∈X̃ ãζU(ζ)|, so by (4.2), it follows that

E(α)(x, z) ≤ ChM max
|β|=M

‖DβU‖L∞(B(z,Kh)) ≤ ChL−|α| max
|γ|=L

‖Dγφ‖L∞(B(x−z,Kh)).

We note that κ := min{|η| | η ∈ B(x−z, Kh)} ≥ r0, so the first item of Assumption
2 applies, giving max|γ|=L ‖Dγφ‖L∞(B(x−z,Kh)) ≤ Cκs−L. Since κ ≥ 1

2 |x − z|, we
have max|γ|=L ‖Dγφ‖L∞(B(x−z,Kh)) ≤ C|x − z|s−L which implies that

E(α)(x, z) ≤ ChL−|α||x − z|s−L = Chs−|α|
(

|x − z|
h

)s−L

.

Case 2 (Assume that r0 − Kh ≤ |x − z| ≤ r0 + Kh). In this case, Assumption 2
guarantees continuity of Dβφ on Rd \ {0} for |β| ≤ s+ d− 1. Thus U = Dαφ(x− ·)
has uniformly bounded derivatives of order M = s+d−1− |α|. In this case, Lemma
4 guarantees that

E(α)(x, z) ≤ Chs+d−1−|α| max
|β|=s+d−1−|α|

‖DβU‖L∞(B(z,Kh))

≤ Chs+d−1−|α|‖φ‖
Cs+d−1

(
B(0,2r0)\B(0,r0/2)

).

Case 3 (Assume that 2Kh < |x−z| < r0−Kh). Recall that item (2) of Assumption
2 states that φ(x) = u(x)+hs(x)v(x) in this region. To treat this case, we consider
the u and hsv components separately.

By Assumption 2, we have U = Dαu(x− ·) has smoothness M = L− |α| over the
set B(x, r0), which contains B(x, r0 −Kh) \B(x, 2Kh). Thus Lemma 4 guarantees
that |Dαu(x−z)−

∑
ξ∈Ξ a(ξ, z)Dαu(x−ξ)| ≤ ChL−|α|. Since |x−z| < r0, we have

(4.3)
∣∣∣Dαu(x − z) −

∑

ξ∈Ξ

a(ξ, z)Dαu(x − ξ)
∣∣∣ ≤ CrL−s

0 hs−|α|
(

|x − z|
h

)s−L

.

Similarly, letting U = Dα(hsv)(x − ·), Lemma 4 gives
∣∣∣Dα(hsv)(x − z) −

∑

ξ∈Ξ

a(ξ, z)Dα(hsv)(x − ξ)
∣∣∣

≤ ChL−|α| max
|β|=L

‖Dβ(hsv)‖L∞(B(x−z,Kh)),

because max|β|=L−|α| ‖DβU‖L∞(B(z,Kh)) ≤ max|β|=L ‖Dβ(hsv)‖L∞(B(x−z,Kh)). We
can estimate ‖Dβ(hsv)‖L∞(B(x−z,Kh)) by using the inequality

‖Dβ(hsv)‖L∞(B(x−z,Kh)) ≤ Cβ

∑

γ≤β

‖Dγhs‖L∞(B(x−z,Kh))‖Dβ−γv‖L∞(B(x−z,Kh)),
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which follows with a β dependent constant from the Leibniz rule. By (4.1), there
is a constant so that for any |γ| ≤ L, |Dγhs(x)| ≤ C|x|s−L on B(0, r0). Since
|x − z| > 2Kh, it follows that inf{|ζ| | ζ ∈ B(x − z, Kh)} > 1

2 |x − z|, so

(4.4)
∣∣∣Dα(hsv)(x − z) −

∑

ξ∈Ξ

a(ξ, z)Dα(hsv)(x − ξ)
∣∣∣ ≤ ChL−|α||x − z|s−L.

The result in Case 3 follows by combining (4.3) and (4.4). !

Lemma 6. Suppose φ satisfies Assumption 2. Then for 0 < |α| < s + d/2, and
0 < |x − z| < 2Kh, the error kernel satisfies

E(α)(x, z) ≤ C
(
hL−|α| + |x − z|s−|α| +

∑

ξ∈Ξ

∣∣a(ξ, z)
∣∣|x − ξ|s−|α|

)
.

Proof. Assumption 2 allows us to split E(α)(x, z) into a totally smooth part and a
homogenous part E(α)(x, z) ≤ ES + EH where

ES :=
∣∣∣Dαu(x − z) −

∑

ξ∈Ξ

a(ξ, z)Dαu(x − ξ)
∣∣∣,

EH :=
∣∣∣Dα(hsv)(x − z) −

∑

ξ∈Ξ

a(ξ, z)Dα(hsv)(x − ξ)
∣∣∣.

The smooth part is treated as in the proof of Lemma 5. In particular, Lemma 4
ensures that

(4.5)
∣∣∣Dαu(x − z) −

∑

ξ∈Ξ

a(ξ, z)Dαu(x − ξ)
∣∣∣ ≤ ChL−|α|.

To treat EH , we use the Leibniz rule and smoothness of v, to obtain

EH ≤ C
∑

γ≤α

(
|Dγhs(x − z)| +

∑

ξ∈Ξ

∣∣a(ξ, z)
∣∣|Dγhs(x − ξ)|

)

≤ C
(
|x − z|s−|α| +

∑

ξ∈Ξ

∣∣a(ξ, z)
∣∣|x − ξ|s−|α|

)
,(4.6)

where the second estimate follows from (4.1). Combining (4.5) and (4.6) gives the
result. !

Theorem 4.5. Suppose φ satisfies Assumption 2, f = ν ∗ φ + p, with p ∈ P, and
ν ∈ L2(Rd) having support in a bounded, open set Ω having Lipschitz boundary.
Then for σ with ,σ- < s + d/2, the approximation error satisfies

‖f − TΞf‖Wσ
2 (Rd) ≤ Chs+d−σ‖ν‖L2(Rd).

Proof. We begin by considering an integer σ < s+d/2. Let α be a multi-index with

|α| = σ. Then we have ‖Dαf−DαTΞf‖L2(Rd) =
(∫

Rd

∣∣∫
Rd E(α)(x, z)ν(z)dz

∣∣2 dx
)1/2

by differentiating under the integral. Defining quantities A and B as

A :=
∥∥∥
∫

|·−z|>2Kh
E(α)(·, z)ν(z)dz

∥∥∥
L2(Rd)

,

B :=
∥∥∥
∫

|·−z|<2Kh
E(α)(·, z)ν(z)dz

∥∥∥
L2(Rd)

,



This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.

EXTENDING ERROR BOUNDS FOR RBF INTERPOLATION 395

we split the error into two parts: ‖Dαf−DαTΞf‖L2(Rd) ≤ A+B. This corresponds

to splitting the error kernel as E(α) = E1 + E2, where

E1(x, z) := E(α)(x, z)χ{(x,z)||x−z|>2Kh}(x, z),

E2(x, z) := E(α)(x, z)χ{(x,z)||x−z|<2Kh}(x, z).

We may control E1 by Lemma 5 and E2 by Lemma 6.
By integrating E1(x, z) with respect to either x or z, we obtain an estimate for

the Lp norm of the integral operator E1 : g '→
∫

Rd g(z)E1(x, z)dz. In particular, for
1 ≤ p ≤ ∞,

‖E1‖Lp(Rd)→Lp(Rd) ≤ Chs−|α|
∫

2Kh<|y|<r0−Kh
(|y|/h)s−L dy

+ Chs+d−1−|α|vol({y | r0 − Kh < |y| < r0 + Kh})

+ Chs−|α|
∫

r0+Kh<|y|<∞
(|y|/h)s−L dy.

To treat the first term on the right hand side, we use by homogeneity of the inte-
grand and a change to polar coordinates to get the estimate

hs−|α|
∫

2Kh<|y|<r0−Kh
(|y|/h)s−L dy ≤ ChL−|α|

∫ r0

2Kh
rs+d−1+Ldr

≤ ChL−|α|(2Kh)s+d−L = Chs+d−|α|.

The second term involves the volume of an annulus having thickness proportional
to h; so vol({y | r0 − Kh < |y| < r0 + Kh}) ≤ Ch. The third term can again
be estimated by using homogeneity of the integrand followed by a change to polar
coordinates;

hs−|α|
∫

r0+Kh<|y|<∞
(|y|/h)s−L dy ≤ hL−|α|

∫ ∞

r0

rd+1+s−Ldr

≤ ChL−|α| ≤ Chs+d−|α|

(because L > s + d by assumption). So ‖E1‖Lp(Rd)→Lp(Rd) ≤ Chs+d−|α|. In partic-
ular, this holds for p = 2, which gives

(4.7) A ≤ Chs+d−|α|‖ν‖L2(Rd).

By Lemma 6, E2(x, z) ≤ C(hL−|α| + |x− z|s−|α| +
∑

ξ∈Ξ

∣∣a(ξ, z)
∣∣|x− ξ|s−|α|) for

x, z satisfying |x − z| < 2Kh. This allows us to estimate B with three integrals,
each generated by one of the above terms. Defining B1, B2 and B3 as

B1 :=
∥∥∥
∫

|·−z|<2Kh
hL−|α||ν(z)|dz

∥∥∥
L2(Rd)

,

B2 :=
∥∥∥
∫

|·−z|<2Kh
| · −z|s−|α||ν(z)|dz

∥∥∥
L2(Rd)

,

B3 :=
∥∥∥
∫

|·−z|<2Kh

∑

ξ∈Ξ

∣∣a(ξ, z)
∣∣ | · −ξ|s−|α||ν(z)|dz

∥∥∥
L2(Rd)

.

By Hölder’s inequality, we then have

(4.8) B ≤ C(B1 + B2 + B3).
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The first two parts can be controlled by the method used for E1, giving

B1 ≤ ChL+d−|α|‖ν‖L2(Rd),(4.9)

B2 ≤ Chs+d−|α|‖ν‖L2(Rd),(4.10)

since s − |α| > −d/2 > −d.
To handle B3, we apply Hölder’s inequality to the sum

∑
ξ∈Ξ

∣∣a(ξ, z)
∣∣ | ·−ξ|s−|α|,

writing |a(ξ, z)| =
√

|a(ξ, z)|
√

|a(ξ, z)|, and ‖a(·, z)‖)1(Ξ) =
∑

ξ∈Ξ |a(ξ, z)| to obtain

(B3)
2 ≤

∫

Rd

∣∣∣
∫

B(x,2Kh)
‖a(·, z)‖1/2

)1(Ξ)

(∑

ξ∈Ξ

|a(ξ, z)| |x − ξ|2(s−|α|) |ν(z)|2
)1/2

dz
∣∣∣
2
dx.

Applying Hölder’s inequality to the inner integral gives

(B3)
2 ≤

∫

Rd

(∫

B(x,2Kh)
‖a(·, ζ)‖)1(Ξ)dζ

)
×

∫

B(x,2Kh)

∑

ξ∈Ξ

|a(ξ, z)| |x − ξ|2(s−|α|) ∣∣ν(z)
∣∣2dzdx.

By the estimate
∫

B(x,2Kh) ‖a(·, ζ)‖)1(Ξ)dζ ≤
∫

B(x,2Kh) Γdζ ≤ Chd, we have

(B3)
2 ≤ Chd

∫

Rd

∫

B(x,2Kh)

∑

ξ∈Ξ

|a(ξ, z)| |x − ξ|2(s−|α|) |ν(z)|2dzdx.

Because a(ξ, z) = 0 when |z − ξ| > Kh and z ∈ B(x, 2Kh), the inner sum is taken
only over ξ ∈ Ξ which are within 3Kh from x. We use this to switch the order of
sums and integrals:

(B3)
2 ≤ Chd

∫

Rd

∑

|ξ−x|<3Kh

|x − ξ|2(s−|α|)

(∫

B(x,2Kh)

∣∣a(ξ, z)
∣∣∣∣ν(z)

∣∣2dz

)
dx

≤ Chd
∑

ξ∈Ξ

(∫

B(ξ,3Kh)
|x − ξ|2(s−|α|) dx

)(∫

Rd

|a(ξ, z)|
∣∣ν(z)

∣∣2dz

)
.

The last integral can be made larger by increasing the domain of integration to
Rd. At this point, we observe that

∫
B(ξ,2Kh) |x− ξ|2(s−|α|) dx ≤ Ch2s−2|α|+d. This

leaves

(B3)
2 ≤ Ch2s−2|α|+2d

∫

Rd

‖a(·, z)‖)1(Ξ)|ν(z)|2dz

≤ CΓh2s+2d−2|α|‖ν‖2
L2(Rd).(4.11)

The bound B ≤ Chs+d−|α|‖ν‖L2(Rd) follows from the decomposition (4.8) and
estimates (4.9), (4.10) and (4.11). Combining this fact with (4.7) completes the
proof in case σ ∈ N.

For fractional σ with ,σ- < s + d, we simply interpolate between integer order
Sobolev spaces, using σ1 = 3σ4 and σ2 = ,σ-, so that σ = θσ2 + (1 − θ)σ1. This
can be done by using Hölder’s inequality to estimate the Fourier characterization
of the Hσ norm, or to by way of the Gagliardo-Nirenberg inequality.

In either case, we have the estimate ‖F‖Wσ
2 (Rd) ≤ C‖F‖1−θ

W
σ1
2 (Rd)

‖F‖θ
W

σ2
2 (Rd)

,

which ensures

‖f − TΞf‖Wσ
2
≤

(
Chs+d−σ1‖ν‖L2(Rd)

)1−θ(
Chs+d−σ2‖ν‖L2(Rd)

)θ
.
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The result follows because h(s+d−σ1)(1−θ)h(s+d−σ2)θ = hs+d−σ. !

5. Interpolation with positive definite RBFs

With the aid of the Bernstein estimates from section 3, we show that the ap-
proximation rate of Theorem 4.5 is inherited by RBF interpolation: for this, we
consider an RBF φ having a native space which is norm equivalent to Hτ , and a
target function for which the doubling result of [29] applies.

We measure the interpolation error ‖f − IΞf‖Hσ(Rd) for suitable values of σ > 0.

5.1. Main result for positive definite RBFs.

Theorem 5.1. Suppose τ > d/2 and φ is a positive definite RBF with native
space equivalent to the Sobolev space Hτ (Rd). Suppose, further, that φ satisfies
Assumption 2 with s = 2τ − d. If Ω ⊂ Rd is compact and satisfies an interior
cone condition, then there is a constant C so that the following holds. For any
f ∈ H2τ (Rd) which satisfies f = φ ∗ ν with ν ∈ L2(Rd) supported in Ω, for any
sufficiently dense subset Ξ ⊂ Ω and for σ > 0 satisfying ,σ- < 2τ − d/2, the
inequality

‖f − IΞf‖Hσ(Rd) ≤ Chτqτ−σ‖ν‖L2(Rd)

holds.

Before proving Theorem 5.1, some remarks are in order.
Using the mesh-ratio ρ = h/q gives ‖f − IΞf‖Wσ

2 (Ω) ≤ Cρτ−σh2τ−σ‖ν‖L2(Rd).
If Ξ is such that q and h are kept roughly on par, i.e., if Ξ is quasi-uniform with
controlled mesh ratio, then this extends previous doubling results in, which held
for σ ≤ τ .

In other words, the novelty of Theorem 5.1 is that it holds in case τ < σ and
,σ- < 2τ − d/2.

Because N (φ) is norm equivalent to Hτ (Rd), it follows that there exist constants
0 < C1 ≤ C2 so that for all f ∈ Hτ (Rd),

C1

∫

Rd

|f̂(ω)|2/φ̂(ω)dω ≤
∫

Rd

|f̂(ω)|2(1 + |ω|2)τdω ≤ C1

∫

Rd

|f̂(ω)|2/φ̂(ω)dω.

By employing an approximate identity, this shows that φ̂(ω) ∼ (1 + |ω|2)−τ , so
Assumption 1 holds automatically.

Proof. By the above comment, we consider σ which satisfies σ > τ and ,σ- <
2τ − d/2. By hypothesis, φ satisfies Assumption 1. Thus Theorem 3.1 applies to
IΞf − TΞf ∈ VΞ(φ), and ‖Jσ−τ (IΞf − TΞf)‖N (φ) ≤ Cqτ−σ‖IΞf − TΞf‖N (φ) holds,
which implies

‖IΞf − TΞf‖Hσ ≤ Cqτ−σ‖IΞf − TΞf‖N (φ).

Theorem 4.5 gives ‖f − TΞf‖N (φ) ≤ C‖f − TΞf‖Hτ ≤ Chτ‖ν‖L2(Rd), while the
standard doubling argument given in the proof of [29, Theorem 5.1] shows that

‖f − IΞf‖2
N (φ) ≤ ‖f − IΞf‖L2(Ω)‖ν‖L2(Rd).

Since the inequality ‖f − IΞf‖L2(Ω) ≤ Chτ‖f − IΞf‖W τ
2 (Rd) holds by standard

arguments (see [33, Theorem 11.32], or the original version [25, Theorem 2.12]), we
have, by norm equivalence of the spaces N (φ) ∼ Hτ ∼ W τ

2 (Rd), that

‖f − IΞf‖N (φ) ≤ Chτ‖ν‖L2(Rd).
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Thus, the triangle inequality gives ‖IΞf − TΞf‖N (φ) ≤ Chτ‖ν‖L2(Rd), and

(5.1) ‖IΞf − TΞf‖Hσ ≤ Cqτ−σhτ‖ν‖L2(Rd)

follows. On the other hand, a direct application of Theorem 4.5 gives

(5.2) ‖f − TΞf‖Hσ ≤ Ch2τ−σ‖ν‖L2(Rd).

Together, (5.2) and (5.1) give

‖f − IΞf‖Hσ ≤ ‖f − TΞf‖Hσ + ‖TΞf − IΞf‖Hσ ≤ Chτqτ−σ‖ν‖L2(Rd)

and the result follows. !
5.2. A note on compactly supported RBFs. As pointed out in Example 4.3,
the compactly supported RBFs of minimal degree constructed in [33, Chapter 9]
do not satisfy Assumption 2, unless d = 2. This is precisely because of the behavior
at the boundary of the support of φk,d. This can be addressed by following the
same construction, but using a radial polynomial of slightly higher degree. The
requirements of Assumption 2 may also be satisfied by other compactly supported
RBFs, of which there are many, one may find other constructions in [4, 6, 34].
Furthermore, it may be possible to prove Theorem 5.1 for the classical Wendland
functions with d > 2 by improving the error analysis of the TΞ scheme (in such a
way that Assumption 2 is weakened), or by using a different approach altogether.

We recall here some aspects of Wendland’s construction which can be used to
construct compactly supported RBFs that satisfy Assumption 2.

For a measurable function, f : (0,∞) → R which is integrable with respect to
dµ = sds, we define If(r) :=

∫∞
r sf(s)ds. The operator I has an intertwining

property with the Fourier transform: the d + 2-dimensional Fourier transform of a
suitably integrable radial function f equals, as a radial function, the d-dimensional
Fourier transform of If , see e.g. [32, Lemma 2.1]: i.e.,

r−d/2

∫ ∞

0
f(t)t(d+2)/2Jd/2(rt)dt

= r−(d−2)/2

∫ ∞

0
If(t)td/2J(d−2)/2(rt)dt for all r > 0.

Define ψ)(0,∞) → R by ψ) := (1 − ·))+. Then for spatial dimension d, and integer
5 ≥ 3d/24+ 1, the function x '→ ψ)(|x|) = (1− |x|))+ is radial, positive definite and
supported in B(0, 1). Via Bochner’s theorem and the above intertwining formula,
x '→ (Ikψ))(|x|) is positive definite as well, see also [32, Eq. (5)].

The RBFs of minimal degree described in Example 4.3 are defined as φk,d :=
Ikψ), with 5 = k+3d/24+1. For general k, 5, and f : [0, 1] → R, a simple induction

gives the identity Ikf(r) = 21−k

Γ(α)

∫ 1
r tf(t)(t2 − r2)k−1dt for r ≤ 1. In particular, the

family of functions

Ikψ)(r) :=
21−k

Γ(α)

∫ 1

r
t(1 − t))(t2 − r2)k−1dt

can be extended to non-integer values of k and 5; such “generalized Wendland
functions” have been introduced and studied in [8].

By collecting known results from [33] and [8], Proposition 1 shows that, for
5 ≥ k + d, each kernel Ikψ) satisfies the hypotheses of Theorem 5.1. In particular,
we have the compatibility between Sobolev order m and homogeneity parameter s
from Assumption 2: namely s = 2m − d since both quantities equal 2k + 1.
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Proposition 1. For integers k, 5 satisfying 5 ≥ k + d, the function

ψ),k : Rd → R : x '→ Ikψ)(|x|)

is a compactly supported RBF which satisfies Assumption 2 with s = 2k + 1. Its
native space, N (ψ),k), is norm equivalent to Wm

2 (Rd) with m = k + d+1
2 .

Proof. Smoothing properties of the operator I given in [33, Lemma 9.8] guarantee
that Ikψ) ∈ C)+k

(
(0,∞)

)
. Since s = 2k + 1 and 5 ≥ k + d, it follows that

5 + k ≥ s + d − 1, so Ikψ) ∈ Cs+d−1
(
(0,∞)

)
, as required.

Because φ has support in B(0, 1), item (1) holds with r0 = 1.
Since each application of I increases the polynomial degree by 2, Ikψ) is polyno-

mial of degree 2k + 5, and, as observed in [33, Theorem 9.12], the first k odd-degree
coefficients in the monomial expansion of Ikψ) vanish. This also follows directly
from the formula in [8, Theorem 3.2]. By splitting into even and odd degree powers,
we obtain

Ikψ)(|x|) =
2k+)∑

j=0

dj |x|j =




k+&)/2'∑

j=0

d2j |x|2j



 + |x|2k+1




&()−1)/2'∑

j=0

d2k+1+2j |x|2j





so item (2) holds with s = 2k + 1.

The fact that N (ψ),k) = W
k+ d+1

2
2 (Rd) has been observed in [8, Corollary 2.4].

Specifically, the d-dimensional Fourier transform of ψ),k is shown to satisfy ψ̂),k(ξ) ∼
(1 + |ξ|)−(d+2k+1) in [8, Eqn. (2.3)]. !

6. Interpolation using conditionally positive definite RBFs

The CPD case requires an extra assumption and has a slightly different error
estimate. For various reasons, the target function f = ν ∗ φ + p ∈ N (φ) must
satisfy the polynomial annihilation condition ν ⊥ Pm0−1, which is equivalent to
the vanishing moment condition ν̂(ξ) = O(|ξ|m0). Furthermore, the error estimate
is initially in terms of the quantity EΩ,Ξ(f), which can be refined in a few ways
(this is discussed after the proof).

Section 6.1 provides the analogous result to Theorem 5.1 for CPD kernels. Sec-
tions 6.2 and 6.3 give instances where the annihilation condition is guaranteed to
hold and provide bounds for the quantity EΩ,Ξ(f) in terms of the fill distance.

6.1. Main result for conditionally positive definite RBFs.

Theorem 6.1. Suppose φ is an RBF which is CPD of order m0 and which satisfies
Assumptions 1 and 2, with s = 2τ−d. If Ω ⊂ Rd is compact and satisfies an interior
cone condition, then there is a constant C so that the following holds. If Ξ ⊂ Ω is
a sufficiently dense set, and if f ∈ N (φ) satisfies the decomposition f = φ ∗ ν + p
where p ∈ Pm0−1, and ν ∈ L2(Rd) is a function having two properties, supp(ν) ⊂ Ω
and ν ⊥ Pm0−1, then

|Jσ−τ (f − IΞf)|N (φ) ≤ Cqτ−σ(hτ + EΩ,Ξ(f))‖ν‖L2(Rd)

with ,σ- < 2τ − d/2. Here EΩ,Ξ(f) :=
‖f−IΞf‖L2(Ω)

|f−IΞf |N(φ)
.

Proof. The estimates

|Jσ−τ (f − TΞf)|N (φ) ≤ Ch2τ−σ‖ν‖L2(Rd) and |f − TΞf |N (φ) ≤ Chτ‖ν‖L2(Rd)
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follow from Theorem 4.5 and the embedding Hτ = W τ
2 (Rd) ⊂ N (φ) which implies

the estimate |Jσ−τ (f − TΞf)|N (φ) " ‖Jσ−τ (f − TΞf)‖Hτ " ‖f − TΞf‖Wσ
2 (Rd). We

can treat the interpolation error in the native space by using a similar ‘doubling’
argument to that of Theorem 5.1. Orthogonality gives

|f − IΞf |2N (φ) = 〈f, f − IΞf〉N (φ) =

∫

Rd

ν̂(ω)
(
f̂(ω) − ÎΞf(ω)

)
dω.

Some care is necessary to apply a Plancherel-like result, since f̂(ω)− ÎΞf(ω) is only
a generalized Fourier transform (and also not necessarily in L2(Rd)). The identity

∫

Rd

ν̂(ω)
(
f̂(ω) − ÎΞf(ω)

)
dω =

∫

Ω
ν(x)

(
f(x) − IΞf(x)

)
dx

is handled in Lemma 7. Applying Cauchy-Schwarz gives

|f − IΞf |2N (φ) ≤ ‖ν‖L2(Ω)‖f − IΞf‖L2(Ω) ≤ ‖ν‖L2(Ω)|f − IΞf |N (φ)EΩ,Ξ(f).

Dividing gives |f−IΞf |N (φ) ≤ EΩ,Ξ(f)‖ν‖L2(Rd) and applying the triangle inequality
gives |(TΞf −IΞf)|N (φ) ≤ (Chτ +EΩ,Ξ(f))‖ν‖L2(Rd). Because ν ⊥ Pm0−1, it follows
from Remark 4.4 that TΞf ∈ VΞ(φ). Since TΞf − IΞf ∈ VΞ(φ), we may apply
Theorem 3.1 to obtain

|Jσ−τ (TΞf − IΞf)|N (φ) ≤ Cqτ−σ|(TΞf − IΞf)|N (φ) ≤ Cqτ−σ(hτ + EΩ,Ξ)‖ν‖L2(Rd)

and the result follows. !
Under some extra conditions on the RBF, EΩ,Ξ(f) can be controlled by the fill

distance, yielding a result similar to the positive definite case. This is discussed
below. However, even without extra hypotheses, the term EΩ,Ξ(f) can be estimated
by the power function PΞ(x) = sup|f |N(φ)=1 |f(x) − IΞf(x)|, which can be estimated

by [33, Theorem 11.9].

Corollary 1. Suppose φ satisfies the requirements of Theorem 6.1. Then

|Jσ−τ (f − IΞf)|N (φ) ≤ Cqτ−σhτ−d/2‖ν‖L2(Rd).

Proof. Because IΞ is idempotent, we have

EΩ,Ξ(f) =
‖f − IΞf − IΞ(f − IΞf)‖L2(Ω)

|f − IΞf |N (φ)

≤ vol(Ω))1/2 maxx∈Ω |f(x) − IΞf(x) − IΞ(f(x) − IΞf(x))|
|f − IΞf |N (φ)

≤ (vol(Ω))1/2 max
x∈Ω

PΞ(x).

By [33, Theorem 11.9], for 5 > m0 − 1, there exist positive constants c1, c2 so that

PΞ(x) ≤ C min
p∈P%

‖φ− p‖1/2
L∞(B(0,c2h)).

Since φ satisfies Assumption 2 (in particular item (2)) it follows that, if we take
5 > 2τ − d, we have minp∈P% ‖φ − p‖L∞(B(0,c2h)) ≤ Chs/2 = Ch2τ−d. The result

follows by plugging the estimate EΩ,Ξ(f) ≤ Chτ−d/2 into Theorem 6.1. !
We now make the additional assumption necessary to refine EΩ,Ξ(f) by using

the zeros lemma. We assume that φ̂(ξ) ≤ C|ξ|−2τ in a neighborhood of the origin,
which without loss is B(0, r0) \ {0}, where r0 is the constant from Assumption 1
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(by continuity of φ̂). Together with Assumption 1, this is equivalent to assuming
the continuous embedding N (φ) ⊂ Ḣτ . We also assume m0 ≤ τ , which permits
us to compare the W τ

2 (Rd) seminorm appearing in the zeros estimate and the
homogeneous seminorm of Ḣτ .

Corollary 2. Suppose φ satisfies the requirements of Theorem 6.1 with m0 ≤ τ
and that φ̂(ξ) ≤ C|ξ|−2τ for 0 < |ξ| < r0. Then

|Jσ−τ (f − IΞf)|N (φ) ≤ Cqτ−σhτ‖ν‖L2(Rd).

Proof. Because m0 ∈ N, we have m0 ≤ 3τ4. By the zeros estimate [21, Theorem
A.4], we have ‖f − IΞf‖L2(Ω) ≤ Chτ |f − IΞf |W τ

2 (Rd). Because f − IΞf ∈ N (φ),
[33, Theorem 10.21] ensures it has generalized Fourier transform of order m0/2 ≤
3τ4/2 (note that m0 is an integer). Lemma 1 applies and guarantees that the
W τ

2 (Rd) and Ḣτ seminorms are identical. Consequently, we have ‖f − IΞf‖L2(Ω) ≤
Chτ |f − IΞf |Ḣτ . Because φ̂(ξ) ≤ C|ξ|−2τ for all ξ 6= 0, we have

‖f − IΞf‖L2(Ω) ≤ Chτ |f − IΞf |N (φ).

It follows that EΩ,Ξ(f) ≤ Chτ , and the result follows. !
Lemma 7. Suppose φ, Ξ and f = ν ∗ φ+ p satisfy the hypotheses of Theorem 6.1.
Then ∫

Rd

ν̂(ω)
(
f̂(ω) − ÎΞf(ω)

)
dω =

∫

Rd

ν(x)
(
f(x) − IΞf(x)

)
dx.

Proof. We achieve this by mollification. Let κ ∈ C∞
c (Rd) be a smooth function

which equals 1 in B(0, 1/2) and vanishes outside of B(0, 1). Then ν̂R := κ(·/R)ν̂ is
a smooth test function supported in B(0, R) (since ν̂ is entire), hence a Schwartz
function satisfying ν̂R(ξ) = O(|ξ|m0); here we have used the polynomial annihilation
assumption placed on ν. Because f − IΞf ∈ N (φ), it has a generalized Fourier
transform of order m0/2, so

∫

Rd

ν̂R(ω)
(
f̂(ω) − ÎΞf(ω)

)
dω =

∫

Rd

νR(x)
(
f(x) − IΞf(x)

)
dx.

Since
∫

Rd |ν̂(ω)||f̂(ω)− ÎΞf(ω)|dω ≤ |f |N (φ)|f − IΞf |N (φ) < ∞, dominated conver-

gence guarantees that limR→∞
∫

Rd |ν̂R(ω)− ν̂(ω)|
∣∣f̂(ω)− ÎΞf(ω)

∣∣dω = 0. The fact
that f − IΞf ∈ N (φ) also guarantees that it is continuous and has slow growth.
Thus, for any compact set K, we have

lim
R→∞

∫

K
|νR(x) − ν(x)|

∣∣f(x) − IΞf(x)
∣∣dx = 0.

If K ⊃ Ω then νR(x) − ν(x) = νR(x) when x ∈ Rd \ K. Writing νR as a con-
volution, namely νR(x) = Rd

∫
ν(y)κ∨(R(x − y))dy, it follows that |νR(x)| ≤

CRd(1 + R dist(x,Ω))−L, where we have used that κ is a Schwartz function and
ν ∈ L1 is supported in Ω. Because f and IΞf have algebraic growth, the estimate

∫

Rd\K
|νR(x) − ν(x)|

∣∣f(x) − IΞf(x)
∣∣dx ≤ CRd

∫

Rd\K

|x|m1

(1 + Rdist(x,Ω))L
dx

≤ CRd−L

∫

Rd\K
|x|m1−Ldx → 0

holds and the lemma follows. !
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In the next subsections, we consider two applications of Theorem 6.1. The
first considers a RBF where φ̂ has an algebraic singularity at the origin which
determines the order of conditional positive definiteness. The second treats surface
splines, considered in Examples 3.2 and 4.1, which do not satisfy the hypotheses of
Theorem 5.1.

6.2. RBFs with algebraic singularities. In this subsection we assume φ̂ has a
singularity similar to |ω|−β0−d near the origin. If the other conditions of Theorem
6.1 hold, then Lemma 8 shows that ν ⊥ P&β0/2'.

Because | · |−β0−d+α is locally integrable if and only if α > β0, it follows that if φ
has a generalized Fourier transform of order m0, then 2m0 > β0, since the function
ω '→ |ω|2m0 φ̂(ω) must be locally integrable. Consequently, if m0 is minimal in the
sense that m0 = 3β0/24 + 1 then ν ⊥ P&β0/2' implies ν ⊥ Pm0−1.

We note that this is sufficient to treat surface splines of order m having the
unconventional order m0 = 3m − d/24 + 1; i.e., with auxiliary polynomial space

P&m−d/2'. As mentioned in Example 3.2, φ̂m = |ξ|−2m, so β0 = 2m−d in this case.
The conventional situation of surface splines with CPD order m0 = m is treated in
the next section.

Another example which this section treats, which is relevant to the pseudo-
spectral methods mentioned in section 1, is the case of a differential operator like
L = 1 − ∆ applied to φm. In that case, one can see that Assumption 1 holds

from the Fourier transform: L̂φm(ξ) = (1 + |ξ|2)|ξ|−2m, although the singularity
at 0 does not match the decay at infinity. Assumption 2 holds in this case, too,
as can be easily checked. Finally, Corollary 2 does not apply in case, because the
singularity |ξ|−2m is sharper than the decay at infinity |ξ|2−2m. In this case, one
could use Corollary 1.

Lemma 8. Suppose φ is CPD of order m0 for which there is a neighborhood B(0, r)
of the origin where the following two conditions hold:

• there is C so that φ̂(ω) ≤ C|ω|−β0−d a.e. in B(0, r)

•
∫

B(0,r) φ̂(ξ)|ω|β0 | logω|−1dω = ∞.

If f ∈ N (φ) has the form f = ν ∗ φ + p, with ν ∈ L2(Rd) having compact support,
then ν ⊥ P&β0/2'.

Note that the above hypotheses are met if there are constants 0 < c ≤ C < ∞
such that c|ω|−β0−d ≤ φ̂(ω) ≤ C|ω|−β0−d a.e. in B(0, r).

Proof. Assume without loss that r < 1. By [33, Theorem 10.21], since f ∈ N (φ)

it has a generalized Fourier transform which satisfies f̂/(φ̂)−1/2 ∈ L2(Rd). By
Hölder’s inequality,

∫

B(0,r)
|f̂(ω)||ω|β0/2| logω|−1dω

≤
(∫

Rd

|f̂(ω)|2/φ̂(ω)dω

)1/2
(∫

B(0,r)
|ω|β0 | logω|−2φ̂(ω)dω

)1/2

holds, so ω '→ |f̂(ω)|ω|β0/2| logω|−1 ∈ L1(B(0, r)).
Since the support of ν is compact, ν̂ is entire. Let k ∈ N be the smallest integer

for which there is a multi-index α such that Dαν̂(0) 6= 0. By Taylor’s theorem, we
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can write ν̂(z) = Hk(z) + R(z), where R(z) = o(|z|k) as z → 0. Here Hk is the
Taylor polynomial of degree k at 0; it happens to be homogeneous because of the
minimality of k.

For Θk ∈ C∞(Sd−1) defined by Hk(z) = |z|kΘk(z/|z|), the set

C :=
{
ζ ∈ Sd−1 | |Θk(ζ)| >

1

2
‖Θk‖∞

}

is open and non-empty. Thus, in the cone {z ∈ Rd | z/|z| ∈ C}, we have that
|Hk(z)| ≥ 1

2‖Θk‖∞|z|k. Since R(z) = o(|z|k), there is r0 > 0, and a corresponding
neighborhood R := {z | |z| ≤ r0, z/|z| ∈ C} such that

(
∀z ∈ R

)
|ν̂(z)| ≥ 1

4
‖Θk‖∞|z|k.

Since ν̂(ω) = f̂(ω)/φ̂(ω), we have, for ω ∈ R, that

|f̂(ω)||ω|β0/2| logω|−1 = |ν̂(ω)|φ̂(ω)|ω|β0/2| logω|−1

≥ ‖Θk‖∞
4

φ̂(ω)|ω|β0/2+k| logω|−1.

Since C has positive measure, the integrability of the right hand side guarantees
that k > β0/2. Because k is an integer, k ≥ 1 + 3β0/24, and the result follows. !

6.3. Surface splines. Suppose now that φm is the fundamental solution to ∆m on
Rd. Then φm is CPD order m0 = m, with N (φm) = BLm(Rd). We also assume the
boundary of Ω is C∞ (rather than merely Lipschitz), and express its outer normal
by 6n : ∂Ω → Sd−1. In this case, we replace the condition

(6.1) f = ν ∗ φm + p ∈ BLm(Rd) with ν ∈ L2(Rd), supp(ν) ⊂ Ω and ν ⊥ Pm−1

by a stronger version:

(6.2) the unique Beppo-Levi extension fe of f |Ω is in W 2m
2,loc(Rd)

which will ensure that the conclusion of Theorem 6.1 holds.
If f ∈ W 2m

2 (Ω), then [23, Theorem 8.2] shows that the Beppo-Levi extension
BLm(Rd) (i.e., the native space extension) can be written as fe = φm ∗ νf + p.
Indeed, as described in [23, Section 8.2], we have that

(6.3) νf ∗ φm =

∫

Ω
∆mf(α)φm(· − α)dα +

m−1∑

j=0

∫

∂Ω
Njf(α)λj,αφm(x − α)dσ(α),

where

λjf =

{
Tr∆j/2f j is even,

D0n∆(j−1)/2 j is odd

and the operators Nj : W 2m
2 (Ω) → L2(∂Ω) are from [23, Theorem 2.4].

Lemma 9. If Ω has C∞ boundary, then the condition (6.2) implies (6.1).

Proof. Suppose (6.2) holds. Let Ω ⊂ B(0, R), for some R > 0. Then because
fe ∈ W 2m

2 (B(0, R)), the trace theorem guarantees that λkfe ∈ W 2m−j−1
2 (∂Ω) for

0 ≤ k ≤ 2m − 1; in particular, the trace λ+
k from Ω coincides with the trace λ−

k

from Rd \ Ω.
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By the jump conditions [23, Corollary 3.4] for layer potentials

Vjg =

∫

∂Ω
g(α)λj,αφm(· − α)dσ(α),

which state that λ+
j Vjg − λ−

j Vjg = (−1)jg, we have that Njf = 0. Thus (6.3)

consists only of one term, and νf = ∆mf ∈ L2(Rd), which is supported in Ω.
Finally, [23, Lemma 8.1] guarantees that νf ⊥ Pm−1. !

In case (6.2) holds, Corollary 2 applies and

|Jσ−m(f − IΞf)|Ḣm ≤ Cqm−σhm‖ν‖L2(Ω).

Furthermore, because f and IΞf have generalized Fourier transforms of order m/2,
we can use Lemma 1 to ensure that |f−IΞf |Wσ

2 (Rd) ∼ |f−IΞf |Hσ whenever σ ≥ m,
so for m ≤ σ with ,σ- < 2m − d/2, we have

(6.4) |f − IΞf |Wσ
2 (Ω) ≤ C|f − IΞf |Ḣσ ≤ Cqm−σhm‖ν‖L2(Ω).

Here we have used that |u|Ḣσ ≤ |Jσ−m(u)|Ḣm when σ ≥ m. In particular, if the
point set Ξ is quasi-uniform with mesh ratio ρ, we have, with ρ dependent constant,

|f − IΞf |Wσ
2 (Rd) ≤ Ch2m−σ‖ν‖L2(Ω).

Remark 6.2. A necessary and sufficient condition for f ∈ W 2m
2 (Ω) to satisfy (6.2)

is that f ∈ ∩m−1
j=0 ker(Nj); this is [23, Corollary 8.3].

Remark 6.3. A condition which implies (6.2) has been considered by Gutzmer and
Melenk in [19]. Namely, that f satisfies natural boundary conditions:

(6.5) f ∈ W 2m
2 (Ω) and Dαf(x) = 0 for x ∈ ∂Ω and m ≤ |α| ≤ 2m − 1.

The result [19, Lemma 2] shows that if f satisfies (6.5), then f satisfies (6.2). Thus
(6.4) provides a higher order counterpart to their result, then [19, Theorem 2] shows
that for sufficiently dense Ξ ⊂ Ω,

|f − IΞf |W k
2 (Ω) ≤ h2m−k|f |W 2m

2 (Ω)

holds for k ≤ m. We note that the results of [19] hold under more general conditions,
namely for Ω having Lipschitz boundary without the assumption of quasi-uniformity
on Ξ.

Appendix A. Regular local polynomial reproductions

Lemma 10. If Ω ⊂ Rd is compact and satisfies an interior cone condition, then
for every L > 0, there exists a constant K depending on L and the cone aperture,
and h0 > 0 depending on L and both cone parameters, so that for any finite subset
Ξ ⊂ Ω with h(Ξ,Ω) < h0 there is a stable, local polynomial reproduction of order L.
I.e., there is a map a(·, ·) : Ξ×Ω → R which satisfies the following four conditions:

(1) for every z ∈ Ω if dist(ξ, z) > Kh then a(ξ, z) = 0
(2) for every z ∈ Ω,

∑
ξ∈Ξ

∣∣a(ξ, z)
∣∣ ≤ 3

(3) for every p ∈ PL and z ∈ Ω,
∑

ξ∈Ξ a(ξ, z)p(ξ) = p(z)
(4) for every ξ ∈ Ξ, a(ξ, ·) is smooth.
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Proof. Let N := dim PL. Select a basis {pj | 1 ≤ j ≤ N} for PL. Then the result
[33, Lemma 3.14] guarantees the existence of a map ã which satisfies items (1)–(3).
Indeed, for every z ∈ Ω,

∑
ξ∈Ξ

∣∣ã(ξ, z)
∣∣ ≤ 2 and if dist(ξ, z) > K̃h then ã(ξ, z) = 0.

Let K = K̃ + 1. Pick y ∈ Ω. Let Ξ0 := Ξ ∩B(y, Kh). Because Ξ0 is unisolvent,
it contains a unisolvent subset Ξ1 ⊂ Ξ0 with #Ξ1 = N (i.e., it contains a subset
which is poised for interpolation by PL). Enumerate Ξ1 := {ξ1, . . . , ξN}, and let
Ξ2 := Ξ0 \ Ξ1.

Consider now the C∞ function F : Rd × RN → RN defined by

(
F (x, b)

)
j

= pj(x) −
N∑

k=1

bkpj(ξk) −
∑

ζ∈Ξ&

ã(ζ, y)pj(ζ).

For b0 := ã(·, y) |Ξ' , F (y, b0) = 0, and DbF (x, b) =
(∂Fj

∂bk

)
=

(
pj(ξk)

)
is the Van-

dermonde matrix for Ξ1 and is therefore non-singular for all x. By the implicit
function theorem, there is B(y, r1) and a smooth function g : B(y, r1) → RN so
that g(y) = b0 = ã(·, y) |Ξ' and F (x, g(x)) = 0 for all x ∈ B(y, r1).

Note that ‖g(y)‖)1(RN ) ≤ 2 − ‖ã(·, y) |Ξ& ‖)1(Ξ&). It follows from continuity of g
that there is r2 ∈ (0, r1) so that we for all x ∈ B(y, r2)

‖g(x)‖)1(RN ) ≤ 3 − ‖ã(·, y) |Ξ& ‖)1(Ξ&).

By decreasing the radius even further, i.e., taking r(y) := min(r2, h), we have that
for every x ∈ B

(
y, r(y)

)
and for every ξ ∈ Ξ0, we have dist(x, ξ) ≤ Kh, since

dist(y, ξ) < K̃h.
For x ∈ B(y, r), set

ay(ξ, x) :=






(
g(x)

)
j

ξ = ξj ∈ Ξ1,

ã(ξ, y) ξ ∈ Ξ2,

0 ξ ∈ Ξ \ Ξ0,

and note that ay is a local polynomial reproduction of order L, locality K̃ and
stability 3 in B(y, r).

By compactness, there is a finite cover of the form Ω =
⋃M

j=1 B(yj , r(yj)). Denote
by aj : Ξ × Ω → R the extension by zero of ayj : Ξ × B(yj , r(yj)) → R. Let(
ψj

)
j=1...M

be a smooth partition of unity subordinate to this cover: i.e., consisting

of functions ψj : Ω → [0, 1] with supp(ψj) ⊂ B(yj , r(yj)) and
∑M

j=1 ψj = 1.

Then a : Ξ × Ω → R defined by a(ξ, z) :=
∑M

j=1 ψj(z)aj(ξ, z) is a smooth local
polynomial reproduction, since

∑

ξ∈Ξ

p(ξ)a(ξ, z) =
M∑

j=1

ψj(z)
∑

ξ∈Ξ

p(ξ)aj(ξ, z) =
M∑

j=1
z∈B(yj ,r(yj))

ψj(z)p(z) = p(z).

We have also that
∑

ξ∈Ξ |
∑M

j=1 ψj(z)aj(ξ, z)| ≤ 3, so a has stability constant Γ ≤ 3.
Finally, for z ∈ Ω, if a(z, ξ) 6= 0, then for some j, z ∈ B(yj , r(yj)) and aj(ξ, z) 6= 0.
But this implies that |z − ξ| ≤ Kh. !
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