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We propose a new model of quantum computation comprised of low-weight
measurement sequences that simultaneously encode logical information, enable
error correction, and apply logical gates. These measurement sequences consti-
tute a new class of quantum error-correcting codes generalizing Floquet codes,
which we call dynamic automorphism (DA) codes. We construct an explicit
example, the DA color code, which is assembled from short measurement se-
quences that can realize all 72 automorphisms of the 2D color code. On a stack
of N triangular patches, the DA color code encodes N logical qubits and can
implement the full logical Clifford group by a sequence of two- and, more rarely,
three-qubit Pauli measurements. We also make the first step towards universal
quantum computation with DA codes by introducing a 3D DA color code and
showing that a non-Clifford logical gate can be realized by adaptive two-qubit

measurements.
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1 Introduction

Finding new ways of performing quantum computations fault-tolerantly is an important
open question, both from practical and theoretical standpoints. To this end, a new family
of quantum error-correcting codes has been recently proposed, known as Floquet codes [1].
Floquet codes promote fault tolerance to a spacetime picture, which could be the most
natural way to formulate fault tolerance |2, 3|. In fact, time naturally enters the picture
when two-dimensional topological codes are considered in the presence of measurement
errors. Normally, fault tolerance in such cases is achieved by repeating measurements
of commuting stabilizers [4]. This defines a ‘trivial’ process in spacetime because the
codespace does not change under commuting measurements. Floquet codes, on the other
hand, push the information forward in time by sequences of anticommuting (typically,
weight-two Pauli) measurements, which leads to a nontrivial evolution of the codespace
from round to round, while also (ideally) being fault-tolerant. Moreover, a nontrivial
automorphism, such as the e —m automorphism of the toric code [1, 5], can be periodically
induced during the evolution of a Floquet code, hinting that something interesting can
be done to logical information. In this paper, we unlock a new capability of Floquet
codes by showing that the evolution of the logical information induced by time-dependent
measurement sequences can, in fact, implement a desired quantum computation, all while
error syndromes are being simultaneously extracted. Under this framework, quantum
memory and quantum computation become two constituents of the same concept, similarly
to measurement-based [6-9] and fusion-based [10] quantum computation.

The first example of a Floquet code is the honeycomb code, introduced by Hastings
and Haah [1]. It is based on the two-body operators of the Kitaev honeycomb model [11].
When the two-body operators are considered as gauge checks of a subsystem code, no
logical qubits are encoded [12]. However, if these anticommuting sets of check operators’
are measured with a specific period-three schedule, the code dynamically generates logical
qubits, and transforms between instantaneous codespaces equivalent to an effective toric
code, all while preserving logical information. This code was also shown to have a threshold
for both circuit-level noise as well as measurement errors [13—15]. An especially intriguing
property of the honeycomb code is that it implements an e — m automorphism of the
underlying toric code topological order after every 3 rounds. This idea became the basis
of the e = m automorphism code [5], as well as other formal results [16, 17| seeking to
understand the origin of such automorphisms in Floquet codes.

Since the proposal of the honeycomb code, a large number of new examples and theo-
retical developments are being put forward at an ever-growing rate. In particular, a CSS
(Calderbank-Shor-Steane) version of the honeycomb code was constructed in Refs. [18-20],
and it was noticed that the underlying subsystem code structure [5, 18] and periodicity of
the measurement schedule [18, 19| are not necessary to define a fault-tolerant Floquet code.
Floquet codes whose instantaneous codespaces realize different topological codes were also
proposed. The color code ISG (instantaneous stabilizer group) obtained from one- and

'In a more general setting, it is not necessary for the measurements themselves to anticommute between
different rounds, rather each measurement round is designed such that it does not reveal encoded logical
information in the state. At the same time, measurements need to build non-trivial correlations enabling
error correction.
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two-qubit measurements appears in two upcoming works, one of which uses a technique
of “Floquetifying” that is based on the ZX-calculus approach [21], and the other is based
on a subsystem code [22]. A 3D Floquet toric code and a Floquet double semion code
were constructed in Ref. [23], and fracton Floquet codes were constructed in Refs. |18, 24].
Constructing boundaries of Floquet codes is challenging [25]. Though some progress has
been made in this direction [19, 26, 27|, a general understanding is still lacking. There have
also been recent conceptual developments that helped deepen our understanding of Floquet
codes. Several viewpoints have been proposed, including paths of Hamiltonians [5], other
constructions from measurement-based and fusion-based quantum computation [20, 28],
and a tensor-network path integral approach [20, 23]. Partial results towards a classifi-
cation of Floquet codes based on unitary loops [16] and measurement quantum cellular
automata [17] have also been developed.

Despite this progress, it is still not entirely clear what the best way of performing
quantum computation with Floquet codes is. Methods which are standard in surface
codes have been used and updated to the Floquet setting, such as lattice surgery [26] and
braiding twist defects [27]. Another generic option is available when the instantaneous
codespace of a Floquet code admits a transversal gate; then such a gate can be unitarily
applied at these rounds.

One aspect that has not been utilized is the automorphisms of the topological code
that can be implemented in one period of a Floquet code protocol®’. For example, the
e — m automorphism occurs both in the honeycomb and the e — m automorphism codes
and consists of an exchange of Z and X (e and m) logical strings of the same homology,
which, in turn, corresponds to a logical gate. The appearance of the e — m automorphism
has been appreciated as a remarkable dynamical property of Floquet codes but has not
been considered as a practically useful feature. Constructing a more general dynamic code
where more kinds of automorphisms (i.e. more transformations of logical operators) can
be implemented by measurement sequences could open a door to a new way to perform
quantum computation intrinsic to Floquet codes.

In this paper, we propose a way to execute quantum computation that is native to
Floquet codes: in our model, a computation is realized by a sequence of automorphisms
implemented by few-qubit measurement sequences. We develop a new class of quantum
error-correcting codes capable of this, which we call dynamic automorphism (DA) codes®.
For a desired sequence of multi-qubit logical gates {Uy, Us, Us, ...} associated with a given
computation, a dynamic automorphism code will be defined by a measurement sequence
that applies a sequence of automorphisms {¢1, @2, 3, ...} to the codespace, and each au-
tomorphism corresponds to a gate in the computation, i.e. p; ~ U; (see Fig. 1). For each
such sequence, one can define an appropriate DA code. Importantly, these measurements
can be simultaneously used to infer error syndromes for error correction.

The key results of this paper are:

— Construction of an explicit example of a dynamic automorphism code, called the
dynamic automorphism color code that can realize all 72 automorphisms of the 2D
color code [29, 30| by two-qubit measurement sequences of length 5 or less (Sec. 2).

2In general, an automorphism of a topological stabilizer code is a locality-preserving unitary map that
preserves the codespace, meaning that it takes the stabilizer group back to itself and preserves locality.
The automorphisms of the topological codes are closely related to the automorphisms of the corresponding
topological order. The logical operators of the topological code will undergo analogous transformations as
the anyon strings of the respective anyon theory.

3We use the name ‘dynamic’ instead of ‘Floquet’ to emphasize that periodicity is not necessary, and a
dynamic automorphism code will in fact not be periodic for a generic computation.
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Figure 1: A schematic of quantum computation with a dynamic automorphism code. On the left, we
have a computation on Ny, logical qubits which is comprised of a sequence of unitaries Uy, Us, Us, etc.
On the right, a dynamic automorphism code encoding Ny, logical qubits is executed by a sequence of
automorphisms, @1, @2, @3, etc. The transition from one code to another is achieved by a round of
few-qubit measurements shown by a darker layer, which pushes the logical information forward in time
while measuring syndromes for error correction. Every few rounds, the same codespace is realized, albeit
with the underlying topological code having undergone a nontrivial automorphism. This automorphism
has an action U; on the logical subspace. Thus, this sequence of automorphisms performs a quantum
computation shown on the left.

— A framework for understanding the nature of DA codes from the viewpoint of TQFTs
(Sec. 4).

A method to consistently put these codes on a lattice with boundaries and construc-
tion of a dynamic automorphism color code on a triangle with Pauli boundaries.
From this construction, the full Clifford group on multiple logical qubits can be
implemented by automorphisms of layers of such triangles (Sec. 5).

— Proposal of the three-dimensional dynamic automorphism color code and a protocol
for implementation of a non-Clifford gate with adaptive measurements, thus making
a first step towards universal quantum computation using these codes (Sec. 6).

— Error correction in most of the aforementioned constructions and a blueprint towards
fault-tolerant quantum computation (Secs. 3 and 5.4).

Our approach is based on the formalism of anyon condensation from a parent code first
introduced in the context of topological codes in Ref. [19]. The parent code in our case is
two (three) copies of the 2D (3D) color code in the cases of two (three) spatial dimensions.
As an illustration, an example of a sequence of anyon condensations permuting red and
green anyon strings of the color code is shown in Fig. 2 side by side with an analogous
depiction of the e — m automorphism of the honeycomb code.

There are several natural questions related to putting our results into a broader context.
For instance, what would be the advantage of applying gates using two-body measurements
if the color code stabilizer group admits them as transversal unitaries? In particular, for
the codes proposed in this paper we provide a measurement-based implementation of log-
ical operations which already admit an implementation as a transversal or finite-depth
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Figure 2: (Left) The e —m automorphism @, implemented by a period of the honeycomb code shown
from a sequence of condensations. For the honeycomb code, the parent theory is the color code which
is equivalent to two copies of the toric code. The condensations are shown on the right from the stack
of topological codes (the colored slabs) and the boson condensed at each round is written in color
code notation and the double toric code notation (see Secs. 2.1 and 2.2). The colored slabs represent
the condensed model living between each pair of subsequent condensations. Representatives of the two
deconfined anyons at each round are shown in circles. These representatives sometimes have to be fused
with a condensed anyon of the current round to survive to the next round (this is the same as saying
that the logical information is conserved), which is shown by respective multiplication. Because of this
update rule, the m1 and el anyons swap places upon a period of the protocol. (Right) An example of
a measurement sequence for the DA color code, whose parent code is two copies of the color code (the
subscript refers to the copy). We show one of the many sequences that are the building blocks of the
full DA color code, which corresponds to a ¢(g,) automorphism. Two bosons are condensed at each
round, listed on the right. We track a complete basis of four deconfined anyons at each time, shown
in circles, and they are appropriately updated from round to round. At the first and last steps of the
sequence, the effective theory is the color code, where we see that the blue and green anyons swap as
a result of the evolution, corresponding to the action of the ¢ ,,) automorphism.

local unitary. However, we believe that, at a minimum, we made conceptual progress by
showing a new way to perform quantum computation that is native to Floquet/dynamic
codes. Additionally, inspired by our construction, one could come up with an example of
a dynamic code where implementing logical operations goes beyond implementing auto-
morphisms of the instantaneous codespace. Finally, for an architecture where few-qubit
measurements are native operations, such as photonic [10, 31, 32| or Majorana-based [33]
quantum computers, our method might be practically preferable over applying transversal
gates.

Another question one might ask is, what is the difference between the dynamic au-
tomorphism codes approach and the measurement-based quantum computation (MBQC)
approach [6-9]|7 These in fact can be shown to be equivalent [20], though the mapping
between them is nontrivial. However, the actual implementation and what the code and
computation look like at each point in time can be drastically different, so one should view
them as practically different ways of doing computation.

Aside from conceptual interest, the dynamic automorphism code approach appears
quite attractive also because of the low spatial overhead compared to lattice surgery and
because error detection that can be done in parallel with the computation itself. Our work
invites exploration into searching for and optimizing fault-tolerant dynamic codes, which
may yield new ways of performing universal quantum computation.
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Summary of the results

Let us sketch the general idea behind dynamic automorphism codes and summarize the
content of the rest of the paper. For the DA codes studied in this paper, we leverage the
concept of a parent code and anyon condensation proposed in [19]. In particular, for the
two-dimensional DA color code, the parent code is two copies of the color code. Once the
parent theory is chosen, one first must categorize all possible reversible condensations of
the theory. Colloquially speaking, a pair of condensations from a parent theory is reversible
if they define an one-to-one correspondence between a pair of respective (condensed) child
theories. Reversibility guarantees that it is possible to go between two child theories while
preserving logical information. This is a deep concept that we explore in Sec. 4 that goes
even beyond dynamic automorphism codes. We can organize the structure of reversible
condensations and child theories into an object we call the condensation graph. The
vertices of the condensation graph correspond to condensations, and an edge between a
pair of condensations is drawn whenever a pair is reversible. A closed path starts and ends
at the same theory, and thus, can be labeled by an automorphism.

The condensation paths implementing automorphisms can be put in correspondence
with measurement sequences for DA codes. Namely, measurements of a given round in the
sequence correspond to the operators performing respective condensation in the Hamilto-
nian picture. An example of such a condensation sequence for the DA color code is shown
in Fig. 2. These sequences are good for building codes, as one can guarantee conservation
of logical information between the measurement rounds (there is also an intimate relation
to measurement quantum cellular automata (MQCA) [17]). However, not all of these se-
quences will generate the codespace starting from an arbitrary product state (also referred
to as “dynamically generate logical qubits”), and furthermore, not all of the sequences that
generate the codespace will be error-detecting. Thus, a further search among the candidate
sequences is required to identify the error-correcting protocols, and it is an open question
to understand what constraints this places on the possible automorphisms in a general DA
code. However, as the example of the DA color code that we construct in this paper shows,
this goal is certainly achievable.

In three dimensions, the situation is more complicated. Reversible transitions, however,
can also be defined. We find an example of a condensation graph that allows us to achieve
a set of nontrivial automorphisms for the 3D DA color code. We also find a sequence of
measurements that realizes a non-Clifford gate. Nevertheless, a richer set of measurement
sequences and corresponding automorphisms might be still discovered in the future.

The rest of the paper is organized as follows. In Section 2, we start by reviewing the
background concepts, such as the 2D color code, its unfolding, and automorphisms. Then
we introduce the main building block for dynamic automorphism color code. Namely,
starting from a parent model, which is two copies of a color code, a reversible pair of
condensations can be introduced which takes us between two child codes: an effective
color code and two copies of the toric code. Based on this, we construct measurement
sequences implementing all generators of the automorphism group of the 2D color code.

Section 3 discusses error correction for the 2D DA color code without boundaries. We
utilize the detector formalism and construct a basis of detectors for the 2D DA color code,
and show how to detect and correct independent Pauli errors. We introduce a trick we call
padding, where non-error-correcting sequences can be turned into error-correcting ones by
inserting additional sequences in between. This section provides what can be viewed as a
foundation of error correction in general dynamic automorphism codes.

In Section 4, we provide a general TQFT perspective on 2D DA color codes. We
introduce the concept of reversible condensations between two child theories obtained from
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the same parent theory. Reversible condensations are the building blocks for constructing
sequences that implement automorphisms of a child theory, and we show how to determine
the automorphism implemented by a given sequence, as well as a way to design target
sequences. Finally, we introduce a “condensation graph” which summarizes the space of
possible condensation paths.

In Section 5, we discuss how to incorporate boundaries in the 2D DA color code.
We explain the principle behind constructing information-preserving boundaries. Next,
we introduce measurement sequences for the DA color code generating the single-qubit
Clifford group on a single triangle with Pauli boundaries using two-body measurements
only. Finally, we consider two DA color code triangles and show a two- and, occasionally,
three-qubit measurement sequence that realizes an entangling iISWAP gate between the
layers. These protocols applied to N triangles give a generating set of gates for the full
Clifford group on N logical qubits. We also address error correction in the presence of
boundaries in this section.

Motivated by the goal of a model for universal quantum computation, in Section 6
we construct a 3D DA color code that realizes the 3D color code instantaneous stabilizer
group at certain steps of the measurement protocol, where the parent model is three copies
of the 3D color code. We show the sequences implementing color permutation automor-
phisms. Finally, we show that with two-qubit non-Pauli measurements, we can implement
a transversal T' gate. This takes us a step closer to universal quantum computation; to
complete the task, one might consider a natural path of interfacing the 2D and 3D DA
color codes akin to dimensional jump in color codes [34]. Alternatively, one might consider
applying a non-Clifford gate by treating the time dimension as a substitute to the third
dimension, similarly to the just-in-time technique [35-37].

Finally, in Section 7 we discuss examples of small DA color codes.

2 Dynamic automorphism color code

The basic element of the dynamic automorphism color code is given by a sequence of two-
qubit parity measurements®, some of which dynamically transition between a color code
and a pair of toric code instantaneous stabilizer groups. The sequence of measurements
can be chosen such that a nontrivial automorphism of the color code is induced, which
permutes the color code logical strings and corresponds to a logical gate. The measurement
sequences for the DA color code can be viewed as building blocks, each block realizing one
of the automorphisms of the color code, and the blocks can be combined together to give
sequences of automorphisms. We show that all automorphisms of the color code can be
realized by such sequences.

The measurement sequences of the DA color code are similar in spirit to those of Floquet
codes, where the e — m automorphism has been shown to occur after every three rounds
of measurements in the honeycomb code [1] and in the e — m automorphism code [5].
Nevertheless, the previous Floquet codes such as in Ref. [1, 5, 18, 19] execute too few
automorphisms to be used for quantum computation.

More generally, the DA color code can be turned into a stack of codes each encoding
a few logical qubits. Both inter-layer and intra-layer measurements have to be performed
in this case (vertical connectivity between neighboring pairs of layers is sufficient, thus,

4In sec. 5, we will also see an example where three-qubit measurements are needed to do an entangling
gate between two logical qubits, albeit only at one boundary of the code during one measurement round
only.
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the DA color code has relatively low connectivity). While achieving all automorphisms of
a stack of color codes is a significant step forward, it, however does not yet give us the
complete Clifford group of logical operations. In Sec. 5, we show how the full Clifford
group can be attained in a planar geometry.

Laying the groundwork for our exploration, Ref. [19] introduced the concept of parent
codes and connected Floquet codes to anyon condensation in these parent codes. Moreover,
Ref. [17] showed that the sequence of measurements also needs to satisfy a certain property
of being ‘locally reversible’ in order to preserve logical information. Hence, we combine
the ideas and introduce the notion of “reversible condensation” which is discussed further
in Sec. 4. The reversibility of the condensation sequence is a necessary constraint that
guarantees the conservation of logical information; however it is not sufficient to ensure
the resulting code is error-correcting. Thus, we use reversible condensations to constrain
the space of measurement sequences within which we further search for error-correcting
codes.

The parent anyon theory for the DA color code is a color code bilayer® and defines
a respective parent topological code®. An appropriate condensation of two bosons in the
parent anyon theory gives a child theory isomorphic to the color code. Following a path of
such condensations, we can perform a cycle beginning and ending at the same code, wherein
an automorphism has been applied. From these condensation sequences, the measurement
sequences for respective topological codes implementing the corresponding automorphisms
can be designed straightforwardly, producing the building blocks for the dynamic auto-
morphism color code. In this section, we explore such sequences on a honeycomb lattice
with periodic boundary conditions, i.e. on a torus (although it is relatively straightforward
to generalize to other closed manifolds), where two-qubit measurements are sufficient to
realize all 72 automorphisms of the color code. Open boundary conditions are addressed
in Sec. 5. The gates that are achieved by these sequences form an order-72 subgroup of the
real Clifford group on the four logical qubits on a torus and do not present a particularly
interesting set of logical gates from the perspective of quantum computation. However,
later in Sec. 5 we propose dynamic automorphism codes on a single triangle and a pair of
triangles and show how to perform a generating set of automorphisms leading to the full
Clifford group. In Sec. 3, we show that our protocols, starting from an arbitrary product
state generate the appropriate code, and will dynamically generate logical qubits in the
same sense as the original honeycomb code [1]. We also explore the error correction of
these codes.

The rest of the section is structured as follows. In Subsec. 2.1, we review the basic
properties of the color code and its relation to two copies of toric code via a measurement
induced unfolding map. In Subsec. 2.2, we introduce the foundation for the condensation
sequences by considering a single condensation from the parent bilayer color code theory to
a color code or an isomorphic bilayer toric code theory. We also show how condensing the
same objects allows one to reversibly transition between child theories, and lastly, we show
how to achieve the same result in topological codes by two-qubit measurements. Finally,
we show the condensation and measurement sequences implementing automorphisms of
the color code in Subsec. 2.3.

®Le. two independent color code copies/layers; not to be confused with the doubled color code [38].

5Any model, from which each time step of the dynamic code can be obtained directly, constitutes an
appropriate parent model. Our choice of two layers of the color code leads to nicest and the most physically
transparent set of condensations, and leads to the lowest-weight (two-body) measurement realization when
realized in microscopics.
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2.1 Short review: automorphisms of the color code, unfolding, and condensations

The anyon theory of the color code (CC) [39, 40| can be summarized as follows. The nine
(non-trivial) bosons of the color code can be denoted co, where ¢ = r, g, b is the color label,
and 0 = x,y,z is the flavor (Pauli) label. The nine bosons can be arranged conveniently
into a “Mermin-Peres magic square” [41, 42]:

IX | Iy | rz Im | em | el
gx | gy | gz |2 | mm | ff | ee (1)
bx | by | bz ml | me | le

where the notation on the left is the color code notation [30], and on the right the anyons
of the two constituent toric codes are used to label the bosons of the color code. The
following properties hold for the magic square:

1. The product of three bosons in individual rows (same color label) or columns (same
flavor label) is the trivial anyon;

2. The mutual statistics (full braid) of two bosons that share the same row or column
is trivial. Otherwise, their mutual statistics is —1.

There are also six additional fermions in the color code which we will call f. and f. for
¢ = r,g,b’. This naming convention comes from the fact that the color code is also
equivalent to the double of the three-fermion theory (3F), namely, CC ~ 3F X 3F (see
Sec. 4.5 where the relation between the fermions and bosons is explored in more detail).
It is also equivalent to two copies of the toric code [39, 40], which we address later on.

The topological order describing the color code admits nontrivial automorphisms.
Given an anyon theory M, an automorphism of the anyon theory is a map ¢ : M — M
that permutes anyons of the theory while preserving both fusion and braiding rules of the
theory. As an example, if the underlying topological order is D(Zz), e.g. TC = {1,e,m, £},
the only nontrivial automorphism is the e — m permuting one: pe_y(e) =m, Ye_n(m) = e,
Ye-m(1l) = 1, and @e_n(f) = £. The color code has a richer structure CC ~ TC X TC
and has a larger number of nontrivial automorphisms. These automorphisms are asso-
ciated with the symmetries of the magic square. In particular, the fusion rules between
three bosons with the same color and the mutual statistics between a pair of bosons of
the same color is left invariant if the color label is permuted. This indicates permuting
rows of the magic square corresponds to a “color” automorphism. Similarly, permutations
of the columns of the magic square preserve fusion and braiding and correspond to a “fla-
vor” automorphism. Finally, the mutual statistics and fusion rules are left invariant under
transposition of the magic square (i.e. mirror symmetry with respect to the diagonal of
the magic square). Together, the automorphisms form a group (S5 x S3) X Za: the two S3
subgroups come from permuting rows and columns, and the Zs subgroup corresponds to
transposing the magic square.

"The fermions can be expressed as products of pairs of bosons that braid nontrivially, and the six
fermions are

fr:mfégx®bz:gy®rz:rx®by ﬁ:feébx®gz:by®rz:rx®gy
fg:flébx@)rz:by@gz:gx@ry ?gzlférx®bz:ry®gz:gx®by
fr=ef 2rx®gz=ry®bz =bx® gy fh=fm2gxRrz=gy@bz=Dbx®ry
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We will also extensively use the concept of anyon condensation [43, 44| and its applica-
tion to the color code [19] throughout the paper. Condensation of a (deconfined) anyon can
be thought of as a way to transition out of a topologically ordered phase to a topologically
ordered phase with fewer anyons. The reason is two-fold: (1) the condensed anyon will
confine anyons which braid non-trivially with it, and (2) the condensed anyon mediates a
non-trivial equivalence between the anyons of the parent theory. To simplify matters, we
review the concept of anyon condensation for Abelian anyon theories. Given an Abelian
“parent” anyon theory M, consider a subgroup (under fusion operation) of bosons .4 where
any pair of anyons aj, as € A has trivial mutual braiding statistics (we will often abbreviate
this as “braid trivially”). When we condense the anyons in this subgroup, anyons that do
not braid trivially with some anyon in A become confined. The resulting “child” anyon the-
ory C 4 therefore has anyons which are labeled by equivalence classes [c] = {c®a:a € A},
the representative of the equivalence class is ¢ € M, and of course ¢ must braid trivially
with the condensate to be deconfined. In particular, the anyons in A correspond to the
vacuum sector of the child theory. In general, there are multiple choices for condensible
anyons A and multiple possible condensed theories. One may also choose A such that no
anyon braids trivially with A — this is known as a Lagrangian subgroup, and condensing a
Lagrangian subgroup of an anyon theory results in a trivial theory.

Transitions between two different child theories C; and Cy found by condensing sets
of bosons A; and Ay can be implemented by starting within the condensed theory Cy,
lifting to the parent theory M, and further condensing a different set of anyons Ay to
transition into Co. When such a transition between two different child theories C1 and Cs
exists, it is called a “reversible condensation”, which is a concept explored further in Sec. 4
if the two child theories are isomorphic. Briefly, a reversible condensation corresponds
to two compatible condensations of a parent theory such that the two child theories are
isomorphic, and the isomorphism can be computed explicitly using the condensation data.

When it comes to concrete lattice realizations, a given topological code can be obtained
by taking the fixed-point Hamiltonian whose low-energy theory is respective anyon theory
and defining the individual terms in the Hamiltonian to be the stabilizers of the code.
The color code stabilizer group can be defined on any planar graph that is simultaneously
trivalent and tri-colorable [45, 46]. We place qubits at its vertices (we pick colors r, g, b in
accordance with the colors of the bosons) and define the stabilizer group:

S(CC) = (Pr(X), By(X), Py(X), Fr(Z), Py(Z), Po(2)) (2)

where each P.—, (o) stands for the group of plaquette stabilizers of a given color, and (..)
stands for a group generated by the objects inside of it. Each plaquette stabilizer is given
by a product of Pauli operators (their type is shown as an argument) acting on the vertices
at the boundary of the plaquette of a given color. The labeling of the logical operators
L(co) of the topological code are inherited from the Hamiltonian model and are strings of
Pauli operators of a given color (i.e. along the edges of a given color). In the Hamiltonian
picture, these strings transport respective anyons co along homologically nontrivial cycles.

The equivalence between the color code and the two copies of the toric code, i.e. CC ~
TCX TC [39, 40] is shown in the double toric code notation for the color code bosons
on the right-hand side of Eq. (1). It identifies the bosons in the color code with bosons
within two copies of a toric code. In fact, there exists an unfolding procedure, wherein an
unfolding unitary can be applied to the stabilizer group of the color code that turns it into
two decoupled copies of the toric code [40]. There are 72 ways to unfold the color code into
a pair of toric codes, corresponding to applying the symmetries of the magic square to one
side of Eq. (1). Moreover, unfolding can also beperformed in the presence of boundaries
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CCRCC S(CCRCO)
bx; Ey(X2)
/N /N
cC TC(rx;) B TC(bx,) S(CQ) S(TC(rx;) K TC(bx,))
\_/ \_/
V(212:)

bz;bzy

Figure 3: (a) Two ways of going from the parent theory to child theories by condensations. Condensing
rz;rz, and bz;bz, (and hence their product gz,gz,) leads to the effective color code child model

CC. Condensing rx; and bx, produces a child model that is two toric codes, TC(rxs) X TC(bxy).
The two child theories are connected by condensing the same set of anyons (which are confined in the
child theory), as shown by curvy arrows. It is necessary that the pair of condensations between two
child theories are developed more formally in Sec. 4.1. (b) Analogous transitions can be performed in
topological codes by measurements, starting from a bilayer color code as a parent code. The same set
of measurements can be used to go between the child codes as they are reversible stabilizer groups [17].

(later in Sec. 5.3, we will use a measurement-induced unfolding of a triangular color code
into rectangular toric code with a domain wall along the diagonal).

Finally, how might we realize anyon condensation on a lattice? Assuming that the anyon
theory of interest has a microscopic Hamiltonian realization, the simplest way to condense
a certain boson of the theory is to add terms to the physical Hamiltonian that correspond
to hopping this boson. For example, in the toric code, condensing an e charge corresponds
to adding a strong transverse field to the Hamiltonian that couples to the hopping operator
X for this charge, thus driving it to a trivial phase. In the color code, condensing a boson
of a certain flavor o and color ¢ corresponds to adding the two-body operator E.(o) to the
Hamiltonian. In the case of topological codes, we can start with a parent code and the
operators that we measure are the operators that are used to condense respective anyons
in the Hamiltonian picture. This defines a transition from the parent stabilizer code into a
new “child” code where the measured operator is part of the stabilizer group and the other
elements are suitable products of the original stabilizers which commute with the hopping
operator.

2.2 The parent code, reversible condensations, and measurements

The construction of measurement sequences for the dynamic automorphism color code
naturally follows from the picture of anyon condensation from a parent code, a perspective
first introduced in Ref. [19]. There, the parent code was chosen to be a color code, and
condensation to a single toric code was obtained using two-body measurements. A periodic
sequence of measurements was then performed to implement the CSS honeycomb code
(called the “Floquet color code” in Ref. [19]). In the corresponding anyon theory, this
sequence translates into condensing one of the bosons from the CC~TCKXTC parent anyon
theory (the color code [45]) to obtain the toric code (TC) chil anyon theory [47].

In our construction, we choose the parent anyon theory to be two copies of the color
code, CC X CC. From this parent code, one can condense two independent (and braid-
ing trivially) bosons and obtain the CC~TCKTC child topological order. There are two
distinct types of condensations that we consider. The first one (which we call “interlayer
condensation”) consists of condensing two objects, each being a fusion of two identical
bosons, one from each parent color code. The second (which we call “intralayer condensa-
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tion”) consists of condensing a single boson from each CC from the parent theory separately.
As we will see later, in the language of the codes, this yields effective color codes or two
effectively decoupled toric codes®. Thus, we refer to the resulting child theories as the
“effective color code” CC and TC(a;) K TC(ay) (where ai,» are the two independent con-
densed bosons of the parent theory). The two choices of condensation from the parent
theory are summarized in Fig. 3(a).

Starting from the parent CC X CC theory, we introduce the first type of condensation
which we call “interlayer”, namely we condense rzirz, £ rz; @rz, and bzibz, £ bz @bz,
corresponding to (el);(el),; and (le)i(le)s in the toric code notation. We denote the
layer /copy within the parent code where the respective boson belongs by the subscript
1,2, and we call the resulting child theory the effective color code CC. Note that the tilde
indicates that the anyons of the condensed color code are products of anyons of the parent
color codes. The remaining deconfined bosons are

rx | ry | rz IX4TXp | Ty{TXp | TZy
gX | gy | 82 |~ | 8%X:18%y | 8Y18%y | 824 (3)
bx | by | bz bx1bxy | by;bxy | bz

where on the left, we label the effective bosons of the cC theory. One can confirm that
the above anyons obey the fusion and braiding rules of the color code topological order.
We emphasize that every anyon of the parent theory that remains deconfined after the
condensation forms an equivalence class that can be obtained by fusion with the anyons
that were condensed. For example, the equivalence class of rz consists of four anyons:
{rz1,r2z9, gz,bzy,bz1g2, }, and the equivalence is set by multiplying by rz;rz, and bz;bz,.
A particular representative for each of these anyons in the parent theory notation is shown
in the table above on the right.

The second type of condensation corresponds to condensing two independent bosons,
which, according to the labeling we have chosen, corresponds to separately condensing
each color code of the parent theory into a toric code. This is akin to performing two
honeycomb or CSS honeycomb-type condensations in parallel [19]; we refer to these as
“intralayer” condensations. For example, condensing rx; in the first layer, and bxy in
the second layer maps CC K CC — TC(rx;) X TC(bx,), where the representatives of the
remaining toric code in each layer can be chosen to be

TC(I’Xl) = {1, ei,mi,fl}, €1 =TIZq é (el)l, my = bX1 é (ml)i, (4)
TC(bXQ) = {1, eg,mg,fQ}, €y = bZQ é (16)27 My = IXo é (1m)2. (5)

Again, each equivalence class allows four representatives. We remark that although the
toric codes appear decoupled, the representatives might contain anyons from both layers
when viewed as an anyon in the parent theories. For example, the equivalence class of e4
contains {rzi, ry,, rzibx,, ry,;bxs}.

For the construction of the DA color code, we will assume that we always use the same
specific condensation rzrzs, bzibzy to obtain the effective color code CC while utilizing
the large number of ways to condense to TC(a;) X TC(az) in order to be able to engineer
various automorphisms. The condensations we’ll be using for our sequences have to be

80f course, there exist more options, such as condensing the Lagrangian subgroup of one of the copies
of the color code, which will leave us with the other color code copy. We will also ignore the possibility
of condensing bosons that are products of fermions in each layer. As we will shortly see, despite these
restrictions, we can design condensation sequences that can implement all 72 automorphisms of the color
code.
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Figure 4: A fragment of two layers of the honeycomb lattice displaying our notation convention. The
vertex/interlayer terms are labeled V. The plaquettes and edges of the lattice are three-colorable and
some of the red, green, and blue-colored edges F, ,; are shown in layer 1. The plaquettes P, ; are
labeled in the top layer only.

reversible, in the sense that every consequent pair is a reversible pair of condensations.
A pair of condensations is reversible if they define an isomorphism between the pair of
corresponding child theories, and this concept is explored in greater depth in Sec. 4. The
condensations between these two child theories CC <» TC(a;) X TC(az2) can be performed
both ways (reversibly) if the color code bosons aj, as are of different colors and either
(X,X), (Y,Y), (X,Y) or (Y,X) flavors. We will also consider transitions between the
child theories TC(a;) X TC(az) +» TC(a}) ¥ TC(a}). In this case, the transitions are
independent within each layer and follow the rules of the Floquet color code [19]. Namely,
the bosons a; and a, and similarly as and a), have to braid nontrivially.

Thus far, our discussion of the color code has not involved any microscopic model.
For the purposes of designing a practical quantum code, we can realize two copies of the
color code on a three-colorable graph with two qubits per vertex (two layers). We will
restrict our discussion to the honeycomb lattice for simplicity. We will also assume that
at the starting point of each measurement, the stabilizer group has already been prepared,
and later we will show that the DA color code can also generate the stabilizer group
(dynamically generate logical qubits [1]).

The anyon theories that we discuss above all have a fixed-point lattice Hamiltonian
realization on a honeycomb lattice; condensations can be performed in the Hamiltonian
picture by adding terms that hop respective anyons and taking the limit where these
terms are large. The local terms of these lattice models generate the stabilizer groups of
respective topological codes that bear the same name. The terms that are added in the
Hamiltonian picture to perform condensations from one model to another correspond to
measurements of these operators in the topological code, which achieve transitions between
different codes.

We now discuss the stabilizer groups for the parent and child theories. The stabilizer
group of the bilayer color code is a tensor product of stabilizer groups of the color code in
each layer £ = 1,2:

S(CCRCC) = (Pe(Xy), Pe(Zp)) cefr,g,b}ef1,2} (6)

First, let us consider the earlier introduced condensation CCKCC — 66, and show how to
find an appropriate measurement that implements a transition between stabilizer groups
of respective topological codes, i.e. S(CCKX CC) — S(CC), where the second stabilizer
group will be explained shortly. From considering the Hamiltonian picture, one finds
that the needed measurement is 7175 at each vertex, i.e., a two-qubit measurement on a
vertical /interlayer link in the bilayer honeycomb lattice. We denote this measurement by
V(Z1Z3), where ‘V’ stands for ‘vertex’ or ‘vertical’ (the schematic of the lattice together
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Figure 5: (a) The X plaquette stabilizers of two copies of the color code have to be multiplied to

become a single stabilizer within the effective CC when V(Z1Z2) measurements are performed (only
blue plaquette is shown). (b) The Z plaquette stabilizers of two copies of the color code become
identified under V(Z,Z>) measurements. (c,d) The transition between the stabilizer generators of the
S(CAE) and those of the S(TC(rx;) X TC(bxs)) under respective measurements. The Z - flavored
plaquettes in panels (b) and (c, green plaquette) are shown twice but in fact, correspond to equivalent
stabilizers up to V(Z1Zs) checks. There are no standalone plaquette stabilizers of X flavor in panel
(d) because such stabilizers are contained in edge checks.

with our notation is shown in Fig. 4). Starting with the stabilizer group of the parent code
and measuring V' (Z1Z2), one arrives at the stabilizer group

S(CC) = (V(Z122), Pe(X1X2), Pe(Z1)) e (9.0} (7)

where P.(X;X3) stands for a product of X-plaquettes of color ¢ in each layer (i.e. a
weight-12 plaquette term). This stabilizer group is obtained from the parent one shown
in Eq. (6) by adding the measured operators to it (we avoid the £ signs that would
reflect the measurement outcomes but keep in mind that they have been recorded and are
implicitly present throughout), and keeping all the elements of the parent stabilizer group
that commute with these measurements. For example, P.(X;) and P.(X3) plaquettes of
the parent stabilizer group had to be multiplied in order to commute with the measured
operators, see Fig. 5(a). The plaquette operators P.(Z1) become equivalent to P.(Z2) upon
multiplying by V(Z1Z3) around the plaquette, see Fig. 5(b). The stabilizer group S(CC)
is exactly the color code stabilizer group if we consider each pair of qubits at each vertex
as a single effective qubit fused by V(Z;Z3) measurements. In other terms, each qubit
pair forms a [|2,1,1|] stabilizer code defined by a V(Z;Z2) stabilizer. The effective logical
operators of this code are Xeg = X1Xo ~ Y1Y5 and Zeg = Z7 ~ Z5. In essence, Eq. 7
describes the concatenation of [[2,1,1]] codes with the color code.

We remark that there there are 9 different interlayer measurements V(o102) where
oj = X,Y, Z that we can perform, each achieving different effective color codes (it is also
possible to perform a vertex Pauli measurement in a single layer, which will trivialize
one of the color code copies and keep another; we do not consider this option here). In
the condensation picture, measurement of V' (o102) corresponds to condensing rojro, and
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boiboy. This can be seen by noting that the product of V' (Z1Z5) on two vertices bordering
an edge colored c¢ is equal to E.(Z1)E.(Z3), which is precisely the hopping operator for
co1coy. As we emphasized before, in this paper we will only focus on the choice V(21 Z5),
which already allows us to design sequences implementing all 72 automorphisms of the
color code. Thus, whenever we refer to & (66), we mean the code obtained by measuring
V(Z1Z3) at every vertex.

The other type of measurement transition that we consider corresponds to condensing
an independent boson in each layer, i.e. CCX CC — TC(rx;) X TC(bxy). To go between
the stabilizer groups of respective topological codes, i.e. S(CC) X S(CC) — S(TC(rx;) K
TC(bx3)), one has to measure two-body checks E,.(X7) and Ey(X2) on the red edges of the
first layer, and blue edges of the second layer, see Fig. 4. The resulting stabilizer group is

S(TC(rxy) ¥ TC(bxy)) =(E.(X1), P-(X1), Py(Z1), Po(Z1))

<(EN(Xa), Pi(X2). Po(Z0). Py(Z2). )
which is similarly obtained by adding the measured operators and keeping only stabilizers
of the parent code that commute with these. We can view the measurements E,(X;) and
Ey(X1) as defining [|2,1,1]] codes on the red and blue edges of the respective layers. Using
the logical qubits of the [[2,1,1]] codes as effective qubits, the stabilizer group (8) defines
two toric codes on triangular superlattices with vertices centered at red and blue plaquettes
of the honeycomb lattice respectively [1]. The transition CCKCC — TC(a;) XTC(ag) for
other colors and flavors of condensed bosons can be worked out analogously.

Similarly to reversible transitions between the child anyon theories in the condensation
picture, we can define locally reversible transitions by measurements. Reversible transitions
conserve logical information and preserve the rank of the stabilizer group [17]. Conservation
of logical information means that at each measurement round, there exists a complete set
of representatives of logical operators (complete set of logical strings) that also commutes
with the next round and thus survives to that round. In all the examples considered in this
paper, reversible condensations are translated into reversible measurements. For example,
in order for one to go in the direction S(CC) — S(TC(c101) x TC(ca07)), it is necessary
that the measurements E., (01) and E.,(03) anticommute with V(Z;Z5)?, which means
that o1 and o9 must be X or Y and ¢; # co. This tells us that there exist 24 = 6 x 4 ways
to turn the given effective color code into two copies of the toric code. An example of the
stabilizer updates for a specific choice of transition between CC and TC(rx;) x TC(bxs)
is shown in Fig. 5(c,d). -

The effect of the measurements that perform S(CC) — S(TC(cy01) x TC(cp07)) is
equivalent to the action of an unfolding unitary. We will denote such an unfolding unitary
by UCM,CNQ. Note that this operator is different from the conventional unfolding unitary
between a color code and two copies of the toric code [40] because of the double layer struc-
ture needed for our measurement implementation and the fact that the unitary is induced
by a locally reversible measurement. We can construct this unitary explicitly using the
prescription of Ref. [17]. Consider, for concreteness, an example CC — TC(rx;) x TC(bxy).
For each green (i.e. a complementary color) plaquette, let us enumerate the vertices clock-
wise as numbers 1 through 6. It is possible to find a basis for the measurements that have
support on the 7" green plaquette such that they form conjugate pairs, namely A; = {A;;}
and B; = {B, ;} for j =1,...,5 are such that Ai By = (—1)51‘1"5]‘1" i,,j/AmlO. Then the

9Tn terms of anyons, this is equivalent to the condition that ci01 and c,02 must braid non-trivially with
rz1rz, and bzibz,.

YO Concretely, for the i*" green plaquette and the k™ qubit around that plaquette, denote the Pauli
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Figure 6: A choice of three generating symmetries of the magic square, two mirror symmetries

©(xr)(vg) (zb) aNd P(zr)(yg)(xb), and the row permutation o (gp,) that generate all automorphisms of the
color code.

unfolding unitary can be written as

A+ B;
rxl,bxz ® ® ] 7] (9)

i j=1

Conversely, performing the measurement V' (Z;Z3) “folds” the two coples of toric code back
into the color code CC, and is equivalent to the action of the unitary Urxl bxa-

To conclude, we have shown how to perform reversible transitions between the stabilizer
groups of the effective color code and two decoupled copies of the toric code. In the next
subsection, we will show that this tool, together with honeycomb-type sequences in the

decoupled toric code layers, is sufficient to generate all 72 automorphisms of the color code.

2.3 Measurement protocols and automorphisms

Assume that we start with an effective color code anyon theory CcC (obtained as an ap-
propriate condensation from the parent bilayer color code) and perform a reversible con-
densation into a pair of toric codes. We can then evolve each of these toric codes by
reversible condensations that are similar in spirit to that of two individual honeycomb or
CSS honeycomb codes (for which it is sufficient to condense a boson in each new round
that braids nontrivially to that of the previous round), and finally arrive at a different pair
of toric codes that can be folded by measurement into the effective color code CC. The
total sequence forms a cycle that can be summarized as:

t=20 t=1 t=T-1 t=T

CC  — TC(ci01) ®TC(cp05) — ... — TC(c}o}) RTC(chal) — CC (10)

As a consequence of such a closed loop, the final theory can be related to the initial one
by an automorphism. Thus, by appropriate choices of condensation paths, one might
be able to controllably implement the automorphisms of the color code. We show that
such sequences exist, and by choosing only those sequences that translate into weight-2
measurements, it is possible to achieve all 72 automorphisms of the color code with pairwise
measurements.

As discussed in Subsec. 2.1, we can translate condensation sequences to measurement
sequences on the topological codes. Because we limit ourselves to two-qubit measurements,

operators crl_, ) where o = X,Y,Z and ¢ = 1,2 is the layer index. Then, we may choose

J
R (k) 7 (i,k) R (2:9) (i,3+1)
Ay =+ ][22, Bij =X G npX ek e
k=1
where + signs accommodate the random measurement outcomes for each operator such the resulting A(B)
type operator becomes a stabilizer.
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there are only 24 choices for the initial unfolding and similarly 24 choices for the final folding
measurement rounds, which were summarized in the previous subsection. The states of
the initial (at round ¢t = 1) and final (at round ¢ = T'— 1) toric code pairs are related by an
isomorphism that can be written as a unitary Useq. The total action of the measurement
sequence that occurred between two color code steps is equivalent to an overall application
of a unitary:

A

U = U:’o’ clal seqUC101,C202’ (11)

1¥10~2%2

Thus, as a consequence of performing such a measurement sequence, a unitary U cor-
responding to some automorphism ¢ € Aut(CC) will be applied to the color code.

Let us first demonstrate how to produce the three automorphism generators, from which
any other automorphism can be obtained as their product. The group of automorphisms
of the color code can be conveniently depicted via its action on the magic square of the
color code. In particular, all symmetries that preserve the braiding and fusion data can be
generated by row permutations (dubbed ‘color symmetries’), column permutations (‘Pauli
flavor symmetries’), and diagonal reflections (‘color-Pauli flavor symmetry’). We choose
the three generators of the symmetries to be the two diagonal reflections ¢(yr)(yg)(zp) and
P (zr)(yg) (xb)» and row permutation ¢ g,), where the subscript denotes the permutation cycles
of the rows and columns. One way to see that the above automorphisms generate all other
automorphisms is to transcribe the automorphisms of CC shown in Fig. 6 in terms of
two copies of the toric code according to Eq. (1). Then we immediately see that the
automorphism can be thought of as the following transformations on the anyons

P(xr)(yg)(zb) el < ml, le <> le,Im < 1Im
P(zr)(yg)(xb) le <> 1m, el <> el, ml <> ml (12)
P(gb) ml <> mm, le <> ee

which generates a group of order 72. We keep track of the action of each automorphism
in its subscript, where the colors and Pauli flavors that are changed are kept track of in a
cycle notation.

There are many ways to realize the same automorphism as a sequence of condensations.
We choose the sequences for the automorphism generators that, when translated into mea-

) Sequence
Aut/Gate Cond. /meas. =0 i 5 3 1 5
TZ1TZ9 Xy gy bz X TZ1TZ9
P(xr)(ve) (2b) cond. bz1bzsy bxs — gz, bxs bz;bz,
E(X1) | Eg(N) | Ey(Z1) | En(X1)
H, ® H3)SWAP meas. VI(Z12. ! g ) V(Z1Z.
(H1® H3) 13 (Z123) Ey(Xo) N E,(Z) | Ey(Xe) (Z125)
d rz1r2zo IrXq - b21 X4 rzZ1rzo
w(zr)(yg)(xb) cond. bz1bzy bxo ry, gz, bxa bz;bz
E.(X1) - Ey(Z1) | Er(X1)
Hy; ® Hy)SWAP meas. V(Z1Z B} V(Z1Z
(2 Hy)SWAP24 D) | p(xy) | B0 | EfZ) | Bixy) | VAP
cond rz1rzo rxXyq b21 Xy rzZ1rzog —
P(ev) ’ bz1bz, bxo Ty, gx, bz1bz, —
E.(X1) | Es(Z1) | E-(X1) —
NOT2CNOT} . VAVZ YAV
CNO 120 O 34 meas V( 1 2) Eb(XQ) E,.(YQ) E.(J(Xg) V( 1 2) .

Table 1: Condensation sequences for the generators of the 72 automorphisms the color code and
respective measurement sequences derived from them. The first column also displays the gate acting
on four logical qubits of the effective code on the torus. The ‘—' stands for nothing being performed
in a given round.
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surement sequences, have the nicest properties for the error correction (which is addressed
in Sec. 3), and are therefore the most practically useful. These are presented in Table 1.
The sequences for ¥ (xr)(yg)(zb) ANd P(zr)(yg)(xp) take 5 rounds and the p(g,) sequence takes
4 rounds.

Let us start by examining how one of the above condensation sequences works: in par-
ticular, the sequence (). This is summarized in Table 2. For each deconfined anyon in
the child theory (which generates logical strings), we show a representative from its equiv-
alence class in a given column at each step. We track the anyons by labeling them in the
parent theory language. As a reminder, the equivalence class is defined by fusion with the
bosons condensed at that round. Because the protocols that we choose have the property
that each pair of consecutive condensations is reversible by design, it is always possible to
find a representative at a given round that will braid trivially with the condensation of the
next round. This is the requirement for conserving a full set of logical strings throughout
the measurement sequence. If a representative shown in the current round has to be mul-
tiplied by a condensed boson in order to braid trivially with the condensation of the next
round, it is shown in gray in Table 2. For example, let us follow the bx1bx, anyon of round
t = 0. It braids trivially with the condensations of round ¢ = 1, and thus, it is taken to
the next round as is. However, it does not braid trivially with one of the condensations in
round 2, which is fixed by fusion with the trivial logical bxs at round ¢ = 1 producing a
different representative bxibxs X bxs =~ bxy. This anyon braids trivially with the condensa-
tion of the next round, ¢ = 3, and thus is taken to that round unchanged. Lastly, in order
to be taken to the last round of the sequence, ¢ = 4 that completes the cycle, we need to
fuse it with both condensations of round 3, obtaining a bx; X rx; X gx, ~ gx,gx, anyon
at round 4. Thus, the overall change of this anyon consists of being multiplied by some
of the condensed objects over the course of the condensation sequence. One can explicitly
check that the total outcome corresponds to applying the ¢(gp) automorphism to all the

t |Condense Logical strings update Child anyon theory
Tz rzs N
0 bzbz, Iz bz, X1 IXp bx;bxsy cc
rx)
1 bxs rz, bz, TX|TX bx;bxs TC(rx,) X TC(bxy)
bz, b b
20y, £ v % % TC(bz1)® TC(ry,)
rx
3 gx, rZ) gY: Xy bx, TC(rx;) K TC(gx,)
T2z — o0 TX]TXp gX18X, ~
rz) = rz Zo = ( bz 2
4 bz bz, 1= ea(r) g2= (b)) Pen) (TX1T%2) = () (b1 bx5) ce

Table 2: Summary of the condensation protocol implementing ¢4,y automorphism from Table 1. The
update of each type of logical string is shown in the respective column, each cell containing one
representative from one class of the logical string. Whenever this representative needs to be fused with
the anyon(s) condensed in the current round in order to remain a logical string in the next round (i.e.
to braid trivially with the next condensation), such a fusion is shown in gray. Finally, upon completing
the sequence, we identify the automorphism of the color code that was applied to the logical strings.
The last column shows the child anyon theory at each round.
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anyons in the theory. The update rules are explained in much more depth in Sec. 4. One
can also verify that the shown representatives in the table indeed form a basis of anyons
for the child theory at each round, which is shown in the last column of the table.

The transformation of the logical strings according to these update rules is also shown
pictorially in Fig. 7 for two of the generating automorphisms, ¢ (xr)(yg)(zp) @and P(gn). The
third automorphism is not shown because it is analogous to the first one up to an appro-
priate change in colors and layers.

These condensation sequences can be used to design measurement sequences that induce
a related evolution in topological codes, which are shown in Table 1. Let us analyze
an example corresponding to the ¢(g,) automorphism, and understand the measurement
sequence in more detail, which is shown in Table 3. The table shows the measurement
sequence and the evolution of the ISG throughout it indicating the instantaneous stabilizer
group at each step. We assume that we have initialized the system with an effective color
code ISG (see Eq. 7) at t = 0. The ISG is updated from round to round according to Fig. 5.
Namely, a plaquette in the ISG at round r either commutes with all the measurements
of round r + 1 (in which case it is taken to the next round) or anticommutes with some

Q P(xx)(yg)(=b)

t=0 1 2 3 4 5
Irz1rzo Irxy gy1 b21 Xy rz1rzy
bzi1bz, bx, — g2, bxsy bzi1bz,
T T
rz; TZ1XTX; Ty Xgy by bz : bx;%bxy : bxibxy
- 1 1 —
(X1,21) 1 1 (Z3,X3)
1 oxxs | T oxbr s | - _g_x_‘___— § gz,xbz 1 rz; 1 Tz,
1 1
bz, bz, bz, bz, bz, bz,
(X2, Z2) 1 | ] A ] ] o o (X2,22)
TX| X TX| TX2 X IX gx. gx. gX,XTX TX TX:
Xo
b P (gb)
t=0 1 2 3 4
rz1YZo Xy bz, Xy rz1YZo
bz1bz, bx, Ty, g%, bz1bz,
1z rz) rz 1z 1z
(Xu.Z0) 1| ] o] o] i o (Z1, X1 X5)
bxibxy bxibxyx bxy bx; bXyXrx;xg gx,gx
bz, bzyxbx, by,xry gY2XEX, gz,
(X27ZQ) (X27ZIZ2)
T T T | T | [T ok | B

Figure 7: The update of the logical strings throughout rounds of condensations. An instance of
each string is passed from round to round which is shown in panels (a) and (b) for ¢ (xr)(yg)(zp) and
©(gv) automorphisms, respectively. When the logical operator has to be multiplied by the current
round's checks, the multiplication is shown in gray. By comparing the logical strings after a period of
measurements we are able to identify the logical gate that the measurement sequence implements. The
remaining ¢ (xr(yg)(zb) automorphism can be understood by analogy with ©(xr)(yg)(zb)-
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ISG S(t)

t - Child code
Measure | Inferred plaquettes

7, A Zy

0 | V(42) S(E0)
XX XX (XX
I"‘/ (Xl) X1 Z A
L BMD | g o gy | SO TCOMS)
Ey(Z) ) (o @
2 E,(Ya) D 2 @ S(TC(bz,) R TC(ry,))
3 E.(X1) X 4 4 sire e
Ey(X2) n () (@& (TCex) (&x.)
Zy Zy A —v
4 | V(42 s(c)

Xy  [xx]  [ax)

Table 3: (a) Evolution of the effective code and its logical strings throughout the measurement sequence
for the ¢(g,) automorphism. The table shows the measurements used to obtain respective child code
and the plaquette part of the ISG at each measurement round. The plaquette stabilizers are red, green,
and blue colored hexagons, and the flavor for each plaquette is indicated inside of it.

of the measurements at round r + 1. In the latter case, the plaquette needs updating. A
new plaquette is formed by multiplying the plaquette at round r by the check operators of
round r so that it commutes with the measurements of the next round. The local update
rule is guaranteed by the local reversibility of the measurement paths. The effective ISGs
at intermediate rounds are equivalent to that shown in Eq. (8). The label Z;/Z5 on
some of the plaquettes means that both Z; or Z5 plaquettes are in the ISG but they are
equivalent up to V(Z1Z3) checks. During the next round, both Z; and Zy plaquettes
become independent elements of the ISG.

The evolution of the logical strings'! of the codes throughout the measurement sequence
completely mirrors that of the logical strings during the condensation sequence shown in
Table 2, except that logical strings become a Pauli string of corresponding flavor and color,
and the fusion with condensed anyons is replaced with multiplication by measurements
of the current round. As a consequence, the logical strings undergo a transformation
corresponding to the automorphism implemented by the measurement sequence. Each
such action can be translated into a logical gate once we adopt a basis for the logical
qubits, and is different depending on the manifold and the boundary conditions. We show
our convention for the torus geometry in Fig. 8. This way we obtain that the generating
automorphisms correspond to the following gates:

P(xr) (ye)(zb) — (H1 ® H3)SWAP13
Plar)(yg) (xv) — (H2 ® Hy)SWAP2
¥ (gb) — CNOT12CNQOT34 (13)

which are precisely the gates indicated in Table 1 for the toric geometry.

Finally, it is possible to achieve not only the three generators shown above but also all
72 automorphisms by short sequences of length 5 or less rounds. Throughout the paper,
for various purposes (such as finding the best sequences for a system with boundaries and

1 As a reminder, a logical string £(co) is a path on edges of color ¢ where o is applied to each vertex on
the path.

Accepted in {Yuantum 2024-08-02, click title to verify. Published under CC-BY 4.0. 21



N
N
|

o
g e
o
&
oy
K
H
v><

‘__________
W
N
w

_,
\
>
.
\

Y
Y
Y
Y

Figure 8: Our convention for the correspondence between the anyon strings and the logical Pauli
operators for 4 logical qubits that they generate on a torus.

error correction), we will still need to introduce other sequences that have different lengths
that achieve the same automorphisms. We provide exhaustive tables presenting examples
showing the implementation of automorphisms of the color code by short measurement
sequences in Appendix A.

3 Error correction for dynamic automorphism codes

In this section, we address error correction in the DA color code on a torus. This requires
us to further develop the method of spacetime detectors for these codes, and construct a
basis of detectors for sequences implementing the generators of the automorphism group.
We also conjecture that the code has an extensive distance and a threshold for an appro-
priately generalized minimum-weight perfect-matching decoder (see discussion in the last
subsection). We discuss the error correction of planar dynamic automorphism codes in
Sec. 5.4.

The rest of this subsection is structured as follows. In Subsec. 3.1 we explain how a
given set of generating automorphisms can be padded such that the total set of realized
automorphisms is unchanged, but the measurement sequence becomes manifestly error-
correcting. We do so by introducing additional “padding” sequences that insert an identity
automorphism between each automorphism that is implemented by the code. In Subsec. 3.2
we explain in which sense our codes dynamically generate logical qubits. In Subsec. 3.3,
we introduce a simplified error basis which does not affect the generality of our claims
but simplifies the analysis, and we assume that this basis is used thereafter. Subsec. 3.4
discusses simple examples of spacetime detectors which are used for error correction in the
honeycomb code. In Subsec. 3.5, we introduce the basis of detectors for the DA color code
and explain how they work in detail. We also show how any single-qubit Pauli error is
detected and corrected. Finally, in Subsec. 3.6, we discuss the question of fault-tolerance
of the DA color code.

3.1 Padding sequences

The DA color code is capable of implementing an arbitrary sequence of automorphisms of
the color code. This is naturally accomplished by combining measurement sequences cor-
responding to each automorphism in the sequence, and we assume that the automorphisms
are broken down to products of generators (summarized in Table 1). On a torus, these
automorphisms do not furnish the entire Clifford group but a certain subgroup isomorphic
to (S35 x S3) x Zg. However, considering the DA color code on a torus is useful in order to
set the stage for the next section where we construct such codes first on a triangle (which
encodes a single logical qubit) and then on a pair of triangles, which allows us to realize
automorphisms corresponding to a full Clifford group on two logical qubits. Before doing
so, we would like to ask whether a DA color code implementing a given sequence of auto-
morphisms on a torus can be designed to be error-correcting. As we will see, constructing
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error-correcting sequences will require some new techniques that we will introduce in this
section, namely inserting “padding” sequences and detectors for the DA color code.

In our discussion, we will draw a parallel between error correction in our codes and the
known error correction protocols for the honeycomb and the CSS honeycomb codes. The
known decoding scheme for both of these codes is somewhat similar to that of a toric code,
which is seen from their decoding graph upon appropriately rotating it in spacetime. As a
constituent step in error correction, one uses four measurement rounds in the honeycomb
code and two in CSS honeycomb code to form a detector. Spacetime detectors, colloquially
speaking, are collections of measurements whose product has a fixed value in the absence
of any errors, see Ref. 3] and references therein. These are generally spacetime objects,
involving measurements at different locations and different rounds, which allow us to locate
spacetime locations of errors; in what follows we refer to them as simply “detectors”.

In the honeycomb and CSS honeycomb codes, the detectors have a simple form. The
measurements forming the detectors can be combined into inferred plaquettes, a product
of which at different times should give a constant value. The detectors of different colors
(marked by the colors of the plaquette in their spatial support) and different Pauli flavors
are identical in shape, albeit shifted in space and time. Their decoding graphs, derived
from a spacetime lattice of detectors, are similar to the decoding graph of a regular toric
code. The decoding graphs for even and odd timesteps are decoupled, and each of them is
a rotated cubic lattice. For each single-qubit Pauli error a pair of detectors ‘light up’ (i.e.
the value of the detector flips its sign), which allows one to detect the spacetime location
of the edge where the error occurred as well as its flavor. This is sufficient information to
detect and correct a single-qubit error (this is discussed in more detail later on). For the
depolarizing noise error model, the minimum-weight matching decoder utilizes information
from lit-up detectors to apply a corrective operation mapping a set of spacetime error chains
to a set of homologically trivial (and thus inconsequential) loops. Using the properties of
the toric code decoder, both the honeycomb code and the CSS honeycomb code possess
an error threshold against depolarizing noise [13-15, 19].

In contrast to the honeycomb codes, the measurement sequences appearing in the DA
color code are more complicated, and moreover, are generically not periodic as they can
represent generic compilations of logical Clifford operations. As a result, we will need to
introduce a few additional techniques. The first is a trick of introducing padding, which
corresponds to inserting an additional measurement sequence between every two auto-
morphisms implemented within the DA color code. This additional sequence implements

Figure 9: A schematic of the padding procedure for the measurement sequence J\Zf(go) where padding
sequences M (7) (gray boxes) are applied between consecutive automorphisms M (o) (blue boxes) that
together realizing the desired quantum circuit. The red cross shows an arbitrary error that occurred at
some location in spacetime. The temporal support of two detectors D2 (to be defined more rigorously
later on) that light up in response to this error is schematically shown as dark rectangles. The block
operators By, discussed in the text are labeled. As we find, all the detectors in our basis are contained
either within one block By or within two neighboring paddings M (7) o M (r).
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Sequence
t =0 1 2 3 4 5
E.(Xh) | E;(M) | Ey(Zh) | E-(X1)
B) (xz VI(Z.7 9 V(Z1Z
P(xb) (x2) (Z122) Ey(X1) | E.(Ya) | Ey(Zs) | Ey(Xs) (2122)

Aut

Table 4: The measurement sequence applying the ™ = ¢ (11 (xz) automorphism. We insert this sequence
twice, which realizes “padding” in all DA color code protocols. As a result, the detectors are easier to
analyse.

the trivial automorphism, and thus, does not affect the operation of the DA color code,
but allows for a simpler structure of detectors. The sequence with a padding is shown
schematically in Fig. 9.

There are many sequences that one might choose for the padding, and the one imple-
menting an identity gate/automorphism I ® I is the most natural one. We can choose a
special sequence that implements the automorphism m = (1) (xz) shown in Table 4, and
insert it twice in a row, which amounts to a trivial automorphism 7 o w = I. The rounds
between toric code ISG steps resemble a honeycomb code protocol on each toric code layer,
which makes this measurement sequence especially simple. In what follows, we refer to
each sequence realizing 7 as a padding sequence.

Given an automorphism ¢ € Aut(CC), we wish to implement, we can always decompose
it into a sequence of the generators of the automorphism group listed in Table 1. We
denote this decomposition ¢ = [[}, o, where each aj, corresponds to one of the generators
of Aut(CC). We denote M (p) to be a measurement sequence implementing . Upon

inserting padding sequences the automorphism becomes ¢ = [], ap = {Hk (7r)2 ak} (7‘(‘)2,
which can be used to generate the measurement sequence

N (g) = [H (87 (m)” o M(aw] o (81 (m))’
k=1
=M (7)o {M (7)o M (a) o M(ﬂ')} o {M (m) o M () o M(ﬂ')} o... (14)

A

.0 [M(W)OM(O&m)OM(TF)} o M ()

Each sequence of the form By, = M (7)o M (ay) oM () will be called a “padded sequence”.
We use the symbol ‘o’ to denote that the measurement sequences are applied sequentially
in time.

Due to padding the measurement sequences, the following useful simplifications occur
regarding the structure of detectors:

e Each detector fits either within a single padded block By (for some k) or within two
consecutive paddings M () o M ().

e For any single-qubit Pauli error ¢ there exists a set of detectors {D}. that allows
us to detect this error in space and time and correct it'?. Moreover, the set {D}.
can be chosen such that all detectors in {D}. have support only within a particular
padded block Bj.

Intuitively, one can think of the padding procedure as surgically inserting honeycomb
code measurement sequences into a larger code; given that the detectors of the honeycomb

12WWe omit a subtlety here that we discuss in detail in Subsec. 3.5
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code are well-behaved, the overarching code inherits some of their structure. That being
said, we would like to note that it is possible that the sequences producing automorphisms
are error-correcting in a stronger sense; that is, padding might not be necessary, and error
correction might be possible with a particular choice of short automorphism sequences. It
would be interesting to see if there is a way to ensure error correction of the DA color code
without introducing padding by appropriate choice of sequences for the automorphism
generators.

3.2 Dynamically generated logical qubits

Similarly to the previously known Floquet codes, the DA color code can dynamically
generate logical qubits, i.e. generate a state that is in the codespace of a topological
stabilizer group even if the initial state is a product state or a maximally mixed state.
This dynamical generation reflects the code’s ability to measure all the elements of the full
topological stabilizer group during a period of measurements. This is clear from the fact
that a codespace cannot be generated by a measurement sequence without measuring each
of its stabilizers.

The sequences for the automorphism generators shown in Table 1 do not generate the
full topological stabilizer group. Each of them generates almost the entire stabilizer group
of the effective color code (7) after a single period has been run, and no additional plaque-
ttes will be added if the sequence is repeated. More specifically, the sequence @ xr)(yg)(zp)
measures all the needed ISG elements apart from P,(X;X2) plaquettes. The sequence
¥ (zr)(yg) (xv) Measures everything apart from P,.(X;X2) plaquettes, and ¢(4,) measures ev-
erything but P.(Z71). Interestingly, any pair of sequences following one another will end
up measuring the entire ISG of the effective color code. We remark that this is solely a
consequence of our choice of automorphism measurement sequences, and there might exist
longer sequences implementing automorphisms that dynamically generate logical qubits
without padding.

At the same time, the padding sequence shown in Table 4 generates the entire topo-
logical stabilizer group already after 5 rounds thanks to the honeycomb protocols in each
layer being capable of generating the ISG of each of the toric codes after 4 rounds. There-
fore, it is clear that upon padding, the DA color code will measure the stabilizer plaquettes
more frequently, because even if some plaquette wasn’t measured within a given generating
automorphism, it’s guaranteed to be measured within subsequent padding.

3.3 Simplified error basis and measurement errors

Throughout the rest of the paper, when treating error chains we assume that errors are first
decomposed into an error basis that we introduce below. This allows us to significantly
simplify the analysis of the error correction in the DA color code.

For each interval between two subsequent rounds, we can define a basis for Pauli errors
determined by the flavor of the current and the flavor of the next round in each layer /.
Specifically, suppose that in layer £ we perform measurements of flavor ¢/, at time ¢t = n
and flavor o, | at time ¢ = n+ 1, and consider an error that occurs right after time ¢ = n.
If the flavor of the error is equal to afL, then it does not commute past the measurement
of time t = n + 1 since UfH_l # o', We will denote such an error ¢ (we suppress the
index indicating the spatial location of the error for brevity). In contrast, if the flavor of
the error is equal to O'f; 11, then it does commute past the measurement of time ¢ =n + 1
and we can equivalently treat it as if it had happened after £ = n 4+ 1, and we can denote
such an error 5fz 1 1. Lastly, if the flavor of the error is neither that of £ = n nor t =n + 1,
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then it can be decomposed as a product Zie’, g4 That is, we can treat such an error as
equivalent (up to a phase factor) to an error £ occurring right after ¢ = n and an error
5fl 41 occurring right after ¢ = n+1. This covers all three possible flavors for a single-qubit
Pauli error.

As a toy example, consider three qubits (1,2,3) in a single layer and two rounds of
measurements: X1 Xo at round 1 and Z3Z3 at round 2. Consider an error of flavor f after
round 1 on qubit 2 that we call e75. Let us decompose this error into a simplified basis.
First, note that the action of the two rounds of measurements on the wavefunction |Lg)
before round 1 can be summarized as

I+ (=1)"2757. T+ (1) X1 X
Izzellxx |Lo) = < ( ; 2 3) €f,2( ( )2 ! 2) |Lo) (15)

where (—1)"1( are the measurement outcomes at the first and second rounds, and IIx x 7z
are the projection operators. Then, for three possible flavors of Pauli errors, we have:

=X = Hgzepollxx =z Xollxx,
=2 = Tyzepollxx = Zollz71lxx, (16)

f=Y = Hzzepollxx = —iZollzz Xollxx and ey £ —ig(z9)8(x 2)-

Let us now address measurement outcome errors. Because all the measurements in
our protocols on a torus are two-qubit, to be able to properly correct a single qubit error
! we only need to find the spacetime location for the edge where the error has occurred,
similarly to the honeycomb codes. The flavor of the single-qubit recovery operator is known
from the timestamp n, i.e. it is the flavor of the check at round n in that layer. If we
accidentally correct the wrong qubit on the edge, this effect can be absorbed by the two-
qubit edge measurement (which can at most multiply the total wavefunction by —1, and
is thus inconsequential). For a composite error £, 11, as we later show, we are able to
locate the respective edges at round n and at round n + 1, which, by the same argument,
is sufficient to perform the correction.

We must also deal with measurement errors. For the DA color code, similarly to
Floquet codes, measurement errors are equivalent to correlated errors which also have to
be decomposed according to the rules above. More specifically, they are equivalent to a
scenario with perfect measurements but where each faulty edge is replaced with a two
single-qubit errors of a different flavor supported on this edge, one occurring right before
and the other right after the measurement. Note that this is also true during the V(21 Z5)
measurement, rounds.

To illustrate this, consider the previous toy example and a pair of errors ¢ and ¢’ that
occurred on the same qubit (say, qubit 2) after rounds 1 and 2, respectively. To mimic
the measurement outcome error of the Z5Z3 measurement, their flavor has to be the same
and the error has to anticommute with Z5Z3. For concreteness, consider ¢ = o7 and

e =o01. Then €'llzze =€’ (H(_l)%) € ]1—(—1);”22223) = (H_(_l);w%% . The

=¢éle (
resulting expression is as if no error has occurred but the measurement outcome of the
Z5Z3 measurement has been flipped.

3.4 Detectors: honeycomb codes example

Having clarified the error model, we are ready to introduce detectors [14]. A detector
D' corresponds to the i-th row of an Fy-valued matrix D%, where k is an index labelling
spacetime locations of measurements in the code. More precisely, if D};; = 1, then we say
that the measurement at spacetime location k contributes to detector D?; else, if D,i =0,
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then the measurement at spacetime location k does not contribute to D’. We define my,
to be a vector of measurement outcomes which are also Fa-valued (i.e. my = 0 if the
measurement outcome at spacetime location k was +1 and my = 1 if the outcome was
—1). We define the value of a detector via

value(D") = ZD,imk, (17)
k

where the summation runs over all spacetime locations for the measurements. Not any
matrix D,i defines a “valid” detector — a detector is valid iff its value is independent of the
measurement, outcomes in the absence of noise.

When viewing the DA color code in spacetime, the qubits at each timestep live on the
vertices of the spacetime lattice, which is a time-like stack of bilayer honeycomb lattices.
According to our previous discussion, an error £/ will live on a time-like edge connecting
the location of the error at time n and n 4+ 1. We define the support of a detector to be
the set of time-like edges such that an error occurring on any of these edges can affect the
value of the detector. The precise description of the spacetime locations and respective
flavors that the detector can detect depends on the choice of basis of errors. To simplify
this description, we assume that all error chains are initially decomposed according to the
error model introduced in the last subsection. Lastly, we emphasize that the support of the
detector is a set of measurements in contradistinction to the support of a measurement,
which is a set of qubits.

We say that a plaquette operator is inferred at a given round whenever its eigenvalue
can be deduced by multiplying measurements of the current — and possibly prior —
rounds. We assign detectors to be of different colors, based on the colors of the constituent
plaquettes that they detect. Denote the Fo-valued measurement outcome of a plaquette
by Pe;, = Zkeacj my, where ¢; is a plaquette of color ¢ at spacetime location j. For DA
color codes, it is possible to find a different matrix 5; such that the value of each detector
becomes value(D?) = >, ﬁ;PCj. Now, instead of individual measurements, lND}C specifies
which inferred plaquettes contribute to the value of Di*-th detector. We will colloquially
say that a detector ‘lights up’ whenever its value changes due to an error.

Before proceeding to discuss the detectors in the DA color code, we first explain the
method for constructing (and displaying) detectors in the honeycomb and CSS honeycomb
codes. For clarity of presentation, we use the Kekule-Kitaev version of the honeycomb
model, which is equivalent to the honeycomb code up to a depth-1 unitary circuit [5]. The
detectors for the honeycomb codes are shown schematically in Fig. 10. Each basis detector
is labeled by a plaquette of a given color. For example, a detector labeled by a certain red
plaquette is formed from values of that red plaquette inferred from measurements at several
different times. This is similarly the case for detectors of green and blue plaquettes. In
addition, each detector is labeled by a spatial location of the plaquette, which we suppress
for brevity.

In Fig. 10(a), we denote the spacetime volume inside red, green, and blue detectors by
red-, green-, and blue-shaded regions. It is designed in a way that the timelike edges of
the flavor that anticommutes with the flavor of the detector (shown in the white boxes) in
this spacetime volume belong to the support of the detector. The white boxes mark events
in time when the corresponding plaquette (of the flavor given by the label of the box) has
been measured. For example, the measured the values of the R; detectors in Fig. 10(a)
can be found as

value(R;) = Pr(Y)y; 5+ Pr(2)]y; 4+ Pr(Y)|y o + Pr(D)]5 - (18)
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In the above equation, Pe(o)| tty 19 the inferred value (which as a reminder, takes the
values 0 or 1) of the plaquette of color ¢ and Pauli flavor o at round ¢g, and the index of
the spatial location is suppressed; all operations are performed in Fs. Recalling that we
are using the simplified error basis, we can further group the measurements and express
the detector as follows:

value(R;) = PT(X)}3Z.74 + 'PT(X)|31.71, (19)

and similarly for the green and blue plaquette detectors. In the above equation, we used
the fact that P.(Y)|,, .+ Pr(Z)],, , allows us to infer the value of P.(X) at t = 3i — 4.
It is more convenient to keep track of combined plaquettes in this fashion because (i)
this grouping makes it clear why the given plaquette is not erased at the intermediate
measurement rounds (for example E,(X) measurement rounds for R; plaquettes) which is
necessary in order for their value to be inferred twice, and (ii) upon using the simplified
error basis the detector will only light up for errors of a different Pauli flavor than the
plaquette indicated on this detector.

To summarize, each detector’s value in Fig. 10(a) is equal to a product of two values of
the same plaquette which had been inferred at two different times. In the absence of any
errors, this product should give a predetermined constant. Similarly, Fig. 10(b) shows the
basis of detectors for the CSS honeycomb code. One immediate difference is that there are
twice as many kinds of detectors and the temporal support of these detectors is longer than
that of those for the honeycomb code. Furthermore, there are ‘gaps’ between the detectors,
caused by measurements at certain rounds that randomize values of plaquettes of a certain
type. Such events are labeled by a red cross. Another difference with the honeycomb code
is that in the CSS honeycomb code, it only takes 1 round of measurements to infer the
value of each type of plaquette.

Having discussed detectors for both the honeycomb and CSS honeycomb codes, we
now turn to error correction. Assume that a single-qubit error has occurred, and recall
that we assume the particular error basis introduced earlier. In the honeycomb code, each
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Figure 10: Detectors for (a) honeycomb code and (b) CSS honeycomb code. Each colored shape
marks the spacetime volume within a detector, types of which are labeled by a single plaquette of the
respective color. The white boxes show the times when the plaquettes used to determine the value of
the detector are inferred and are placed on the measurement rounds which are used to infer its value.
The red crosses mark the rounds where the measurements randomize the values of plaquettes entering
a given type of detector.
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detector only lights up in response to errors after either odd or even rounds, and thus
the decoding graph splits into even and odd sublattices. In the CSS honeycomb code,
Z(X) flavored detectors also detect errors after even(odd) rounds only and thus, belong
to different decoding graphs. Assume an error occurred after round ¢t = 3. According to
the error model, it is an X (Z)-flavored error in honeycomb and CSS honeycomb protocols,
respectively. For this error, exactly two detectors will be violated. For the honeycomb
code, these detectors are labeled G2 and Bs in Fig. 11(a). The intersection of the spacetime
support of these two detectors indicates the time stamp when the error has occurred and
its spatial location up to an edge (red edge in this case). Similarly, for a Z error after

round 3 in the CSS honeycomb code, the detectors Ggl) and B%l) light up, as shown in
Fig. 11(b). Similarly, their spacetime intersection reveals the spatial edge and the time
stamp of the error.

Next, one constructs a decoding graph in spacetime where the vertices correspond to
detectors and the edges are drawn between the pairs of detectors that light up together
in response to the errors. In (2+1)D, for each logical string L9 we can define the logical

membrane: [,(()i) U Egi) U...u Egpi), where T is the runtime of the protocol and the logical

string £§") is defined at time t. The difference between £§“ and £E21 is an element of
the ISG at round ¢, and this element is determined uniquely by the circuit. It defines
the spacetime evolution of a single logical operator. If the error rate is smaller than the
threshold p., the probability that an error loop after correction anticommutes with one or
more logical membranes (implying that a logical error has occurred), asymptotically goes
to zero in the thermodynamic limit.

The decoding graph of the honeycomb codes formed by connecting pairs of detectors
is a cubic lattice with the (x,y,t) = (0,0, 1) axis rotated in the (z,y,t) = (1,1,2) direc-
tion. The errors in the honeycomb codes are corrected up to error chains that look like
spacetime loops of Pauli operators on the decoding graph [1]. The problem of decoding the
honeycomb codes is identical to that for the toric code [1, 23|, where a minimum-weight
perfect matching algorithm allows one to find a correction that will turn error chains into
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Figure 11: Detectors that change the sign to —1 (‘light up’) in response to an error €3 that occurred
after round 3 (shown by a thick horizontal line) belong to the classes that are shaded darker. According
to our error notation, the error flavor is X in (a) and Z in (b). The detectors that are lit up are
(a) the G2 and By for the honeycomb code and (b) Ggl) and B;l) for the CSS honeycomb code.
The intersection of the supports of the pair of detectors that are lit up reveals information about the
spacetime location of the error that is sufficient for its correction.
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closed loops. These loops are undetectable but inconsequential, i.e. they commute with
the stabilizer group and all the logical membranes (moreover, they can be decomposed in
such a way that they act like check operators on the wavefunction).

3.5 Detectors in the dynamic automorphism color code

Having reviewed the honeycomb codes from the perspective of detectors, we now consider
the error correction procedure for the DA color code.

First, we find a basis of detectors for the padded sequences of automorphism generators
M (7)o M(a)o M(x), as well as for the padding sequence M (7)o M (7). The measurement
sequences entering these combinations are shown in tables 1 and 4. Without padding, the
detector’s support can ‘leak’ into the following measurement sequence of the next automor-
phism. This makes finding a complete set of detectors needed for error correction a difficult
task, as we may have to investigate all possible compositions of automorphism sequences.
To avoid this, we use padding, which guarantees that each detector terminates within each
padded sequence or is contained entirely between two paddings, which drastically simplifies
the analysis of error correction.

The construction of a basis of detectors can be algorithmically achieved as follows.
We first decompose all error chains according to the simplified basis introduced earlier.
All detectors are formed by combinations of measurements at a few different rounds, and
for the DA color code, these measurements can be combined into a plaquette of a given
color at each round. Thus, each detector is labeled by a plaquette of a single color. We
also need to determine the flavors of the errors that the detector can sense, at each round
and location. However, our choice of error basis has a nice property that each detector
can be labeled by exactly one Pauli flavor (in each layer) and it detects precisely flavors
of errors that anticommute with it. Thus, each detector can be labeled by a P.(o10%).
When constructing a basis of detectors below, we find many detectors of different colors
with measurements supported on one layer only, as well as detectors between the two
layers, which we label as P.(X;X2), P.(Y1Y2), P.(X1Y2), P.(Y1X2) and P.(Z1Z2). These
bilayer plaquettes are chosen so that they commute with V(71 Z3) checks. While the above
notation contains sufficient information do define all detectors for the sequences considered
in this paper, in general one should follow the more general approach of Ref. [3|, which we
revert back to when considering boundaries much later in the paper.

We may construct detectors corresponding to each of the plaquette types using the
following recipe:

1. Find all spacetime coordinates of instances when a plaquette of the form P.(o7),
P.(02), P.(X1X3), P.(Y1Y3), P.(X1Y2), P.(Y1X32), or P.(Z1Z5) can be inferred from
measurements. It is possible to use several rounds of measurement to infer a value
of a single plaquette, and the measurements in different layers can occur at different
times.

2. For each of the plaquettes, mark the times when these plaquettes are randomized by
anticommuting measurements of a given round.

3. Find combinations of plaquette measurements whose product would have a constant
value in the absence of any errors, similarly to example in Eq. (19). These combina-
tions form detectors. Step (2) is used to determine the regions where the support of
the detector cannot take place.

Let us start by considering a periodic sequence of paddings (i.e. M (m)o M(w)o M (7)o
-++), which will allow us to find all detectors contained entirely within a padding sequence
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and detectors that might straddle between two padding sequences. A basis for detectors
is shown in Fig. 12. A convenient feature of the M () sequence is that it looks like two
decoupled layers of the honeycomb code sequence that are periodically merged together
into a color code by V(Z1Z3) measurements. If the V(Z;Z2) rounds never occurred, the
detectors would be those of two decoupled honeycomb codes.

When V(Z1Z2) measurement rounds are added, the detectors are still, in some sense,
inherited from the honeycomb code, but pairs of detectors have to be combined together
(sometimes along with additional measurements) in order for the respective plaquettes to
not be erased by measuring V(71 Z2) checks before they are re-measured again (i.e. before
the detector is completed). As such, the detectors for the P;(Z>) and P,(Z1) plaquettes are
nearly identical to those in the honeycomb code because adding V(Z;Z2) measurements
to the protocol does not erase these detectors. However, their temporal support is now
larger due to the longer sequence length.

Since in the honeycomb code X and Y-flavored detectors are never completed over
the course of 4 rounds (the duration of decoupled honeycomb rounds), detectors for these
plaquettes alone would be randomized by the V' (Z; Z3) measurements. However, plaquettes
of flavors X1 Xs, Y1Ya, X1Y5, and Y1 X (i.e. effective X and Y Pauli operators of the color
code at 0 mod 5 rounds) commute with V(Z;Z2) measurements. Therefore, once we infer
these plaquettes, they survive the V(Z1Z3) round and are inferred again during the next
period of the protocol. It may appear strange that the measurements of such detectors are
inferred in an “out-of-time” way, i.e. as an example, for P.(X;1Y3), P.(X1) is inferred at
t = 3 while P,(Y2) is inferred at ¢t = 4, from which the values are combined to infer P,(X;Y32)
at t = 4. However, this is not problematic because outside of the V(Z; Z3) rounds, the two
layers are completely decoupled and the measurements are not “causally related” so long
as they are performed between the same two consecutive V(Z;Z2) measurement rounds.

detectors
G 2) G(3)
1 Gl 1
b 4
% b4
G
(3)
G(Z) G2
8
® b 4
G§H -
ng) G( 3)

Figure 12: Detectors in two layers for the periodic sequence where each period corresponds to the
padding sequence implementing m = ¢(xz)(br)- Each colored shape marks the spacetime volume within
a detector. Different types of detectors are labeled by plaquettes of respective colors that can belong
to one of the layers or both layers. The white boxes show the times when the constituent plaquettes
used to determine the value of the detector are inferred. The red crosses mark the rounds where the
measurements in either of the layers randomize the values of the plaquettes entering a given type of
detectors.
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The shaded region of each detector in Fig. 12 denotes the temporal support in each layer
which is “out-of-time” for many detectors (including P,(X;Y3)).

As we see, the structure of detectors in the DA color code is substantially more com-
plex than in the honeycomb and CSS honeycomb codes. This is further exemplified by
constructing detectors for sequences where we sandwich an automorphism with a padding
sequence; in particular, we illustrate this for M (7) o M(@(zr)(yg)(xb)) o M(m) (see Fig. 13)

and M (7)o M(cp(gb)) o M () (see Fig. 14). Notice that some detectors start before or end
after the steps shown in the tables. One can check that these detectors start and end in
the preceding or subsequent padding sequences, respectively.

There is a further subtlety concerning error correction in these codes. Specifically, we
purposefully choose a basis of detectors such that no detectors involve the outcomes of
V(Z1Z5) measurements, whenever the measurement rounds preceding and following the
V(Z1Z3) round are the same. This is because, as we show below, the error correction will
work up to correcting measurement errors or circuit-level errors equivalent to measurement
errors at these V(Z1Z;) rounds. However, for the exact reason that the preceding and
following measurement rounds are the same, we can argue that measurement outcomes of
V(Z1Z2) measurements are not required to update the logical operators and stabilizers.
Since these measurement outcomes are not used either for logical update, stabilizer update,
or detectors, we can safely discard them.

Let us discuss this subtlety in more detail now. Consider an error whose action flips
the measurement outcome of the V(Z;Z) operator during round 5 of the protocol for
the ¢(g,) automorphism. This error can be written as a pair of errors at rounds 4 and
6 ek, where the operators act on the same red(blue) edge in layer £ = 1 (£ = 2). In
fact, the measurements in rounds 4 and 6 are identical, and it is therefore impossible to
distinguish whether Pauli operators comprising this error occurred at round 4 or 6. One
can understand the effect of an error efef as a measurement error during the V(Z;Z2)
round because if we consider the action of such an error on a logical state, we find that it
can be replaced by changing the sign of the intervening V(Z;Z2) measurement outcome.
Explicitly, consider a red edge on the lattice denoted by (7, j). Then labelling measurement
outcomes by m} where ¢ denotes the time stamp and i denotes the site in case of a V (Z1Z5)
check, we can write the action of the error E}Liaéﬂ- on some logical state |L) of the code at
time step 4 as

‘5411,i5(13,i> = eh (L meX1:X1y) (14 mbZ1iZ0:) (14 m2025) €hy (L4 maX1X1g) |L)
= Xl,i (1 + mﬁXl’l-XLj) (1 + ngL’iZZi) (1 =+ ngl,jZ27j> Xl,i (1 =+ ’I?’L4X17Z'X1’j) |L>
= (1+meX1,X1,) (1 + méXl,iZI,in,iZZi) (1 + mngl,sz,j) (1+myX1,;X1;)|L)

= (1 + mgXqu,j) (1 - mézl,iZZi) (1 + ngLjZQJ) (1 + 7TZ4X17Z'X17]') ‘L> .
(20)

As we see, the effect of the error is to flip the sign of mi. More generally, such a correlated
error whose support is right before and after V(Z; Z2) round will flip the sign of a V(21 Z5)
measurement. In a spacetime picture, such an error creates a pair of anyons and annihilates
them after two timesteps, and thus, forms a closed loop.

We circumvent this issue by discarding the outcomes of V' (Z;Z2) measurements when-
ever they are made. Although these rounds are necessary between the end of a previous
and the next automorphism sequence, measurement outcomes during these rounds can
be safely discarded as they are also not used to perform logical string updates, stabilizer
updates, and error detection.
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At the same time, when a V(Z;Z3) measurement occurs via the same scenario as
round 9 in the padded g, sequence (see Fig. 14), in which the preceding and following
measurements are different, there are no longer undetectable error chains and this subtlety
no longer appears.

Next, let us discuss the detectors for the padded protocols for ¢(,,)(ye)(xp) and ¢(gn)
shown in Figs. 13 and 14, respectively. The sequence for the padded ¢(zr)(yg)(xb) l0Oks
identical to the honeycomb code in the second layer and performs three measurements
(instead of four) in the first layer. Therefore, one might expect the detectors to look similar
to those of the padding sequence itself (Fig. 12). The difference is that the detectors of
type R are temporarily discontinued (which does not turn out to negatively impact
error detectability) and a short detector G is added. For the padded ©(gb) Sequence, the
protocol is different; some of the detectors change shape while others are added /removed.
The most important distinction is that the outcomes of V(Z;Z2) measurements at round
9 of this sequence can be collected and used for error correction, as previously discussed.
This allows us to introduce new detectors G3) and B®) that involve the V(Z;Z5) round
of measurements.

Next, we consider every possible distinct single-qubit error, which corresponds to an
examination of all distinct ef and efe} 11 errors. First consider a Fo-valued vector space
of errors V.. Single qubit errors such as f furnish a basis for Vz, and will be denoted &/.
Further define an Fo-valued vector space of detectors labeled by Vp, whose basis vectors
are isomorphic to the basis detectors Di (we added a hat to emphasize that we are dealing
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Figure 13: Detectors in two layers corresponding to the padded ¢(,r)(yg)(xv) automorphism. The
detectors that extend past the sequence are started or completed within another adjacent padding
sequence. The notation is the same as in Fig. 12. The detectors for the padded ¢(xr)(yg)(zp) Can be
obtained by swapping the colors and layers accordingly to the measurement sequence. Additionally,
instead of using padded ©(zr)(yg)(xb) aNd P(xr)(yg)(zb) @S two of the generators, one can use padded
©(zr)(yg) (xb) and the padding itself repeated odd number of times.
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Figure 14: Detectors in two layers corresponding to the padded ((g,) automorphism. The detectors
that extend past the sequence are started or completed within another adjacent padding sequence. The
notation is the same as in Fig. 12.

with the basis detectors). For each single-qubit error, we identify the set of detectors that
have support on the respective timelike edge and light up if this error has occurred. We
express this set as a vector s(2f) € Vp. The inner product (s(&f), D) = 1 if error £/ lights
up detector D and 0 otherwise.
There exists a natural map H : V; — Vp defining a parity check matrix of a classical
code. Its action is
s(éf) = HEL. (21)

For each error of the type €/ occurring after a round corresponding to the decoupled toric
codes, we find that at least two detectors of different colors ‘light up’, and moreover,
the intersection of the detectors give the time and the edge where the error has occurred
(the exception are errors of the 6£5g type, which, as we have already discussed, form an
undetectable and inconsequential error. If an error occurred after a V(Z1Z3) round, at
least three detectors of three different colors light up, revealing the ‘vertical’ edge where
the error has occurred. For example, an error €1 in the sequence implementing 7 lights up
detectors G?) and B%l). An error ¢} lights up detectors Rél), Rg), GgZ), Ggg) and Bgz).

In fact, we can show that the detectors shown in Figs. 12, 13 and 14 constitute a basis
for detecting all possible single-qubit Pauli errors. In particular, all of these detectors are
independent because each of them includes at least one type of measurement that is not
used for measuring plaquettes in any other detector. Moreover, from analyzing the rows of
matrix H, we find that each single-qubit error of the type 5f can be detected and corrected
(up to measurement outcome errors on the V(Z1Z3) rounds) and moreover all possible
pairwise products efe? 11 can also be detected and corrected.

3.6 Outlook on fault-tolerance of dynamic automorphism color code

The decoding hypergraph of the DA color code is constructed by placing detectors at
the (hyper)vertices and defining the (hyper)edges to run between detectors that can light
up simultaneously in response to single-qubit Pauli errors (either £ or e, +1)- The
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decoding hypergraph has a complicated and irregular structure, but the DA color code for
any automorphism can be constructed from a few automorphism generators plus padding,
which gives a finite number of kinds of error detection events. In fact, when showing
that any single-qubit Pauli error can be corrected, we implicitly considered each type of
detecting event that will occur on the decoding hypergraph (explicit calculation is bulky
and is omitted for brevity, but is straightforward).

The question of a proper definition of the distance in dynamic codes is still being
discussed in the literature. Let us define the distance of a DA color code as the minimum
between the weight of the smallest logical operator (where the minimum is taken over all
time slices) and the weight of the smallest consequential but undetectable spacetime error
chain. In fact, we treat the code distance and fault-tolerance similarly in spirit to how it
is done in measurement- and fusion-based quantum computation [10, 48]. In (241)D, we

define the logical membrane for each logical operator £ to be E( Dy £( du.U E(T), and

the difference between Eg) and [,g 21 is an element of the ISG at round ¢ that is found
according to the update rule for the respective logical operator. The distance d of our
code has to be O(L), where L is the linear size of the code, because the only undetectable
objects that anticommute with logical membranes of the DA color code are the ones that
form a homologically nontrivial loop around the torus in their spatial support.

Likely, one can obtain a lower bound on the threshold of these codes under the single-
qubit i.i.d. error model by a mapping to a random-bond Ising model. This will lead to
a generalized model with two- and three-body interaction terms that lacks periodicity in
one of the three directions (the temporal one). We expect the phase transition of this
generalized random-bond Ising model to give us the threshold of the maximum likelihood
decoder [49]. For finding an efficient decoder, this would not be sufficient and one needs to
understand the structure of the decoding hypergraph. Because of the equivalence between
the ISGs of the 2D DA code and the stabilizer groups of the color code and copies of the
toric code at different steps, and the correspondence between detectors and the stabilizer
types, we find that the decoding hypergraph of the DA color code interpolates between
those of a pair of decoupled toric codes and of the color code. This structure could be
leveraged for construction of an appropriate decoder. Alternatively, because the code can
be unitarily mapped to two copies of the toric code at each step, one can develop an efficient
decoder using the decoder for copies of toric code, similarly to Refs. [50, 51]. It would also
be interesting to see if one can work out efficient decoders for DA codes based on other
known decoders for the color code [39, 52-54]. In addition, when it comes to practical error
correction for the DA color code, it should be possible to perform an exhaustive numerical
search over the space of measurement sequences implementing a given automorphism and
padding sequences in order to find the sequence maximizing the threshold. Such a search
would also be useful for finding sequences that minimize the size of detectors, because
larger detectors lead to a larger ‘entropic’ factor (i.e. a larger combinatorial factor coming
from the larger number of error configurations leading to the same syndrome) that causes
reduction of the threshold.

In closing, we conjecture that using the ideas mentioned above, one can construct an
efficient decoder with a threshold for the 2D DA color code.

4  TQFT perspective on dynamic automorphism codes

In this section, we will study DA codes from the perspective of TQFTs, which allows us
to study the universal topological properties of such codes. We will restrict the discussion
to parent Pauli topological codes in two spatial dimensions on prime-dimensional p-qudits.
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In particular, this applies to qubits where p = 2. Such Pauli topological codes have been
shown to be equivalent up to a finite depth unitary circuit to a finite stack of Z, toric
codes [39, 55, 56] under an extra assumption of translation invariance. For example, the
color code defined on prime-dimensional qudits is equivalent to two copies of the Z, toric
code [40]. A full analysis of more general Abelian TQFTs in two dimensions will be given
in an upcoming work [57].

In Subsec. 4.1 we review the basic concepts that are needed for defining condensation
sequences from a parent model that is equivalent to several copies of a prime-dimensional
toric code. Next, in Subsec. 4.2, we will introduce the concept of reversible condensations
between two child theories obtained from the same parent theory. Reversible condensations
are the building blocks for constructing sequences that implement automorphisms of a
child theory. In Subsec. 4.3, we explain how to find shared basis of deconfined anyons
between two child theories that is conserved upon a reversible condensation between these
theories. Given a sequence of reversible condensations, a shared basis is changed between
each two consecutive pairs. Tracking this update allows us to determine the automorphism
implemented by the sequence, which is explained in Subsec. 4.4.

In Subsec. 4.5, we define the concept of the condensation graph, which charts the space
of possible reversible condensations, and shows how to assign isomorphisms to its edges
and automorphisms to its cycles. As an example, we explore condensation graphs for the
cases when the parent theory is a single color code (i.e. the graph for the “Floquet color
code” [18, 19]) and when the parent theory is two copies of a color code (i.e. the graph
for the DA color code). Lastly, in Subsec. 4.6 we explain a technique that, starting from
a condensation sequence implementing an arbitrary automorphism, allows one to design
sequences for other automorphisms.

4.1 TQFT review of Abelian anyons

We will assume that the parent theory is equivalent to the toric code of some Abelian
group G =[], Zév ", where the product runs over all primes p and N, € Z>( denotes the
number of copies of that prime-dimensional qudit toric code. The analysis in this section
factors into each prime p separately. Therefore, without loss of generality, we can further
simplify and analyze the case G = 7Z," for some prime p.

An anyon in the parent theory can be specified by a vector ¢ € M = FIQ;N” 13 where the
first IV, unit vectors correspond to electric charges e for each copy of the Z, the toric code,
and the last IV, unit vectors are the respective magnetic charges m. Note that for clarity,
we use the regular and not typewriter font for anyons in the vector notation.

The self-statistics of an anyon is given by the [F)-valued quadratic form
1
a(e) = e, I (22)
On,xN, On,xA,

and the mutual statistics of two anyons ¢; and ce can be computed by the inner product

0 1
(c1,02) = q(e1 + e2) — qler) — q(e2) = cf Aca, P N e (23)
In,xN, On,xN,

13In this section, we use non-calligraphic symbols (M, A,...) for the vector spaces to distinguish them
from equivalent modular tensor category notation (M, A,...) used elsewhere in the paper. Moreover,
fusion is replaced by the addition of vectors.
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We remark that this is a special case of a more general statement that an Abelian modular
tensor category can be fully characterized by an Abelian group along with a U(1)-valued
quadratic form (see for example Ref. [58]).

Recall that a choice of condensation is a set of bosons that all braid trivially with
each other [43, 44|. In this formalism, we can specify such a condensation by a subspace
A C M which satisfies q(a;) = 0 and (aj,as) = 0 for all a;,a2 € A. Let |A| = pNa for
some Ny < N,. Given such a condensation, consider the orthogonal subspace At =1{bc
M| Ya € A, (a,b) = 0}. Physically, this corresponds to anyons in M that braid trivially
with all anyons in A. By definition, A is a subspace of A+ so we may quotient out A to
obtain C' = A+ /A which labels the deconfined anyons in the child theory'*. These anyons
correspond to equivalence classes in the parent theory M. Note that C = IF?,NC where
Nc = N, — Ns. Thus an anyon in the child theory can labeled by a vector in AL up to
an equivalence of addition by vectors in A.

It is useful to define a representative of an anyon ¢ € C' within M, which we denote p(c)
(we will often abbreviate this as a representative of ¢). The representative is not unique
and depends on the choice of the linear map p: C' — M.

To formalize the notion of a representative, we first define the quotient map « : A+ —
AL/A = C. Next, we define a section to be any linear map s : C — AL such that
ko s =idc. The section, along with the inclusion map ¢ : A~ — M, can then be used to
defined the representative map as p =t o0 s.

To conclude, we can define a representative p(c) for any ¢ € C and choice of map p. Note
that since the elements of p(C') represent every coset of A in AL, we have p(C) + A = A+,

4.2 Reversible condensations

Recently, Ref. [17] formalized the notion of a reversible pair of stabilizer groups. Let us
develop an analogous notion of a reversible pair of condensations. First, we provide an
informal definition. Take the parent theory M and consider condensing A; in one region
of spacetime and Ag in the other region (see Fig. 15(a)). This results in child theories
C1 and Cs in the two regions separated by an interface. We say that A; and As are a
reversible pair of condensations (with respect to the parent M) if the resulting interface
is transparent on both sides, by which we mean any anyon from Cj can go through and
become some anyon in Cy and vice versa'®

The above definition sets some constraints on what pairs of condensations can be al-
lowed for constructing meaningful sequences. For example, it requires that A; and As
are of equal size, since C7 and Cy have to be isomorphic. Henceforth, we will make the
assumption that |A;| = |Az| = p™4 for some Ng.

Let us now make a formal definition in the context of Abelian anyons. A; and A, are a
reversible pair of condensations if there exists a shared and complete set of representatives
for both C7 and Cy in M. That is, there exist linear maps p; and ps2 such that p;(Cy) =
p2(Cs), p1(Ch) + Ay = A, and pa(Cy) + Ag = Ag. (see Fig. 15(b)).

4.3 Transitions between child theories

Consider a reversible pair of condensations, A; and As, and their corresponding child
theories C1 and Cs. For every anyon in C there will exist a representative that will braid

MThis will ultimately be associated to logical operators of the child code.

BInvertibility is a sufficient but not necessary condition. For example, the domain wall could host
multiple channels for a single anyon, making it non-invertible.
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Figure 15: Two definitions of a reversible pair of condensations A; and A in M. (a) Informal definition:
condensing A; in on region of spacetime and As in the other region of a parent theory M results in
child theories C; and C5 separated by a transparent interface. (b) Formal definition in the context of
Abelian anyons: there exists a shared and complete set of representatives (black squares) for both Cy
and Cs in M.

trivially with condensation A, and thus will become an anyon in child theory Cs. We call
finding such a representative an “update” because starting with an arbitrary representative
(in M) of a given anyon in C, we can “update” it by fusing with some anyon in A; such
that it becomes an element of As. This allows us to consider it (project it to) an anyon
of (5. Reversibility guarantees that these anyons map onto complete Cs.

Let us now provide an explicit calculation for how to update representatives of anyons
when going from one child theory to another by a reversible condensation. We note that
this update procedure directly translates into updating logical operators in DA codes by
considering logical strings instead of deconfined anyons and multiplying by measured op-
erators instead of fusing with condensed anyons.

Assume that we have a condensation A; and a map p; which realizes representatives
p1(C1). A priori, we are not guaranteed that p;(Cy) C As. Thus, we would like to
construct an alternative map p1(Cy) such that p;(C1) C Ag, and is moreover a complete
set of representatives for C5. This construction will allow us to determine an update map
between condensation rounds, which we will explain later.

We proceed as follows. Let us define Ng to be the number of generators of Q = A1 N A
and N@ = N4 — Ng, where N4 is the number of generators in A; (and Ag). First, we pick
an arbitrary basis for Q:

Q = span{ay)} (24)
for i =1,..., Ng. Next, we may pick a basis for the bosons in A; and Ay as
A= span{&gi)}, Ay = span{&éi)} (25)
where 1 = 1,..., N4, with the constraint
&§¢+N6) _ &;iJrNa) _ ag) (26)
fori=1,..., Ng, corresponding to a shared basis of bosons in Q.
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Let us define the matrix B which has components
B = (a5 ai") (27)
As a matrix, we find that it must take the form

B_ (ﬁN’x o ONQXNQ> (28)

ONgxN—  OngxNg

for some matrix 8. The zero matrices follow from the fact that (4, Q) = (B, Q) = (Q,Q) =
0.

Let L € p1(Ch) be a given representative. For each representative, we would like to find
a different representative L that also lives in As and, moreover, span{L} forms a complete
set of representatives for Cs. For each L, finding an appropriate L can be achieved by
adding appropriate elements of A; to the original representative. That is, assume

L=L+ Z Wy (29)
for some Fp-valued vector W*. Since we want Le Ay, this implies that
@, Ly =(@¥, Ly +> B*Wi=0 (30)

=1

for k =1,...,N4. However, note that for k = NQ +1,..., Ny, the equation is trivially

satisfied since &ék) € @, so we actually only need to solve for Wtij fork=1,..., N@' Thus,

.- WN= .
writing W = < Q) for some vector w, we instead can solve
Ng

<a2 , L) + Z BFwt =0, (31)
=1
fork=1,... ,NQ. Assuming * is invertible over F », the solution is
W ==Y (87 ag”, L). (32)
k=1

L=1-Y a"pY*ay, o). (33)

The desired representative map p; is then defined via its action (E) — L. Note that
the above update Eq. (33) is linear in L. Thus, we may use it to define the update map
12 p1(C1) — p1(Ch) which acts as L — L. We will sometimes refer to Eq. 33 as an
“update rule” or an “update formula”.
We have found a complete set of representatives that is shared between C; and Cs.
Namely, we have a map p; such that p1(C1) + A; = A7 and p1(Cy) + As = As. This can
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be used to define a canonical isomorphism between C7 and C5. Namely, we may define
Ao : Cl — CQ where A9 = kg 0 ﬁl.

We remark again that the update formula described here translates naturally to the
update of logical operators in the corresponding DA code. Namely, the logical operators
can be modified to commute with the next round of measurements by multiplying them
with the measurements from the current round, or equivalently, by multiplying them by
string operators of the condensed anyons.

4.4 Computing automorphisms for a condensation sequence

Assume that we have a sequence of condensations A; for t =0,...,T with Ag = A, where
each Ay and A;y1 are a pair of reversible condensations for t = 0,...,T — 1. We may now
ask what automorphism is applied between the initial and final steps when we realize the
same child theory the second time, i.e. we arrive at Cp = ().

One possible way is to work directly with anyons in the parent code (see Fig. 16).
Start with Cp and pick any representative po(Cp). We then may use the update formula
in Eq. (33) to update them to the next round.

Each condensation A; will participate in two reversible pairs: one with A;_; and one
with Ay11. Thus we will need to represent it using two different bases during the calcu-
lation. Hence, define A; = span{égfl} to be the basis for participating in the reversible
condensation with Ay+1. Thus given Ly = po(c) for ¢ € C we may solve for Ly recursively
via Ly11 = v¢(Lt) where

N—
Qe41,t
NG — ik~ (K
w(L)=Li— Y (ot )™ @l . L) (34)
i,k=1

where N@H s the rank of the matrix Bg-l,t = <é§217_, ég_} and fSiy1,4 is the restriction

of the matrix to the invertible part.
The automorphism ¢ in Cj therefore acts as

SOZKJTO(VT—IO"'OVO)OPO (35)

Alternatively, suppose all the canonical isomorphisms A have been computed in ad-
vance, then one can readily compose them to obtain the automorphism

Y = )\T,T—l O-+++0 )\21 (¢] )\10 (36)

4.5 Condensation graph

The emergence of automorphisms as a consequence of a sequence of reversible condensations
motivates us to define the condensation graph. We define a vertex for each condensation
and connect a pair of vertices by an edge if the corresponding pair of condensations is
reversible. We can furthermore assign an isomorphism to each edge given by Ao : C1 — Co
and its inverse A9 = /\2_11 : Cy — (1. Fixing a base point, every cycle can be assigned an
automorphism given by multiplying all the isomorphisms along the cycle.

4.5.1 Example: condensing a parent color code

Ref. [19] introduced the example where the parent tat is a single copy of the color code
CC is turned into a single toric code theory TC(co) by condensing a single boson co. Let
us study the corresponding condensation graph as our first example.
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= 1(C1) ———— pi(Cy) = 2(C) ——2——— [55(Cy) =
A10 \ / A21 \ /

Figure 16: Summary of the representative updates, which can be used to compute automorphisms.

Here, p; : Cy — M maps the anyons of the child theory to their representatives in parent theory M.

Anyons in p;(C}) are updated via v; is defined via the update formula Eq. (33). This gives a complete

set of shared representatives between C; and C}, 1, and moreover allows us to define of an isomorphism
At+1,t between C; and Cypy;.

To do this, we first introduce a second, rearranged, magic square, complementary to
the Mermin square in Eq. (1). Recall that the color code contains nine non-trivial bosons
and six fermions. The relation between the fermions and bosons can be summarized by
the following “fermion magic square”

£, £, £y fe 1f fm
f. | ry | bx | gz mf | em | ml | ee
fo | bz | gy |rx |2 f1|1le|ff | 1im (37)
fv | gx | rz | by ef |mm | el | me

Here, the squares on the left and on the right correspond to the anyon labels for the color
code and two copies of the toric code, respectively. The above magic squares satisfies the
following properties:

1. The product of three bosons on individual rows or columns is the corresponding
fermion denoted on the side of the respective row or column.

2. Each boson is a product of two of the fermions: one from the row label and one from
the column label.

3. The mutual statistics of two bosons that share the same row or column is —1. Oth-
erwise, the mutual statistics is trivial.

The last point actually follows naturally from the viewpoint of the 3-fermion (3F) theory
as follows. All fermions in a 3F theory have pairwise mutual statistics —1. Thus, if two
bosons only differ by a column or a row, then using the property 2, they must differ by a
single fermion, which means that they will braid non-trivially. On the other hand, if they
differ by both a row and a column, then both the fermion in 3F and 3F differ, which means
they braid trivially.

Let us show that the condensation graph is exactly the “dual” of this fermion magic
square. There are nine possible condensations corresponding to each boson in the magic
square. Thus, we can construct the condensation graph as follows. First, we assume the
magic square is placed on periodic boundary conditions. Take the vertices to be the bosons
that are to be condensed (plaquettes of the fermion magic square) and connect the vertices
with an edge if the plaquettes in the magic square share an edge (which are exactly the
bosons that have non-trivial mutual statistics).

The resulting graph is called the torus grid graph 733 because it can be depicted as a
3 x 3 grid with periodic boundary conditions as shown in Fig. 17. We can also alternatively
denote the vertices with coordinates (i,j) € Z% where in the 3F notation, i = —1,0,1
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a b c
ry bx gz ry bx gz ry bx gz
bz gy rx bz g rx bz g rx
gx 1z by gx rz by gx rz by

Figure 17: The condensation graph for the color code corresponds to the torus grid graph T5 3. a) A
contractible path of condensations gives rise to a trivial automorphism. b) A non-contractible path of
condensations (such as the honeycomb sequence as shown) gives rise to an e — m automorphism. c)
The CSS honeycomb sequence wraps around both cycles of the torus, resulting in a trivial automorphism.

correspond to the fermion f;,fg, fy,, and j = —1,0,1 correspond to f;,fg, fp. In color
code notation, the color label is given by mapping i + j € {—1,0,1} to {b,g,r} and the
Pauli flavor is given by mapping i — j € {—1,0,1} to {x,y,z}.

We can now study what automorphisms are assigned to the the different cycles of this
graph. In order to aid in the calculation of the automorphisms, it is helpful to make
a choice for the representative anyons. Since the child anyons correspond a single toric
code, we will make the following choice to identify anyons that braid trivially with the
condensation co and anyons as the the toric code

k(co’) =efor o’ #o k(c'o) =m for ¢ # ¢ (38)

With this choice, note that every reversible pair of condensations is of the form co and
co’ for ¢ # ¢ and ¢’ # o (this is the “tree code condition” of Ref. [18]). This implies that
co’ maps to e in the child for co but maps to m in the child for ¢’o’. Similarly, for c’c. In
conclusion, with this choice we find that every isomorphism on this graph swaps e and m
of the child toric code!

The above isomorphisms can be used to conveniently compute all automorphisms on
this condensation graph. First, consider an arbitrary contractible loop on this torus (Fig.
17a). Such a loop is always composed of an even number of edges, and therefore, the
automorphism is trivial.

On the other hand, let us consider the honeycomb code measurement sequence, which
corresponds to the cycle rx — gy — bz — rx. Notice that this path is a non-contractible
cycle around the torus (Fig. 17a). Indeed, it is known that automorphism associated with
this path is the e — m automorphism [1], which agrees with the fact that the sequence has
an odd length.

The above two facts allow us to derive an intriguing property of this torus. Any
contractible cycle on the torus will also result in a trivial automorphism. While any non-
contractible loop around the (1,0) or (0,1) cycles of the torus will result in the e —m
automorphism! More generally, any path (n,m) implements the e — m automorphism if
n + m is odd and the trivial automorphism if n 4+ m is even. A notable example is the
sequence corresponding to the CSS honeycomb code [18-20] wraps around the (1,1) cycle
of the torus (Fig. 17¢). Thus, it implements a trivial automorphism. To conclude, we can
colloquially say that each hole of the torus contains such an e — m automorphism.

One might be concerned that choosing a particular choice of basis of e and m in the child
will affect the final automorphism calculated. To illustrate that this is not the case, suppose
we make a basis transformation by applying an e —m automorphism to a vertex. This will
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modify the isomorphism for all edges entering that vertex to be the trivial isomorphism.
However, note that this does not change the property of the product of isomorphisms
around any closed loop, since any path entering that vertex must also exit it, thus the
number of e —m isomorphisms along the loop always changes by an even number of times.

Readers familiar with lattice gauge theory might find the above argument very familiar.
Indeed, one can abstractly view this graph as having a C-valued bundle on every vertex.
Isomorphisms connecting different vertices can be thought of as “connections”, which are
not “gauge invariant”. However, the “integration of a connection around a closed loop” is
gauge-invariant, corresponding to an automorphism. Choosing a basis for C at each vertex
can be thought of as “gauge fixing” while changing a basis can be thought of as a “gauge
transformation”.

452 Products of condensation graphs

To build up to describing the condensation graph for the DA color code, we first consider
a subclass of condensations co; and c’oj in two parent color codes (compared to the DA
color code, we are only missing the condensation to CC, which we will add back shortly).
The corresponding condensation graph can be simply described by taking a product of the
two graphs.

More generally, suppose we take a product of two parent theories M = M; X My and
only consider a subset of condensations of the form A = (A; X I, I; X Ay). Reversible
condensations to A are of the form A = (A} XI5, [1 K Ay) or A = (A1 K I, [} K A)).
Therefore, if the condensation graphs are Gy and Go, the condensation graph of the product
is exactly the (Cartesian) product G10Gs.

Note that within the product graph, new cycles of the form

1idX Ao

(A1 K Iy, I; K Ay) (A1 K I, I; ® Ab)

A7 '®id A Hid (39)

<A/1 g[g,ll &A2> W <A/1 IEIQ,Il @A2>

2

are introduced. However, we see that the corresponding automorphism is trivial. Thus,
the only cycles of the graph that correspond to non-trivial automorphisms are those that
are already present in G; and Go.

4.5.3 Condensation graph of the DA color code

First, let us discuss the condensation graph where the parent code is two copies of the
color code CC; x CCq and condensations of the form A = span{c101, ca02} which leads to
the child C' = TC(c101) x TC(co02). Because the condensations are products, we conclude
that the corresponding condensation graph is 73333 = 753075 3.

The above graph can be visualized on a 4-torus. One way to describe such a graph is
to label the vertices by (i,7,k,l) € Z%. Using the same basis for anyons as in the single

Accepted in {Yuantum 2024-08-02, click title to verify. Published under CC-BY 4.0. 43



Isomorphism (A) | Condensation (A) || Isomorphism (A) | Condensation (A)
! S I I I
(ve) i A (xy) (xe) N I
L T N L B
(rb) 22 :g (xy)(xb) :; z;
(rgb) |y (x) (xeb) N A
@0 | e | | 9 | g | e

Table 5: lsomorphisms \ : CC — TC(cy01) K TC(co02). We have chosen a representative for the
anyons according to Eq. (3) and for the toric codes as Eq. (38).

color code, the edges and the corresponding isomorphisms are then

(6,4, k, 1) = (0 + 1,5, k1) (x)(yg)(zb) (40)
(6,4, k, 1) = (6,5 + 1, k,1) (x)(yg)(zb) (41)
(i, 4, k1) = (6,5, k + 1,1) (zr)(yg)(xb) (42)
(i, 4, k1) = (6,5, k, L+ 1) (zr)(yg)(xb) (43)

for 4,j,k,l € Zs and we remind that (xr)(yg)(zb) and (zr)(yg)(xb) in the color code
convention corresponds to e; <> m; and ey <> my in the toric code convention, respectively.

Now, we will add the vertex corresponding to condensing Aa«c = (rz1rzy,bz1bzy)
(which corresponds to measuring V(Z;Z3) in the code). The other vertices in 13333
that share an edge with A@é are of the form (cjo1,co02) where ¢; # co € {r,g,b} and
01,02 € {z,y}. Thus A5 connects to 24 other vertices.

The isomorphisms from Acﬂé are calculated using the update formula Eq. (33) and are
summarized in Table 5. Because the table contains all the generators of all 72 automor-
phisms, this shows that we can get all of them. Recall that we have chosen a representative
for the anyons of the effective color code according to Eq. (3) and for the toric codes as
Eq. (38).

With this, let us derive the automorphisms shown in Table 1. Consider the first se-
quence

t =0 1 2 3 4 )
rz1rzo rxyq gYy1 b21 Xy rz1rzo
bz1bzy | bxsy - gz, | bxy | bzibzy

We have Ajg = )\5_41 = id. From rounds 1 — 4 we accrue Q(xy)(yg)(zp) three times and
P(zr)(yg)(xb) tWo times. Thus, combining all isomorphisms, we find that this sequence
IVES V(xr)(yg)(zb)- L he second sequence gives ¢ (;r)(yg)(xp) through an identical calculation.
Lastly, the third sequence

t =0 1 2 3 4

rz1rzo Xy bZ1 rxy rz1rzo

bzibzy | bxy | ry, | g%, | bz1bzy
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has Mg = id, A21 = A32 = Q(xz)(xb)s M3 = P(gv)- Thus, this sequence gives the automor-
phism ¢(g,). We remark that this argument shows that we would also have gotten the same
automorphism had we replaced the second condensation with bz; and rz,, for example.

4.6 A method to construct desired automorphisms

Let us finally provide a method to construct a sequence of condensations that produces the
desired automorphism on a child anyon theory. Let us first show that we can construct a
desired isomorphism from a condensation sequence. Assume we have a reversible sequence
of condensations Ay, ..., A7, where, unlike the previous section, we do not need to assume
Ay = Ap. Since each consecutive pair of condensations is reversible, we can associate an
isomorphism A from the child theory Cy = Aé /Ao to the child theory Cp = A% JAr.

Now, let us assume that there exists an automorphism ¢ of the parent such that
©(Ap) = Ap and (A1) = Ap. Note that this induces well-defined automorphisms on the
child models Cy and C7'%. Let us further assume that this induced automorphism is a
trivial automorphism 1y = id¢, on Cp but a non-trivial automorphism 7 on Cr.

We can apply this automorphism of the parent theory ¢ to the entire sequence. This
produces a new condensation sequence ¢(Ag), p(A1),...,0(Ar_1),p(Ar). This sequence
can be equivalently written as Ag, p(41),...,9(Apr—_1), Ap. As a consequence of this
modification, an isomorphism from Cy to Cp of the original sequence is now changed
to 1/)To)\o¢al = o\.

Thus, consider the sequence Ap, Ar_1,..., A1, Ao, 0(41),...,0(Ar_1), Ay where we
apply the original sequence in reverse followed by the new sequence. This induces an
automorphism 1 o Ao A1 = on Cr.

To give an example, let us show how we can use this method to obtain an automorphism
P(xy), Which for the color code is equivalent to implementing a transversal S gate. The
parent is equivalent to two copies of the color code, and consider the condensation sequence

Ao ={1,g2z,,1r20,bz1125}, A = {1,rx1,8%,,TX18X,}, A2 = {l,rz1129,82,82,,b21b25}.
(44)

We choose the automorphism of the parent theory ¢ = P(xy); Mida. That is, we only
permute x and y type anyons in the first copy. This leaves Ay and Ay invariant. First
consider the child at round zero Cp = TC(gz,) x TC(rzz). The equivalence classes of the
anyons in the first toric code copy are

[el] = {rzlvbzl’rzlrz27bzlrz2} [ml] = {gxlvgY17gX1rz27gY1rz2} (45)

which are invariant under the action of ¢. Thus 1y = id¢, as desired. On the other hand,
Coy = 66, and ¢ acts as 2 = Q(xy).

This allows us to design a cycle of condensations that starts and ends with an effective
color code and use the trick above to implement a desired automorphism. Specifically,
based ont he sequence above, let us choose the cyclic sequence

6 = Ay, A/1 = Ay, /2 =Ay, Az=p(A) = {1,ry1,gx2,ry1gxz} Aﬁ; = Ay (46)

1676 see that an automorphism that preserves a condensation A defines an automorphism on the child
theory C, first note that ¢ restricts to the action on A* since if b € AL, the (b,a) = 0 for all a € A,
Applying ¢ we have that (p(b), ¢(a)) = 0. But since ¢(a) € A we conclude that ¢(b) € A also. Next, we
may quotient A~ by A to get C' = A-/A. Again, since p(A) = A this guarantees that o(b) is in the same
coset as p(ba).
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performs the automorphism ¢(4y) on the child CC. In terms of measurements on stabilizer
codes, this is exactly sequence 19 in Appendix A.

Later in Sec.6, we will also use this trick to design measurement sequences that perform
the (ry) automorphism of the 3D color code (see table 12) as well as the automorphism
that is equivalent to implementing a transversal T' gate [29, 59| (see Table 16).

5 Full Clifford group with dynamic automorphism color code on a triangle

In Sec. 2 we showed how to implement all automorphisms of the color code via a sequence
of measurements. On a torus, the action of the color code automorphisms on the logical
operators furnishes a subgroup of the real Clifford group on four logical qubits. Here,
we show that the full (complex) Clifford group can be achieved on two logical qubits by
constructing a DA color code on a triangle with Pauli boundaries. By extension, the full
Clifford group on N logical qubits can be realized on N layers of a triangular DA color
code.

To achieve automorphisms that realize complex Clifford gates, one needs to consider
a color code on a manifold with a boundary. For example, a color code on a triangle
with Pauli boundaries (first introduced in [30]) encodes a single logical qubit and achieves
automorphisms corresponding to all possible permutations of logical strings. In terms of
gates, these automorphisms form a basis for all single-qubit Clifford gates. This color
code can be considered as a child code of a parent bilayer color code with specific bulk
and boundary condensations. Further taking two layers of the (child) color code on a
Pauli triangle and augmenting the single qubit gates with an additional automorphism
that realizes the iISWAP gate, we form a basis for the Clifford group on two logical qubits.

We start by showing in Subsec. 5.1 how a sequence of reversible condensations for
a theory without a boundary plus a fixed boundary condition at one rounds gives rise
to a boundary condensation sequence at all other rounds. Such boundary condensation
sequences can be translated into boundary measurement sequences upon which the corre-
sponding logical strings can terminate without violating a boundary stabilizer. The length
of the logical operators for such a code at each round is proportional to the geometric
distance between the boundaries of the same kind. In Subsec. 5.2 we work out (bulk and
boundary) condensation sequences that produce the automorphisms corresponding to a
full Clifford group on two logical qubits living on two (bilayer) Pauli triangles. These
condensation sequences can be mapped to an explicit set of measurements on a triangular
patch, which allows us to construct a DA color code with Pauli boundaries in Subsec. 5.3.
Lastly, we address the question of error correction of proposed protocols in Subsec. 5.4; in
particular, we discuss the basis of bulk and boundary detectors of the DA color code.

Although this section addresses the DA color code that realizes color code ISGs on a
Pauli triangle only, the case of the color triangle [45] is discussed in Appendix C.

5.1 Condensation sequences in the presence of boundaries

Let us explain how we extend the concept of reversible condensations to child theories
with boundaries. Roughly speaking, the boundaries are associated with condensing certain
representatives of anyons in the parent theory, which imposes constraints on the sequence
of allowed boundary measurements. A valid sequence of measurements near each boundary
will allow logicals (and their updates) to terminate at their associated boundary during
each round. Without loss of generality, we will explain the case of a single gapped boundary,
but the construction readily generalizes to multiple gapped boundaries, as is the case of
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the color code on a triangle.

Consider a child theory C'. A gapped boundary of C' can be constructed by first
choosing a condensation B C C. B has the further property that it is Lagrangian in C,
namely B = B' where orthogonality is based on the inner product defined on C (see
Sec. 4.1). Condensing such a Lagrangian subspace guarantees that there are no remaining
deconfined anyons after the condensation (that is, the resulting theory is trivial). Thus,
given C defined on an infinite plane, a gapped boundary of C' can be constructed by
condensing B on, for example, the right half-plane. This realizes C' on the left half of the
plane, with condensation to the vacuum on the right half.

Next, recall that C itself is a child theory which resulted by starting with a parent M
and condensing A. We would now like to construct C' with a boundary starting from M.
To do so, we find a representative for every anyon in B, which forms a subspace p(B) C M.
Therefore, starting from M on an infinite plane, we can condense A on the left half of the
plane and condense A + p(B) on the right half. Note that A+ p(B) is Lagrangian in M'7.
This matches the intuition that condensing both A and p(B) must result in the trivial
theory. After the above condensation, the anyons in B condense on this boundary to the
vacuum.

We can now analyze the case when we have a pair of reversible condensations in the
bulk, A; and As. Given a Lagrangian subspace By = Bf- C (', there exists p; such that
p1(B1) C Ay. Moreover, By = ka(p1(B1)) is Lagrangian in Cy since |Ba|? = |B1|? = |Cyl.
Let us define Ap12 = p1(B1). We would like to show that the following condensations
constitute a reversible pair:

1. Condensing A on the left and A; 4 Ap 12 on the right.
2. Condensing Ay on the left and Ay + Ap 12 on the right.

To see this, we can reinterpret the construction of the gapped boundary as follows. Since
Ap 12 appears in both condensations and the condensations commute, let us first condense
only Api2 on the right half-plane. This results in M on the left plane and Cy 12 =
Aé 12/Aa,12 on the right plane. Let us now consider each half plane separately. On the left
half-plane, the remaining condensation pair A; and As is reversible by assumption. On the
right plane, the condensation pair kg 12(A1) and kg 12(A2) are also reversible with respect
to Cp,12, because there are no deconfined anyons left on either side. This shows our claim.

Let us discuss the implications of reversible condensations in the presence of a gapped
boundary. Since Ap 12 are only shared among a pair of reversible condensations A; and As,
this means that condensations must also be updated for each pair of condensation rounds
that follow. In fact, since Ag 12 = p1(B1), where By C C1, this means that the boundary
condensations must be updated in the exact same way as the representatives of child theory
anyons are updated! Explicitly, given bulk condensations Ay, A1,... Ap = Ap (i.e. on the
left half-plane), and a Lagrangian boundary condensation By C Cj, the condensations of

"When M is an Abelian modular category and A is a condensible subset of anyons we have |A™||A] =
| M|, see Ref. [60]. We also have |AL/A| = |A1|/|A|. An algebra B is Lagrangian in a modular category C
iff |C| = | B|?. We wish to show A4 p(B) is Lagrangian in M. Note that ANp(B) = 0 since B is a non-trivial
set of anyons in C' and C = A*/A. We also have that |B| = |p(B)|. Hence |A + p(B)|* = |A]*|p(B)|* =
|A]%|B|? = |A]?|C| = |A]? |AL/A| = |A||A*| = |M|. This implies that A 4+ p(B) is Lagrangian in M.
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the right half plane are fixed to be

Ao + po(Bo); (47)
Ay + Apot; Ap o1 = po(Bo) (48)
As + Ap12; Api2 = v1(As01) (49)

: (50)
Ar +Agr—1 T3 Apr—117=vr—1(Aor—2 7-1) (51)

where v updates the anyons according to the update formula, see Eq.(33).

Going to dynamic automorphism codes, we recall that a measurement sequence can be
translated from a condensation sequence by considering a Hamiltonian realization of the
parent and each of the child theories and by translating condensations into measurements
(see for example Eq. (52) for the DA color code). Note that in doing so, we have the
freedom of redefining the basis of anyons of A; + Ag;—1¢. In particular, we may choose
a basis that corresponds to low-weight measurements or another that has advantageous
error-correction properties.

The boundary update condition for condensations translates into the following con-
dition on measurements: the boundary measurements have to be such that, if a logical
string terminates (condenses) at a boundary at a given round, this logical string, updated
according to the bulk update rule, has to condense at the same boundary in the subsequent
round. Intuitively, one might think about this the following way: within the child code,
each boundary can be put in a one-to-one correspondence with the set of logical strings
that can terminate at this boundary. For each logical string, there exists a representative
that is also a logical string of the next round. The condition demands that this repre-
sentative terminates on the same boundary in the next round; in the presence of several
boundaries, it means that the shape and position of the logical operators do not change
(however, they might shift by an edge upon being updated). In turn, that means that
2+1D logical membranes remain “continuous” in spacetime and do not rotate, which could
cause uncorrectable errors.

cC Xt YL Zr

rz ry gz gy bz by

Figure 18: Unfolding the Pauli triangle color code into a pair of toric codes in (a) double toric code
and (b) color code notation. Here and in subsequent drawings, the solid boundary is of Z type, the
dashed one is of X and the wavy one is the Y boundary. here is an e — m domain wall along the line
where the toric codes join, and the transformations of anyons crossing this domain wall are shown on
both sides of the arrows. Each Pauli boundary corresponds to condensing a Lagrangian algebra object
generated by a corresponding Pauli column in the color code magic square. The bosons condensed at
each boundary are shown in gray. (c) The logical operator strings of the Pauli triangle color code and
our convention for the logical Pauli operators. We display the trivalent junction as an rx and a rz
logical strings that join to form ry before meeting the Y boundary; similar logic applies to the other
colors.
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5.2 Condensation protocols on single and double triangles with Pauli boundaries
5.2.1 Automorphisms on Pauli triangles

First, let us consider a color code on a triangle with Pauli boundaries as shown in Fig. 18.
There are three such boundaries labeled by 0 = X, Y, Z where the ¢ boundary is obtained
by condensing the Lagrangian subgroup {1, ro, go,bo} (i.e. all the bosons in the o column
of the magic square) at the boundary. In the presence of these boundaries, the auto-
morphisms must leave the Lagrangian subgroup for each boundary invariant. Therefore,
the only boundary-preserving automorphisms are the color-permuting automorphisms, for
which there are six of them in total.

Starting from two layers with the parent color code theory on a triangle as described
above, let us show how to construct a single child color code on a triangle with Pauli bound-
aries. For now, assume that we work on an infinite plane, and consider bulk condensations
acting everywhere on the plane and boundary condensations acting on disjoint thirds of
the plane. The partitioning of the plane is chosen so that a triangular patch is formed from
the set of sites that involves bulk measurements but no boundary measurements. Thus,
an effective (child) color code can be obtained by condensing rzirz, and bzibz, (in which
case gz,gz, is also condensed) everywhere in space and then forming effective X,Y, and Z
boundaries by condensing appropriate bosons of the effective color code (shown in Eq. (3))
at the respective boundaries. Such a condensation pattern is shown at ¢ = 0 in Fig. 19.

The distinct measurement sequences giving rise to color-permuting automorphisms in
the bulk are shown in the first two rows of Table 6. The first two sequences in Table 6 corre-
spond to ¢(zp), which swaps green and blue anyon labels, and the Z3 automorphism ¢ (;1g)
that cyclically permutes the colors. In fact, any of the 6 automorphisms can be obtained
from these generating measurement sequences. Alternatively, we can obtain sequences re-
alizing other automorphisms by simply using the sequences in Table 6 and appropriately
permuting the colors in the measurement sequences.

Figure 19: A sequence of anyon condensations from the parent bilayer color code that implements
©(rbg) automorphism in a DA color code on a triangle. Specifically, the condensations in the bulk
correspond to the y(pg) protocol from Table 6. At ¢t = 0, we start in an effective color code with
rz;rz; and gz;gz, condensations in the bulk and appropriate condensations at the boundary that give
Pauli boundaries of the effective color code. Between rounds 1 and 3, the top row shows the triangle
picture with boundary condensations worked out as described in Sec. 5.1, such that each transition
preserves the logical information. Rounds 1 and 3 correspond to a toric code with an e —m domain wall
at each round. The bottom row at these rounds shows the usual unfolding picture for these rounds.
The other generating sequence for a single triangle, corresponding to the (1) automorphism, as well
as the double triangle sequence can be worked out analogously and the result is shown in Table 7.
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The sequences for automorphisms shown in Table 6 were chosen such that the corre-
sponding logical gates on a triangle have a nice form. We also restrain ourselves to CSS
protocols in the bulk (i.e. only X and Z measurements) because the codes obtained from
them are easier to analyze. Moreover, as we demonstrate later on, the chosen protocols
for a single Pauli triangle DA color code are error-correcting both in the bulk and on the
boundaries.

The automorphisms shown in the first two rows of Table 6 allow us to realize all single-
qubit Clifford gates. To complete the generators for a multi-qubit Clifford group, we need
to achieve a two-qubit entangling gate. The last row of the table shows a sequence that
yields an automorphism corresponding to an iSWAP gate. Together with the single qubit
generators, this furnishes a Clifford group on two qubits. For the iSWAP gate, we require
two triangle DA color codes, each of which contributes one logical qubit. This sequence

will be discussed in greater detail in Subsec. 5.3.

5.2.2 Condensation sequences for the dynamic automorphism color code on a triangle

The sequences of condensations producing generators for color permutations can be worked
out according to Sec. 5.1. We start with the effective color code on a Pauli triangle having
performed rzirz, and bz;bz, bulk condensations (corresponding to measuring V(Z122)),
as well as boundary condensations that produce effective X, Y and Z boundaries, as shown
in Fig. 19 at t = 0. Next, we choose the sequences of bulk condensations corresponding
to the measurements shown in Table 6, and work out the boundary condensations in all
rounds from the requirement that a representative of each logical operator has to be passed
to each next round and has to condense on the same boundary each time. As a remark,
we keep the notations for the X, Y and Z boundaries static for simplicity. The true
boundary labels for the measurement rounds when the bulk theory is that of the toric code
are ‘“rough” and “smooth” and are permuted each round.

Before discussing the boundary condensations in detail, we first address the unfolding
picture between the regular color code and decoupled toric codes in more detail, as it
provides a pedagogical example. Upon applying the unfolding map, the layers become
two triangles glued across the Y boundary. This is shown in Fig. 18(a) and (b) using the
two toric codes and the color code notations for the anyons, respectively. The unfolded

t
Gate/Aut 0 1 2 3 4 5 6
Ev(X1) | Ey(Z1) | B.(X) | Eo(Z1) | En(X))
Trvw | VOB | 1) | Bz | 50w | Bz | B | VA2
. V(Z12) gbg;; V(Z175) g@gg V(Z125)
PWAY V(ZsZ Eo(X3) | vz, Ey(X3) YAV
324) B, (X4) (Z224) Ey(X) V(Z125)

Table 6: The first two rows show the bulk measurement sequences for the two generators of the S3
subgroup of color permutations of the color code automorphisms. These sequences are used in a Pauli
triangle dynamic color code, which generates the Clifford group on one qubit. To obtain the full Clifford
group, we augment it with the two-qubit logical iISWAP gate, shown in the last row. We discuss the
boundary measurements in subsection 5.3 and how the two-qubit gate is identified is explained in
subsection 5.2.3.
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t 0 1 2 3 4 5 6
Bulk TZ1TZy gz, Xy bz, Xy TZ1rZy
bzibz, bz, g%, rzy bxy bz;bzy
x| &= ~rurm | o 2%, g%,  XTx% bx; bx; <bx, | bx;bx, ~ bx
1 bx  ~bxibxy | bxibxs bxa bx, xgx, X, TX, XTXi | TXiTXp o~ TX
Hegwy g |y | B ~mry, | mary, gx,r2; xbzy g%.82; XTX bxigz, x17s bxibz; xbx, | bxiby, ~ by
J by ~ bybx, | by,bxs bzibx, xgz rzibx,  xgx, rzir%, rzirxy  XTX) | TY,TX; ~TY
5|z~ Tz, Tz, xbz, 82, g2, xrz; bzs bz, ~ bz
bz ~bz; bz; bz xgz Tz rz; rz; rz; ~7z
Bulk TZ1125 87, bx; TZ1125
bz;bzy bz, rx; bzibzy
X TX ~ IXiTXy | TX4TXp bxy bxy bxibxy ~ bx
g%~ gxigx, | gX,g%, g% g% IXiTXy ~TX
SH ~ @(rg) Bary | v | B~ VTR | e TZibX,  Xg7, bzibxy by,bx; ~ by
’ gy ~gxigy, | g%8Y, g%,82; xbz; g%,123 rxry, ~Iy
7| 2~z Tz; Tz1  xgz bz; bz, ~bz
gz ~gz, 82, gz, xbzy rzy Tz ~TZ
TZ1T2Z, TX; TZ1TZ5 121125
Bulk bzibzy bxy TZ5rZ4 bzibzy
rZ3rZ4 bxs bzibzs TZ3TZ4
bzsbzy X, bzobzy bzsbzy
TX: ~ IXiTX3 | TX1TXo TXoTXs TXoTXy bx;bXogxagx, ~ bXig¥,
x bx; ~ bx;bx, | bxibxy bxbxs bx1bxs bxsbxs ~ bxy
TXp ~ IX3TXq | TX3IXq IX1TX3 TX1TX3 X,gX,bxzbxs ~ gx,bxo
% %,8% g%
bx, ~ bxsbxs | bxabxg bxobxg bxobxg bxibxy ~ bxy
ISWAP Iy; ~ Ty TX | TY;TX: 4 | TZiTXoTXg X gZ,875 | DZ1TX0gZ,TXyg by,bxagysgx, ~ by,&Y,
y | Pxi ~busby, | busby, . | bxibzobxs xbzybz bxybxsbzy bxsby, ~ by,
Bdry IXz ~TY3TXq | TysTXs 4 | TX1TX3TZ4  XgZ,82Z, | TX182Z,TX3bzZs g%,8Y,bx3by, ~ gy;by,
bx, ~ bxsbxg | bxsby, . | bxobzsbxs xbzibzs bzibxobxs by,bxy ~ by,
Tz ~rtz TzZy Tz, xgz.87, bz187, bzigz, ~ bzi5z,
7 bz ~ bzy bzy bzy bzybzy bz, bzy ~ bzy
T3, ~Tzg rz4 TZ4  XgZ,82, g2,bz4 g7,bzs ~ gZ,bzy
bz, ~bzs bzs bzz xbzibzs bz, bz; ~ bz

Table 7: Condensation data for the generating automorphisms for the Pauli triangle DA color code and
the double triangle DA color code. Anyons that are condensed at the X and Z boundaries fuse into
anyons at the Y boundary up to anyons condensed in the bulk.

rectangle is a patch of toric code with a single logical qubit encoded on it with an e —m
domain wall running along the gluing region (Y boundary before unfolding). Going back
to condensation sequences, at the rounds when the parent doubled color code is condensed
into a single effective color code in the bulk, this corresponds to a Pauli triangle (the folded
picture). When the parent code is condensed into two decoupled toric codes in the bulk,
this corresponds to two triangle toric codes glued together at the Y boundary (the unfolded
picture).

The sequence of bulk and boundary condensations for the protocol resulting in the
¥ (rbg) automorphism according to Table 6 is shown in Fig. 19. Note that the actual
boundary condensations are the union of bulk condensations and logical string condensa-
tions, but for brevity, we only indicate the logical strings that condense at each boundary
and it is implicitly assumed that the bulk condensation occurs everywhere in space. The
generators of the boundary condensations of the first round ¢ = 0 that are shown in the
first column commute with the bulk condensations of both rounds 0 and 1 and thus are
passed to the next round. At round 1, the boundary condensations are carried over from
round 0 (these condensations are shown in color) and correspond to a representative for
an equivalence class of boundary condensations. Members within an equivalence class are
related by multiplication with bulk condensations of the given round. Therefore, we modify
the representative at round 1 (which will be the representative at round 2) by multiply-
ing by certain bulk condensations indicated in gray. We iterate this process during each
subsequent round, updating representative boundary condensations by multiplication with
suitable bulk condensations.

The boundary condensations for the ¢ (;p) automorphism and the double-triangle iSWAP
gate can be worked in a similar way. The condensation sequences both in the bulk and at
the boundary are summarized in Table 7 for all the generating automorphisms. These will
serve as a starting point which is crucial to working out the full the measurement protocol
on the lattice.

Accepted in {Yuantum 2024-08-02, click title to verify. Published under CC-BY 4.0. 51



5.2.3 Logical strings evolution and gates

In this part, we review how the logical strings are transformed from round to round for
each of the condensation sequences discussed in Subsec. 5.2.2 and how the automorphisms
map to logical gates.

The logical strings and the mapping to logical Paulis for the color code on a triangle
are introduced in Fig. 18(c). Explicitly, the logical operators are labeled by a junction of
three strings of the same color (cx, cy, cz). Each string originates on its respective Pauli
boundaries, with all of them meeting at the middle of the triangle, forming a Y-junction.
Here, we choose the convention that the logical X, Y, and Z of the triangle correspond
to the triples (rx,ry,rz), (gx,gy,gz), and (bx,by,bz), respectively. One can check the
Pauli algebra is satisfied by these logical operators. Let us also see what the logical strings
look like upon unfolding the color code into a parallelogram. A logical string of this
parallelogram is a continuous string which (as an example) forms an e-string in the toric

a P(rb) ~ H
t=0 1 2 3 4 5 6
rz|rz) bx gz, Xy bz, X TZIrzy
bz bz, X bz, 8%, rz, bxo bz bz,
rZy rZoxbz g2 g2ZoXTrZy bz, Z
7 7 / / 7
TZy 2 4 / / 2 bz,
/ 7 , / J
/ , / , /
/ , / / /
/ / , / /
____________ U o7 4 S S R —m=bon
X TXo TX\ T XD XT gx, gX, X TX, bx, bx X bx, bx;bxs
7 7 7 7 7
, / , / /
bz, bz, 4 bz, "bxy TZ1 (b rz; o TEY rx,| TZ1
ox,bx3 <87 2 p X2 A /XTX)
/ xbx, / / XgX, / y 1
_____________ o SO 7 S IR S
bx;bxy IrXirxs
b P(rbg) ~ SH
t=0 1 2 3 4
TZ|rZy Xy g2, bx, rZrzy
bz bz, 8Xy bz, IXy bz bz,
7
,
rz| bz, y bz,
,; bxy
/ Xbx
,,,,,,,,,,,,,,,,,,,,,
TX|TX> bx;bxs
% - X
Z
gZy rz,
;
,,,,,,,,,,,,,,,,,,,,
gX,8Xy gxXXbXXrXs TX1TX3

Figure 20: Evolution of logical strings under condensation sequences that realize (a) @) and (b) @ (rug)
automorphisms according to Table 6 in the bulk and to the boundary condensations shown in Fig. 18.
At each step, one representative logical string is shown and, where necessary, another representative
(equivalent up to condensations of the current round) is indicated. At round ¢ = 0, we start with an
effective color code with effective Pauli X, Y and Z boundaries and respective Y-shaped logical strings
of fixed colors. The unfolded picture for the toric code rounds is shown for clarity at the intermediate
steps. The logical Pauli operators of the effective color code are shown above the logical strings at the
beginning and the end of the sequence.
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code on one of the triangles and an m string on the other triangle, due to the e — m domain
wall separating both triangles. Folding back into a triangle thus gives this logical string a
Y-junction shape.

As discussed in Sec. 5.1, the evolution of each logical string under the sequence of
bulk condensations is the same as the evolution of the respective boundary condensation,
because of the one-to-one correspondence between the logical strings and the boundary
condensations. At a given boundary, there is a set of logical strings that terminate at
this boundary at round t. There exists a set of representatives of these logical strings

t=0 1 2 3 4
rz1rzs bz1bzy rx; bxs rZ1YZ3 TYZoYZy bx; gx, rzrzo bz1bzy
rz3rz, bzsbzy bxsy x4 bzibzs bzsbzy gx, bxy rz3rz, bzsbzy

1 1)y-(2)
X}/) Z1°Yr
12 rz| rz) 1234 bz, bz, bz/@\%
-1l -l rz) —k- -t —--t--
TX|TXo X TXy bxobxy bx, bx;bxs
ieiaiinlindt Z,
””””” g%y TEC e
@) (1) »(2)
Xr vzt
&2y &z gz
________ rzy g S _ N
8X,18%3 &% £X,8X2
TRyTR, TRATES “ox by TTexg xybs
1
z;" 7@
bz, bz,
bz,
Tox bxs B 2 xR
A bx,bx; bzy bz,
__________ Tbxs “bxabx,
(2)
ZL Z(l)

AV AN

Figure 21: Evolution of logical strings of double triangle color code under the iISWAP sequence according
to Table 7. At rounds 0, 1, 3, and 4 the top triangle contains layers 1 and 2 and the bottom triangle
contains layers 3 and 4. At round 2, all four layers are coupled and sometimes we represent the logical
string as a product of two other strings as shown by the equivalence. This explains why this condensation
sequence produces an entangling gate on two qubits. The logical Paulis of the two logical qubits are
indicated at the first and last rounds, which allows us to read off the iSWAP gate.
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that commutes with the bulk condensations of the next round, and we demand that these
representatives condense at the same geometric boundary in the next round. This defines
the boundary condensation of the next round. The evolution of logical operators on a
single Pauli triangle is shown in Fig. 20 (a,b) for the ¢() and ¢pg) automorphisms,
respectively. These two automorphisms generate all single-qubit Clifford gates. The cor-
respondence between gates and automorphisms can be deduced immediately, without fol-
lowing the evolution of the logical strings throughout all the rounds, because the logical
Pauli operators are in one-to-one correspondence with colors. Because the automorphisms
permute colors, their action on the logical Pauli operators can be read off immediately.
Under the ¢(,) automorphism we observe Xy, <> Zp, which is the action of the logical
Hadamard gate. Similarly, under ¢(rpg), we have a cyclic permutation X; — Zp — Y7,
which is the logical SH gate. This action is also obtained by tracking the evolution of the
logical strings explicitly, as shown in Fig. 20.

The evolution of the logical operators under the two-qubit iISWAP protocol is shown
in Fig. 21. In this case, we have two triangle codes, (1,2) and (3,4) respectively, and start
with two effective color codes on these layers. At round 2, all four layers become coupled,
which entangles the logical strings on the two triangles. For example, the red logical string
at round 2 in the first row is equivalent to the product of blue and green strings which
are passed to the next round (where the triangles are again decoupled). This evolves a
logical string on a single triangle into a product of two logical strings on different triangles
and therefore produces an entangling gate needed to complete the Clifford group. The
only condensation round that is qualitatively different from what we encountered before is
round 2. It can be checked again that the boundary condensation for the double triangle
gate at round 2 shown in Table 7 yields the logical strings that have support on three
layers as shown in Fig. 21.

5.3 Measurement schedules for the triangular dynamic automorphism color code

From the condensation sequences described above, we can now construct respective mea-
surement sequences on single and double triangles. All of the bulk condensations shown
in Table 7 turn into two-qubit measurements. The measurements corresponding to the
boundary condensations depend on the way the lattice terminates at the boundary, and
we are able to reduce them to two-qubit measurements in all cases apart from round 2
for the iISWAP gate, where we use three-qubit measurements at one of the boundaries.
We consider these protocols in detail in this subsection and show that the single-triangle
protocols generate a full topological stabilizer group and, together with the protocol for
the iSWAP gate, they implement the full Clifford group. Finally, we explore the error
correction of these codes.

5.3.1 Single Pauli triangle DA color code

We start by considering a lattice with two layers of qubits on an infinite plane. We perform
bulk condensations everywhere in space while performing boundary condensations in thirds
of the infinite plane outside of the triangle; a visual depiction of this is Fig. 22, showing
the ¢ = 1 round of the (g sequence. The protocol that we obtain using this method
will, unfortunately, involve measuring weight-4 check operators in the Y-boundary region
at colored rounds. Although this is more efficient than measuring plaquette stabilizers
of the color code, it is still more practically desirable for all of our measurements to be
two-qubit. We introduce a technique called docking which allows us to reduce the weight-4
measurements to native weight-2 measurements without adding ancillae.
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bulk: == £ (X))

Figure 22: The naive measurements of step ¢ = 1 of y(;ng) sequence derived from the condensation
sequence shown in Table 7 and Fig. 19 using the prescription in Eq. (52). The measurements are
performed on an infinite plane where the bulk measurements occur everywhere on a plane, and the
additional boundary measurements are indicated on each side of the triangular region and occur in
thirds of the plane minus the triangular patch. The labeling of the boundaries inherits that from the
color code step, i.e. X, Y and Z. All the measurements are two-qubit ones apart from the Y boundary,
where they are four-qubit ones. Later on, where we show how to truncate the triangular patch in a way
that the measurements on the Y boundary reduce to weight-2 measurements.

Let us now translate the sequences of condensations shown in Table 7 into measurement
sequences on a plane. In the bulk, the measurement sequences simply follow Table 6. At
the boundaries, the condensations are translated into measurements in the following way:

Coy — Ec(Ug),
coic’os = E.(01)Eu(02),
{coy,c'or} — V (o), (52)
{coicos, 01’02} — V(o109),

{coicoscoy, c'oic’oac’as} — V(o10903),

where the colors are labeled as ¢, ¢/, Pauli flavors are o, and subscripts 1,2, ¢ denote layer
indices. As a reminder, E. stands for a two-qubit measurement performed on an edge of
color ¢, V stands for a measurement at a vertex (or an interlayer two-qubit measurement),
and whenever a product of measurements is written it corresponds to measuring a product
of the respective edge/vertex two-qubit operators. All single-triangle sequences shown
in Table 7 can be shown to be topological ISG-generating both in the bulk and at the
boundary. An example of such a transation for round ¢ = 1 is shown in Fig. 22.

Such an approach suffers from two issues. First, in practice, one has to truncate
the infinite plane to a finite-sized triangular patch. Second, the measurement sequences
descend from simultaneous condensations of anyons on different layers, which correspond
to measuring weight-4 operators on the Y boundary—which is not practical. Both of these
problems can be resolved.

We will now discuss how to simultaneously resolve both of these problems. Let us
consider the specific example of the Y boundary at ¢ = 1 of the (1) sequence, where the
aforementioned issue arises. Consider terminating the lattice so that there is a single row
of auxiliary qubits along each boundary as explained in Fig. 23. Each auxiliary vertex is
marked by color depending on the color of the logical string that touches the Y boundary
at this vertex and terminates there. We treat these auxiliary qubits as docks for the
logical strings. We also refer to them as “docking qubits” or “docking vertices” of a given
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Figure 23: (a) Termination of the lattice at the Y boundary is shown by the black outline on the left
and its result is shown on the right. The measurements correspond to those at ¢t = 0 for the (g
sequence shown in Fig. 22 earlier. The additional layer of qubits to the other side of the boundary are
the auxiliary docking qubits. The four-qubit measurements occurring on the left are “cut in half” and
become two-qubit measurements on the right, and they are responsible for condensing the correct logical
strings. The crossed qubits are “dead”, i.e. decoupled from the rest of the system by measurements.
These strings are shown in the left panel. (b) A finite triangular patch at ¢ = 0 round of ¢ () sequence.
No additional measurements are performed at Z boundary; the measurements at X and Y boundaries
are indicated in the drawing. The crossed qubits and the ones with the black dots are decoupled from
the rest of the system by measurements. Moreover, the X and Z boundaries are equivalent to the
boundaries of the CSS honeycomb code, and the boundaries of Ref. [19] can be recovered if we remove
the auxiliary layer as shown for the half of X and Z boundaries. This requires us to use single-qubit
measurements at X boundary as shown at the bottom left of the triangle.

color. The logical strings that condense at the Y boundary at ¢ = 1 of the ¢, are
shown in the respective cell in Table 7. These are L(ry,;rxs) ~ L(rz1) X L(rxirxs) and
L(gx,8y5) ~ L(gx,8%,) X L(gz,), and both are products of two strings that terminate on
two other boundaries that join before touching the Y boundary. On an infinite plane, the
four-qubit boundary measurements E,(X;Z3) (they occur in the gray shaded region only)
glue together £(gx,gx,) and L(gz,) into a single logical string. Similarly, E,(Z;X2) checks
glue together L£(rz;) and L£(rxirxy). When the lattice terminates with an auxiliary row
of qubits, as shown in Fig. 23(a) on the right, the green string is only capable of entering
the green “dock” and the red one, similarly, only enters the red one. The green docking
qubits were once part of an edge E,(Z1X2) on an infinite plane; now, we only keep half
of this edge, resulting in measuring V(Z;X3) on the green docking vertex. Similarly, we
measure V(X Z3) on the red docking vertex. Because the blue vertices would support both
boundary measurements, one measures both V(Z;X3) and V(X;Z3) on the blue vertices,
turning them into “dead” qubits (indicated by a black X in the Figure) which are decoupled
from the rest of the system.

One can explicitly check that the logical strings will behave exactly in the same way
as on an infinite plane and the correct strings will condense on the Y boundary with this
prescription. Moreover, the boundary ISG is appropriately generated as we discuss below
and summarize in Table 8. Thus, we can realize a topological code on a planar patch.

Having introduced the docking trick, we are ready to consider the measurement se-
quences in detail. Fig. 24 shows the complete set of bulk and boundary measurements on
a triangular patch derived from the condensation sequence shown in Table 7, which is also
illustrated in Fig. 19. At the color code rounds (¢ = 0 in Fig. 24), the bulk measurements
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Figure 24: The measurement sequence for ¢ (.,g) DA color code on a Pauli triangle patch. The entire
measurement sequence is derived from the condensation sequence shown in Table 7 and also in Fig. 19.
Round r = 4 is equivalent to r = 0.

are V(Z1Z2) on all qubits. The logical strings for each round of this sequence can be read-
ily translated from the TQFT perspective shown in Fig. 20. On the (folded) triangle, the
logical operators look like Y-junctions, where the part that terminates on the Z boundary
(which has V(Z;) ~ V(Z2) measurements) is a Z; ~ Z3 Pauli string (the equivalence is set
by the bulk measurement). The X boundary has extra V' (X;X32) ~ V(Y1Y2) measurements
and allows the X;Xs ~ Y1Y5 logical strings to end. Finally, the Y boundary has extra
V(X1Y2) ~ V(Y1 X2) measurements that allows the X;Y5 ~ Y7 X string to terminate. All
of these boundary measurements are shown by black dots in the figure.

At round t = 1 (see Fig. 24) we have an effective toric code on each layer and
the layers coupled together at the Y boundary. We have already considered the two-
qubit measurements at the Y boundary in detail. At the X boundary, we need to allow
L(rxirxs) =~ L(rx2) and L(gx,gx,) ~ L(gx,) logical strings to terminate, which is achieved
by measuring single-qubit Pauli X operators in each layer shown by black dots. Finally, at
the Z boundary we need £(rz;) and £(gz,) logical strings to terminate, which is achieved
if we do not measure anything at this boundary (apart from the bulk condensations that
generically happen everywhere). Notice that the logical strings in the two layers are de-
coupled in the bulk and at X and Z boundaries, but not at Y boundary. Below, we will
see that the ISG is similarly decoupled everywhere apart from the Y boundary.

The boundary condensations at any other colored round can be worked out completely
analogously to how it was described for ¢ = 1 above up to appropriate color and X < Z
flavor changes, and are shown explicitly in Fig. 24. The measurement details for the ¢,
and iISWAP sequences are worked out analogously and are summarized in Appendix B and
in Table 9, respectively.

Now, we discuss the generation of the instantaneous stabilizer group (ISG) and handling
of the plaquettes in the ISG during our sequences. The measurements and ISG elements
are summarized in Fig. 8 for the g sequence, in table 9 for iSWAP and in Appendix
B for the ¢(,1,) sequence. The boundary ISG elements are worked out analogously to the
recipe used on a torus in section 2. For a bulk (boundary) plaquette in an ISG at round
t, it can be (if necessary) multiplied by a combination of bulk and boundary checks from
the current round ¢ such that it will commute with the bulk and boundary checks of the
next round ¢t + 1. All plaquettes in Table 8 have been formed in this fashion. Displayed
plaquettes are sometimes already multiplied by the checks of the current round so that it
is easier to see that they represent the stabilizers of the effective code at that step. The
entire topological ISG is measured by round 4, and starting from this round we have an
effective topological code.

Next, let us consider the measurement sequence for the two-qubit gate iSWAP realized
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Table 8: Complete summary of the measurement sequence for (1) corresponding to the lattice
termination and measurements shown in Fig. 24. The first four columns show bulk and boundary
measurements. The full topological ISG is measured by step 4, at which the effective color code on the
triangular patch is achieved for the first time (indicated in the last column). The bulk ISG plaquettes
are shown as plaquettes of respective colors with the Pauli flavor of the plaquette denoted inside. The
boundary plaquettes are shown schematically where the qubits in the support of the boundary plaquette
stabilizer are marked by black dots. The Pauli flavors on these plaquettes are indicated where necessary
(if it is indicated only once, it applies to all qubits with black dots).

on a double Pauli triangle shown in Table 9. First of all, on each separate triangle, we are
using the same geometry as for the single triangle, i.e. with a single layer of docking qubits
near each edge. We assume that at round 0 we start with two triangle patches realizing
effective color codes with bulk measurements V(Z1Z3) and V(Z3Z4) and corresponding
boundary measurements. Only layers within the pairs (1,2) and (3,4) are coupled during
rounds 0, 1, and 3, and therefore, these steps operate analogously to the single-triangle steps
that we’ve seen before. Step 2 is substantially different because it couples the two triangles
and, hence, 4 layers of qubits. The boundary measurements at this step are similarly
derived from the condensations shown in Table 7. On a finite patch, the measurements at
that round at the Z boundary turn into V(Z;) ~ V(Z3) and V(Z3) ~ V(Z4) checks; the
measurements at the X boundary are V(X1 X3) and V(X2X4). The measurements on the
Y boundary can be chosen (up to bulk measurements) to be cxjczocxs and cxoczscxy for
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Table 9: Summary of the measurement sequence for iSWAP gate on two Pauli triangles (four layers)
corresponding to the condensation protocol shown in Table 7 modified by the lattice termination. We
assume that we start at ¢ = 0 with two decoupled Pauli triangles with effective color codes and with
ISG prepared in both codes. The boundary plaquettes are shown schematically where the qubits in
the support of the boundary plaquette stabilizer are marked by black dots. The Pauli flavors on these
plaquettes are indicated where necessary (if it is indicated only once, it applies to all qubits with black
dots).

c = r,g,b. Since all three colors are present, according to the last line in the mapping
shown in Eq. (52), the corresponding measurements can be chosen to be weight-3 vertex
measurements V' (X9Z3X,) and V(X;Z5X3). This is consistent with the handling of logical
strings as shown in Fig. 21, and moreover, it preserves the rank of the ISG and obeys local
reversibility.

To conclude, we have translated our condensation sequence into DA color codes on
Pauli triangle patches. We have also shown that logical qubits can be dynamically gen-
erated, the measurement sequence is locally reversible, and the measurement sequences
implement generators of the Clifford group on two qubits. This can be achieved by 2-body
measurements in the case of single triangle protocols and 2-body measurements, apart
from one round of 3-body measurements at the Y boundary. We note that in principle,
the 3-body checks can be further decreased in weight using ancilla qubits.
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Figure 25: Detailed depiction of the two types of detectors at the Y boundary for the padded measure-
ment sequence corresponding to ¢(;ng) (the padding corresponds to the ¢(.) sequence). The figure
shows two detectors, BY'! and BY"2, of the blue boundary plaquettes, and the detectors for other colors
can be found in Appendix E. The measurements at each round are summarized in the left panel. The
measurements comprising the detectors are shown by the edges and vertices highlighted in purple in
the second and third panels. The kind of measurement used to form the detector can be read off by
comparing the purple highlighted edges/vertices with the left panel. The hollow circles in the detector
are used to demarcate its spacetime support. Specifically, the timelike edge E; ;11 at a given qubit
belongs to the support of the detector if its end at £ 4+ 1 has a hollow circle. The instantaneous flavor
of the detector (i.e. its flavor on given qubits at a given time) after the necessary measurements of the
current round have been added to the detector is indicated either by text near each vertex separately
or by a single flavor on the left if the flavor is the same on all vertices.

5.4 Error correction and fault tolerance

The error correction in the bulk can be approached analogously to the torus case. For
single-qubit gates, we treat the sequences for ¢(rp) and ¢(rpg) as generating sequences. We
chose the measurement sequence for the ¢ () automorphism (see Appendix B) so that it
can be used for padding on top of that.

The bulk detectors are constructed in accordance with our discussion in Section 3. We
use the same simplified error basis as introduced in Sec. 3.3. We find a full basis of bulk
detectors and detectors at X and Z boundaries for padded @) and p(;ng) gates, using
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¢(rb) sequence as padding. The basis for the bulk detectors for these sequences is shown
in Appendix D. In fact, the detectors at X and Z boundaries are the same as X and
Z flavored detectors in the bulk respectively; these detectors are supported on boundary
plaquettes of respective colors. These are not shown separately in Appendix D because
they can be easily deduced from the bulk detectors that are already shown.

The detectors at the Y boundary have a much more complicated structure because the
flavor of the detector needs to be V(X1Y2) or V(Y1 X2) at V(Z1Z2) measurement steps.
We find all the detectors at this boundary but we leave the laborious task of showing that
they form a complete basis of detectors for error correction to future work. We use the
error basis from Subsec. 3.3, and find detectors again by searching for all measurements
whose product would give a constant in the absence of any errors. In Fig. 25 we show
an example of two blue detectors for the ¢(;ne) padded sequence. The measurements that
are used to form the detector are highlighted purple and the support of the detector on
timelike edges can be determined from the hollow circles (a timeline edge Ey ;41 at a given
qubit is in the support of the detector if its end at ¢ + 1 is marked with a hollow circle).
One also has to carefully keep track of which error flavors the detector is sensitive to at
different rounds and locations. The rest of the detectors at Y boundary for both padded
generating sequences are shown in Appendix E.

Finally, we leave the analysis of error correction of the iSWAP sequence to future
work. We remark that there exist infinitely many sequences realizing a two-qubit gate that
would complete the two-qubit Clifford group. One might need to exhaustively search for
alternative sequences for two-qubit gates before one successfully finds an error-correcting
one that is also compatible with the single-qubit sequences chosen here. This may require
a rather sophisticated software implementation but would be a worthwhile endeavor to
pursue.

6 Towards universal quantum computation: the 3D dynamic automor-
phism color code

In previous sections, we showed how the two-dimensional dynamic color code can be used
to achieve the full Clifford logical gate group. For universal quantum computation, we
need to supplement this set with at least one non-Clifford gate. In this section, we make
the first step in this direction by constructing a three-dimensional dynamic automorphism
color code, whose ISG admits a transversally implemented non-Clifford logical gate.

There are several natural methods to achieve non-Clifford gates in color codes. A non-
Clifford transversal gate can be achieved in three dimensions in the 3D color code [61],
the gauge color code [62], or in copies of 3D toric codes [63, 64|. Alternatively, one can
“pull” the quasi-2D code through a three-dimensional virtual code while applying a T-gate
in order to fault-tolerantly implement a non-Clifford gate in 2D [35] (similar results can
be achieved in copies of 3D toric code [36, 37]). In this method, the fault tolerance is
achieved by just-in-time decoding. Finally, it is of course possible to perform magic state
injection [65]. It would be also interesting to see how much other methods for achieving
the universal gateset, such as pieceable fault-tolerance [66], can be adapted for general DA
codes.

In this section, we develop a 3D dynamic automorphism color code, which periodically
realizes the 3D color code (3DCC) ISG, and realizes variants of the ISG of three decoupled
three-dimensional toric codes (3DTC) at intermediate rounds. We similarly introduce con-
densation paths for this and explore a limited subclass of measurement sequences for this
class of codes and show that we can implement some of the charge- and flux-permuting
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automorphisms of the 3DCC. Moreover, taking a specific sequence of 3D dynamic automor-
phism color code would, by definition, be a 3D Floquet color code, which has not appeared
in the literature before.

The three-dimensional dynamic color code is a reasonable starting point toward achiev-
ing universal quantum computation in dynamic automorphism codes. Having it might
enable the development of a dimensional jump in dynamic automorphism codes, allowing
to interface the two-dimensional DA color code with a three-dimensional one. It would
also be interesting to develop just-in-time decoder-like techniques [35-37| in the future.
Additionally, this new dynamic code might be interesting by itself as well because it would
be an intriguing challenge to design the boundaries for it and explore and classify the
complete space of condensation sequences.

The rest of this section is structured as follows. In Subsec. 6.1 we review the 3D color
code. In Subsec. 6.2 we explain different ways to condense from a 3D color code (3DCC)
to a single copy of a 3D toric code (3DTC) using two-qubit measurements, which we will
use later to construct our code. In Subsec. 6.3 we introduce the three-dimensional parent
code, which is three copies of 3DCC, and show how to obtain a single effective 3DCC or
three decoupled 3DTCs by condensation in a logical information-preserving way. We also
show how the transition between an effective 3DCC and three decoupled 3DTC copies
works and how it relates to the many ways of unfolding the 3DCC [40]. In Subsec. 6.4
we introduce measurement protocols for several generators of automorphisms for the 3D
dynamic automorphism color code, showing that it dynamically generates logical qubits
(i.e. generates the complete topological ISG). Finally, we address the application of a
non-Clifford gate by measurements in Subsec. 6.5.

6.1 Review of 3D color code

Let us first review the three-dimensional color code [61]. The 3DCC can be defined on any
4-valent volume 4-colorable cellulation of a 3-manifold M [61], and in this paper, we assume
that M is closed, and the qubits are located at the vertices of the lattice. A cellulation of
a 3-manifold M is volume 4-colorable if every 3-cell can be colored with one of four colors
c € {r,g,b,y} so that no two adjacent 3-cells (volumes) have the same color. The coloring
of the 3-cells induces a coloring of the 1-cells (edges) and 2-cells (plaquettes). We follow the
colex (“cell complex”) convention of Ref. [61] to name the plaquettes and logical membranes,
where each plaquette is labeled by the two volumes that it interfaces. Therefore, there are
six types of plaquettes corresponding to the six color pairs: rg, rb, ry, gb, gy, by. Notice that
each plaquette of color r¢g is bordered by edges of the complementary colors by. For this
reason, it is convenient to introduce the shorthand notation 7g to mean the complementary
colors of rg, i.e.,
TG = by.

On the other hand, we use a different color convention for the 1-cells (edges): instead of
labeling an edge by the colors of the three volumes it interfaces, it is named after the color
of the volumes connected by this edge.'®

The stabilizer group of the 3D color code has volume and plaquette terms. Let us
define K.(X) to be the group of volume stabilizers, where the generators are the 3-cells

8 This mixed convention for 1-cells and 2-cells provides more intuitive fusion rules for both charges and
fluxes as shown in Egs. (55) and (56). This contrasts the convention for the 2D color code where both
and z logical operators live on 1-cells (edges) and we use the color convention that is complementary to
the colex one for both, and consequently, the commutation relations between the logical operators follow
different rules from those in 3D. Namely, - and z- logical operators anticommute in 3D if they share a
color, while in 2D, they commute if they share a color.
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Figure 26: (a) Representatives of an edge FE,(Z), plaquette Py,(Z) = Pry(Z) and a volume K;(X)
operators on for a four-colorable bitruncated cubic honeycomb lattice. The qubits are shown as black
dots. For plaquette and volume, all four edges coming from the visible vertices are shown. (b) An
example of logical string £(bz) and logical membrane £(rbx) operators.

with color ¢ € {r,g,b,y}. Each generator is a product of Pauli X operators acting on
the vertices belonging to the volume. Similarly, let us define P.»(Z) to be the group of
plaquette stabilizers, where there is one generator per plaquette where each plaquette of
color ¢’ is straddled by volumes of color ¢ and ¢’. Each plaquette generator is a product of
Pauli Z operators acting on all vertices at the boundary of that plaquette. Representatives
of plaquette and volume operators are shown in Fig. 26(a) on a four-colorable lattice that
is shown in Fig. 26)(b). To summarize, the full stabilizer group of the 3D color code is
given by

S(CC) = (Kn(X), Ko(X), Kp(X), Ky(X), Prg(Z), Pro(Z), Pry(Z), Pop(Z), Pgy(Z), Py (2))-

(53)

The 3DCC is a topological code, known to be finite depth local unitarily equivalent
to three copies of the 3DTC [40]. The 3DCC has string-like and membrane-like logical
operators. A string operator is found by selecting a path along edges connecting volumes
of the same color. A Pauli Z operator is then applied to every qubit on that path. We
denote these strings by rz, gz, bz, and yz in the algebraic theory, and the corresponding
logical operators for the code corresponding to homologically nontrivial strings are denoted
by L(rz), L(gz), L(bz), and L(yz). In the following text, we will use convention the £(rz)
interchangeably with rz where it doesn’t cause confusion.

We can terminate each logical operator in two natural ways. For example, a terminated
L(rz) can either anti-commute with a single volume stabilizer of color r, or anticommute
with three volume stabilizers colored g, b, and y. Similarly for the £(gz), £(bz), and L(yz)
logical operators. This is a reflection of the fact that applying a single Pauli-Z operator
on any qubit will violate the four adjacent volume stabilizers which have support on that
qubit. Therefore, the string operators satisfy the fusion rule

rz®gz®bz®yz = 1. (54)
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We can also define the fusion of two string operators of different colors as

gz 2 rz®gz bz ®
thz 2 1z @bz X gz ® (55)
gbz £ gz @bz X rz ®

Altogether, there are seven distinct isomorphism classes of non-trivial string operators, i.e.
{rz, gz, bz, yz,rgz, rbz, gbz}. Fig. 26(b) shows a representative of logical string £(bz).

The membrane operators for the 3D color code are defined in Ref. [61] and are more
complicated. Each membrane generator is labeled by a pair of colors, and the membrane
consists of a product of plaquette operators of the same color labels. For example, the rg
membrane operator which we denote £(rgx) in the code is given by a product of generators
in P.4(X). If the rgx membrane crosses an rz or gz string operator an odd number of
times, the operators will anti-commute. The rgx membrane always commutes with the
strings of complementary colors (i.e. bz and yz). The corresponding logical membrane
and string operators of the code obey the same relations, for example a homologically
non-trivial logical membrane operator £(rgx) will anti-commute with a homologically non-
trivial logical string operator £(gz) if they intersect an odd number of times.

The membranes are denoted as cc’x with ¢ # ¢’ in the algebraic theory and L(cc'x)
in the code. On the lattice, the color of the membrane corresponds to the color of the
plaquettes that form the membrane. The fusion rules for the membranes are given by

dex®cc’x = x. (56)
Notice that
rgbyx 2 rgx ® byx & rbx ® gyx = ryx ® gbx (57)

is distinct from any of the six membrane generators. Altogether we have seven distinct
isomorphism classes of membrane operators {rgx, rbx, ryx, gbx, gyx, byx, rgbyx}. A logical
membrane and a string operator anti-commute if they share a color and the support of
their intersection is odd.

Fig. 26(b) shows a representative of the logical membrane £(rbx); the qubit where this
membrane operator intersects with a string £(bz) is shown in red, indicating that these
operators anticommute.

The topological content of the 3DCC can be understood from four copies of 3DTC
along with a condensation. Label the four copies of 3DTC as TC" X TCY X TC? X TCY.
Label the string operators er, eg, ey, and ey and similarly for the membranes my, mg, my, and
my, then condense eregepey L6 ® eg ® ep ® ey. All string-like logical operators survive
the condensation, but we now have a new equivalence relation eregepey = 1, indicating
that we only have three independent string operators remaining, just as in the 3DCC.
One can identify these string operators with those of the 3DCC via cz <+ e.. Only pairs
of membrane operators survive the condensation. For example mymg braids trivially with
eregepey and therefore survives. Identifying these membrane operators with those of the
3DCC is straightforward, yielding cc’x <> mcmo. We summarize the correspondence in
Table 10.

6.2 Condensation transitions from 3D color code to 3D toric code

Similarly to the two-dimensional case, the construction of the 3D DA color code relies
on taking a parent code, which is three copies of 3D color code, and following a path of
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Notation Logical string classes, £(-) Logical membranes classes, £(-
TC"RTCYI K TCP K TCY/(1 = eregeney) | er | g | @b | ereg | erep | egep | eregep || memy | memy | mpmy | memg | memy | mgmy, | mymgmpmy
TCORTC® X TCA) e; | ey | ez | e1ey | eres | eges | ejeqes my my m3 | mimp | Mmym3 | mom3z | mymom3
CC rz | gz | bz | rgz | rbz | gbz ryx | gyx | byx | rgx | rbx | gbx rgbyx

Table 10: Correspondence between the logical strings and membranes of the 3D color code, three copies
of the 3D toric code and four copies of the 3D toric code with e ezepe, condensation. We have used

the shorthand ee’ £ e ® ¢’, and similarly for membranes.

reversible condensations which implement different automorphisms. Condensation paths
can be directly turned into measurement sequences thanks to the relation between the
Hamiltonian lattice picture and the topological codes; we further choose sequences that
generate the full topological ISG in order to design a proper DA color code. The child
codes in our constructions are either a single effective color code or decoupled copies of
3D toric codes. However, in three dimensions there are more ways to turn a single copy
of 3D color code into the toric code, and different ways to do so will be instrumental for
further discussion because these condensations will be later used for constructing 3D DA
color code protocols. Therefore, we consider different ways to condense a single 3D color
code into a single 3D toric code in this subsection. We first show how to perform these
condensations in algebraic language, and then explain the translation to measurements in
the code language. In fact, these considerations alone allow us to construct a generalization
of the honeycomb codes to three dimensions presented in App. F.

In the Hamiltonian picture, the excitations of the 3D color code are point-like (charges)
and loop-like (fluxes), corresponding to the boundaries of string-like and membrane-like
operators, respectively. They fall into the same seven isomorphism classes that we in-
troduced earlier for string and membrane operators. However, there exist other types of
(invertible) excitations that one might consider condensing, such as twist strings [59, 67—
69]. The string created from truncating the transversal S gate of the color code on an
open surface is such an excitation. It would be interesting to work out a complete picture
of possibilities as well as more general classes of 3D DA color codes coming from such con-
densations. However, here we narrow our focus to simply condensing charges and fluxes
only and leaving full exploration of possible three-dimensional DA color code sequences to
future work.

Thus, to obtain a 3D toric code by condensing a set of objects within a 3D color code,
we condense either: (i) two charges, (ii) two fluxes, or (iii) one charge and one flux. These
three options are shown in Fig. 27(a). There also exist options when, for example, pairs
of charges or pairs of fluxes can be condensed (recall that there are 7 isomorphism classes
for charges and fluxes, and any class can be condensed). However, in sequences considered
here, we strive to use two qubit measurements only; when translating condensations of
pairs of objects into measurements, we cannot straightforwardly avoid measuring higher-
weight operators. Therefore, classifying all automorphisms and types of sequences in 3D
DA color codes is left to future work.

The dashed gray arrows in Fig. 27(a) show the condensations of (i), (ii), and (iii) types
from the parent model down to the child models, which are always equivalent to a toric
code. The solid lines are reversible child-child transitions, i.e. the ones implementing a
transition from one child theory to another. We will address them later, and for now, let us
focus on condensations from a parent 3DCC to a toric code. We denote the outcome of the
condensations “T'C” with a superscript of colors of the condensed fluxes and the subscript
is the union of the colors of all condensed charges. When appropriate, we will also often
instead denote the colors by their complementary ones appearing with an overline. For
example, the complement of gby is 7 and the complement of by is 7g. Let us consider each
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of the options explicitly.

(i) Condensing two charges of colors ¢ and ¢ produces TC,x. In this case, the remaining
deconfined charges c”z with ¢’ # ¢/, c form a single isomorphism class. The only
flux excitation that braids trivially with both condensed charges cz and ¢’z is of
complementary colors to both of them, i.e. it is cc/x. For example, Fig. 27(a), we
condense gz and yz. In the child toric code, the charge that is deconfined is rz = bz,
and the deconfined flux is rbx which clearly braids non-trivially the deconfined charge
as expected.

(ii) Condensing two classes of fluxes such that a complementary color to them is ¢ pro-
duces TCE (two different fluxes will always have a single complementary color). In this
case, the only charge that braids trivially with both condensed fluxes has to be com-
plementary in color to both fluxes: cz. This is the only deconfined charge. Similarly,
all fluxes of colors cc’x will remain deconfined, but will belong to the same equiv-
alence class (they become isomorphic up to fusions by the condensed membranes).
The fluxes in this class clearly braid nontrivially with the deconfined charge, which
explains why we are left with a toric code. In the example in Fig. 27(a), we condense
gbx, byx (and their product gyx). The complementary color is therefore red and so
in TCT the deconfined charge is rz and the deconfined flux is rgx ~ rbx ~ ryx.

(iii) Condensing a single charge of color ¢ and a flux with colors c¢/ produces TCS.
Because cz is condensed, only one charge that braids trivially with the condensed
flux remains, which is c’z. The colors of deconfined fluxes have to be complementary
to ¢ because they have to braid trivially with the condensed charge. We find that
the remaining fluxes form a single isomorphism class cc”’x where ¢’ # ¢’ (otherwise
the flux coincides with the confined one). In Fig. 27(a), we condense gz and byx.
The complementary color to the fluxes are red and green, therefore we label this toric
code TC?. The deconfined charge will be rz and the deconfined flux corresponds to
rbx = ryx.

Explicit examples of passing logical operators corresponding to homologically nontrivial
strings (membranes) generated by deconfined charges (fluxes) from the parent code down
to each of these toric codes are shown in Table 11. We will show explicit stabilizer groups
for each of these types of toric code later on. Fig. 27(a) shows specific choices of colors
for the illustration. Any combination of colors is allowed, as long as all the objects that
are being condensed braid trivially with each other and the total number of independent
classes that are being condensed is two, in which case we obtain a single 3D toric code
from a 3D color code.

Next, the solid black and gray lines in Fig. 27(a) show transitions between child theories.
We are especially concerned with rank-preserving transitions that preserve the topological
order of the child theory and the logical information. A transition between child theories
(i)-(iii) is allowed if the following conditions are satisfied: if an object that we want to
condense in the next step commutes with all the objects condensed in the previous step,
it has to already be among the condensations in the previous step. Analogously to the
condensations from the parent 3D color code, one can consider how charges and fluxes, and
consequently logical operator representatives, behave under such reversible condensations.
For allowed pairs of reversible condensations, there is always a single shared logical string
representative (or a single isomorphism class of them) and a single shared logical membrane
representative (or a single isomorphism class of them). Thus, we can observe that each
pair of toric codes in Table 11 shares an rz string representative. TCg, and TC", and
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cc S(CC)
gz, ) (E,(Z);
gz, byx gbx, /:,/(Z), ‘DY
o/x ) 5 Bx)
TC)’
bvx gbx
gZ
gbx,byx
TC, ~—~— TC" S(TC,) . __ S(1C))
gz, ENZ),F(Z)

Figure 27: (a) The dashed lines show examples corresponding to different types of condensations from
3D color code to a single copy of 3D toric code, which is explained in detail in the text. The solid
lines show child-child condensations which can take us from one child toric code to another. (b)
Going between the instantaneous stabilizer groups of respective codes by measurements. It is always
possible to perform the transitions between the child codes using two-body measurements only with
the exception of two transitions which are circled in grey.

similarly, TCg, and TC!’TQ share rbx logical membrane. TC” and TCZTJ share a class of
membranes rbx ~ ryx that are equivalent up to a shared condensation byx. Notice that
the objects condensed in a child-child transition always coincide with the ones condensed
when going from the parent code to the respective child codes. This is always the case for

rz gz bz rz gz bz yz
rgx rbx ryx LN Fgx Irbx Tyx
gbx gyx gox-  gyx
byx byx
cc TC,

rz gz bz ¥z
o6 gbx,gyx,byx rgx rbx ryx
ghx gyx
byx

TC"
rz gz bz ¥z
Iole gz,byx ¥gx rbx ryxX
go%-  gyx
byx

TCy?

Table 11: The deconfined charges and fluxes of three types of child toric codes that are obtained
by condensing different sets of objects in the 3D color code. The grayed-out elements correspond to
condensed objects, and striked-out elements are confined. In each case, the remaining fluxes belong
to a single isomorphism class, related by fusion with trivialized (gray) fluxes. Similarly, the remaining
charges belong to a single isomorphism class.
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allowed transitions apart from the situation when the two child codes share a condensed
object, which is already condensed and then doesn’t appear in the list of objects that need
to be condensed in order to perform the transition.

Finally, let us show how the same transitions can be performed between respective
topological codes by few-qubit measurements. Let us define the stabilizer group E.(X) as
the group generated by the two-qubit edge operators acting on edges of color ¢ € {r, g,b,y}.
Such edges are shown in Fig. 26. Each edge operator is given by XX acting on each
endpoint of the edge.

Then, there exists the following correspondence between the operators condensing the
charges and fluxes in the Hamiltonian model and measurements in topological codes:

cz — E.(Z)
cz,cc/x = {E.(Z), P—(X)} (58)

CcC

ccx, cc’x,cc’"x — E.(X)

Fig. 27(b) translates condensations shown in panel (a) into measurements according to this
prescription. The only two instances where it is not possible to perform a transition by
two-body measurements are circled in gray.

The stabilizer groups for each of the toric code examples can be obtained by starting
with the parent stabilizer group for the 3D color code in Eq. (53) and measuring the
respective operators identified in Fig. 27(b). The stabilizer group obtained this way consists
of the measured checks and the elements of the parent stabilizer group that commute with
the measurements. This way, we obtain the stabilizer groups for each of the toric code

types:
S(TCer) = (Ee(Z), Ee(Z), Ko (X), Ko (X), Pargm(Z)) (59)

7

where ¢ and ¢’ are the two complementary colors to the pairc, ¢’. For example:

S(TCyy) = (Ey(2), Ey(Z), Kr(X), Kb(X), Py(Z2)) (60)
The other example of the toric code was obtained from condensing two fluxes:

S(TCE) = <EC(X), Kc(X)a Pg(z»c’#ce{r,gﬁvy} (61)

The specific toric code from this family that appeared in the figures in this section has the
following ISG:

S(TC") = (E(X), Kr(X), Prg(Z), P3(Z), Pry(Z)) (62)
Finally, one more example is:

S(TCE) = (Ee(2), Poy(X), Kn(X), Por(2), Pa( Z)) (63)

cc ccC ccC

Where ¢ # ¢, ¢ # ’,". If we pick specific colors as in figures in this section, we have:

Apart from 3D DA color code, these transitions by measurements and examples of
the toric code stabilizer groups can be used to generalize of the honeycomb code to three
dimensions presented in App. F.
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S(CC ®CC ®CC)

» E(X1).E,(X2).Ey(X3) (21).E(Z2).E,(Z3) Y

S(CC) ~__ __—~ STCRTCKTC) - S(TC/RTCIRTC))

V(2122),V(2225) E(X0).Ey(X2).E(Xs)

Figure 28: Example of measurement transitions from the parent code (three copies of the 3D color
code) and some of the child codes, including a single effective copy of the 3D color code, as well as
transitions by measurements between the child codes.

6.3 Parent code for 3D dynamic automorphism color code

Finally, we are ready to present the parent code for the 3D Floquet color code and 3D DA
color code, and show how it overarches the principle at work for these codes. We present
measurement schedules that realize a subclass of automorphisms present in the 3D CC
which yield an S4 permutation symmetry of the individual charges and fluxes. We also
provide a measurement sequence in Sec. 6.5 which implements the automorphism related
to the transversal T' gate in the usual color code. We anticipate that more general auto-
morphisms may be realized with other measurement sequences but leave their discovery to
future work.

First, let us briefly talk about the 3D DA color code in the condensation language.
The parent theory is three copies of 3D color code, and similarly to the 2D case, we can
condense products of charges across pairs of layers i.e. {cziczy,czacz3}e—pgpy, Where
the subscript indicates that these objects are condensed for each color. There are four
distinct isomorphism classes of logical strings left after this condensation, one for each color:
{rzi,gz,,bz1,y2z,} whose equivalent representatives can live in any layer. A membrane of
a given color in one layer cc’xy, will braid non-trivially with the condensate. However, a
product of the same kind of membrane in all layers cc’xjcc’xocc’x3 braids trivially with
the condensed objects, which is true for every pair of colors ¢, . One can explicitly check
that these are all the deconfined objects left after condensation. It is easy to see that the
theory that we obtain this way is isomorphic to the 3D color code.

The other kind of condensations that we will use are those that independently map
each copy of the 3D color code (in the parent code) to different 3D toric codes. These
condensations were summarized in detail in the previous subsection.

Finally, we discuss transitions between the child models. We find that transitions are
possible between triples of toric codes whenever the three toric codes correspond to the
same class of condensations from the previous subsection, i.e. charge-charge, charge-flux
or flux-flux, and the colors of all three of them are different. The transitions between the
child models are associated with condensing the same objects as the ones needed in order
to obtain the given child code from the parent code. Some of these scenarios correspond to
new kinds of unfolding maps that have not been explicitly constructed in literature before.
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In the topological codes language, the condensation from the parent code down to a sin-
gle effective 3DCC is achieved by measuring V(Z1Z5) and V(Z2Z3) operators analogously
to the 2D case, namely:

V(Z1Z2),V(Z2Z3)

S(CCRCCRCC) S(CC) = (V(Z125),V(Z223), Ke(X1X2X3), Powr(Z1))

(65)

with ¢ € {r,g,b,y} and ¢ € {rg,rb,ry,gb,gy,by}. In terms of the stabilizer group,
the measurements V (Z1Z5), V(Z22Z3) simply bind together X type operators of CC3, and
identify Z type operators from separate layers with one another.

A transition between CC and TC™ X TCY X TCP is given by:

(G0 Er 1) FalX2) Bu(Xs)

S(TC™ R TCY ) TCP). (66)

The reverse transition is:

V(Z1Z3),V(Z2Z3)

S(TC" R TCY ) TCP) S(CC) (67)

Of course, the choice of rgb was arbitrary, we could have used any one triple from

{rgb,rby,rgy, bgy}

instead.

For illustration, we exemplify some of the transitions that will occur later in our codes
in Fig. 28. Lastly, we emphasize that for each logical operator class there exists a represen-
tative that survives upon a transition, whenever this transition is one of the rank-preserving
kinds that satisfies the conditions that we introduced in this and previous subsection. Thus,
all the “allowed” transitions will be logical information-preserving.

6.4 3D dynamic automorphism color code

In this paper, we construct a subclass of codes belonging to the class of the 3D dynamic
automorphism color code, using three copies of 3D color code as a parent code. Specifically,

t
Gate/Aut 7 3 3 1
E(X1) Ey(Z1), Ev(21) (X1)
r—=y—b—=g—r DB V(Z:1Z:
' g Ey(X2) (Z2), Eb(Z2) E,(X2) (2122)
(ISG generating) (X3) E.(Z3), E4(Z3) Ey(X3) _ V(g\QJZ?,)
Eff. code TCRTCINTCY | TC,,X TC,,KTC,, | TC'K TC'® TC? | CC
E(X1) Ey(Zv), Ey(Z1) (X1)
4> V(Z1Z:
’ E,(Xs) ERVANHEN B,(Xs) (4122)
(X3) Ey(Z3), Ey(Z3) Er(X3) V(Z2Z3)
Eff. code TCRTCINTCT | TC,,M TC,,KTC,, | TC'R TCIX TCT | CC

Table 12: Two-qubit measurement sequences generating color permutations in 3D dynamic automor-
phism color code on a three-torus (and, consequently, SWAP gates between logical qubits). The first
sequence permutes colors cyclically, and, as we show below, generates the full topological ISG (short-
hand ‘ISG-generating') after 5 steps, and the second one swaps two colors and does not generate the
full topological stabilizer group. Swapping any other two colors can be obtained by an analogous mea-
surement sequence with an appropriate color exchange. The child (effective) code realized at each
given step is shown below the respective measurements.
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in this subsection, we show the protocols for the DA color codes that perform the group of
color permutations (which is an Sy subgroup of the Clifford group of the nine logical qubits
on a three-torus) using two-body Pauli measurements only. Pauli measurements should
in principle allow us to construct a larger subgroup of the logical Clifford group, but here
we narrow down our scope to transitions that can certainly be implemented by two-qubit
measurements only, which are shown in Fig. 28. As a result, we design short period-4
sequences that generate color-permuting and syndrome-measuring automorphisms of the
3D color code and can be achieved by two-qubit measurements only. Finally, in the next
subsection, we discuss the possibility of using Clifford two-qubit measurements in order
such that a non-Clifford gate will be applied by the sequence.

Table 12 shows two measurement sequences that we can use as a basis to generate the
ISG of the topological code and also any color-permuting automorphism. Moreover, they
are in one-to-one correspondence with respective condensations which was explained in
the previous subsections. Both sequences shown in the table contain only transitions that
preserve logical information and the ISG rank. The first sequence in the table shows a
cyclic color permutation r — y — b — g — r that generates the full stabilizer group of the
3D color code in 4 rounds. The second sequence does not generate the full stabilizer group
but nevertheless preserves it (similarly to the generating sequences for 2D DAC). It swaps
two colors, and a similar sequence exchanging any pair of colors can be easily obtained
from it.

The automorphisms realized from charge and flux condensations can be easily under-
stood analogously to the 2D case. Table 13 shows the transformation of logical operators
under the condensation/measurement sequence for the r — y — b — g — r automor-
phism. For each pair of condensation rounds, we find a shared logical string and a logical
membrane representative that is inherited to the next round, which is shown by an entry in
Table 13. If the logical membrane representative is to be taken to the subsequent round, we
need to find another representative by multiplying the current one by the condensations of
the current round such that it commutes with all measurements of the subsequent round,
this is shown with the respective cells in gray in Table 13. One can explicitly confirm that
exchanges of colors in logical stings and membranes coincide with the r -y - b — g — r
action of the automorphism. Passing the logical operators within measurement sequences
for topological 3D DA color codes is analogous, where the logical string and membranes
are represented by respective Pauli strings and membranes, and condensations are replaced
with Pauli measurements.

In terms of gates, the automorphisms achieved by the generators that our sequences
can produce realize the color-permuting Sy subgroup of all automorphisms of the 3D color
code. If we assign the logical qubits to the string and membrane operators in the effective
3D color code as follows. For each principal direction on the torus, we will have 3 logical
operators and we define the Z-logical Pauli operators as strings along a given principal
direction, i.e.

7‘?273 = L(rz), L(gz), L(bz) in 2-direction, (68)

and the conjugate logical X operators as membranes:
YT’QB = L(ryx), L(gyx), L(byx) L to z-direction. (69)

In that case, the automorphisms will have the same action on each triple of logical qubits,
and the generating gates for the Sy subgroup will be SWAP 15, SWAP;13 and CNOTo; xCNOT43;.
Note that the sequences shown in Table 12 use two types of 3D toric codes introduced
in previous subsections; we provide an example of a protocol that implements a trivial au-
tomorphism that involves the third type of toric code in Appendix G. The 3D Floquet color
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Time Condense Resp. meas. string rep. log. membrane rep.
0 TZ1TYZ9, §Z,8Z,, bZ1bZgy V(2125 — — —
r22r23,gz;gz§,bzzb23 VEZngg T21, 822 rbX, gbx, byx
1 gbx1, gyx1, byxy E.(X1) rz4 rbx; xbyx,
rbxs, ryXo, byxs E,(X?) gz, gbxo xrbxs
rgxs, rbxs, gbxs (X3) byxs
2 gz,,bzy Ey(Z1),Ey(Z1) | rz1xgz, x bz Vx|
, bz, (Z2), Ep(Z2) | g24 %2y X bzo TgXo
rz3, gZ4 E,(Z3), Ey(Z3) Xrz3 X gZg byxs
3 rgxy, rbxy, gbxy (Xy) TyX] XTgX,
gbxy, gyXa, byxa E.(X5) rZ5 TEX)
TgX3, TyX3, EVX3 Eyp(X3) bzs byxz X gyx,
4 TZ1TZ9, §Z,8Z,, bZ1bZg V(Z1Z, .
r22r23,gz;gz§,b22b23 VEZQZgg  T22,bZ3 gyX, TgX, gbx

Table 13: Evolution of logical strings and membranes for the condensation sequence producing r —
y — b — g — r automorphism. In the steps when two fluxes are condensed, we write out two
independent condensations and the third condensation which is a product of the first two and thus also
is condensed. This is convenient for tracking the evolution of logical membranes.

code is a byproduct of our 3D DA color code construction, if the latter is run periodically
in time.

Table 14 breaks down the operation of the r — y — b — g — r measurement sequence
for the 3D DA color code. The plaquettes and volumes that appear in the ISG are prod-
ucts of checks in the previous round that commute with the measurements of the current
round. This way, the complete topological ISG is measured by round 4, and because the
measurements are locally reversible, the ISG is further preserved. The logical information
is preserved at each round. The last two columns of Table 14 track the logical string and
membrane operators throughout all rounds assuming that we started with an effective color
code at round 0. For each two consequent rounds, there is a class of logical strings and a
class of logical membranes that is shared between both rounds. This can be worked out for
each pair of subsequent rounds analogously to Table 11. When the logical operator needs
to be multiplied by measurements of a given round in order to survive to the next round,
it is shown by gray multiplication in the table.

Thus, we have constructed a subclass of 3D DA color codes that can be natively per-
formed on closed manifolds using two-qubit measurements only. It would be, however,
interesting to understand a complete picture of measurement paths for 3D DA color codes,
as well as study error correction in them.

6.5 Non-Clifford gate through measurements

An important property of the 3D color code is that it admits a transversal T' = diag (1, et/ 4)

unitary gate [70]. For the color code on a bipartite and 4-colorable lattice and appropriate
boundary conditions, it is possible to implement a logical non-Clifford gate by transversally
applying T to each of the A-sublattice sites and T to each of the B-sublattice sites. We
call such an application of a gate a “transversal bipartite” gate. For the 3D color code on
the 3-torus, which encodes 9 logical qubits, a transversal bipartite T-gate realizes a logical
CCZ gate between triples of logicals for each principal direction on the torus. Similarly,
on RP? where 3 logical qubits are encoded, the transversal bipartite T-gate also realizes
a logical CCZ gate. On a tetrahedron with colored boundaries, the transversal T-gate
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Time Measure ISG plaquettes ISG volumes
0 V(Z125)
V(Z273)
1 E.(X1) P@(leg)
Ey(Xo) Py(Z2Z3)
(X3) P(Z:173)
2 | Ey(Zh), Eo(Z1) | Pri(Zh) K,(X1)
(Z2), Ev(Z2) | Prg(Z2) K, (X>)
E, (Z?))v E!I(Z3) Kb(XZ%)
3 (X1) P Zh), Prr(Zh), Py (Zh) | K (Xq)
Er(X2) Pr5(Z2), P3(Z2), P(Z2) | K (X2)
Ey(X3) Py(Zs), Pry(Zs) K (X3)
4 V(Z125) P@(Zg), PE(ZQ), P=(Z3) K,‘(XlXQXg),Kq(XngXg)
V(Z22s5) Py(Z3), Par(Z1), Py (Z1) | Ki(X1X2X3), K, (X1 X5 X3)

Table 14: I1SG generation by the measurement sequence producing a 3D DA color code with r — y —
b — g — r automorphism. The third and fourth columns show the generation of ISG plaquettes and
volumes for a period of the measurement sequence.

realizes a logical T-gate [70]. The 3D color code has these properties in particular because
it is triorthogonal |71].

The 3D DA color code admits a unitarily applied transversal bipartite 7' gate whenever
it embeds the ISG of the color code. At these steps, the measurements V(Z;Z2) and
V(Z3Z3) define the effective qubit at each vertex, and the effective local T gate acts as
1®1®T on the A sublattice and 1 ® 1 ® T' on the B sublattice. We will denote the
global gate that is the product of such local gates as T = Hzﬁ Additionally, because
transversality of the T gate in the 3D color code and the associated CCZ gate it applies
are related due to unfolding [40], applying a transversal CCZ should also be possible in
the 3D DA color code during the toric code steps. However, we only focus on the T gate
in our discussion.

Although the T gate can be unitarily applied during the color code steps, here we pursue
the application of a non-Clifford gate in a way that is “native” to DA codes, i.e. purely from
a measurement sequence. As a first step, we show that if all measurement outcomes are
postselected to +1, the measurement sequence for the 3D DA color code can be modified in
a simple way in order to implement the T" gate. Technically, the postselection is needed for
Z-type measurements and stabilizers only. However, for conciseness, the argument below
will assume that all stabilizers and measurements are postselected, and generalization to
random X-measurement outcomes and stabilizer values is straightforward. Next, we will
show how to relax this constraint, removing the need for postselection entirely by making
the measurements adaptive'”.

First, let us choose a schedule that implements the identity automorphism as a starting
point (before modifying the measurement sequence to implement the T-gate). This closely
follows the construction in Sec. 4.6 generalized to 3D. This “trivial” sequence is shown in
Table 15; it does not generate the full topological stabilizer group, and thus it would have
to be padded by a full ISG-generating sequence if applied in practice. Since we assume
that all measurement outcomes are +1, the values of all of the stabilizers are also +1. Let
us call f[;r the projector associated with the measurements of round ¢, and we use a ‘+’

19 As a remark, one could also develop this method further to implement addressable Clifford gates.
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superscript to denote the postselection assumption. Then, if at round ¢t = 0 we start in
a state ‘CC> which is in the codespace of the effective 3D color code, after 4 rounds of
measurements it will be:

cC™) =1if -1 i - |OCT), (70)

where we have used that the measurement sequence implements the identity gate, and
thus, we arrive at the same state. For simplicity, we have postselected on every round,
although we only need to postselect during Z-type measurement rounds. The ‘6(5+
notation indicates a state in the codespace of the effective color code where all Z-type
stabilizers are +1.

Now, let us find the modification of the measurement sequence such that the resulting
action is the same as the application of transversal T = (Hi IN’Z) Let us consider

T|CCT) =TI -1 - TIT 15 - 1if [CCT), (71)

where we have inserted an additional identity unitary gate between I, and ﬂg. Now,
because the measurements in HI all have Z-flavor, they commute with the application of
T, and thus, we commute the first application of transversal T' to the right. We get

~ . ~ A~ ~ A Nt

T|CCT) =Tif - (TIT") - 71 - 11 [CCT) =
72)
A~ 2+ A ~ — (
= 1[I} - I0y -1 - 1if |CCT ).

2+
Where we have defined II3 to be the measurements at step ¢ = 3 conjugated by transversal
T and used the fact that transversal T acting on the state after 113 leaves it invariant (will

be shown below). Thus, the modified sequence of measurements T} ﬁ; f[z+ I}, where the
X-flavored measurements of the third rounds have been conjugated by ’.ﬁ will implement
the same non-Clifford gate as a transversal unitary application of T. In the protocol, this
is equivalent to measuring the operator (%) ( X%YL”) on yellow links at round 3, with
the outcome postselected to be +1; the protocol is shown in Table 16.

What is left is to show why an application of transversal T after step 2 of the mea-
surement sequence leaves all logical states invariant. First notice that T acts on the
third layer only. The ISG for the third toric code at round 2 is given by S(TC,q) =
(Er(Z3), Eg(Z3), Kb(X3), Ky(X3), P;(Z3)). On a three-torus, we can write the logical

‘m% state of this toric code as

___ 1+Kb7iX3 1+K7'X n
000); = ] —— S ;J( 2 jm), (73)
Gate/Aut t
v 1 D) 3 1
. Er(Xl) E( (Zl) Eb(Zl) EI(XI)
Identit 9 ’ V(2.2
entity Fy(X) (%), Ey(Zs) Fy(X) (4122)
(X3) Er(Z3), Ey(Z3) (X3) V(Z273)
Eff. code | TC'RTCIRTCY | TC,,X TC,,KTC,, | TC'X TCIR TCT CC

Table 15: Sequence generating a trivial automorphism which we later modify for implementing
the T gate by measurements.
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where n is the number of physical qubits in one copy of the lattice.

We can obtain other logical basis states of this toric code by applying a combination
of logical X membranes along different principal directions on the three-torus. We want
to show that the action of T is trivial on this subspace. We first compute

B H 1+ Ky (TX3TH) 1 1+ K, ;(TX3T)
L 2

T [000), 5 T |0™) (74)
J
1+ K i“f/‘*XST) 10 1+ K, (/41X S

2

-1I

| ") (75)

where S is a bipartite application of the phase gate. The phases appearing in the above
equation are due to the relation TXTT = ¢™/4X ST, and the e*™/4 phases cancel because
K contains an equal number of sites in the A and B sublattices. We can expand out the
product and commute all occurrences of St to the right; since Kj and K, can intersect at
an even number of sites, commuting St may result in additional Al operators. However,
the action of both of these operators on the vacuum |0") is trivial, so we find that

1+ Ky (e /XSt 1+ K, j(eXm/AXx Sty 14+ Kpi(X) (7 14+ K, (X)),
H b,(2 )H yv](2 )’0>:H 217,< )H 21/7]( )|0>
% 7 i J

= [000), . (76)

Next, we must consider the action of T' on other logical states, formed by acting on |m>3
with the logical membrane operator of the third copy of the toric code, i.e., with £(byxs).
For clarity, we will label the three different orientations of this logical membrane by A7,
Xy, and X3. These have the property that supp(&;) Nsupp(X;) and supp(X;) Nsupp(Xa)N
supp(X3) have an even number of sites (i.e. A; and &j share an even number of sites,
and Xp, X9, X3 share an even number of sites). Furthermore, we can always choose a
representative X1, Xs, X3 such that their support is disjoint. It is simpler to use this
choice to compute the following:

TX;|000), = (TX;T1)T [000), = X;Skx, [000),
TX;X;[000), = (TX,T")(TX;T1)T |000), = X;X;Sx,x, |000),
T X1 Xp X3 [000), = X1 Xo X3Sy, x, 3, |000), . (77)

The notation So (Zp) indicates a transversal operator S (Z) whose support is the same
as that of the object O, and if O = &;X; this means the support is in &; U X;. Let us show

Gate/Aut : . t . i
E(X1) | Ef(Z1),Ey(Z1) | E. (X))
leleyA Eg(X;) Z;),EZ(Z;) EHN(X;)N V(Z1Z5)
(X3> E,,(Zg), Eg(Zg) (TX3TT) V(Z2Z3)

Table 16: Sequence implementing a transversal T' gate by measurements in the postselected case. The
shorthand E (TXgTT) means measuring two-qubit Clifford operators on yellow edges where T X371 =
(X3 +Y3)/\@ are measured on the A sublattice and 77 X537 = (X3 — Y3)/v/2 are measured on the B
sublattice.
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that S for specific operators O appearing above has trivial action on the |W>5 logical
state:

I 1 +Kb,i e:l:iﬂ(s)ﬂ/2XZI9(s) 1+ K y eiiﬁ(s)ﬂ/2Xzi9(s) "
So |000), =[] ( 5 )H il 5 )IO ) (78)

i J

where s denotes a site on the lattice, and ¥(s) is 1 if s is in supp(O) and 0 otherwise, and
appears because of the relation SXST = iXZ. The F is applied to the A/B sublattices.
As before, the additional phase e*™(®) is inconsequential because the support of any O
appearing in Eq. (77) overlaps with any volume on an even number of sites. The Z9() acts
trivially on |0™) so we find Sy \m>3 = IW% Put together, this means that a bipartite
T acts trivially on all logical states. Therefore, the measurement schedule we introduced
indeed is equivalent to applying a transversal 1" at the color code step.

Let us now show that a f—gate can be implemented by adaptive measurements if we
do not postselect on +1 measurement outcomes. In particular, we show that this amounts
to keeping track of an additional Clifford frame and virtually “pushing” it through the
rest of the measurement rounds, which will conjugate these rounds by appropriate Clifford
operators, thus requiring an adaptive measurement procedure. The correction can be
determined by running a decoder right before the round with the measurement conjugated
by the T gate ?°. We then can keep pushing the Clifford unitary frame through all future
measurements, which will then get conjugated by this unitary frame, and also keep track
of how the Clifford frame is further modified.

As we mentioned above, for the purpose of applying the f—gate we only care about the
randomness of measurement outcomes of Z-flavored operators. Therefore, let us express
the state after round 2, where ZZ measurements were performed, as:

|1h2) =H2'ﬁ1‘66> éM;(?)ﬁ;-ﬁ1’66+>, (79)

where we instead assume that the “clean” state ﬁ; i ‘6(/3+> is stabilized by Z-plaquettes
and ZZ checks (i.e. they have +1 values) and the randomness of their signs can be
accounted by some configuration of X operators denoted by M )((2 ), which act on the “clean
state”. Similarly, we can define the operator M )(él ) that absorbs the randomness of I,

measurement round: fI4 =M )(:} )f[;f. Thus we can write:
A A A A N+ A N N ~N —_—
[a) = MM - Tl - ML - 113 |CCT) 2 11y - T3 - T, - 11, | CCT). (80)

Next, we can run a decoder (so long as it can be implemented in polynomial time)
on the state [12) (|104)) from known measurement and stabilizer outcomes, assuming that
the “correct” values for them were +1. These are not technically error syndromes simply
because they do not arise from physical errors in the code but rather from the fact that
measurement outcomes in a dynamic code can be random; however, we can still use a

(2)

decoder to fix their values to +1. The decoder gives us correction operators My’ and

Mg?) which fixes the random Z-type measurement outcomes and stabilizers to be +1.
The correction will be up to X-type elements of the stabilizer group of the model at each

respective round, which form closed surfaces. As a result, the operators ME?)M )((2 ) and

Mg?)M )(? ) are both sets of disjoint closed surfaces.

20 A similar approach as presented in the section on error correction for the 2D DA color code applies to
the 3D DA color code. For the same reasons, we believe it should be possible to develop an appropriate
generalization of one of the color code decoders for this code; we leave this to future work.
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. . ——=(2,4 .
Knowing the corrections M g( ), we can turn our measurement protocol into an adap-

tive one, such that the state after round 4 will be a “clean” one (i.e. the one where Z
measurement outcomes and Z stabilizers are all +1), which we call ‘w4>. This state can
be written as:

]zp> MY, -1 21, - Hl’CC>
M MOt T M M1 1 T (81)
:Hj-ng.ng-m]cc ).

where we used that Hg?)M )((2 )2 M )((2 ) and Mg?)M )(? S )(? ) are stabilizers for the state
at respective times. The last expression shows that it is manifestly equivalent to the
postselected state.

Because the state ’1,;4> is postselected, we know that the T gate can be applied to
it from our previous argument. T applies a logical CCZ because the correction does not
change the logical state.

Lastly, we would like to absorb the action of the corrections and the T unitary into
the measurements and a Clifford frame M¢ (which later on can also be absorbed into
measurements). For this, let us again “push” the T to the right

~ |~ S~ () A P
T‘¢4> = TP, - 1y MPTT T ‘CC >
= MY MM, - (Ti,T) - M MP T -1 ’6‘é+> (82)
MY, (T - MPT - |00
where the additional operators M?‘) = Mﬁ?)fﬂgﬁ)ﬁ and M éQ) =M )((2 'TM )((2 )Tt arise
because of “pushing” T past respective operators. We have also used that the “clean” state
after round 2 is stabilized by M é?) (up to a phase that does not depend on the logical
state), because this operator consists of a bipartite application of S () around a closed
surface.

Next, we absorb M )((2) back into the state after round 2 and also commute all the
unitaries to the left in order to turn them into a Clifford frame:

T i) = My MM - (TI,TY) - MY M -1 |CCT)
= WY1, (TTT) - M, -1, \cc ) (83)
= Mg 134 1129 11, - 1T, ‘cc>.
We defined the Clifford frame M = MM MY and
M = MP,MY, 1= O T,T . (84)

Thus, the application of the T gate in a case when there is no postselection can be
achieved by running an adaptive measurement protocol and accounting for a Clifford frame,
ie.

T |iha) = M i3 - 113 - 11, - 11y |OC), (85)
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where the adaptive measurements are defined in Eq. 84. To find the set of adaptive
measurements and the Clifford frame, one has to run a decoder after rounds 2 and 4. The
adaptive measurements only rely on the output of the decoder, which can be determined
rather efficiently. The argument does not change for different logical states because the
Myx membrane commutes with the &; operators that toggle between the logical states.
Additionally, if more measurement rounds are added afterward, one can deal with the
Clifford frame M¢ by absorbing it into the new measurements.

Finally, we leave the question of error correction and fault tolerance in the 3D DA color
code to future work.

7 Small dynamic automorphism color codes

Thus far, we have studied the DA color code on a large lattice, where we believe the distance
is extensive and the number of encoded qubits is constant. It is more practically friendly
to implement small versions of the DA color code, analogous to how the [|7,1,3|] Steane
code is the smallest version of the color code. The number of physical qubits required for
small DA codes will generally be much larger than for small stabilizer codes, but the small
DA color code has an advantage of only requiring two-qubit measurements.

First, we find small DA color codes for lattices with no boundaries. For example, we
can construct small DA color codes on closed T? and RP? manifolds shown in Fig. 29(a,b).
The DA color codes on the torus and RP? are [[36,4,4]] and [[32,2,4]] codes, which are
capable of correcting for single qubit errors as well as some two-qubit errors. With Pauli
boundaries, the smallest code on a patch that we found so far is a [|24,1,3]] DA color code
on a triangle (we have checked the distance numerically for the ¢, and Prbg protocols).
We have not been able to find an example of a small DA color code with color boundaries
by considering a double layer Steane code layout. The measurement protocol for these
small codes is entirely analogous to those for the large codes, and the small codes exhibit
the same automorphisms as their large counterparts. It would be interesting to study the
properties of concatenated small DA color codes, which along with magic state injection
could present. a» -V ~tical way of doing fault tolerant quantum computation.

C

Figure 29: Example of the smallest DA color code on (a) torus, (b) RP? and (c) finite patch corre-
sponding to [[36,4.4]], [[32,2,4]] and [[24,1,3]] codes respectively. The identified boundaries are marked
with dashes for the torus, the identified edges are marked with numbers for the real projective space.
In (c), the docks at Z and X boundaries were removed thanks to the correspondence with the CSS
honeycomb boundaries, see Fig. 23.

8 Discussion

There are several significant open questions raised by this paper in regard to dynamic and
Floquet codes as well as spacetime fault tolerance.
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An immediate question would be to present a more comprehensive TQFT picture for
dynamic automorphism codes. We note that the results of the current paper generalize
straightforwardly to “prime anyon theories” with D([],,, Zp,) topological order, where {p;}
is a set of distinct primes. In an upcoming paper [57] we use the language of modular
tensor categories to understand certain properties of general two-dimensional dynamic
automorphism codes such as updating logical information, constraints on measurement
sequences, and sequences for gapped boundaries. These results apply to general Abelian
anyon theories. It would be interesting to consider reversible condensations for non-Abelian
anyon theories and associated dynamic automorphism codes in two dimensions. It would
also be interesting to develop a general theory for dynamic automorphism codes in higher
dimensions.

The general construction of gapped boundaries is another interesting question, which
we make significant progress towards. On the more practical side, while this paper has
primarily focused on the measurement realization of the DA color code with Pauli bound-
aries, we have also considered the condensation picture for the 2D DA color code on a
color triangle, the details of which are presented in Appendix C. It would be important
to work out the microscopic measurement sequences consistent with this picture. Under-
standing colored boundaries is also important for constructing the 3D color code on a
tetrahedron. This in turn is necessary for interfacing the 2D triangular color code with the
3D tetrahedron color code to perform an analog of the dimensional jump [34].

Perhaps the most important practical open question is further development of error
correction in the DA color codes, especially finding more efficient sequences that are error-
correcting and do not require detectors with very complicated shapes. We have not ad-
dressed error correction for the iSWAP gate and for the three-dimensional DA color code,
and these are immediate questions that need resolution. Finally, developing an efficient
generalized matching decoder and benchmarking the code is also important. We currently
do not have a good understanding of constraints on condensation sequences that ensure a
good error-correcting code.

One of the primary motivations for this work was to develop a model of universal fault-
tolerant quantum computation using native tools for dynamic automorphism codes. In
this paper, we achieved the full Clifford group and took the first step toward a native (in
Floquet codes sense) realization of a non-Clifford gate. However, we can only apply the
non-Clifford gate through native measurements by making them adaptive. Furthermore,
fault-tolerantly combining the 3D DA color code with the 2D DA color code using a
method similar to code switching (dimensional jump) is an important future direction.
We emphasize that even if the specific measurement sequences considered in this paper do
not eventually lead to fault-tolerant quantum computation, this paper can still serve as a
blueprint for finding alternative measurement sequences for DA color code that do.

Finally, we believe there is a rich family of dynamic automorphism codes that have
yet to be studied. For example, there should exist a generalization to twisted quantum
doubles that admit a Pauli realization [72]; examples of Floquet protocols for these have
been recently proposed [23, 27]. Dynamic automorphism codes could also be developed
for other topological subsystem codes [73-75], and, hopefully, for LDPC codes with good
parameters [76]. The latter would be interesting in its own right, and it might also lead to
a new way of implementing gates in LDPC codes.

Interestingly, in the honeycomb code, the automorphism that is implemented by mea-
surements cannot be otherwise implemented by an on-site transversal unitary gate 2!.

2The e-m automorphism can nevertheless be implemented by a finite-depth local unitary [68].
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Therefore, is it possible to find interesting examples of dynamic automorphism codes that
fault-tolerantly apply automorphisms that are not implementable by on-site transversal
gates?
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A All 72 automorphisms of the color code in under length-5 sequences

In this Appendix, we list measurement sequences corresponding to all 72 automorphisms of
the color code. Ignoring the trivial automorphism, among the remaining 71 automorphisms
we find that 10 can be implemented in length 3 (Table A1), 41 in length 4 (Tables A2-A3),
and 20 in length 5 (Table A4). The ISG of the effective code at the reference timestamps
is ISGo = S(CC) = (V(Z125), P.(X1X3), P.(Z1)), where ¢ = r, g,b. These sequences were
obtained by exhaustive search over all sequences of a given length and explicitly applying
egs. (33) and (34).

No Automorphism () t
" pbx) | p(rz) | p(rx) | @(bz) 0 1 2 3
1 bz rx rz bx | V(Z12) gg g;g gg g;; V(Z125)
2 rz bx bz rx V(Z1Z5) g;g((;; g:g;;; V(Z122)
3 gz rx rz gx V(Z1%23) g;gg; gig%; V(Z1Z5)
4 bx gy by gx V(Z12,) g;ggg 5;)822)) V(Z12)
5 bx rz bz rx V(Z125) g;gé% 57;8(/12)) V(Z1%27)
6 gy rz gz ry V(Z12) g;((gg)) ]EEZE}};S V(Z12)
T ry | gx | x| gy | V(ZiZ) 558?2)) gzg(;g V(212,)
8 gz by gy bz V(Z12Z3) g;gg; g:((;g)) V(Z12Z5)
9 bz gx gz bx V(Z125) EZE§;; 528;3 V(Z1Z5)
10 rz bx X bz V(Z1Z5) 5;"8;12)) gzgg; V(Z127)

Table Al: All length 3 automorphisms. The anyons listed are those of the effective color code CC.
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Table A2: All length 4 automorphisms. The anyons listed are those of the effective color code CC.
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Table A3: All length 4 automorphisms (continued). The anyons listed are those of the effective color

code CC.
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Table A4: All length 5 automorphisms.The anyons listed are those of the effective color code CC.
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B Lattice realization of ., for dynamic automorphism color code with

Pauli boundaries

Below, we show an explicit measurement sequence in both the bulk and boundary which
realizes the ;) automorphism (in the main text we presented the sequence for the ((;pg)

automorphism; together, these form the generators of the full automorphism group).

boundary meas.

boundary ISG

bulk
t meas. < % bulk ISG e v =
. . i, * X1 X, VX, XY XiYa 4 7 g
® V(X X, *V(X,Y; A N ° p .. . .
0 | v(zize) MO0 " ik =l e & NN AL
XX xx|  [xx
X, XiYs XiYs A 7,
1 E}?(Xl) * V(Xy), U o & - & = '\\\.¢ i& \ﬂ -
V(Xo) i)w X, Vi Vi Z 7
E.(X % A s
( 2) \h Z, X Z [ & i&. Zg‘ ‘é
X, X, X\Zy X1Zy 7
5 F(/(Zl) ':‘0 ., i Z b —?):4— -Q.- :\3( i&. K
EI:(Z2) i X Z X X ;\’ .ZIX? 'ZloX ’ 2
=2 AN &
P ;\1 ;XIZQ .X122 7 2
3 E(X) v, S o8 K ‘& & Vi £
V(Xs) 0— ) > )A\'-z ZXy 71X, Zy Zs
F(/(XQ) & 7Z X % < &' i& ij $
X X, X1Zy X1Z 7,
- - rN
EW(Z) Wi O @ @ = NN 4
! Ef X, X, 71X Xy Zy
E;.(ZQ) \“ X; X, 7 .&Aﬁ: _‘:;&4- :\& N ZI
. X XiZs XiZs 7z
E,r X _\ \‘,/ Z X, Z A R > .
5 . VX D/\‘m" X. :& ZiX :S; Z f‘ Vé
Eb(XQ) V(Xy) S ) . ; -\’_:A;- Xy 21Xy 9 Zs

Table A5: Summary of the measurement sequence for ¢ (., corresponding to the lattice termination
same as shown in the main text and measurements corresponding to the condensations in Table 7.
The first four columns show bulk and boundary measurements. The bulk ISG plaquettes are shown
as plaquettes of respective colors with the Pauli flavor of the plaquette denoted inside. The boundary
plaquettes are shown schematically where the qubits in the support of the boundary plaquette stabilizer
are marked by black dots. The Pauli flavors on these plaquettes are indicated where necessary (if it is
indicated only once, it applies to all qubits with black dots).
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C Dynamic automorphism color code with color boundaries

The DA color code on a color boundary triangle can be worked out similarly to the Pauli
triangle. For example, Fig. A1 (a,b) shows how such a triangle is unfolded into a toric code
with a trivial domain wall. That is, in round one, the domain wall connecting TC(rx;) to
TC(rxy) along the glued boundary is the trivial isomorphism. This should be contrasted
with the Pauli triangle case where the toric codes are glued by an e — m permuting iso-
morphism. Panel (c) shows the logical strings on a color triangle, which correspond to
trivalent junctions of a given Pauli flavor, and each branch of a given color terminates on
a boundary of the same color.

The bulk sequences generating the permutation group of Paulis (xz) and (xyz) are
shown in Table A6. These sequences respect the color boundaries and, if properly imple-
mented in the presence of boundaries, they will generate the single-qubit Clifford group
for the logical qubit on such a triangle.

The condensation sequence in the presence of a boundary can be worked out as pre-

scribed in Sec. 5.1.

t
Gate/Aut 5 i 5 3 1 3
E(X1) | Ey(Y; - -
H~ @iz | V(Z122) EbEXig EZEYig V(Z122) | _ _
N E.(V1) | Ey(Z1) | Eo(X1) | Er(V1)
M~ G | VOR) | (x| BY) | Bi(xy) | B, | V27

Table A6: The bulk measurement sequences for the two generators of the S3 subgroup of Pauli per-
mutations of the color code bosons for the color triangle DA color code. These sequences generate the
Clifford group on one qubit.
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rz; by rZy
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Figure Al: Unfolding the color code triangle with color boundaries into a pair of toric codes with a
color domain wall shown with boundary condensations in (a) double toric code and (b) color code
notation. Each colored boundary corresponds to condensing all bosons of the corresponding color (a
row in the magic square). (c) The logical operator strings of the color boundary triangle and our
convention for the logical Pauli operators. We display the trivalent junction as, for example an rx and a
bx logical strings that overlap and become a gx string before meeting the green boundary; similar logic
applies to the other strings. (d) A sequence of anyon condensations from the parent bilayer color code
that implements ¢4,y automorphism in a DA color code on a triangle. Specifically, the condensations
in the bulk correspond to the (4, protocol, and the boundary condensations are chosen such that
conservation of logical information is ensured. At ¢ = 0, we start in an effective color code with rz;rz,
and gz;gz, condensations in the bulk and appropriate condensations at the boundary that give color
boundaries of the effective color code. Between rounds 1 and 2, the top row shows the triangle picture
with boundary condensations worked out as described in Sec. 5.1, such that each transition preserves
logical information and the shape of the logical strings is not affected. The bottom row at these rounds
shows the respective unfolded picture. At each step, this corresponds to a toric code with an color
domain wall at each round. The other generating sequence for a single triangle, corresponding to the
©(xz) automorphism, as well as the double triangle sequence can be worked out analogously.
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D Bulk detectors for padded sequences on Pauli triangles

Below, we provide detectors for measurement sequences in the bulk (preceded and con-
cluded by the padding sequences), which become further constrained when Pauli bound-
aries are considered. The bulk detectors alone do not furnish a full basis of detectors as
we also have to consider boundary detectors, which we discuss in the next Appendix.

detectors
Py (X1 X5) Py(Z,Z5) P.(Z,Zy) P.(X1X5)

A

Z\Zl

&
%

© 0~ oo w o
=
=
I

=
=

45
R

10 £y(Z1) E.
11 E.(Xy) By
12 V(Z12,

®
®

b 4
{| Z\Z-_,]-] |‘[ 7,7, P

Figure A2: Bulk error correction for the padding sequence for the Pauli triangle DA color code. Detectors
for the periodic sequence where each period corresponds to the ¢ ;1) automorphism. Repeated twice,
this sequence is inserted between each pair of consequent gates in a computation, serving as a padding
sequence. The same sequence repeated an odd number of times gives one of the two generating gates
on a Pauli triangle, corresponding to ¢(.1,). Each colored region represents a class of detectors, each
having a plaquette of respective color in its support that can belong to one of the layers or both layers.
The white boxes show the times when the plaquettes in the support of the detector in respective layers
are inferred. The red crosses mark the rounds where the measurements in either of the layers randomize
the values of the plaquettes forming the detector and are shown only where it helps explain the shape
of the support of the detector.
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detectors

t meas. . ) : .
P,(Z,)Py(Z:) Py(X1) P)(X,) P,(X,1X2) P,(Z,Zy Py(Z) Py(X1Xa) Py (Z,Z,) P(7)) P(Zy) P.(Z,7,) P(X1X))
V(2,2,)
Ey(X1) E(X5) 3
Ly(Zy) Ey(Zs) Z ]
E,(X1) E,(Xa)

0

1

2

3

4 E(2) E(2)
5 E(X1) Ey(Xy)
6
7
8
9

%

V(2,2,)
E.(X1) Ey(X2)
Ey(Zy) Ey(Zs)
Ey(X1) E.(X2)

10 V(Z12)
11 Eu(X1) B (Xs)
12 Ey(Z1) Ey(Z»)

% [
E
x5 [ %[

13 Er(X1) E,(X2)
14 Eo(Z1) En(Z2) ®
15 B (X0) Ey(Xa)

16 V(ZZ)

Figure A3: Bulk error correction for the padding sequence for the Pauli triangle DA color code. Detectors
for the corresponding to the padded M (¢ (;vg)) automorphism. The padding is chosen to be M (¢ (gp))-
The detectors that extend past the sequence are started or completed within another adjacent padding
sequence.
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E Boundary detectors for padded sequences on Pauli triangles

Here, we show the boundary detectors for the two measurement sequences of the DA
color code on a triangle with Pauli boundaries (preceded and concluded by the padding
sequences). Together with the bulk detectors, these constitute the candidate set for the
full basis of detectors.

t

11 Er(X1) Ep(X2)
10 Ey(Z1) E.(Zs)
9 E.(X1) E,(X2)
8 E,(Z1) Ey(Z)
7 Ey(X1) E(X2)
6 V(Zi2)

5 (X)) Ey(Xz)
4 Ey(Z)) E.(Z)
3 E(X1) Ey(Xa)
2 B,(Z)) Ey(Zs)
1 Ey(X1) E(X3)

0 V(Z2Z)

Figure A4: Y-boundary detectors for the padding sequence ¢ (.1, for the Pauli triangle DA color code.
The figure shows three detectors, one for each color of boundary plaquettes. In each box, the measure-
ments at each round are summarized in the left picture and the measurements comprising the detectors
are shown by the edges and vertices highlighted in purple in the right picture. The hollow circles are
used to demarcate its spacetime support. Specifically, the timelike edge E; 1 at a given qubit belongs
to the support of the detector if its end at £ + 1 has a hollow circle. The instantaneous flavor of the
detector (i.e. its flavor on given qubits at a given time) is shown near respective qubits.
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padded sequence RY; 1 RY;2

bulk meas. t t
EA(Xy) Ey(Xa) 15 15
Ey(Z1) E.(Z) 14 14
(@=®)
2, (2 13 13
P(ev) E(X)) E,(X2) )% @
2 ﬁ?
E(21) Ey(Z) 12 12 H @4x:
2
®
Ey(X1) E.(X2) 11 11 fﬁzl)ﬁ
V(21 Zy) 10 10 OO OY1X2
J) ® Cé)% YiX,
Ey(X1) En(X2) 9 ? 9 (ﬁ
X, Xz
E(%) Ey(Zs) 8 \f X 8 OZ‘X"’
P(rbg) %X
X1Z, X 2
E.(X1) E,(X2) 7 [ 7 X, Gy @ %X
V(%12,) 6 QOO ® XiYs 6
X1
E.(X1) Ey(X2) 5 f 5
0O ® Xz
Y B(Z) B2 + @ %O 4
O X1Z,
E.(X)) E,(X2) 3 O ®) @ 3
P(xp) Xigy @)Xz
E,(21) Ey(Z 2 X Zy 2
/(Z1) En(Z2) X, ‘\%ﬁ
1 Ey(X1) E.(Xs) 1 / - 1
0 V(Z,Z,) 0 0

Figure A5: Y-boundary detectors for the padded sequence ¢ ;1) for the Pauli triangle DA color code.
The figure shows two detectors for the red-colored boundary plaquettes. The detectors for the blue
plaquettes can be found in the main text, Fig. 25, and for the green ones are shown in the next figure.
In each box, the measurements at each round are summarized in the left picture and the measurements
comprising the detectors are shown by the edges and vertices highlighted in purple in the right picture.
The hollow circles are used to demarcate its spacetime support. Specifically, the timelike edge E} ;41
at a given qubit belongs to the support of the detector if its end at ¢ + 1 has a hollow circle. The
instantaneous flavor of the detector (i.e. its flavor on given qubits at a given time) is shown near
respective qubits.
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P(rb)

P(rbg)

P(xb)

padded sequence
bulk meas.

E (X)) By(X2)
Ef(Z1) En(Zs)
E (X)) E,(X2)
Ey(Z) Ey(Z)
Ey(X1) E.(Xa)
V(Z12,)
Ey(X1) E.(X2)
Ey(Z)) Ey(2)

Bi(X)) By(X2)

V(Z12s)

E(X)) Ey(Xa)
EZ) EA(Z)
E(X)) E,(X2)
E(2)) Ey(Z)
Ey(X)) E(Xa)

V(2:12,)

Figure A6: Y-boundary detectors supported on the green plaquettes for the padded sequence ¢y for

the Pauli triangle DA color code. See Fig. A5 for the rest of the caption.
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F 3D generalization of the honeycomb code

In this Appendix, we use the set of reversible condensation transitions from Sec. 6.2 to
generalize the honeycomb code to three dimensions. In this generalization, we require that
instantaneous topological codes are versions of a 3D toric code. All the toric codes are
child codes of the same parent color code appearing in Table. 11.

In our generalization, there are four toric codes, TC® with ¢ = {r,g,b,y}, that are
obtained by condensing fluxes only. The condensation graph, shown in Fig. A7, has a shape
of a tetrahedron with TC® at its corners. Each closed cycle corresponds to a sequence of
reversible condensations that implements the trivial automorphism.

b 16— T e ., T
Q = P e o~ 4~ ~
v S NP
» T / \ fics had
3
—>Ek) - T, s _.\‘T
—E Ty < -6 TQ; . e G
- \ 4 \
[0 : AN '
IR NEY ¢ '«e— T — > TC°
e ) s -
-—->uR A RECe
.
&3 / \
T <= TP T,

Figure A7: The space of condensation paths for a three-dimensional generalization of the honeycomb
code, whose instantaneous stabilizer groups can be considered as vertices of a tetrahedron. In particular,
these instantaneous stabilizer groups were defined in Sec. 6.2, and are all different realizations of the
3D toric code that can be obtained by condensation from a parent 3D color code. Panel (a) shows the
red and yellow (bottom and back) faces of the tetrahedron and panel (b) shows the green and blue
(left and right) faces. The solid lines correspond to E.(X)-type measurements, and the dashed lines
to E.(Z) ones. (c) Planar representation of the tetrahedron. Technically, each arrow corresponds to
a reversible measurement path, in which case the direction of the arrow shows the directions which
have to be followed to construct weight-2 measurement sequences only. If one wishes to use reverse
directions, in some cases those would require performing plaquette stabilizer measurements.
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Figure A8: (a) Length-9 and (b) length-12 measurement sequences defining different realizations of
the 3D honeycomb code protocol. In both sequences, it takes 6 rounds to generate the full topological
stabilizer group.
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G Alternative sequence for the 3D dynamic automorphism color code
with trivial automorphism

In this Appendix we present a measurement sequence which infers all stabilizers of the
effective 3D color code. This measurement schedule consists of four sets of six measure-
ments with a total measurement period of 24. It uses only two kinds of the toric code
unfoldings and realizes a trivial automorphism using two-body measurements only while
assembling a full effective color code ISG. The relevant part of the condensation graph
takes the following form,

Eey (X1) Eet (Z1)
Ee,(X2) Ey (Z2)
— E(Xs) _ _ _ By (Zs) o v v
CC—— TCORTCE2RTCS ——— TCC,1 X TC’C,2 2K TOC53 3
T \/ T \—/ ~
V(71 75) V(Z122),V(Z223) Eey (X1) EC,I(Zl),PCIC,1 (X1)
V(Z275) | 1 §C2g2) Eey (X1) | Bt (Z2).P——(X2)
| | Bes 3) Ecy(X2) | B, (Z3),P—(X3)
| | Eey(Xs) "
cc? cc? ccs

(A1)
We see that the horizontal arrows are conjugate measurements, and the path of measure-
ments which we take simply traverses back and forth. Each of the six-step measurement
sequences will infer one of the four volume stabilizers of the effective color code. The
remaining plaquette stabilizers are measured more frequently.

Each of the four six-step measurement sequences look very similar and measures many
of the same plaquette operators; each set of six measurements are the same as the previous
six measurements along with a cyclic permutation of colors -+ —-r g >y —>b—>r —
-+, The key difference between each set of six measurements is that each one measures a
new type of volume stabilizer, and since there are four types of volume stabilizers in the
effective color code, our schedule has four sets of six measurements.

The full six step sequence from CC to CC takes the form

E(X1) _ (Z1) _ E(Xy) _ Bz _ BE(Xy) _

EJX2)  TCT  E(Z) TC! E(X2)  TCN E(Z)  porb E(X)  TCT V(Z4iZ)
mn DX 7 B2 o LX) 7 B2 b E(X) 7 V(2:Z)
cC—— T¢Y —— 10 —— T TCT ——— TCY ———

TC TC/” TC TCl TC
(A2)

Note we have abused notation and left out the S(x) for each instantaneous stabilizer
group. Denote the sequence of measurements within layer (1) by

(1)
Cryror  Er(X1) Ey(Z1) Er(X1) Ey(Z1) Er(X1)

(A3)

So that the entire sequence of measurements appearing in Eq. (A2) can be succinctly
summarized as,

M wmc?  ®o)
ryrbr bgr Yyrygy V7129,V Zo2Z
S(CC) Yy gobgrg 142 243

S(TCT K TCI K TCY) S(CC). (A4)

Accepted in {Yuantum 2024-08-02, click title to verify. Published under CC-BY 4.0. 98

CC.



We use the X to denote the tensor product of measurement circuits.
With this notation at hand we can describe the full 24 step measurement schedule,

1) (2) (3)
V(Z1Z2),V (Z22Z3) C’r rbrlECgbgrng ryg

S(CQC)

S(TC" R TCY K TCY)
TV(ZlZQ),V(ZQZ{;)

L o) me, mo) S
S(cc) —2 S(TC7 R TC” K TCY)
T V(Z122),V(Z2Z3)

L oo Ee,
S(CC) S(TC'KTC’KTC")
TV(2122)1V(Z2Z3)

V(Z122),V(Z2Z3)

L - C}Eii bgcr(?)rb'r&cf(/il”‘f/ b r g
S(CC) ' ®orsy S(TCP K TCT K TCY)

(A5)
The same pattern of single-layer measurements appears multiple times, only with layer
indices changing. In Tables A7,A8 we compute the first 24 ISGs in this measurement
protocol and show all stabilizers are measured.
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Time | Measurement | ISG plaquettes ISG volumes
1 E,(Xl)
E9<X2)
(X3)
2 (Z1) Pr(X1)
EoZ) | P5(Xa)
E,(Z3) P (X3)
3 E.(X1) P=(Z1)
Ey(X2) P(Z2)
(X3) Pr(Z3)
4 BZ) | P5(X0), Po(Z1)
E(Z2) Prg(X2), Py(Z2)
Ly (Z3) Pr(Xs), Pry(Z3)
5 Er(Xy) P(Z1), Pr(Z1)
Ey(X2) Prg(Z2), P3(Z2)
(X3) Py7(Zs), Pry(Z3)
6 V(Z125) Pr3(Z41), P(Z1), Pr(Z1) Kp(X1X2X3)
V(Z2Z3) PgT(Zl)7 Py(Zy)
7 Ey(X1) Prg(Z1), Pig(21), Pgr(Z1) Ky(X1X2X3)
(X2) Pri(Z2), Py(Z2), Py (Z223)
Ey(X3) Py(Z3), Py(Z3)
8 Ey(Z1) Py(X1), Prg(Z1), Pgp(Z1) | Ky(X2X3)
Er(Z2) Pry(X2), Pyy(Z2), Py (Z223)
Ey(Zs) Py(X3), Py(Z3)
9 Eg(X1) P(Z1), Prg(Z1), Py(Z1) Ky(X2X3)
(X2) Pry(Z2), Pyy(Z2), Py (Z2Z3)
Ly (X3) P(Zs), Py(Zs)
10 E(Z1) P@(Xl), PgT(Zl)7 PT(ZI) Kp(X2X3)
Ey(Z2) Py7(X2), P(Z2), Py(Z2)
(Z3) Pr(X3), P(Z3), Py(Z3)
11 Ey(X1) | Prg(Z1), Py(Z1), Py(Z1) | Ky(X2X3)
(X2) Py(Z2), Pry(Z2), Py (Z2)
Ey(X3) Py(Zs), Poy(Z3), Pp(Z3)
12 V(Z122) | Po(21), P5(Z1), P=(Z1) | K, (X1X2X3)
V(Z223) | Py(Z1), Pyr(Z1) K (X1 X2X3)
P(Z1)

Table A7: The ISG for the first cycle of measurements for the first 12 rounds of the 24-round 3D DA
color code protocol (see next table for the rest of the protocol). We only include stabilizers that are not
generated by the most recent measurements. We guide the eye by choosing bases that are localized to
their respective layer. This isn't always possible, such as in steps 7, 8, and 9 where P—(Z>Z3) appears.
Similarly, we separate the plaquette stabilizers and the volume stabilizers in the middle column and
rightmost column respectively. To guide the eye, we separate the measurement steps with a horizontal
line and enumerate the measurement step on the left. There are four blocks of measurements in the
circuit, (1-6), (7-12), (13-18), and (19-24). Each block determines one new volume stabilizer. The full
set of plaquette stabilizers is inferred by step 12. One can check that each stabilizer is inferred at least
once per measurement period.
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Table A8: The ISG for the first cycle of measurements for the rounds 13 through 24 of the 24-round

3D DA color code protocol.
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