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1 Introduction

Gauge-theory scattering amplitudes at tree and loop level may be represented in a gauge-
invariant way in terms of color-ordered (or partial) amplitudes [1, 2]. The color-ordered
amplitudes for a particular process are not independent but satisfy a number of constraints.
Some of these constraints are a consequence of color-kinematic duality [3, 4], a property



possessed by the amplitudes of a wide class of gauge theories, whose most notable consequence
is the gauge-gravity correspondence (see ref. [5] for a comprehensive review). Color-kinematic
duality implies the existence of the Bern-Carrasco-Johansson relations of tree-level ampli-
tudes [3] which were proven in refs. [6-9].

There are, however, other constraints on color-ordered amplitudes that are more basic
because they follow directly from group theory, such as the Kleiss-Kuijf relations among
tree-level n-point amplitudes [10, 11], the Bern-Kosower relations among one-loop SU(N)
n-point amplitudes [11, 12], and a two-loop relation that holds for four-point SU(N) color-
ordered amplitudes [13]. These group-theory relations for four-point SU(NN) amplitudes were
generalized to all loop orders by one of the current authors using an iterative procedure [14].
This iterative technique was subsequently used by Edison and one of the current authors to
derive all-loop-order relations for five-point SU(NN) amplitudes [15] and for six-point SU(N)
amplitudes [16]. These results have been used in refs. [17-29]. Other work on loop-level
relations among n-point amplitudes includes refs. [30-32].

The primary focus of this paper is to derive all-loop-order group-theory constraints for
four-point amplitudes of fields in the adjoint representation of the classical groups SO(N) and
Sp(V), while also confirming the results of ref. [14] for SU(N). While SU(N) is obviously most
phenomenologically relevant in the standard model context, SO(N) and Sp(/N) could become
relevant for theories beyond the standard model, e.g. grand unified theories. In previous
work, Huang [33, 34] generalized the iterative procedure of ref. [14] to obtain group-theory
constraints for four- and five-point amplitudes of SO(N) and Sp(N) up to four loops, but did
not uncover any patterns that could generalize to an arbitrary number of loops.

In this paper, we develop a refined version of the iterative approach that allows us
obtain the all-loop structure of the space of color factors for all of the classical groups:
SU(N), SO(N), and Sp(N). Not surprisingly, for SU(N) we rederive the four group-theory
constraints for L-loop amplitudes (for L > 2) obtained in ref. [14]. For SO(N) and Sp(NV),
we uncover a substantially more intricate structure that implies the existence of seventeen
group-theory constraints for L-loop amplitudes (for L > 5). (See tables 1 and 2 for the
number of constraints for all values of L.)

Obtaining group-theory constraints for color-ordered amplitudes boils down to a problem
in linear algebra. One begins with the amplitude (at some loop order L) expressed in a
basis of color factors [11, 35]

AB) =5 P ) (1.1)

(L)

where a,”” carries the momentum and polarization dependence of the amplitude, and the

color factors Ci(L) are obtained by sewing together group-theory factors from all the vertices
of the contributing Feynman diagrams. In a theory that contains only fields in the adjoint
representation of the gauge group, such as pure or supersymmetric Yang-Mills theory, each
cubic vertex contributes a factor of the structure constants ¢ of the gauge group G, whereas
each quartic vertex contributes a sum of products of ¢, each of which are equivalent (from
a purely color perspective) to a pair of cubic vertices sewn along one leg. Hence a complete

set of color factors {C}L)} may be constructed from L-loop diagrams with cubic vertices



only. The color factors constructed from the set of all cubic diagrams are generally not
independent but are related by Jacobi relations. We denote the number of independent color
factors (i.e., the dimension of the space of color factors) as nelor. An independent basis of
color factors for tree-level and one-loop n-point amplitudes was described in refs. [11, 35].
One of our goals is obtain an independent basis of color factors for four-point amplitudes
at any loop order for SU(N), SO(N), and Sp(V).

One may alternatively decompose the amplitude in a trace basis [1, 2]

AE) =3 AP (1.2)
A

whose coeflicients are gauge-invariant color-ordered amplitudes Ag\L) and the basis {tgL)}
consists of single and (at loop level) multiple traces of gauge group generators 7' in the defining
representation of the gauge group GG. The explicit form and dimensionality n¢race Of this
(extended) trace basis depends on the gauge group. For G = SU(N), one has nirace = 3L + 3
while for G = SO(N) or Sp(N), one has ngace = 6L + 3. The dimension of the trace basis is
always larger than that of the independent color basis (nirace > Ncolor) SO there is redundancy
among the color-ordered amplitudes, expressed below as group-theory relations (1.8).

The color (1.1) and trace (1.2) decompositions are related by writing the structure
constants as

fabe = Te(T?, [T, T)) (1.3)

and then using group-dependent identities satisfied by the generators (see section 2) to express

each color factor C(L)

. as a linear combination of trace factors

o =3 P (1.4)
A

Since Ngrace > Neolor, the linear combinations given by eq. (1.4) span a proper subspace
(which we will refer to as the color space) of the extended trace space. Consequently, the
transformation matrix MZ-()]\: ) possesses a set of independent null eigenvectors

ZMi(AL)TE\frZ =0, m=1,--+ Nyun (1.5)
A

whose number n,,; is the difference between the dimensions of the trace space and the color
space. The null vectors, defined by Tﬁ,{j ) = > r&ﬁzt&m, are orthogonal to the color factors

) with respect to the inner product

(5 65y = 530 (1.6)

and hence span the orthogonal complement of the color space; we refer to this as the null space.
One combines eq. (1.4) with egs. (1.1) and (1.2) to express the color-ordered amplitudes as

L L)+ (L
PGS SRSV (1)

)
%



number of loops |0 1 2 3 4 5 6| L>2
Neolor 2 3 5 8 11 14 17|3L-1
Ntrace 3 6 9 12 15 18 21 |3L+3
Npull 1 3 4 4 4 4 4 4

Table 1. Dimensions of color, trace, and null spaces for SU(N) amplitudes.

number of loops |0 1 2 3 4 5 6| L>5

Neolor 2 3 5 8 11 16 22| 6L—14
Ntrace 3 9 15 21 27 33 39| 6L+3
Nnull 1 6 10 13 16 17 17 17

Table 2. Dimensions of color, trace, and null spaces for SO(N) and Sp(N) amplitudes.

Applying eq. (1.5) to eq. (1.7) implies the set of constraints

ZAS\L)Tg\ng _ 07 m = ]_’ ce L Mpull (18)
A

which we refer to as group-theory relations. Hence, specifying the null space is equivalent to
specifying the complete set of group-theory relations satisfied by the color-ordered amplitudes.

The iterative approach taken in this paper involves attaching a rung across any pair of
external legs of an arbitrary L-loop color factor. We make the assumption that doing this to
all diagrams spanning the space of L-loop color factors generates the space of (L + 1)-loop
color factors, an assumption borne out in practice. Starting with the tree-level color space,
we explicitly construct a set of color factors spanning the color space at each loop order for
SU(N), SO(N), and Sp(N). In tables 1 and 2, we list the dimensions of these color spaces,
together with the dimensions of trace and null spaces, where nyu1 = Ntrace — Meolor- Lhe
dimensions in table 1 confirm the results of ref. [14] for four-point SU(NN) amplitudes at all
loop orders. The dimensions in table 2 are in agreement with ref. [33] for four-point SO(N)
and Sp(N) amplitudes for 0 < L < 4. Ref. [33] did not go beyond four loops.

Since the complete set of color factors at a given loop order is invariant under permutation
of the external legs, the color space forms a representation of Sy, which can be decomposed
into irreducible representations of one and two dimensions, denoted in this paper by u and
x respectively. The trace and null spaces also decompose into u- and z-type irreducible
representations. For SU(N), there are generically (for L > 2) four null vectors, two of u-type
and two of z-type, for which we determine the explicit forms. For SO(N) and Sp(XV), there
are generically (for L > 5) seventeen null vectors, seven of u-type and ten of x-type. We
determine (for arbitrary L) the explicit forms of the ten z-type null vectors in this paper,
leaving the seven u-type null vectors to future work.

This paper is structured as follows. In section 2 we review the color and trace spaces
for L-loop four-point amplitudes through two loops, decomposing them into irreducible
representations of Sy. In section 3 we review and refine the iterative procedure for generating
the (L + 1)-loop color space from the L-loop color space. In section 4 we employ this refined
iterative procedure to generate the L-loop color space for SU(N). In section 5 after defining
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Figure 1. Tree-level, one-loop, and two-loop four-point color factors.

an inner product on the trace space, we determine the L-loop null space for SU(N), the
orthogonal complement of the L-loop color space with respect to this inner product. In
section 6 we generate the L-loop color space for SO(NN), and in section 7 we obtain the
complete set of z-type null vectors for SO(IV). Section 8 briefly explains how the results from
Sp(N) are related to those of SO(N). Section 9 concludes the paper, and some technical
details are relegated to two appendices.

2 Trace and color spaces

In this section, we describe in some detail the trace and color spaces associated with color
factors for SU(N), SO(N), and Sp(NV) four-point amplitudes through two loops. This will
set the stage for the subsequent discussion of all-loop color factors in the remainder of the
paper. First, we describe the decomposition of L-loop color factors into the trace basis for
each group. The span of these color factors gives the L-loop color space. We then break these
color spaces into irreducible representations of Sy, the permutation group of the external legs
of the amplitude, which allows for the most efficient representation of these spaces.

2.1 Trace basis decomposition of low-loop color factors

Color factors for amplitudes of fields in the adjoint representation are constructed by con-
tracting structure constants ¢ of the associated group. For example, for the four-point
diagrams shown in figure 1, the s-channel tree-level color factor is given by

iy = foroee famae, (2.1)
the one-loop box color factor is
C§§?§4 _ fealbfbachcagdfda4e ’ (22)

and the two-loop planar and nonplanar color factors are

2P ~ ~ ¢ fe 7d ~ iH r
C](E ) — fea b ]lba& f Qd 7( f(i f9a3h ’ Pl (2.3)
2N1 ea1b fbasc ng € rga. da. 2

The decomposition of these color factors into the trace basis is accomplished by rewriting
the structure constants in terms of generators T® in the defining representation using

]E'zzbc — TI‘(Ta, [Tb, TC]) 7 [Ta’ Tb] — fabcTc, Tr(TaTb) — 6ab . (25)



By repeatedly using trace identities specific to each gauge group (as described below),
one can reduce all color factors to a linear combination of traces and products of traces of
generators. In particular, four-point color factors may be written in terms of a six-dimensional
basis 77 of single and double traces of generators

6
C=> CynTy. (2.6)
A=1

For SU(N), we will use the following basis!
g
Ty = Te(TT2T*T) + Te(TTT*T?), Ty = 2Te(TT*) Te(T*T),
Ty = Te(TUTSTUT?) + Tr(TYT*2TT®), T5) = 2 Te(TYT) Te(T*T*),
T3 = Te(TUTUT?T) + Tr(TUT*3T2TY), Tig) = 2 Te(TT?) Te(T*T™) . (2.7)

For SO(N) and Sp(N), the trace of a product B of generators is equal (up to a possible
sign) to the trace of the generators written in reverse order BF

Tr(BR) = (—1)"8 Tr(B) for SO(N) and Sp(V) (2.8)

where np denotes the number of factors in B, using eqgs. (A.9) and (A.14) in appendix A.
This implies that for SO(N) and Sp(N), the trace basis (2.7) simplifies to?

Ty = 2 Te(TM T TT™), Ty =2 Te(T*T%) Te(T*T)
Tpp) = 2 Te(T" T*TT™2), Tig) = 2Te(T9T*) Te(T*2T*),,
Tig = 2 Te(TUT™T®2T7%) Tig) = 2 Te(TT%) Te(T=T4) . (2.9)

Note that Tr(7T%) = 0 for all the groups considered, so that there are no other terms in
the four-point trace basis.

We now describe the process of decomposing the color factors shown in figure 1 into
the trace basis (2.7) for SU(N) and (2.9) for SO(N) and Sp(N). For all groups G, the
tree-level color factor (2.1) reduces to

Ofoha = Tr(T% [T, T fo54 = Te(T [T, [0, T])) = Ty = Ty (2.10)
where we have used eq. (2.5). Similarly, the one-loop color factor (2.2) becomes
Clhy = (T8, [T, TP foze feosd filose — Te(Te, [T, (7%, [T, [T, T9))  (2.11)

where we are left with a contraction over T°. The remainder of the calculation depends on
the group G. For SU(N), one uses the identities (A.5) valid for generators in the defining
representation

Tr(AT®) Te(BT") = Tr(AB) — %Tr(A) Te(B),

Tr(AT"BT?) = Tr(A) Te(B) — %Tr(AB) (2.12)

'We are following the convention of ref. [16] rather than that of ref. [14]. By including factors of two in the
double-trace terms, this basis generalizes more naturally to the trace basis for higher-point amplitudes [16].
2We retain the factors of 2 for consistency with eq. (2.7), but they may easily be removed.



where A and B are arbitrary products of generators. Then eq. (2.11) yields
1
C£22.)4 = NTjy + Ty + i) + Tjg) for SU(N). (2.13)
For SO(N) and Sp(XN), one uses instead the identities (A.10) and (A.15)

Tr(AT“)Tr(BT“)—;[Tr(AB) (~1)" Tx(ABR)|

Te(AT*BT®) = %[TT(A) Te(B) F (~1)" TH(AB")] (2.14)
in which case eq. (2.11) reduces to
1 1
Cisya = 5 (N F 0Ty F (Tiy + Tig)) + 5 (T + Ty + T ) for SO(N) and Sp(NV). (2.15)

The two-loop color factors (2.3) and (2.4) may be similarly reduced to the six-dimensional
trace basis in this way.

It is convenient to represent a color factor in the trace basis (2.6) as a six-dimensional
row vector

C=(C Ca> Cpa Cg» Clsl> Clol) - (2.16)
Thus for SU(N), the tree-level, one-loop, and two-loop color factors are represented as

1234— (1, =1, 0;0,0,0),
1234— (N, 0,0; 1, 1, 1),
(

2P
CE) — (N?+2, 2, —4; 0, 0, 3N),
Ciomi) = (2,2, —4; =N, — N, 2N). (2.17)

For SO(N), the tree-level, one-loop, and two-loop color factors are represented as
Cfgéél = (1? - 17 07 07 07 0) 3
ng’A:*(N*Zlv *27 *2; 1a 1a 1)7

1
2
1
c2h) = J(N? TN 16, —3N +12, —12 2, 2, 3N~ 10),

1
Clan = (N +8 —N+8 2N—16; —N+4, —N+4, 2N —8). (2.18)
For Sp(NV), the tree-level, one-loop, and two-loop color factors are represented as

Clha = (1, =1,0; 0,0, 0),
o 1

1234 — §(N+47 27 27 17 17 1)7
c2P) _ Lo ,

1234 = *(N + 7N +16, 3N +12, —12; -2, —2, 3N +10),

Cfiéﬁp)_4(N+8, N+8 —2N—16; —N—4, —N—4, 2N +8). (2.19)

We will use these results to decompose the color spaces into irreducible representa-
tions of Sy.



2.2 Trace space and color space

As one can see from the low-loop examples (2.17)—(2.19) in the previous subsection, in an
L-loop color factor of the form (2.16), the first three terms Cls Clg), and Cj3) are polynomials
in N of maximal degree L and the second three terms Clyj, C5], and Clg) are polynomials in
N of maximal degree L — 1. Furthermore, for SU(N), CYyj, Clg), and C3) are polynomials of
even/odd degree depending on whether L is even/odd, and vice versa for Cyj, Cj5], and Clg).

Color factors can be regarded as belonging to a vector space V)| which we call the
L-loop trace space, consisting of all such polynomials. Of course, an L' degree polynomial
may be regarded as an element of an (L + 1)-dimensional vector space, whose components are
given by the coefficients of the polynomial.® Thus the dimension of the L-loop trace space is

. {3L +3  for SU(N),

(2.20)
6L +3 for SO(N) and Sp(N).

In ref. [14], we defined an explicit basis for the trace space of SU(N), called the extended
trace basis tg\L), whose elements were of the form N"Tjy. Similarly, an extended trace basis
for SO(N) and Sp(NN) was defined in ref. [33]. In this paper, it is more convenient to express
color factors in polynomial form.

The set of all L-loop color factors, formed from all possible cubic diagrams, spans a
proper subspace of V). We call this subspace the L-loop color space. In the color space
we must include all permutations of external legs of the color factors. For example, the
tree-level color space includes not only the s-channel diagram shown in figure 1, but the
t- and u-channel diagrams obtained by permutations of the external legs. Given the trace
decomposition (2.16) of a particular cubic diagram, the trace decompositions of the same
color factor with permutations of the external legs are given by

Cia34 = (Cyy, Cpas Crgs Cragy Cls)s Crel)
Ciaa3 = (Cp2» Cups Cpgs Cps)s Cpags Ce)
Ciza2 = (Cp3), Cups Cpgs Cleps Claps Cps))
Ciz24 = (C3)» Cpa» Caps Cpgps Cps)s Cpay)
Crazz = (Cpa» C3» Caps Cps)s Crls Cpay) s
Crazz = (Cppy Crapy Cpagi Cls Crepy C) (2.21)

as may easily be seen by examining egs. (2.7) and (2.9).

2.3 Irreducible subspaces

Because the set of all possible L-loop cubic diagrams necessarily includes all permutations of
the external legs, the L-loop color space forms a (reducible) representation of Sy, the group of
permutations of the external legs. This representation can be reduced to a set of irreducible
one- and two-dimensional representations in the form of Kronecker products

[P,Q] ®u, [P,Ql @', (i=1,2) (2.22)

3If the polynomial is even or odd, the vector space has dimension [%-\



where
uw=(1,1,1), zt = (1,-1,0), 22 =(0,1,-1), (2.23)
and P and @ are polynomials in N of maximal degree L and L — 1 respectively. That is,

[P7Q] ®UE (P7P7P;Q7Q?Q)7
[P7Q] ®ﬂ?1 = (Pa_Puo;Qu_Q70)7
[P,Ql@a® =(0,P,—P;0,Q,-Q). (2.24)
The decomposition of the single- and double-trace bases into irreducible representations of
S, was described in detail in ref. [16].

An arbitrary color factor (2.16) may be decomposed into irreducible representations
of S, as follows:

1
¢ :§< [Criy + Clg + Cs), Cpay + Cls) + Crgl @

+[2C) — Clg) — Cp3), 20}y — Cfg — Cpg) @ '
+ [C[l] + C[g} — 20[3], 0[4] + 0[5} — 20[6}] & .T2) (2.25)

as is easily verified using eq. (2.23). For example, the tree-level color factor (2.1) and its
permutations are given by

9, = (1,-1,0,0,0,0) = [1,0] @ 2,
%y = (0,1,-1;0,0,0) = [1,0] ® 22,
08)23 = (71’ 0,1;0,0, 0) = [1, 0] X (*1‘1 — x2) . (2.26)

These three color factors thus span a 2-dimensional representation [1,0] ® 2% of S;. (They

are not independent due to the Jacobi identity C§8§4 + ngm + Cfi)zg = 0.) The one-loop

SU(N) color factor ngm = (N,0,0;1,1,1) decomposes into

1 2 1
01%%4:g[N,3]®U+§[N,0]®x1+§[N,0]®:c2. (2.27)

This color factor and its permutations
cD, =(0,N,0;1,1,1)
1342 — sy 4V, Uy Ly dy ;
Clids = (0,0, N31,1,1) (2.28)

span a 3-dimensional representation of Sy which reduces to a 1-dimensional representation
[N, 3] ® u and a 2-dimensional representation [N, 0] ® 2. The two-loop planar and nonplanar
SU(N) color factors (2.17) decompose into

1 1 1
Caal = g[NQ,?)N] ®u+ §[2N2 +6,-3N]@a' + g[N2 +12,—6N] @ 22,

Cia) =2, -N @' +[4,~2N] @ 2? (2.29)



so that the two-loop color space consists of the 1-dimensional representation [N2 3N] ® u
and two 2-dimensional representations [N2,0] ® z* and [2, —N] ® z*.
Summarizing our results, we see that the low-loop SU(NV) color spaces are spanned by

Tree-level: [1,0] ® z'

One-loop: [N,3]® u,
[N,0] ® z*,

Two-loop: [N%,3N] ®u,

(N2, 0] @',
2,-N]®z". (2.30)
The same procedure employed for the SO(N) color factor spaces yields
Tree-level: [1,0] ® z*,
One-loop: [N —8,3|®@u,
[N —2,0] ®z*,
Two-loop: [(N —2)(N —8),3(N —2)|®@u,
[(N - 2)23 0] ® xi y
[N -8 N — 4@ (2.31)
and for the Sp(NN) color spaces
Tree-level: [1,0] ® z*,
One-loop: [N +8,3| @ u,
[N+2,0l®z,
Two-loop: [(N +2)(N +8),3(N +2)|®u,
(N +2)%,0] @,
[N+8,N+4] @', (2.32)

These results will be useful in generating the color space for an arbitrary loop amplitude.

We observe that the dimensions of the color spaces are 2, 3, and 5 for L = 0, 1, and
2, respectively for all three groups, as reflected in tables 1 and 2. We will see below that
this equality between the groups breaks down for L > 5.

3 Iterative procedure

In this section, we review the iterative procedure introduced by one of the current authors
in ref. [14] to generate a complete set of color factors at all loop orders. We then present a
refined version of the iterative approach that takes into account the decomposition of color
spaces into irreducible representations of Sy.

,10,



The iterative approach involves attaching a rung between any two external legs of an
L-loop color factor to generate an (L + 1)-loop color factor. By considering all possible
attachments of rungs, one generates the space of color factors at (L+1) loops. The orthogonal
complement of the color space in the trace space defines the null space, i.e., the space of null
eigenvectors of the transformation matrix (1.5). Each null eigenvector then corresponds to
a group-theory constraint on the color-ordered amplitudes.

Given an L-loop color factor C%1%2%3%4 " attaching a rung between external legs 1 and
2 yields an (L + 1)-loop color factor given by

C1a2a3a4 falblcfcb2a20b1b2a3a4 (31)

with similar expressions for the color factors obtained by attachments of rungs between other
legs. To determine the effect of attaching rungs to an arbitrary color factor, we define an
iterative matrix G(ej2, €13, €14) by attaching rungs between different pairs of legs of the trace

basis T[C;\ﬁa?“?’a“ and decomposing the result in the trace basis

faibic geb b1b raibic feb. b1azb: faibic geb b b
612fa1 1Cfc 2a2T[/\1] 20304 | elgfal 1Cfc 3a3TP\1}a2 304 4 614fa1 1Cfc 4a4TP\1]a2a3 4 (3'2)

=Y Ghleiz, e, e14) T 2%
K

Thus the coefficient of ejs gives the result of attaching a rung between legs 1 and 2,
etc. (We need not consider the effect of attaching rungs between legs 2 and 3, etc., as
they are redundant.) The 6 x 6 matrix G, can be written in block diagonal form, with
the N dependence made explicit:

NA+ E B
G = 3.3
(61276137614) < C ND+F> ( )
where A through F are 3 x 3 matrices that depend on e;;. For SU(N), one finds*
e12 + e 0 0 0 €14 — €13 €12 — €13
A= 0 ez +ei3 0 ; B=lei3—eu 0 ez —eu |
0 0 e13+ e €13 — €12 €14 — €12 0
0 €12 — €14 €14 — €12 e;3 0 0
c=2 €12 — €13 0 €13 — €12 y D=2 0 €14 0 5 (34)
€14 — €13 €13 — €14 0 0 0 e

with F and F vanishing. For SO(N) (upper sign) and Sp(N) (lower sign), one finds

€12 + e14 0 0 1 0 €14 — €13 €12 — €13
A== 0 e12 + e13 0 , B= 5 | —eu 0 e12 — e | ,
0 0 €13 + ey €13 — €12 €14 — €12 0
0 €12 — €14 €14 — €12 e;3 0 0
C =2 €12 — €13 0 €13 — €12 5 D= 0 €14 0 5
€14 — €13 €13 — €14 0 0 0 e

“These matrices differ slightly from those in ref. [14] because of the factors of two multiplying the double-trace
basis elements. See footnote 1.
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2e13 — 3e12 — 3e14 €13 — €12 €13 — e14

E= i§ €14 — €12 2e14 — 3e12 — 3e13 €14 — €13 ;
€12 — €14 €12 — €13 2e12 — 3e13 — 3en
€13 0 0
F=52|0 eq 0 |. (3.5)
0 0 €12

The effect of attaching rungs to an arbitrary color factor C'=>_, C[yT]y results in
Cpy — D Clyg Gralerz, €13, €14) (3.6)

that is, one multiplies the row vector C' by the matrix G. To give some simple examples,
attaching a rung between legs 1 and 4 of the tree-level s-channel diagram (2.1) yields the
one-loop box diagram (2.2) so that

c(9,G(0,0,1) = '3}, (3.7)

while attaching a rung between legs 1 and 2 of the one-loop box diagram yields the two-loop
planar diagram (2.3) so that

1 2P
0}2:)34(;(17070) = C£234) : (3.8)
These may be confirmed using eqgs. (2.30)-(2.32) and (3.3)-(3.5).

3.1 Iterative matrices for irreducible representations of Sy

We explained in section 2.3 how color factors may be written in terms of irreducible rep-
resentations of Sy:

[P, Q] ® u, [P,Qlez  (i=1,2). (3.9)

In general G(ej2, €13, €14) will act on these color factors to produce linear combinations of u
and z' types, but we may define G matrices for certain choices of the parameters e, €13,
and ey that produce pure v and 2 types. One may then write the action of G in terms
of four 2 x 2 matrices g1, Guz, Gou, and g, which act on the two-dimensional row vector
[P,Q]. This gives a refined approach to generate the color space for any L in terms of u-
and z’-type irreducible representations.

First we choose e19 = e13 = e14 = %e which makes G(ej2, €13, €14) proportional to the
unit matrix, mapping u-type color factors to u-type, and z’-type to z’-type:

1 1 1
(P.QI 90 G e ye 5¢) = [Pl 0w,
([P Ql® :L'Z) G (le 1e 1e> = [P,Q]g1 @ z*. (3.10)
Y 2 Y 2 ) 2 )
One may verify that
N O 1 (NF2 0 SO(N)
= f N =- f . A1
g1 e(o N) or SU(N), g1 26( 0 N:F2> Or{Sp(N) (3.11)
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Another choice of ej; takes u-type color factors to z'-type color factors:

([P, Q] ® u) G(0,—e,e) = [P, Q|gus ® z!,
([P, Q] ® u) G(e, 0, —¢) = [P, Q]guz @ 2. (3.12)

In this case, one finds

N -3 1 (N5 -3 SO(N)
uz = for SU(N),  guz = 5 f . (313
o =€ (6 —2N> or SUIN). + gus = 3¢ ( 12 —2N+ 4) o {sp(N) (3.13)

Yet another choice of eq; takes x'-type color factors to z’-type:

(IP.Ql@2") G(e,0,0) = [P, Qlgm @ 2,

(1P.Q1 @ #) G(0.¢.0) = [P.Qlgsr @ 2. (3.14)
One then obtains
SO(N
Juz = € N0 for SU(N), oz = 1e N¥20 for (V) . (3.15)
20 2°\ —4 o0 Sp(N)

Finally one must act on the two z’-type color factors with different choices of e1; to
obtain a u-type color factor

(IP.Ql®2") G0, ~e,¢) + ([P,Ql ©3%) Gle, —¢,0) = [P, Qlgsu ®u.  (3.16)

One then obtains

N 3 1 (N¥8 3 SO(N)
g e (0 —2N> or SUN), ¢ 5¢ ( 0 —9N+ 4) or {Sp(N) (3.17)

The iterative matrices g1, Guz, Gzu, and g, will be used to generate the L-loop color
spaces for SU(N) in section 4 and for SO(NN) in section 6. In section 8, we will show that the
L-loop color spaces for Sp(IV) are obtained from those for SO(N) by some simple sign changes.

4 L-loop SU(N) color space

The goal of this section is to explicitly construct the space of L-loop color factors for SU(N).
As already discussed in section 2.3, an L-loop color factor may be expressed in terms of one-
and two-dimensional irreducible representations of Sy as

[P, Q] ®u, [PQea"  (i=1,2) (4.1)

where P and @) are polynomials in N of maximal degree L and L — 1 respectively. For
SU(N) color factors, the polynomials P are of even/odd degree depending on whether L is
even/odd, and vice versa for ). Thus, L-loop SU(N) color factors inhabit a vector space
V(L) of dimension 3L + 3 (the trace space). The polynomials P and @) corresponding to color
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factors, however, are not completely arbitrary but satisfy certain constraints. Consequently,
the set of all L-loop color factors spans a proper subspace (the color space) of 174528

In this section, we iteratively construct an explicit basis for the L-loop SU(NN) color
space, beginning with the single tree-level irreducible representation [1,0] ® 2* and acting
repeatedly with the iterative matrices for SU(NN) obtained in section 3

(N 0O (No (N 3 (N3 g
g1 = 0N ) Gzx = 290 ) Gzu = 0 —2N ) Guxr = 6 —2N .

where we have chosen to set e = 1. These 2x2 matrices act on the [P, Q] part of the color factor,
while the subscripts indicate their action on the = or u part of the color factor. Specifically:

1. g,. takes an x-type color factor to an z-type color factor,
2. gz takes an z-type color factor to a u-type color factor,
3. gux takes a u-type color factor to an xz-type color factor,
4. g1 takes z to z and u to w.

We will show that these matrices generate a basis consisting of polynomials multiplied
by one of four specific (linearly independent) types:

N,N*+3|®u. (4.3)

Hints of these types have already appeared in eq. (2.30). Our first step is to ascertain how
each of the operators (4.2) act on the types of color factors (4.3). First, the operator g;
just rescales each type by N

Tag1 = N,
xpg1 = Ny,
uqg1 = Nug,
upg1 = Nuy . (4.4)

Second, the operator g, acts on the z-type color factors as

Lalzx = Nz,
Tpgre = 4N . (4.5)

Since the action of g,, on z, is identical to the action of ¢g; (and therefore redundant), we
will restrict our attention to its action on x, defining gy, = %gm with

Tpgoa = Ng . (4.6)
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Third, the operator g,, takes an z,-type color factor to a u,-type color factor, and an
xp-type color factor to a wup-type color factor:

TaGzu = Uq

ThGru = 2Up - (47)

Finally, the operator g¢,, acts on u-type color factors to give linear combinations of
ro, and xp types:

UaGuz = N2 ZTa + 9y )
UpGuz = 3N?x4 + (2N? 4+ 9)xy . (4.8)

With these in hand, we now generate the SU(N) color space through three-loop order.
We begin with the single tree-level irreducible representation

Tree level: Zq - (4.9)

Acting on z, with g1 using eq. (4.4) and with g, using eq. (4.7), we obtain the three-
dimensional space spanned by two irreducible representations

One loop: Nzg, 1uq. (4.10)

We then act on each of these one-loop color factors with ¢; to obtain N2z, and Nu,.
The action of g,, on Nz, is redundant, but we can act on the u,-type color factor with
Guz to obtain [N? + 18, —9N] ® z*, which is a linear combination of z, and z; types, as
shown in eq. (4.8). Since we already have N2z, in the color space, we subtract it and
divide by 9 to obtain xp. Thus the two-loop color space is five-dimensional, spanned by
three irreducible representations

Two loops: N2%z,, Nug, . (4.11)

It is reassuring that eqs. (4.10) and (4.11) agree with the results we obtained earlier in
eq. (2.30). The three-loop color factors are then obtained by acting on each of the two-loop
color factors with g;. The action of g, on Nu, is redundant. We can also act on x
with gy, using eq. (4.6) and with g, using eq. (4.7). The three-loop color space is thus
eight-dimensional, spanned by five irreducible representations

Three loops: N3z., Nz, N?u,, Nzp, uyp. (4.12)

We now make some general observations that allow us to determine the complete span
of color factors at arbitrary loop order L.

(Observation 1). All L-loop u-type color factors are generated by the action of gz, on
the complete set of x-type color factors at (L — 1) loops using eq. (4.7). The only possible
exception would be through g1 acting on an (L — 1)-loop u-type color factor. But since (by
hypothesis) the latter can be obtained through g, acting on an (L — 2)-loop z-type color
factor, and since g; commutes with g.,, the same color factor can obtained by the action
of gz on an (L — 1)-loop z-type color factor.
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(Observation 2). All L-loop xz-type color factors are obtained from x-type color factors
at (L — 1) and (L — 2) loops. To see this, observe that all L-loop z-type color factors are
obtained from (L — 1)-loop color factors through the action of g1, gy, and g,,. However, from
observation (1), any color factor obtained using g,, on an (L — 1)-loop u-type color factor
can be obtained directly from an (L — 2)-loop z-type color factor using ¢, guz. This action
typically produces a linear combination of z,- and x,-type factors, so it will be useful to
replace gzygusr With two-step operators (i.e., ones that map (L — 2)-loop a-type color factors
to L-loop x-type color factors) that produce color factors of pure type:

2 1
g((zb) = § (garugux - g%) s
2 1
9 = 13 (gzuguac —4g7 — 69ba91) - (4.13)

These act on z,- and xp-type color factors respectively at (L — 2) loops to yield zp-type
color factors at L loops
(2)

2
LaGepy = Tbs

xbgéi) = a2 (4.14)

which are easily verified using eqs. (4.4)—(4.8). Thus we have shown that all L-loop z-type
color factors may be obtained from z-type color factors at (L — 1) and (L — 2) loops through
the action of the four operators g1, gpq, gg), and géz).

(Observation 3). All L-loop x,-type color factors can be obtained from gy, acting on an
(L — 1)-loop xp-type color factor using eq. (4.6) with one exception, namely NELz,, which
results from g1 acting repeatedly on the tree-level color factor x,. From observation (2), all
x-type color factors are obtained from (L — 1)-loop z-type color factors using gi, gpa, gfb),
and glgg), but the last two always land on z-type color factors. Because g3 commutes with
Jba, the action of g; on an (L — 1)-loop x4-type color factor that is obtained from g, acting
on an (L — 2)-loop zp-type color factor can also be obtained by gp, acting on an (L — 1)-loop
xp-type color factor. The remaining possibility is an x,-type color factor obtained through

g1 acting L times on the tree-level color factor x,.

(Observation 4). All L-loop zp-type color factors for L > 2 can be obtained from g1 and

gg) acting on xp-type color factors at L — 1 and L — 2 loops. From observation (2), we know

that all L-loop zy-type color factors may be obtained from g; and 91(72) acting on xp-type

color factors at L — 1 and L — 2 loops respectively, and gﬁ) acting on x,-type color factors at
L — 2 loops. From observation (3), the latter may be replaced (with one possible exception
discussed below) by gbagc(li) acting on an xp-type color factor at L — 3 loops. However, observe
using egs. (4.6) and (4.14) that

259009 = Naagl? = Nay, = zpg19.7) (4.15)

thus the same color factor is obtained using g; and gl()g) alone. The possible exception
(2

mentioned above is g’ acting on N L=24,. However since

_ 2 — 2 2 _ _
NL 2=Tag((lb) = $agf 29((lb) = xagéb)glL 2= xbgf 2 (4'16)

,16,



this is equivalent to g1 acting repeatedly on the two-loop zp-type color factor. Thus, we
have shown that all xp-type color factors for L > 2 can be generated by the action of two
(commuting) operators

xpg1 = Nay,
(2) _ 4.17
TGy, = Tb ( . )

on lower-loop xp-type color factors.
From the observations above, we now determine the complete set of L-loop color fac-
tors. The most general L-loop xp-type color factor is obtained by acting with an arbitrary
o (2) : .
combination of g; and g;;’ on the two-loop color factor x; to give

2pgtgP" = NMz,  where  ny+2ny=L—2 (4.18)

where n1 and ne are non-negative integers. Thus, the space of L-loop x;-type color factors
is spanned by |L/2] irreducible representations

N"zy, 0<n<L-2, n=1L mod2. (4.19)

Using observation (3), the space of L-loop z,-type color factors (for L > 1) is spanned by
| (L + 1)/2] irreducible representations

Nz, , 1<n<L, n=1L mod?2. (4.20)

Taking eqs. (4.19) and (4.20) together, the number of L-loop z-type irreducible representations
(for L > 1) is given by L.

Using observation (1), the space of L-loop u,-type color factors (for L > 2) is spanned
by |L/2]| irreducible representations

N"uq , 1<n<L-1, n=L—1 mod 2 (4.21)

and the space of L-loop up-type color factors is spanned by |(L — 1)/2] irreducible rep-

resentations
N"uy, , 0<n<L-3, n=L—-1 mod 2. (4.22)

Taking eqs. (4.21) and (4.22) together, the number of L-loop u-type irreducible representations
(for L > 2) is given by L — 1.

Table 3 summarizes the counting of irreducible representations spanning the L-loop
color space for each value of L. The total dimension of the L-loop color space given in the
last row is the sum of these basis elements, taking into account that z-type elements are
two-dimensional representations (of S4) while u-type elements are one-dimensional.

5 L-loop SU(N) null space

In the previous section, we generated a complete set of color factors spanning the L-loop
color space for SU(N), which (for L > 2) is a (3L — 1)-dimensional subspace of the 3L + 3
dimensional trace space. In this section, we will determine the vectors that span the L-loop
null space, which is the four-dimensional orthogonal complement to the L-loop color space.
This will consist of two u-type null vectors and one z-type irreducible representation. To
do this, we first need to define an inner project on the trace space.
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# of loops L 01 2 3 4 5 6 L>2
# of z,-type irreps 1 11 2 2 3 3|[(L+1)/2]
# of xp-type irreps o011 2 2 3 |L/2]
# of u,-type irreps o111 2 2 3 |L/2]
# of wp-type irreps 0001 1 2 2 [(L-1)/2]
total # of color factors | 2 3 5 8 11 14 17 3L -1

Table 3. Number of irreducible representations spanning the L-loop color space for SU(N).

5.1 Inner product

To define an inner project, we need to represent color factors in a slightly different way. Up
to this point, we have represented a color factor as a six-dimensional vector

C = (Cpy, Cpps Cap; Cuys Cps), Clg)) (5.1)

whose coefficients are polynomials in N. We now express each of these polynomials as a
vector. An L* degree polynomial may be written as an infinite-dimensional row vector

L
P(N):prNg — P:(P07P17P27'”7PL707"') (52)
=0

with all but the first L + 1 entries of P vanishing, that is
Yrinyx@+1) 0
P is an L' degree polynomial = P =PI; where II; = 0 0---
(5.3)

We observe that for SU(N), where the polynomials are of even or odd degree, every other
entry of P vanishes. We may compactly express eq. (5.2) as

P(N):PNT, where N:(l,N,N2,"')- (5.4)

Given two polynomials P = PN and P’ = P'N7, we may define a natural inner product
(P'|P) by

(P'|P) =P'PT. (5.5)
Extending this definition to color factors (5.1) we have

6
(c'cy=>_cpC” (5.6)
A=1

where Cpy = C[A]NT. If the color factor has the form C = [P,Q] ® v where v = u, x!, or
22, then the inner product become

30 0
(c'lc) = (PP"+QQ") yyy where y=|02 —1]. (5.7)
0-1 2
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The main point here is that u-type color factors are orthogonal to z-type color factors.
Since we are only using the inner product to determine orthogonality, we will ignore the
Yoty Piece and redefine

(c'cy = (P'PT + Q’QT> 8y, where v =wuor x. (5.8)

Next we observe that the color factors are of the form C' = ¢[p, q] ® v, where p and ¢ are
(at most) degree-two polynomials, p = pg + p1N 4+ poN? and ¢ = qo + ¢t N + ¢2N?, and c is
a common factor of P and ). Then the associated row vectors satisfy

poprp2 0 -
0 pop1pe -
0 0 popr---
000 p--

P=cp — P=cP where P=

g qq 0 ---

0
0= qo 41 42

0 0qgaq -

000g:

Q=cg = Q=cQ where (5.9)

The inner product (5.8) between color factors C' = ¢[p, ¢g|®@v and C’" = ¢[p/, ¢'] @ v becomes
"0y =c'Mc'6,, where M =PPT+QQT. (5.10)

We are interested in finding a set of null vectors R which are orthogonal to the color
factors. If R has the form

R=r[p,d®v (5.11)
then its inner product with a color factor C' = ¢[p,q] ® v is
(C|R) = cMrT5,, where M =PPT +QQT (5.12)

where P and Q are defined analogously to eq. (5.9). An astute choice of p and ¢ can ensure
orthogonality of R and C. In particular, for degree one polynomials p = py + p1 /N and
q=qo+ q N, we define p = g1 + qoN and § = —p1 — poN (possibly up to an overall sign
for both). For degree two polynomials p = pg + p1N +paN? and ¢ = qo + 1 N + 2 N?, we
define p = g2 + 1 N + qoN? and § = —py — p1 N — poN? (again possibly up to an overall sign).
Under these conditions, one may easily verify that the matrix M in eq. (5.12) automatically
vanishes, so that (C|R) = 0. This will be useful in defining the null space.

5.2 SU(N) null vectors

In section 4, we determined a complete set of color factors that span the L-loop color space
for SU(N), namely,

ClH) = dDe{N"|1<n<L  n=L mod?2},

) = cy)m, e (N"|0<n<L-2 n=L mod2},
C'qgg):c%)ua, cq(fl)e{N"|1§n§L—1, n=L—-1 mod 2},

Cly) =y, D e (N"0<n<L-3 n=L-1 mod?2} (5.13)
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where we recall that

ze =[1,0] ® z*,
zpy =[2,—N|]®@2z2",
ug = [N,3] @ u,
=[N,N*+3]®@u. (5.14)

In this subsection, we will obtain a complete set of L-loop null vectors R, defined to
be orthogonal to the set (5.13) with respect to the inner project defined in the previous
subsection. We will show that the SU(N) null vectors can be of four possible types, namely,

1] ®

,2N]®x

3N, 1] @',

3N? +1,-N]®z". (5.15)

[0
1
—[
ug = |

These are chosen, using the prescription from the previous subsection, so that z,-type null
vectors are automatically orthogonal to z,-type color factors, xg-type null vectors orthogonal
to xp-type color factors, etc. Also z-type null vectors are automatically orthogonal to u-type
color factors, and vice versa. We use the remaining orthogonality condition to fully determine
the form of the null vectors.

(1) zo-type null vectors. Consider an L-loop null vector of the form
RE) = D)y, (5.16)

where r%} is a polynomial in N of maximal degree L — 1 and is odd/even for L even/odd.
As we just remarked, orthogonality to Oéﬁ), Cq%), and C’fj) is automatic from the definition

of z,. To impose the final orthogonality condition, we compute

0-10
00 —1--
< xb ’Rxa> _C;(Cb)Mr(L) ) M: 0 0 O (517)

where M is defined by eq. (5.12), using the P and Q matrices appropriate to x, and .

Requiring <ng) |R§CL)> = 0 for any cii) belonging to the set defined in eq. (5.13), we find that

ré{.}) must vanish if L is even, whereas for L odd, the only null vector is R;La) = Tq.

(2) xg-type null vectors. Next consider an L-loop null vector of the form
L
R =Dy (5.18)
where r(? is a polynomial in N of maximal degree L — 2 and is even/odd for L even/odd.

Orthogonality to C(b), C’flﬁ), and C( ) is automatic from the definition of xg. To impose
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the final orthogonality condition, we compute

100---
010 ---
L LT
<C£§)|R:E:B)> :C:(ELa)Mr:(nﬂ) ) M=1001... (5.19)

where M is defined by eq. (5.12), using the P and Q matrices appropriate to z, and zg.
Requiring <C§§)]R(x?> = 0 for any céﬁ) belonging to the set defined in eq. (5.13), we see that

ri? must vanish if L is odd, whereas for L even, the only null vector is R;%) = zg.

(3) un-type null vectors. Next consider an L-loop null vector of the form

RE) — p L)y, (5.20)
where %) is a polynomial in N of maximal degree L — 1 and is odd/even for L even/odd.
Orthogonality to C;E;{;), C(L) and C’&é) is automatic from the definition of u,. To impose

xb
the final orthogonality condition, we compute

00-1 0
000 —1---
L L
<C1E,b)|R1(LI(;¢)> = Cq(;b)Mrfz(LI(;z)Tv M = 00 0 0 (521)

where M is defined by eq. (5.12), using the P and Q matrices appropriate to u, and u.
Requiring <Cub|Rq(Ji)> = 0 for any cz(i) belonging to the set defined in eq. (5.13) yields the

null vector R&La) = Nu, for even L, and Rq(f&) = uq for odd L.

(4) ug-type null vectors. Finally consider an L-loop null vector of the form
R =Dy (5.22)

where 7,4 is a polynomial in N of maximal degree L — 2 and is even/odd for L even/odd.

Orthogonality to Céﬁ), ¢ and C( ) is automatic from the definition of ug. To impose

xb
the final orthogonality condition, we compute

(CINR = eBMeldT M=|00 0 (5.23)

where M is defined by eq. (5.12), using the P and Q matrices appropriate to u, and ug.
Requiring (C: £§)|R(L)> = 0 for any cq(fl) belonging to the set defined in eq. (5.13), yields the

null vector RQ(L/B) = ug for even L, and RQ(L/B) = Nug for odd L.
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Even-loop null space. To summarize the results of this section, the L-loop null space
for even L (with L > 2) is spanned by

Even loop (L > 2): xg, Nug, ug . (5.24)
We may replace ug with ug — Nuy = [1,0] ® u, and write the null vectors explicitly as
Even loop (L >2):  [1,2N]® 2, [3N? —N]®u, [1,0] ® u. (5.25)

At tree level, the only null vector is [1,0] ® w.

Odd-loop null space. The L-loop null space for odd L (with L > 3) is spanned by

Odd loop (L > 3): Ty, Uy, Nug. (5.26)

Writing the null vectors explicitly, we have
Odd loop (L >3):  [0,1] ® 2, 3N, -1] ®u, [BN3+N,-NY ®@u. (5.27)

At one loop, the null vectors are [0,1] ® ! and [3N, —1] ® u.

Egs. (5.25) and (5.27) agree precisely with the results obtained in refs. [14, 16], taking
into account footnote 1. Thus, as stated in the introduction, for SU(N) there are precisely
four L-loop null vectors for all L > 2.

6 L-loop SO(N) color space

The goal of this section is to explicitly construct the space of L-loop color factors for SO(N).
The procedure is analogous to that employed in section 4. An L-loop color factor may

be expressed as
[P.Ql®u, [PQes  (i=1,2) (6.1)

where P and () are polynomials in IV of maximal degree L and L — 1 respectively. Thus,
L-loop SO(N) color factors inhabit a vector space V) of dimension 6L 4 3 (the trace
space). The polynomials P and @ corresponding to color factors, however, are not completely
arbitrary but satisfy certain constraints. Consequently, the space of all L-loop color factors
spans a proper subspace (the color space) of VL),

As before, we iteratively construct an explicit basis for the L-loop SO(N) color space,
beginning with the single tree-level irreducible representation [1,0] ® 2% and acting repeatedly
with the iterative matrices for SO(NN) obtained in section 3

(K O (KO _(K-6 3 (K -3 =3 (6.2)

g1 = 0 K|’ Grx = _40)’ Jzu = 0 9K |’ Gua = 19 9K .
where we have chosen to set e = 2. Moreover, we find it convenient to express these matrices
in terms of the SO(N) quadratic Casimir K = N — 2 rather than in terms of N. As before,

these 2 x 2 matrices act on the [P, Q] part of the color factor, while the subscripts indicate
their action on the x or u part of the color factor, so that, for example, g,, takes an x-type
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color factor to a u-type color factor, etc. We will show that these matrices generate a basis
consisting of polynomials multiplied by one of four specific (linearly independent) types:

[
z, = [K 43,1 ® 2,
u, = [K —6,3] @ u,
up=[(K+3)(K—-6),K+9®u. (6.3)

Our first step is to ascertain how each of the operators (6.2) act on the types of color
factors (6.3). First, the operator g; just rescales each type by K

Tag1 = Kaq,
rpg1 = Ky,
uag1 = Kug,
upgr = Kuy . (6.4)

Second, the operator g,, acts on the z-type color factors as

TaGez = K4,
Tpgar = (K +4)(K — 1)z, . (6.5)

Since the action of g,, on z, is identical to the action of ¢g; (and therefore redundant), we
will restrict our attention to its action on xp, defining g5, = gz With

Tpgpe = (K +4)(K — 1)z, . (6.6)

Third, the operator g, takes an x,-type color factor to a u,-type color factor, and an
xp-type color factor to a wup-type color factor:

TaGzu = Ua

TpGou = Up - (6.7)

Finally, the operator g¢,, acts on u-type color factors to give linear combinations of
r, and xp types:

UaGuzy = 10K? 24 — 9K —2)xp,
UpGuz = 6K (K — 1)(K + 4)z, — (5K? + 9K — 54)xy,. (6.8)

Our next step is to generate the SO(N) color space through three-loop order. We begin
with the single tree-level irreducible representation

Tree level: Zq - (6.9)

Acting on z, with ¢g; using eq. (6.4) and with g, using eq. (6.7), we obtain the three-
dimensional space spanned by two irreducible representations

One loop: Kz, ug. (6.10)
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We then act on each of these one-loop color factors with g; to obtain K2z, and Ku,.
The action of g, on Kz, is redundant, but we can act on the u,-type color factor with g,
to obtain [K? — 9K + 54, —9K + 18] ® z*, which is a linear combination of x, and x; types,
as shown in eq. (6.8). Since we already have K2z, in the color space, we subtract 10K?2z,,
and divide by —9 to obtain (K — 2)xzp. Thus the two-loop color space is five-dimensional,
spanned by three irreducible representations

Two loops: K%r,, Ku,, (K-—2)x. (6.11)

Observe that all these results are consistent with the results obtained earlier in eq. (2.31),
noting that [N —8, N —4]® 2’ is a linear combination of K2z, and (K — 2)x,. The three-loop
color factors are then obtained by acting on each of the two-loop color factors with g;. The
action of gy, on Ku, is redundant. We can also act on (K — 2)z;, with g, using eq. (6.6)
and with g, using eq. (6.7). The three-loop color space is thus eight-dimensional, spanned
by five irreducible representations

Three loops: K3z,, (K4 4)(K —-1)(K —2)z,, K?u,, KK —2)z,, (K —2)u.
(6.12)

We now make some general observations that allow us to determine the complete span
of color factors at arbitrary loop order L. We omit the arguments for these when they are
identical to those given for SU(N) in section 4.

(Observation 1). All L-loop u-type color factors are generated by the action of gy, on the
complete set of x-type color factors at (L — 1) loops using eq. (6.7).

(Observation 2). All L-loop xz-type color factors are obtained from z-type color factors at
(L —1) and (L — 2) loops. The two-step operators that produce color factors of pure type are

) 1
9 = 9 (_gzugu:z: + 109?) ;
2 1
95 = 5 (~0ugus — 593 + 69091 ) (6.13)

which act on z,- and zp-type color factors respectively at (L — 2) loops to yield xp-type
color factors at L loops

Tagly) = (K = 2)my,
2yl = (K — 6)x, (6.14)

easily verified using eqs. (6.4)—(6.8). Thus all L-loop z-type color factors may be obtained
from z-type color factors at (L —1) and (L —2) loops through the action of the four operators
91y Gbas 95, and gy,

(Observation 3). All L-loop x,-type color factors can be obtained from gy, acting on an
(L — 1)-loop xp-type color factor using eq. (6.6) with one exception, namely Klx,, which
results from g1 acting repeatedly on the tree-level color factor x,.
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(Observation 4). All L-loop xp-type color factors for L > 2 can be obtained from g1, gég),

and g,()g) acting on xp-type color factors at L — 1, L — 2, and L — 3 loops. From observation

(2), we know that all L-loop zp-type color factors may be obtained from g; and gég) acting

on xp-type color factors at L — 1 and L — 2 loops respectively, and gg) acting on z,-type
color factors at L — 2 loops. From observation (3), the latter may be replaced (with one
possible exception) by gbagg) acting on an zp-type color factor at L — 3 loops. The one
possible exception is gc(i) acting on K'2z,. However since
L—2 L—2

Kt xagc(zb) = Tagr g((lb) = xag((zb)gl = (K = 2)xpg; (6.15)
this is equivalent to g; acting repeatedly on the two-loop zp-type color factor. It is convenient
to replace gbagg)) with a three-step operator

3 1 2 2
gl()b) = Z [*gbagc(ub) + gi)) + ngéb)} = 36 [gbagxugux 919zuGuxr — 4gabg% + 49%} (616)

which maps an (L — 3)-loop zp-type color factor to an L-loop z,-type color factor
xbgl()b) = (K —2)xy. (6.17)

To summarize, all zp-type colors for L > 2 can be generated by the action of three
(commuting) operators

g1 = Ky,
xbgl()b) (K —6)xy
2yt = (K - 2)x,, (6.18)

acting on lower-loop zp-type color factors.
From the observations above, we are now able to determine the complete set of L-loop
color factors. Beginning with z;-type color factors, we observe from eq. (6.11) that the first a;-

type color factor occurs at two loops, namely (K —2)xz;p. The set of all higher-loop x-type color

factors is obtained by acting on (K — 2)x; with an arbitrary combination of ¢, gl()i) , and 9152)3

(K — 2)zpgy g™ g™ = K™ (K — 6)™ (K — 2)" ', (6.19)
where n1, no, and ng are arbitrary non-negative integers that satisfy
ny+2no+3ng3=L—2. (620)

The right hand side of eq. (6.19) may be written more explicitly as

[P, Q] ®a!

with {P = K (K =62 (K =2 (K +3) (6.21)

Q = K™ (K — 6)"2(K — 2)ns+1

confirming that P is a polynomial of maximal degree L and @ is a polynomial of maximal
degree L — 1. For L = 3 through L = 7, the number of solutions of eq. (6.20) is L — 2, with
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ng given by either 0 or 1. Specifically, denoting no = n and n; = L — 2 — 2n — 3ng, these

|

solutions correspond to xp-type irreducible representations

~
[\

KL_Q_Qn(K—G)n(K_2)xb7 n:(), , \‘

~
\)

~
ot
—

KY520 (K — 6)"(K —2)%0, n =0, [
(6.22)

This set of L — 2 irreducible representations (for L > 3) is linearly independent, since
the exponents of K are all distinct. Starting at L = 8, additional solutions of eq. (6.20) arise,
with ng > 2, but we claim that the corresponding color factors are not linearly independent
of the set (6.22). We verify this claim in appendix B, where we explicitly construct two
xo-type irreducible representations orthogonal to the entire set (6.19). This establishes that
at most L — 2 of the irreducible representations in eq. (6.19) are independent. With L — 2 as
both lower and upper bound, the L — 2 irreducible representations belonging to the set (6.22)
constitute a complete and independent set of L-loop xp-type color factors for L > 3. From
these, we may construct the rest of the color space using the observations above.

Let us first consider the z,-type color factors. From eq. (6.9) through eq. (6.12), we
observe that there is one z,-type irreducible representation for L = 0 through L = 2, and
two x4-type irreducible representations for L = 3. For L > 3, we can use observation (3)
to generate a complete set of linearly independent L-loop z,-type color factors by acting
with gy, on the complete set of (L — 1)-loop xp-type color factors in eq. (6.22) and adding

in the one exception:

Kan,
KES 0 6 (6~ 2)(K ~ DK+ e, n=0,, [F2]
KL—G—Qn(K_6)n(K_2)2(K_1)(K+4)ma7 TL:O,"' , {L;GJ . (6.23)

This set contains (for L > 4) L — 2 linearly independent z,-type irreducible repre-
sentations.

Next we turn to u-type color factors. From eq. (6.12), we observe that the first u,-type
color factor occurs at L = 3, namely, (K — 2)u,. From observation (1) above, we can
generate all L-loop wp-type color factors for L > 3 by acting with ¢, on the complete set
of (L — 1)-loop zp-type color factors in eq. (6.22) to give

L-3
KL_3_2n(K - 6)n(K - 2)Ub, n = 07 ) \\2J 3

L—6—2n n 2 L—-6
K (K —6)"(K — 2)“uy, n=0,---, —5 (6.24)
which is a complete set of (for L > 4) L — 3 up-type color factors at L loops. Finally, we
observe that there is one uq-type color factor at L = 1 through L = 3, and two u,-type
color factors at L = 4. Using observation (3) above, we can generate all L-loop u,-type
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# of loops L 0O 1 2 3 4 5 6| L>5
# of x4-type irreps 1 11 2 2 3 4| L-2
# of xp-type irreps 0O 011 2 3 4| L-2
# of ug-type irreps o1 1 1 2 2 3| L-3
# of up-type irreps o 001 1 2 3| L-3
total # of color factors | 2 3 5 8 11 16 22| 6L—14

Table 4. Number of irreducible representations spanning the L-loop color space for SO(N).

color factors for L > 4 by acting with g,, on the complete set of (L — 1)-loop z,-type color
factors in eq. (6.23) to obtain

Ky,
KU 0P (K = 2)(K — (K + 4w, n= 0.0, |20,
KMT2M(K — 6)"(K — 2)*(K — 1)(K + 4)uq, n=0,--, {LQJJ (6.25)

which is a complete set of (for L > 5) L — 3 u,-type color factors at L loops.

We summarize the counting of irreducible representations spanning the L-loop color space
in table 4. The total dimension of the L-loop color space given in the last row is the sum of these
basis elements, taking into account that x-type elements are two-dimensional representations
(of S4) while u-type elements are one-dimensional. Observe that the dimensions of the color
spaces begins to differ from those of SU(N) at L = 5.

7 L-loop SO(N) null space

In the previous section, we generated a basis of color factors spanning the L-loop color space
for SO(NN). The numbers of independent color factors for various values of L are given in
table 5, divided into z-type and u-type.” The dimensions of the associated trace spaces, in
which these color factors live, are also listed by type. The differences of these two numbers is
the number of null vectors, defined as inhabiting the orthogonal complement to the color
space, and are also listed in the table. The last three rows of the table, which list the
dimensions of the spaces regardless of type, reproduce table 2.

For L > 5, the color space is a (6L — 14)-dimensional subspace of the (6L + 3)-dimensional
trace space, so the null space is therefore (as claimed in the introduction) generically 17-
dimensional, and consists of 10 z-type null vectors and 7 u-type null vectors.

The purpose of this section is to derive explicit expressions for the 10 z-type null vectors.
(The construction of the 7 u-type null vectors is left to future work.) As before, we first
need to define an inner project on the trace space.

5The number of z-type color factors is twice the number of z-type irreducible representations because those

representations are two-dimensional.
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2 3 4 5 6| L>5
6 8 12 16| 4L -8
10 14 18 22 26| 4L +2
10 10 10 10
3 4 6] 2L-6
9 11 13| 2L+1
6 7 7 7
11 16 22| 6L—14
15 21 27 33 39| 6L+3
10 13 16 17 17 17

number of loops

# x-type color factors
dim z-type trace space
# x-type null vectors

# u-type color factors
dim u-type trace space
# u-type null vectors

QU i O = | O
Cco| Ot N N| o

# color factors
dim trace space

= W N = = OO N NDO

DD O WIN W k= O N~

# null vectors

Table 5. Dimensions of trace, color, and null spaces for SO(N) amplitudes.

7.1 Inner product

We choose an inner project for the SO(N) trace space similar to that defined in section 5.1
for the SU(IV) trace space, but with a slight difference. The inner product of two polynomials
P and P’ is given by

(P'|P)y =P'PT (7.1)

except that the row vectors P = (P, Py, Pa,---) consist of the coefficients of the polynomials
expressed in terms of K = N — 2 rather than of NV:

P(K) =PKT, with K= (1,K,K?--.). (7.2)
Other than this, everything is the same as in section 5.1.

7.2 SO(N) null vectors

In section 6, we determined a complete set of color factors that span the L-loop color space
for SO(N), namely,

Ol = D, B e (KM U{(K - 1)(K +4)ciY),

ra

ch =By B e (KM(K — 6)"2 (K —2)™7! | ny + 2ng + 3ng = L — 2},
CE) = D)y, L) e {clL=Dy
Cly) =cPu, oy ey (7.3)

where we recall that

xa—[l 0] ® z,
=[K +3,1]® ',
ua:[K—G 3] ® u,
up=[(K+3)(K—-6),K+9]® (7.4)
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We will obtain a complete set of z-type null vectors RQ(CL) living in the L-loop trace space

and orthogonal to the set (7.3). We will show that all SO(NN) z-type null vectors can be
written in terms of three possible types, namely,

To=[0,1]®2",
z5=[K,-3K - 1]®a",
z, = [1,0] @ 2. (7.5)

These are chosen, using the prescription given at the end of section 5.1, so that x,-type
null vectors are automatically orthogonal to z,-type color factors and the zg-type null vectors
are orthogonal to xj-type color factors. Unlike SU(N), we will also need a third type, z,
of null vector which is not automatically orthogonal to either x,- or x-type color factors.
All z-type null vectors, however, are automatically orthogonal to the u-type color factors.
The ten z-type null vectors (for L > 5) consist of five z-type irreducible representations:
two each of x, and xg type, and one of z, type.

(1) zo-type null vectors. Consider an L-loop null vector of the form

RI) — oDy (7.6)

T T Tacoz

where r;(vﬁ) is a polynomial in K of maximal degree L — 1. Orthogonality to Cgﬁﬁ), C’%), and

ij) is automatic from the definition of x,. The final orthogonality condition gives

100---
010---
L L
0= <Cg(cb)|R§:La)> = C:(Eb)Mbar;(c%v)Ta Mpo = 001--- (7.7)

where My, is defined in eq. (5.12) using the P and Q matrices appropriate to x;, and z,.
Let’s now impose (Ci§)|R§cg)> = 0 to determine the form of the z,-type null vectors.
At one loop, this condition is automatically satisfied since there are no one-loop z-type

color factors, so we have

RWY =z, (7.8)

T

At two loops, we use cfb) = K — 2 to find

1
R(Z) = (K + 2) Lo - (7.9)

At three loops, we use CS;) = K(K — 2) to find R;(,EX) = (K2 + %K+)\> T where
A is arbitrary. Thus the null space contains a pair of independent x,-type irreducible
representations, which we choose to be (for reasons that will immediately become clear)

1 1
Rg(gga,l = <K2 toK+ > Ta,

4
(3) 9 1 5)

RY, = (K*+ K+ —)ux,. 1
o2 ( + K+ ) (7.10)
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In appendix B, we prove that, for all L > 3 there are exactly two x,-type irreducible
representations, given by

RE =, j=1,2

o,y — ' za,j

_ L
o [1- 2K)*]
vl T l-1(1 - 2K)

o 4 [1 - (3K)L] 2 [1 - (—6K)L}

= . 7.11
Tra2 T BT -3K) | (=6)E(1 + 6K) (7.11)
At three loops, these agree with eq. (7.10), and at four loops, they give
1 1 1

r = <K3 + oK K+ 8) ,
@ _ (g3l D 11) 7.12
"2 ( Tttt o) (7.12)

(L) (L-1)

There is an evident pattern whereby r
obtained from eq. (7.11).

is given by Kr plus a constant easily

T, Ta,j

2) xp-type null vectors. Next consider an L-loop null vector of the form
B
L L
R =Dy (7.13)

where ri? is a polynomial in K of maximal degree L — 2. Orthogonality to Cijli), f,(f;), and

Cl(t? is automatic from the definition of xg. The final orthogonality condition gives

100 -
L L
0= <C§:5)|R;(gﬂ)> = Cgcg)Maﬁr;(gﬂ)Ta Ma,B =l010--- (714)

where Mg is defined in eq. (5.12) using the P and Q matrices appropriate to =, and zg.
One of the L-loop z,-type color factors is c;%) = K, for which eq. (7.14) is automatically
satisfied since 1,5 has maximal degree L — 2. By observation (3) of section 6, all the other
L-loop z4-type color factors are obtained from (L — 1)-loop xp-type color factors,

D) = (K = 1)(K + 4)cE™Y (7.15)

xra

which can be expressed in matrix form as

43 10
_ 0 43 1---
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Thus eq. (7.14) implies

3 1.0 0 -
-4 3 1 0 -
0=cly VmryT, H=GpuMyg=|0 43 1 (7.17)
0 0 —4 3 -
Given that cgj_l) and ri? are both of maximal degree L — 2, we may truncate the

infinite matrix H to the finite matrix HX), consisting of the first L — 1 rows and columns
of H. Then eq. (7.17) becomes

0=cly VE®T HD =TI, 5HII, . (7.18)
We observe® that det H(X) > 0, so that the (L — 1) x (L — 1) matrix H") is invertible.
Since generically we found two solutions to cﬂj‘”r&ﬁ‘m = 0, there are therefore two xg-type
irreducible representions, namely
)T -1 @-nr
T (1) BT
)T -1 (L—nr
1‘9(65)72 = (H(L)> r(mz) (7.19)
where T:(zrijjl) are given in eq. (7.11). For L = 2 and L = 3, rchﬁ)l and rffﬁ)2 coincide, but

they are distinct for L > 4.

(3) x4-type null vectors. Having found (for L > 4) two irreducible representations of type
zq and two of type x3, there must be one remaining, which we will show to be of the form

R\E) = ’I“(L):E,Y (7.20)

Ty Ty

(L)

where 734" is a polynomial in K of maximal degree L (but see below). Orthogonality to ngg)
and C’l(le;“) is automatic. Orthogonality to z,-type color factors, (C%”Rgﬁ)) = 0, implies

0= C(xLa)Ma’yrgcg)Ta Ma’y =1lo001--- (721)

where M, is defined in eq. (5.12) using the P and Q matrices appropriate to z, and x.. One
of the L-loop z4-type color factors is c;(,fl) = K", so eq. (7.21) implies that r%) is actually
of maximal degree L — 1. All the other L-loop x,-type color factors are obtained from
(L — 1)-loop xp-type color factors, so that eq. (7.21) becomes

0=l Gyr DT (7.22)

5This follows from det H®) = 3det HE D + 4det HE~2),
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# of loops L 01 2 3 4|L>4
# of xo-type irreps 01 1 2 2 2
# of x-type irreps 0 0 1 1 2 2
# of x,-type irreps 0 1 1 1 1 1
total # of z-typeirreps |0 2 3 4 5 5

Table 6. Number of independent z-type null vectors for SO(N).

where Gy, was defined in eq. (7.16). In addition, orthogonality to xp-type color factors,
(L) pL)y _ :
(Chp’|Ray') = 0, requires

310---
031---
L
0= Cib)Mbvrﬁﬁ)Tv My, = 003 --- (7.23)

where My, is defined in eq. (5.12) using the P and Q matrices appropriate to x; and x,. At
one loop, egs. (7.22) and (7.23) are empty, as there are no xp-type color factors below two
loops, so there is a single x,-type irreducible representation:

RY =z, . (7.24)

At two loops one has cg)) = K — 2, so that eq. (7.23) again yields a single z,-type

irreducible representation:
oy = + 6 Ty .

For L > 3, one must impose both egs. (7.22) and (7.23). We show in appendix B
that there is also a single x,-type irreducible representation that satisfies both egs. (7.22)
and (7.23), which has the form

2[1- B 2[1-(-6K)"]
) = 3L(1—3K)  (—6)L(1+6K) (7.26)

consistent with eqgs. (7.24) and (7.25). Again, there is a pattern whereby r%) is given by

K r%fl) plus a constant easily obtained from eq. (7.26).

7.3 Summary of null vectors

We have explicitly constructed all the z-type null vectors for SO(N). For L > 4, there are ten
such null vectors, consisting of five irreducible representations whose general forms are given
in egs. (7.11), (7.19), and (7.26). For L < 4, the number of null vectors is fewer (see table 6).
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For the reader’s convenience, we explicitly list the z-type null vectors through four loops here:

One loop: RQ(CQ = Zq,

ng) =Ty,

1
Two loops: R(2) (K + 2) To

RSB) =uxg,
R = <K+é>%,
Three loops: R((z = <K2 + %K + i) To
RY, = <K2 + %K + 356) Ta
RY) — (K—i—l)m ,
s 10)""
R®) = <K2+(13K+112)x7,
Four loops: R(Cg = <K3 + ;KQ + %K—i— 8) T s
RY,= <K3 + 2K2 + 356K+ 21116) o,
R = <K2+ 49—6 + ;) 5,
R\, = <K2 + %K + ;161) g,
R = <K2 + éKQ + 1121( + 2“;’6) (7.27)

where we have rescaled the xg-type null vectors.

8 L-loop Sp(IN) color space

The L-loop color space for four-point amplitudes with gauge group Sp(/N) can be dealt
with summarily since the results are nearly identical to those for amplitudes with gauge
group SO(N), up to certain relative signs. The iterative matrices for Sp(N) obtained in
section 3 are given by

(K 0 (Ko _(K+6 3 (K3 3
g1 = 0K ) Gz = 40 ) Jzu = 0 9K ’ Jux = 12 9K .

where we have chosen to set e = 2 and have expressed these matrices in terms of the Sp(NV)
quadratic Casimir K = N + 2. These matrices generate a basis consisting of polynomials
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multiplied by one of four specific (linearly independent) types:

2, =[1,0|®
=[K -3, 1]®:1:
Uy = [K +6,3] ®u,
p=[(K —3)(K +6),K -9 ®@u. (8.2)

Carrying out manipulations exactly analogous to those for SO(N) in section 6, we determine
a complete set of color factors that span the L-loop color space for Sp(N):

Ol = Dz, B e (KM} U{(K + 1)(K —4)ci Y},

ra

O = Wy, e {KM(K +6)"(K +2)"%! | ny + 2na + 3n3 = L — 2},
O — oDy D) ¢ (elbDy
O = clu, ey € {ey ™) (.3)

which is the same as eq. (7.3) up to certain relative signs.

The orthogonal complement of the space of color factors (8.3) is the L-loop null space,
which (for L > 5) is spanned by ten z-type null vectors and seven u-type null vectors. Again
carrying out manipulations exactly analogous to those for SO(N) in section 7, we may
determine the explicit forms of all the xz-type null vectors, which may be obtained from the
SO(N) z-type null vectors (7.11), (7.19), and (7.26) by some obvious changes of relative signs.

9 Conclusions

In this paper, we have analyzed the spaces of color factors associated with L-loop four-point
amplitudes of fields transforming in the adjoint representation of gauge groups SU(N), SO(N),
or Sp(N) by decomposing them into an extended trace basis. The extended trace basis
consists of traces (and products of traces) of generators multiplied by various powers of N
(or of K, where K is proportional to the quadratic Casimir, viz., N for SU(N), N — 2 for
SO(N), and N + 2 for Sp(/V)). The dimension of the L-loop extended trace space is 3L + 3
for SU(N) and 6L + 3 for SO(N) and Sp(N), and the L-loop color space spans a proper
subspace of the L-loop trace space. Using a refined iterative process, we have determined the
dimensions of this subspace for all values of L for the groups SU(N), SO(N), or Sp(N), with
the results listed in tables 1 and 2. We observe that the dimensions of these color spaces are
the same for all these groups up through four loops, but begin to differ for L > 5.

As can be seen in tables 1 and 2, the codimensions of the color spaces (vis-a-vis the
extended trace space) reach a fixed value for sufficiently large L. Thus these spaces are
more efficiently characterized by specifying the null space, i.e., the orthogonal complement
of the color space in the trace space. Moreover, the null vectors are directly related to
group-theory constraints on the color-ordered amplitudes, as described in the introduction.
We established the number of null vectors to be four for SU(N) (for L > 2) and seventeen for
SO(N) and Sp(N) (for L > 5). For SU(NV), we confirmed the forms of the four null vectors
(or constraints) found previously. For SO(N) (and Sp(XN)), we derived explicit expressions for
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ten of the seventeen null vectors, namely, the z-type null vectors. Obtaining the remaining
seven u-type null vectors is left for future work.

Admittedly the usefulness of the null vectors for SO(N)/Sp(N) is limited because they
are constructed with respect to an unconventional inner product. One might ask why we
bother to construct these null vectors explicitly. The answer is that proving the existence of
these null vectors, which we do by constructing them, is crucial to establish the completeness
of the basis of 6L — 14 color factors (for L > 5) for SO(N) constructed in section 6 and listed in
table 4. As explained in section 6, our iterative procedure produces the correct number (L —2)
of independent x;-type irreducible representations through seven loops, but (apparently)
produces additional ones for L > 8, corresponding to solutions of eq. (6.20) with nz > 2.
To show that these additional irreps are not independent of the others, we demonstrate in
appendix B that they are orthogonal to two x,-type irreps, which we explicitly construct.
There may be other ways to demonstrate the completeness of the color factors, but this is
how we have done it. As usual, this is subject to the assumption, stated in the introduction,
that the L-loop color space can be obtained by attaching rungs between any two external legs
of the set of (L — 1)-loop color factors; it would be nice to have a proof of this assumption.

Another obvious target for future work is the characterization of the color spaces and
the null vectors for five-point (and higher) amplitudes of SO(N) and Sp(/N). These were
previously found for SU(N) in refs. [15, 16].
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A Group theory identities

Let T* denote generators in the defining representation of SU(N), SO(V), or Sp(V), a set of
N x N traceless hermitian matrices that in the case of SO(N) and Sp(N) satisfy additional
conditions (see below). For Sp(N), N is even.

The generators are chosen to be orthonormal

Te(TT?) = 6% (A1)

where ¢ denotes the index of the defining representation. These matrices obey commutation
relations

[T, 7% = f*er° (A.2)
so that egs. (A.1) and (A.2) imply”
foe = (1)) (T, [T°, 1)) (A.3)

which is manifestly totally antisymmetric. In the main body of the paper, we adopt the
convention ¢ = 1 for the index of the defining representation which is commonly used in the

"For the groups SU(2) and Sp(2), one has f2¢ = iy/2¢ €%*¢, while for SO(3), f**¢ = i\/c/2 €.
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amplitudes community. It is not difficult, however, to adapt our results to other conventions
because all of the quantities considered scale homogeneously with c.
We now discuss each classical group separately.

A.1 SU(N)

Generators in the defining representation of SU(N) obey [36]
a a 1
(T )l](T )kl =C <6il6jk — N51]5kl> . (A4)

Thus for arbitrary products of generators A and B, we have

Tr(AT®) Te(BT®) = [T&"(AB) - %Tr(A) Tr(B)} ,
Tr(AT*BT®) = [Tr(A) Tr(B) — ;Tr(AB)} . (A.5)
A2 SO(N)
The generators for SO(N) satisfy
(19T = -1 (A.6)

where T denotes transpose. That is, they are antisymmetric as well as hermitian (and
therefore purely imaginary). Equation (A.6) implies that T is traceless.
Generators in the defining representation of SO(N) obey [36]

c
(T)i;(T")i = 5 (6adj — dirdji) - (A7)
2

Hence for arbitrary products of generators A and B, we have

Tr(AT®) Tr(BT®) = g{Tr(AB) - Tr(ABT)] :
Tr(AT*BT?) = ;[Tr(A) Tr(B) — Tr(ABT)| . (A.8)
Using cq. (A.6), we have
BT = (-1)"z Bk (A.9)

where B denotes the product of generators B in reverse order, and np denotes the number
of factors in B. Thus we can recast eq. (A.8) as [33]

C

TH(AT®) TH(BT") = ¢ [Tr(AB) (—1)"® Te(ABR)

)

TH(AT"BT*) = ¢ [T&«(A) Tr(B) — (—1)"s Tr(ABR)] | (A.10)
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A.3 Sp(N)
The generators for Sp(NV) satisfy

(1T = JT°J (A.11)

where J is an N x N matrix satisfying J?> = —1 and J7 = —.J, where N is even. Equa-
tion (A.11) implies that 7% is traceless.
Generators in the defining representation of Sp(N) obey [36]

(T)ij (T = %(6il5jk — JirJjt) - (A.12)
Hence for arbitrary products of generators A and B, we have
Tr(AT®) Te(BT?) = ;[Tr(AB) + TY(AJBTJ)} ,
Te(AT"BT?) — ;[Tr(A) Tr(B) — Tr(AJBTJ)} . (A.13)
Using eq. (A.11), we have
BT = (-1)"z=1BfJ (A.14)

and so we can recast eq. (A.13) as [33]

Tr(AT®) Tr(BT®) = ,

[Tr(AB) — (—=1)"2 Tr(AB®)

2
Te(AT*BT®) — ;[Tr(A) Tr(B) + (—1)" Tr(ABR)

. (A.15)

B Derivation of SO(IN) null vectors

In this appendix, we prove the existence of two x,-type SO(N) irreducible representations of
Sy, which establishes the claim made in section 7 that the xp-type color space is spanned
by L — 2 irreducible representations. We find the explicit form for these null vectors and
also for the single x,-type irreducible representation.

B.1 z,-type null vectors

We recall that the null vector Rg([;ja) = rg(gﬁ)xa must satisfy the condition (7.7), which is

cDyp(DT _ (B.1)

b Tza

where Cif) = C:(L«%)l‘b is an arbitrary L-loop zp-type color factor for SO(N). We develop a
recursive proof to construct the null vectors. Recall from eq. (6.18) that any L-loop xp-type
color factor may be expressed in terms of lower loop xp-type color factors

=k B (k-6 Y = (k- 2)d (B.2)
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via the operators g1, gl()i) , and gég). It is useful to express these equations in matrix form:

0100 ---
_ 0010---
oly) =cly Ve, Gi=1looo1--|
0 -610---
(L) L—2) (2 2)
Cab :ngb )Gl()b)’ GI()b: 0 0 -61---1>
21 00---
0 —210---
L L—3) ~(3 3
C;b):cib )ng)’ Gl()b): 0 0 —21---|- (B.3)
We may freely write
oy = el (B.4)

where IIy, is defined in eq. (5.3), since cg(f;) is an (L — 1)th degree polynomial. Using egs. (B.3)

and (B.4), we see that eq. (B.1) may be replaced by the following three equations

(ML G YT = 0,

e LG el =0,
cE, LGP BT — 0, (B.5)

We will now construct two independent solutions of eq. (B.5). First define an infinite
vector depending on an arbitrary real number n:

1
An = (1,n,n2, - - A = A KT = . B.
(L,n,n*,---) — Tk (B.6)
It is easy to check that
Gl =nAl,  GIAT=(m—6AL,  GPAT = (-2l (B.7)
Next we consider a truncated version
1 1 _ 1
AglL) - anl AnHL,1 = F(lﬂ n7n27 o 7nL 17 07 07 Tt ) — A1(1L)T - FHLflAZ: .
(B.8)

The following relations are easy to check:

I, oGl 1 =11 _2Gy, HL—SGz(,?HL—l = HLsté? ; HL74G1(,2)HL71 = HL74G1(,2) .
(B.9)
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Using egs. (B.7) and (B.9) we observe that

HL*QGl)\gLL)T — AHL—I)T ’
ru_ﬂ%?xgﬂl_(”QG)Agf”T,
n
3 n—2 .
HL_4GZ()b)A7(ZL)T - (’n3> A7(1L 3)T . (BlO)

We now recursively prove that /\7(1L) satisfies the conditions (B.5) to be the L-loop null
vector r;(,;ﬁ). Assuming that )\%L) satisfies the conditions (B.1) through L — 1 loops, we
plug eq. (B.10) into eq. (B.5) to see that they satisfy those conditions at L loops. We
also need, however, to ensure consistency with the base case. Recall from eq. (7.9) that

at two loops, the null vector is
(2) 1
Tyq = 5,1,0,--- . (B.11)

This is satisfied by %2) only when n = 2, so it appears we only have one solution,
(L)

To,l

different /\7(7,L), provided that the constants in parentheses in eq. (B.10) are degenerate, which

r = )\gL). However, we may also satisfy eq. (B.5) with a linear combination of two

is the case for n = 3 and n = —6. Thus, for any values of A and B, the vector
r, = Aa{" + BaY) (B.12)
satisfies
I oGty =i,
M1 Gl e = -2
1My @OrB7 = L o1 (B.13)

T2 T ?7 T2

Consistency with the base case (B.11) requires A = % and B = —% so that finally we
have two solutions of eq. (B.5)

r:(EZ),l = AéL) )
L 4. 1,
rh, = gxg ) — gxﬂg . (B.14)
From eq. (B.8), we have
1 — (nK)F
AL — ANDKT — B.15
" " nt=1(1 — nK) ( )
so we can conveniently express eq. (B.14) as polynomials of degree L — 1:
_ L
D) _ (D) T _ 1 - 2K)"]
za,l za,l 2L71(1 — ZK) )
_ L _(_ L
N - GK) ‘2 - o] . (B.16)
zan2 T Toa2 3L(1-3K) ' (—6)L(1+6K)
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B.2 z,-type null vectors

We will now establish that the single x.,-type irreducible representation (for L > 1) has the form

2 (1 1. 2 2

corresponding to a polynomial of degree L — 1

2[1-BK)E]  2[1-(-6K)L]
rey =Ty K = 3L(1—3K)  (=6)E(1+6K) " (B.18)

We may write eq. (B.17) as

o (2 2
r(x,y) = <3LA3 — WA_G HL (Blg)

since the K term vanishes. For the matrices Gy, and My, defined in eqgs. (7.16) and (7.23),
one may ascertain that

My oGyl =y 2Gyq, 1 My Il = Iy My, (B.20)
and also that
GraAl = (n+4)(n— 1AL, MpAL = (n+3)AL. (B.21)

Using eq. (B.19) in egs. (B.20) and (B.21) we have

28 28 7 (L-1)T
HL—szaP%)T =12 (?),;)\g - (_6),;)\T6) = griag "
12 6 L)T
M,y My =11, <3L>\§ g ) =307 (B.22)

The conditions (7.22) and (7.23) for the z.-type null vector may be written, using
eq. (B.4), as

0=cli M 5Gr®T, 0=, My T (B.23)

T Ty

Finally, using egs. (B.22) and (B.1), we see that eq. (B.23) is satisfied by eq. (B.17).
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