GAMMA-CONVERGENT LDG METHOD FOR LARGE BENDING
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ABSTRACT. Bilayer plates are slender structures made of two thin layers of dif-
ferent materials. They react to environmental stimuli and undergo large bending
deformations with relatively small actuation. The reduced model is a constrained
minimization problem for the second fundamental form, with a given spontaneous
curvature that encodes material properties, subject to an isometry constraint. We
design a local discontinuous Galerkin (LDG) method which imposes a relaxed
discrete isometry constraint and controls deformation gradients at barycenters of
elements. We prove I'-convergence of LDG, design a fully practical gradient flow,
which gives rise to a linear scheme at every step, and show energy stability and
control of the isometry defect. We extend the I'-convergence analysis to piecewise
quadratic creases. We also illustrate the performance of the LDG method with
several insightful simulations of large deformations, one including a curved crease.

1. INTRODUCTION

Bilayer plates are slender structures made of two thin layers of different materials
glued together. These layers react differently to non-mechanical stimuli, such as
thermal, electrical, and chemical actuation [31, 44, 32]. Bilayer plates can undergo
large bending deformations using a small amount of energy, which makes them
appealing at small and large scales alike. Amongst the many and broad applications
of bilayer materials in engineering and biomedical science, we list drug delivery
vesicles [29, 45], cell encapsulation devices [46], sensors [35] and self-deployable sun
sails [34].

We model bilayer plates as thin 3d hyper-elastic bodies as depicted in Fig. 1.
Exploiting their relatively small thickness, two dimensional plate models for the
mid-plane deformation y(Q), Q c R? are derived and analyzed in [41, 42]; we
also refer to [8] for a formal dimension reduction argument. The plates equilibria
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2 LDG APPROXIMATION OF LARGE DEFORMATIONS OF BILAYER PLATES

are characterized as solutions to a nonlinear minimization problem with a noncon-
vex constraint expressing the plates ability to bend without stretching or shearing.
Therefore, distances within the midplane remain unchanged thereby resulting in
isometric deformations.

FIGURE 1. Bilayer plates: Q x (-s/2,5/2), Q c R? is the mid-plane
(bounded Lipschitz domain) and s is the thickness parameter. The
sets Qx(-s/2,0) and 2x(0, s/2) represent the two undeformed layers
of different materials.

1.1. Problem statement. The plate deformation y : @ — R? must belong to the
following admissible set A, which prevents shearing and stretching within the surface
y(€) and imposes possible boundary conditions:

(1) A={ye[H*Q))P: Ilyl=L inQ, y=¢, Vy=0onT"},
where I is the 2 x 2 identity matrix and
(2) I[y]:=vy'vy

is the first fundamental form of y(Q2). We assume that I'? c 9Q is nonempty and
open and ¢ € [H?(Q)]? and ® € [H(Q)]>*? are given and are compatible with the
isometry constraint, namely ® = V¢ and ®7® = I, on I'p; thus A is non-empty.
Moreover, condition (2) entails that {9;y}2, is an orthonormal basis of the tangent
plane to y(€2) and its unit normal v can be written as

_ Oy x Doy
(3) V= Ory < Ooy] =01y x Ooy.

Although we will present simulations in Section 6 for both Dirichlet boundary
conditions (i.e. T'P # @) and free boundary conditions (i.e. I'P = @), we focus
our presentation on the former for convenience. We emphasize that the analysis of
the latter follows from that in this paper. The modifications are in the spirit of
[15], where we analyze the LDG method for prestrained plates with free boundary
conditions. Consequently, we do not include details to avoid repetitions.

Equilibrium configurations of bilayer plates are solutions y € A of the following
constrained minimization problem

(4) min F [y] := min = f |

yeA yeA 2
where II[y] is the second fundamental form of y ()

(5) Mly] = (0y - v).,_, = (055 (01y x 0ay)), .
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and Z € [L™(Q)]*? is a spontaneous curvature which encodes the material prop-
erties of the bilayer plates. In fact, Z forces the plate y(£2) to bend so that I[y]
gets as close as possible to Z. If the material is homogenous and isotropic, then the
spontaneous curvature is diagonal, i.e. Z = als with a constant o depending on the
materials parameters. In particular, when the two layers are identical, Z = 0 and
the model reduces to a single layer plate [4, 18], which coincides with the classical
(nonlinear) Kirchhoff plate theory.

Thanks to the isometry constraint I[y] = I, the energy functional E [y] can be
further simplified. Recall that for isometries, there holds [5]

2 2 2 2
(6) Mly]|" = |D?y|" = [Ay[" = (e I[y])",
whence expanding the square in (4) and using (5) and (6) yields

1 2 1
M Ell=; [0 -3 [ sy <o)z [ |2

1,5=1

. 2 e .
Furthermore, since % I ‘Z ‘ does not depend on y, minimizing the energy in (7)
over A is equivalent to minimizing the reduced energy

1 2
(8) Ely]:= 3 /g; ‘DQY‘Q - Z /;2 0y - (Ory x 02y) Zij,

i,7=1

over A; we keep the same notation for the energies in (7) and (8) for simplicity.
The effect of the layers mismatch appears in the cubic term leading to a nonlinear
Euler-Lagrange equation for the equilibrium deformation y, namely

2 2 2
0=0E[y](v):= -/Q D%y : D*v - MZ=31 anijv. (O1y x Oay)Zij
- Z /Q aijy . (81v X 82y)ZZ-j — Z ‘/Q &'jy . (81y X agv)Zij,

i,j=1 i,j=1

where v € [H2(2)]? is an arbitrary test function. For later use, we also introduce a
notation for the single layer bending energy

1 2
1 B ::_f D?
(10) [v]:=5 J,IP%]
and the cubic term
2
(11) Clyl= X fﬂaz‘jy'(a1y><32Y)Zij7
ij=1
so that

Ely]=Bly]-Cly].
We emphasize that the cubic term C' satisfies

IClyIl < Iyl m2) VY I 2 IVY [ (@) [ Z ] 1 ()
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and I[y] = Iz implies || Vy| e (q) S [I[y]]ze(0) S 1, whence

ICIy N5 Iy I2()-

Since the discrete deformation yy, is piecewise polynomial, our numerical method
cannot guarantee that yy, satisfies the isometry constraint I[yy] = Iy everywhere in
Q). We choose to enforce a relaxed constraint solely at the barycenter of elements.
This is a chief ingredient of our LDG method and is inspired by Bartels and Palus
for Kirchhoff elements [10].

1.2. Previous numerical methods. There are several finite element methods
available for the numerical simulation of bilayers plates [8, 7, 10, 17]. In all of
them, the isometry constraint I[y] = I5 is linearized at y

(12) Liv;yl=vvivy+vy'vv =0,

and tangential variations v are evolved within a gradient flow that decreases the
energy E[y] and is favored for its robustness.

The gradients of Kirchhoff finite elements are uniquely defined at the mesh ver-
tices, which is where (12) is imposed in [7, 8]. The discrete gradient flow in [8] treats
the cubic energy C[y] implicitly to get an energy decreasing scheme but requires
the normalization (3) of the discrete normal, which renders the algorithm nonlin-
ear. Discrete energies are shown to I'-converge in [8]. In contrast, the scheme of
[7] is linear and much more efficient, but stability and I'-convergence are still open.
Recently, Bartels and Palus [10] reformulated the discretization of C[y] making it
fully explicit and the ensuing algorithm linear, and were also able to show an energy
decreasing property for the explicit gradient flow with a mild time-step constraint
and I'-convergence of the discrete energies.

On the other hand, interior penalty discontinuous Galerkin (IPDG) finite element
methods are proposed and studied in [17] because they require a lower polynomial
degree (2 instead of 3), are easier to find in existing software platforms, are more
flexible in imposing boundary conditions as well as the linearized isometry constraint
(12), and are amenable to subdivisions containing curved boundaries which is cru-
cial to deal with creases. The linearized constraint (12) is enforced in average on all
elements of the subdivision. Furthermore, the cubic energy C[y] is treated explic-
itly at each step of the discrete gradient flow and the ensuing algorithm is linear.
However, I'-convergence and energy decreasing properties remain open problems.

We note that the bilayer model (7) reduces to single layer plates endowed with
the bending energy B[y] for y € A provided the upper and lower layers are identical,
ie. Z =0. We refer to [4, 18] for the design and analysis of Kirchhoff and IPDG
methods in this simpler context.

1.3. LDG-discretization and our contribution. We propose a local discontin-
uous Galerkin (LDG) method for the approximation of the minimization problem
(4) along the lines of [14, 15]. LDG method was originally introduced in [24], and
further explored in [11, 21, 22, 25, 26]. Our discrete energy Ej[yr] is obtained (up
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to stabilization terms) by simply replacing the Hessian D%y in (8) by a discrete Hes-
sian Hy[yp] (defined by (29) below), which is constructed and analyzed in [14, 15] in
terms of the discontinuous Galerkin solution y;. This is conceptually simpler than
IPDG methods, which are based on integration by parts and are harder to design
for intricate nonlinear systems. In contrast to IPDG, LDG is also stable for any
positive stabilization parameters, and exhibits better convergence properties at the
expense of a slightly worse sparsity pattern [14, 15].

Our treatment of the cubic term hinges on the mid-point quadrature. If 7 is a
mesh made of shape-regular triangles or quadrilaterals T" with barycenter zr, let

2

(13) Chlyn]=>. > \T\(Fh[)’h]z‘j - (Oyn, ><32Yh)Zij)($T)
i=1TeT;,

where Hy[y3] = ﬁ [ Hplyn] for all T € Ty, is the piecewise constant reduced discrete
Hessian. We also make the simplifying assumption that the spontaneous curvature
Z in (4) is piecewise constant over all partitions 7Ty, h > 0. Moreover, we control the
isometry defect at barycenters, namely given a parameter § > 0 we impose

(14) Dilyrn](zr) = |[Vy} Vyn - B)(z7)| <6 VT €T

We enforce the Dirichlet condition upon augmenting the discrete energy Ej[yy] via
a Nitsche method. Therefore, we say that discrete functions satisfying (14) belong
to the discrete admissible set Ay s, the discrete counterpart of A in (1). We prove
that Ay, s, is non-empty, and derive convergence of global minimizers y;, of Ej, within
Ay 5, towards global minimizers y of (4) in the spirit of I'-convergence.

It is worth pointing out that I'-convergence does not give error estimates and that,
except for [9] for linear plates with folding, we are not aware of such bounds for non-
linear plates undergoing large deformations. The main obstructions are: the energy
is nonconvex; the isometry constraint is nonconvex; there might be multiple solu-
tions; there is no regularity theory beyond the basic energy estimate y € [H?*(Q)];
mapping properties of the linearized Euler-Lagrange equation and isometry con-
straint, that govern the behavior of perturbations, have to be discovered and most
likely will entail additional regularity of y; no monotonicity argument is available
because y is vector-valued. However, it is plausible that error estimates are valid
for small perturbations of smooth branches of solutions. Proving error estimates is
a challenging and important endeavor, but is far beyond the scope of this paper.

Solving the nonconvex discrete minimization counterpart of (4) is a highly non-
trivial task. We resort to a discrete gradient flow that enforces the linearized isom-
etry constraint (12) at the barycenters xp of elements T’

(15) LIvi;yul(xr) = [VVE Vyn + Vyi vvp](zr) =0 YT €Ty,

and solve a discrete minimization problem for a tangential variation vy of yp, in
the sense (15), with the cubic term (13) treated explicitly. The latter is a clever
idea, due to Bartels and Palus [10], that renders the problem linear at each step of
the gradient flow; however, our approach is different from [10]. We show that this
procedure is energy decreasing, convergent, and preserves the isometry defect (14)
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provided ¢ is proportional to h, which entails a linear relation between the time step
7 of the gradient flow and h. Moreover, we derive a (suboptimal) discrete inf-sup
condition for the Lagrange multiplier approach to the linear constraint (15), which
seems to be the first such result for this type of matrix constraint and is consistent
with computations.

The rest of this article is organized as follows. Section 2 is about LDG. We
introduce the (broken) finite element spaces in Section 2.2. We examine the discrete
Hessian operator and its reduced counterpart in Subsection 2.3, together with their
boundedness and convergence properties. In Subsections 2.4 and 2.5, we define the
discrete problem and investigate consistency of the cubic discrete energy Cp,. The
proof of I'-convergence of the discrete energy to the exact one is the content of
Section 3, and its extension to a bilayer model with piecewise quadratic creases is
included in Section 4. In Section 5, we introduce the gradient flow scheme used
to solve the discrete problem, prove its conditional stability and show how the
constraint violation (14) is controlled throughout the flow. Moreover, we derive a
suboptimal inf-sup condition for (15) at each step of the flow. We present several
insightful simulations in Section 6 to illustrate the performance of LDG, including
folding across a curved crease.

2. LDG DISCRETIZATION

2.1. Subdivisions. From now on, we assume that € c R? is a polygonal domain
and denote by {7}, }r-0 a shape-regular sequence of conforming partitions of  made
of either triangles or quadrilaterals T' with diameter hp := diam(T') < h. The set of
edges &, := 5,? u 82 is decomposed into the interior edges 5}? and boundary edges E,bL.
For e € &, we define h := diam(e) and note that he < h, and thus

(16) Rt<hl Veeé,.

We assume a compatible representation of the Dirichlet boundary TP = u{e: e € 5}? },
and let £ := E}OL U 5}? be the set of active edges on which jumps and averages will be
computed. The union of these edges gives rise to the corresponding skeletons of Ty,

(17) I =u{e:eegy}, Ty =TP, Ty:=T)ul}.

We use the notation (-,-)z2¢qy and (., ')LZ(Fz) to denote the L? inner products over
2 and I'j, and a similar notation for subsets of {2 and I'j. We denote by h a mesh
density function, locally equivalent to hp and h., and utilize it as a weight in the
preceding norms. We often write f < g to indicate that there exists a constant C
independent of discretization parameters such that f < Cyg.

2.2. Broken spaces and operators. For an integer r > 0, we denote by P, the
space of polynomials of total degree at most r when the subdivision is made of
triangles and by Q, the space of polynomials of degree at most r in each variable
when quadrilaterals are used. We also use the same notation, T , to denote either
the unit triangle or the unite square depending on the type of subdivision used. We
let Fr:T—>Te [Q1]? be the generic map from the reference element to the physical
element. It is affine only when the subdivision is made of triangles.
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We fix the polynomial degree k > 2. The (broken) finite element space V¥ to
approximate each component of the deformation y reads

(18) Vi i={vn e L*(Q): vpipoPreQ, YT eTh},

when the subdivision is made of quadrilaterals, and we replace Qg by P, if we
have triangular elements. We define the broken gradient Vv of vy, € Vﬁ to be the
elementwise gradient, and use similar notation for other differential operators. For
instance D,zlvh = Vi Vpop, stands for the broken Hessian, and ;v = 0; jvp, denotes
the components 7 = 1,2 of the broken gradient Vj,vy,.

We now introduce the jump and average operators. For every e € £, fix n, to
be one of the two unit normals to e (the choice is arbitrary but does not affect the
formulation). For a boundary edge e € E}bl, we set n. = n, the outward unit normal
vector to 0. The jump of vy, € VfL and Vjvp across e € 5,(3 are given by

(19) [vn]], =vy — vy, [Vaonr]l, = Vi, — Vaoy,

where v} (x) := limg_o+ vp(x £5n.) for x € e. The jumps of a vector or matrix valued
function are computed componentwise.

In order to incorporate the Dirichlet boundary conditions y = ¢, Vy = ® on I'P,
we resort to a Nitsche’s approach which does not impose essential restrictions on
the discrete space [V#]3 but rather modifies the discrete formulation by including
boundary jumps defined for vy, € [VF]?

(20) (Ville = [Valle(®) = v =, [Vavill, = [Vave]|(®) = Vv - @,

for all e € 8,? . However, to simplify the notation, it is convenient to introduce the
discrete set V¥ (¢, ®)

(21)  Vi(p,®):= {vh e [VF*: [vill., [Vavn]|, given by (20) for all e e 5,?},

which coincide with [Vﬁ]g‘ but carries the notion of boundary jump (20) for its
elements. We define the average of vy, € VZ across an edge e € &, as

1/, .+ - 0
_ s(vp +uy) eedy
(22) {on} . : { o ceg,

and apply (22) componentwise to vector and matrix-valued functions.
We let (-,-) H2(9) be the following mesh-dependent form defined, for any vy, wy, €

Vi (s, ®), by
(29) (Vi Wi) 2 ) = (Divas DRwn) 12(0)
+ (b [Vhva], [Viwn])p2(ray + (h~°[va], [Wnl)z2(re)-

We emphasize that (23) is not bilinear in V¥ (¢, ®) because of the presence of (¢, ®)
in the boundary jump terms, unless ¢ = 0,® = 0. Moreover, we set

(24) [VilZ i) = Vis v mziay ¥ Vi€ Vi(e, @),
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and observe the validity of the following Friedrichs-type inequality [18, (2.27)]
(25) [vrlzze) +IVavaliz) S Vel az) + lelm@) + [ ®lmr@)  Vva eVi(p,®).

Once restricted to V¥(0,0), the form (-, -)H’%(Q) turns out to be a scalar product,
according to (25), which corresponds to the discrete counterpart of (-, ) g2(q)-

2.3. Discrete Hessians. The central ingredient in the proposed LDG approxima-

)74 defined in [14, 15]. Let
2x2

tion is the reconstructed Hessian Hy[yp] € [L?(Q
I1,12 > 0 be integers and consider two local lifting operators r. : [L?*(e)]* — [Vﬁ;]
and b, : L?(e) — [V2]?*? defined for e € £ by

(26) re(¢) € [Vi]>2: /w re(P) T = fe{Th}ne'¢ ¥, € [Vi]P2,
(27> be(¢) € [Vif]%@ : [Ue be((b) “Th = L{diVTh} ‘Nnep  VTp € [Vlhg]2><2a

where w, is the union of the two elements of 7} sharing e € I' 2 or the element of Tj,
having e € T} as part of its boundary. The definitions extend to [[LQ(e)]Z]3 and

[L?(e)]? by component-wise application. The corresponding global lifting operators
are then given by

Rit= Y e LT = [V,
ee&p
Bui= 3 bt IA(T]) » [VE 2,

a
ec&p

(28)

Their purpose is to lift inter-element information to the cells so that once added
to the piecewise Hessian D}QL, they constitute a weakly convergent approximation of
the exact Hessian (see Lemma 1). In fact, we define the discrete Hessian operator

3x2x2
Hp,: Vi(e, @) - [L2(Q)]77 by
(29) Hy[vi] = Divi = Ru([Viva]) + Br([vh]).
We point out the implicit dependence on data (¢, ®) and that we will later compute
Hp[vy] for vy € V’fL(O,O), ie. ¢ =0, ® =0, slightly abusing notation. Thanks to

the relation between the edge and cell diameter (16), we have the following a priori
upper bounds for lifting operators

(30) [ Hnvall Lz S lIvallaz)-
Moreover, we have the following properties of the discrete Hessian Hy[vy,].

Lemma 1 (weak convergence of Hy,). Let k> 2 and vy, € V¥ (¢, ®). If“VhHH}QL(Q) S1

and v, = v € [H*(Q)]? in [L>(Q)]® as h — 0, then for any polynomial degree
l1,15 > 0 we have

(31) Hylvp] =~ D*v in [L*(Q)
Proof. See [15, Lemma 2.4 and Appendix B]. O

]3x2x2 as h = 0.
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Lemma 2 (strong convergence of Hy,). Let v € [H?(Q)]? be any function such that
v =y and Vv = on TP, Moreover, let v, € Vi(cp, D) satisfy

(32) |1D*vilz2cry S Wlazy YT € Tos 3. v = v[Fapy =0 as h - 0"
TeTh

Then for any polynomial degree l1,l3 > 0 we have as h — 0F

(33) Hy[vy] = D*v  strongly in [L*(2)]%%2.

Proof. This is a minor modification of [15, Lemma 2.5 and Appendix B], which
assumes that v, is the Lagrange interpolant of v € H>(12). O

For later use, we now discuss properties of the reduced discrete Hessian defined
as the local L? projection onto the space of piecewise constants, i.e.

(34) Al = oy [ Hiv] YT,

We start with the stability of Hy,[ys].

Lemma 3 (stability of Hp[vy]). For any v, € Vi (¢, ®), there holds
(35) IHu[va]lz20) < cstan|Vall gz,

where the constant cgqp s independent of h.

Proof. This result is a direct consequence of the stability of the reconstructed Hes-
sian (30) and the local L? projection (34). O

The reduced discrete Hessian is also weakly converging.

Lemma 4 (weak convergence of Hy[vy]). Let vj, € VV p(p, ®) be a sequence of
discrete deformations satisfying thHH}QL(Q) S 1 for all h and such that vy, - v

in [L?(Q)]3 for some v € [H*(Q)]?. Then, Hp[vy] converges weakly to D*v in
[L2(2)F°.

Proof. For any ¢ € [C$°(2)]3?*2, we have

fﬂﬁh[vh]iqb TETth vi] TeTth Vil ¢+ Hy[vy]: (6-9),

where ¢ := % J7¢. Lemma 1 (weak convergence of Hy[yy]) implies

/g;Hh[vh]:(j)»'[QlﬁV:gb.

On the other hand, the uniform boundedness (30) and the assumption |vp,| m2(9) S1
guarantee that

| > Hp[vp]: (- ¢)‘ ShIHR[vi 220 IVPl 12(0) S RV L2y = 0
TeTh

as h - 0". Combining these two estimates yields the desired result. O
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2.4. Discrete admissible set. We introduce the discrete counterpart of the ad-
missible set A. Given a parameter § > 0 to be related later to h, we recall the discrete
isometry defect Dj[yp] from (14) and define the discrete admissible set A, 5 as

(36) Aps={yneVi(p,®): Dplys)(zr)<d VT eTh},

where the polynomial degree is k > 2 and zp is the barycenter of T € T,. The
Dirichlet boundary conditions are hidden within the definition (21) of V5 (¢, ®) and
imposed in the weak formulation; hence they do not contribute to any essential
restriction in Ay, 5. The following two lemmas are simple consequences of (36).

Lemma 5 (A, s is non-empty). For all h > 0 there exists yy, € Vi(cp,@) such that
Dylyn](zr) =0 for all T € T,

Proof. Let yp,(z) = x for x € Q. We see that y;, € [VF]3, and therefore y;, € Vi (¢, ®)
because the Dirichlet boundary conditions are not imposed essentially in the space
V5 (¢, ®) defined in (21). Moreover, I[y;](z7) = I, whence Dy[y;](zr) = 0. O

Note that this implies Ay s is non-empty for any 6 > 0, because Ay c Ay ;.
We postpone until Theorem 9 the hard question whether A s is sufficiently rich
to approximate A: for any y € A there is yj, € Ay 5 close to y in a suitable sense.
The following lemma provides an estimate on the amount of local stretch and shear
associated with functions in Ay, s.

Lemma 6 (pointwise isometry constraint). If y, € Ay 5, then for all T € T, and
i=1,2

(37) 1-6 < |Oiyn(zr)? <146, [O1yn(zr) - Oayn(zr)| < 6.
Proof. From definition (36), we deduce that for any ¢,7 = 1,2

Oiyn(xr) - Ojyn(xr) - dij| < 0,

where ¢;; is the Kronecker delta. The assertion thus follows. O

The pointwise control of isometry defect in (36) is inspired by the algorithms
based on Kirchhoff finite elements developed in [8, 10], where this constraint is
imposed at the element vertices. Dealing with element barycenters is novel in the
context of DG methods in that previous schemes impose this constraint in average
over elements [17, 15]. Having control at barycenters does not imply control of V,yp,
anywhere else, and dictates the use of mid-point quadrature for the discretization
of the cubic nonlinear energy C}. We discuss this next.

2.5. Discrete energy. The LDG approximation of the energy E[.] reads

(38) Enlyn] = Bulyn] = Cnlyn]

where By[.] approximates the bending energy (10) and C},[.] approximates the cubic
interaction energy in (11). The energy Bj[y}] is defined by

(39) Bplyr] = % fQ ‘Hh[Yh]‘Q +Snlynl;
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where
_1 _3
(40) Snlyn] =102 [VaynllZacrg) + 20002 [yl rg)
is a stabilization term with parameters vg,v1 > 0, whereas Cy[y;] is given by (13)
2 —
(41) Culynl= >, X |T|(Hh[Yh]ij (Oryn x 32Yh)Zij)($T)~
i,j=1TeTy,

With these notations the discrete minimization problem reads

(42) min  Eplys].

Yhehnp,s
We devote the rest of this section to examine the cubic energy (41). Combining
Lemma 6 (pointwise isometry constraint) with Lemma 3 (stability of Hy[y]) yields
IChlyn]| s (1+ Nyl zz@)l 2l 120y,

whence |Cy[ys]| is uniformly bounded whenever |y | H2() 1s. Another crucial as-

pect of (41) is the convergence of C} towards the continuous energy C within the
basic H 2_regularity framework. This requires dealing with the reduced Hessian
Hy[yn] as we show next.

Lemma 7 (convergence of cubic energy). Let Z be piecewise constant over Tp,. Let
Yn € Aps be a sequence of discrete deformations satisfying

(43) Iyalmz)s1 VA>0

and such that yy, — y in [L2(Q)]?, Vryn = Vy in [L2(Q)]>? for y € [H*(Q) n
WL(Q)]? as h—0%. Then

(44) Jlim Chlyn] = Cly]-

Proof. For any € > 0, it suffices to show that

(45) limsup|C[y] - Calyal| 5 e

We need a regularization argument to deal with the effect of quadrature. Since 2
is Lipschitz we can regularize y, say by convolution, in such a manner that the
approximate deformation y¢ e [H3(Q)]? satisfies

(46) Iyl a2 + ¥ Iwy o) $ 1, ly =yl S

we recall the convention that constants hidden in $ are independent of A and €. We
point out that this procedure is simpler than the regularization due to Hornung [30]
in that y© need not be an isometry. We first observe that the energies C[y] and
C[y€] can be made arbitrarily close because

Cly] - Cly*]
Y Iz Iy = Yl 0) 02y [ L) + 1015 Il (@) | Z | L= () S €.

Sy =¥l 101y lz2(0) 1025 [ L= () 1 Z] = (02)
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We next write Cp[yn] - C[y€] = Zij:l Yrer, R1(T) + Ro(T) + R3(T), where
Ry(T) == ];,(Fh[Yh]ij = 0;55°) - (O1y© x oy*©) Zij,
Ro(T) := |T|[Hplynlij - (Oryn x Ooyn — O1y° x doy®) Zij | (zr),
R3(T) = |T|[Hp[ynlij - (O1y° x 2y*) Zij | (1) - /C;Fh[}’h]ij (O1y“ x Ooy*©) Zij,

and disregard the non critical dependence on i,j = 1,2 in the notation. Lemma 4
(weak convergence of Hp[yp]) in conjunction with (46) implies that

2
limsup > > |Ri(T)| S e
h—=0% 4 j=1T€T;,

For Ry, we note that

|(Ovyn x Oayn — O1y° x Doy ) ()| < [V(yn - ¥) (@) |(IVyn(zr)| + VY (zr)]).

By Lemma 6 (pointwise isometry constraint), the fact that yj € Ay 5 and (46), we
have the uniform bound |Vyp(z7)|+|Vy“(zr)| $ 1 for all zp. If I, Vy€ indicates the
standard P;-Lagrange interpolant of Vy*, applying approximating properties of Ij
together with an inverse inequality for polynomials, we conclude

V(yn—y°)(@r)| <|(Vyn - Invy©) (@r)| +|(1nVy© - Vy©) (z1))
S b 1Vyn = InVy©l 2y + hr | DPy | r2ery.-

We next add and subtract Vy€¢ in the first term of the right-hand side and apply
again an interpolation estimate of I}, to derive

7129 (v - y) @) S 1V = Y) 2y + W31 DPy el 2 ery.
Moreover, since ]T]l/Q‘ﬁh[yh]ij(:cT)‘ = |Hplynlijlr2(ry because Hp[ys] is piecewise
constant, we obtain
\Re(D)| s | Hnlynlijlz2ery (19 (yn =) 2y + 1V Gy =¥ 2y + b2 D>y | 12(ry),

where the hidden constant is proportional to ||Z] e(q). After summing over ele-

ments, Lemma 3 (stability of H[yn]), together with the assumption Vy, — Vy
in [L?(Q)]3*2, (43) and (46), yields

2
limsup Y > |Ro(T)|Se.
h—=0* 4§ 4=1T¢€T,

It remains to deal with R3 which entails the effect of quadrature. Since Z and
Hp[yp] are constant in T, which is the chief reason for utilizing the reduced discrete
Hessian, we can equivalently rewrite R3(7") as follows:

Ry(T) = HolyilyZs [ (E(@r) - 6)

with f = 01y x 92y, The Bramble-Hilbert Lemma, in conjunction with the Sobolev
embedding WZ(T') c C(T) (cf. [20, Lemma 4.3.4]), implies the existence of a linear
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polynomial p € [P1(T)]® such that |f - p| () S | D*f| 1 (7). Since the mid-point
quadrature is exact for linears, we deduce

| [ t@n)=D|=| [ {(E-p)(@r)+ (p-0)}| < 2ATIE - plr=cry s BHID |12 ry-

Moreover, invoking (46),
”D2f||L1(T) S HD3yE“L2(T) “VyE”L?(T) + “DQYE”%?(T) S ||yEHH3(T)~

Inserting this back into R3(T") and adding we end up with

2
limsup 3> |[Re(T)| $ limsup (A HLya)l L2y ) ¥l 1130 =0,
h=0" 4 j=1TeT,, h—0*

because of Lemma 3. Altogether, we arrive at
limsup |G [yn] - Cly]| 5 €
which implies the desired estimate (45). O

It is worth realizing the role of the reduced discrete Hessian Hp,[yy] in the pre-
ceding proof, namely that it factors out the integral defining R3(7T'). If we had used
the discrete Hessian Hp [y}, ] instead, then there would have been a term of the form
h3| D? Hy[yn] | z2(r) that could only be handled via an inverse inequality within the
H?-regularity setting. This in turn would have gotten rid of the factor h2T and the
proof of (44) would have failed.

3. I'-CONVERGENCE

The reduced energy (8) consists of a bending energy B[y] and a cubic term C[y],
and so does its discrete counterpart (38), namely By [y, ] and Cp[yp]. Compactness
and ['-convergence of the bending energy part, being similar to the single layer
model, could be deduced from the results in [15]. For instance, we have that for any
70,71 > 0, there exists a constant cqoer such that [15, (37) and (38)]

(47) Cgoler HYhHij}?L(Q) < Bh[Yh] < Ceont ”yh”fqz(g) VYh € Vﬁ(‘ﬂa (I)),

and the constant ceeer — oo if either vy or v1 — 0%. In spite of that, [15] enforces
the isometry constraint in average and constructs the recovery sequence needed
for I'-convergence via standard nodal interpolation. Therefore, the analysis below
incorporates new ideas which do not follow from [15].

We start with the equicoercivity of energy Ej. The difficulty is dealing with C},.

Lemma 8 (coercivity of total energy). Let 6 > 0 and yp, € Ay 5. There exists a
constant Ceoer > 0 independent of &, but depending on the given data Z and Ty, only
through its shape reqularity constant, such that

(48) (260067')_1 HYh ”?{2(5—2) < Eh[}’h] + 60067"(1 + 6)2
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Proof. We write By, = E}, + C}, and employ (47) for By, to obtain
-1 2
CcoerHthH?E(Q) < Eh[yh] + Ch[Yh]-

It remains to estimate the cubic term Cp[yp]. Combining Lemma 6 (pointwise
isometry constraint) with the Cauchy-Schwarz inequality yields

2

Crlynl < >0 X T\ Hnlynlij - (O1yn x d2yn) Zij|(z7)
i Go1TeT,

2

l —
< >0 2 TR IHRYw)ijl 2 ¢y 0vyn (@) 102y n () Z ] Lo (1)
i =1TeTs,

1 —
<21+ )1 Z] poo ()22 [ Hn[yn]ll £2(0)-
Invoking Lemma 3 (stability of Hj[yy]) and Young’s inequality yields

1

(49) Hthfqi(Q) < Eplyn] + 2ccoercgmb‘9|HZ”%W(Q)(l +6)?,

coer

which is the desired estimate (48) with Ceoer = 2ccoercgmb|9|HZH%OO(Q). 0

We now prove a compactness result and I'-convergence of Ej, towards E, which
consists of a liminf and a lim sup property.

Theorem 9 (compactness and I'-convergence). Let § =6(h) -0 as h — 0". Then

(1) Compactness: Let yj, € Aps be a sequence such that Ep[yp] is uniformly
bounded in h. Then there exists y € A such that y, -y in [L*(Q)]® and
Viyn = Vy in [L?(Q)]**? for a subsequence (not relabeled).
(i1) Lim-inf property: If yy € Ay 5 satisfies yp =y in [L2(D)]? and V,y, — Vy
in [L*(Q)]1%*? where y € [H*(Q) nWL(Q)]3, then E[y] < li}ILn(i)I}f Enlyn]-
(i11) Lim-sup property: For any'y € A there exists yj, € Ap 5 such that yp, -y in
[L2(Q)]? and E[y] > limsup Ey[yn].
—0t
Proof. We prove properties (i),(ii) and (iii) separately.
(i) Compactness. Lemma 8 (coercivity of total energy) and (25) imply

Iyallzz) + IVRyrlrz) + 1yalm2@) $1-

Proceeding as in [18, Proposition 5.2], there exists y € [H%(Q)]? satisfying the
Dirichlet boundary conditions in (1) and y, — y in [L?(Q)]?, Viyr — Vy in
[L2(Q)]3><2_

It just remains to prove the isometry constraint I[y] = I a.e. in Q. To this end,
recall that I[y,] = Viy; Viyn, let T € T, and note that

1lyn] - L2l piery < Mlyn] = Mywl (@) oy + 1T Iyn](zr) - 1|
S hr| Diyn 2y IVay sl L2y + 91T,
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because yy, € Ay s whence Dy[yp](zr) = ‘I[yh](a:T) - IQ‘ < 4. Adding over T and

employing the uniform boundedness of ||D}2Lyh||L2(Q) and |Vuyn|r2 (o) results in
Iyn] -T2y Sh+6 -0 ash—0".

On the other hand, we see that

Iyn] -1yl = Va(ya—¥) Vayn + vy  Valyn -y)
implies
1lyn] -1y 1lri) < (IVYlr2e) + 1Vayslz2)) IVRyR = VY r2¢0) = O,
as h — 0" because |Vpyn|r2() $ 1. This and the triangle inequality lead to [I[y] -
Io] 11 () = 0 and consequently I[y] = I> a.e. in €, as desired.

(ii) lim-inf property. In view of Lemma 1 (weak convergence of Hj), we deduce

Hy[yn] = D%y in [LQ(Q)]BXQXQ. The lower-semicontinuity of the L2-norm under
weak-limits together with the fact that the stabilization terms in By [y, ] are positive
guarantee that

1 o
Bl =5 Jo DT stimipt Bl

In addition, Lemma 7 (convergence of cubic energy) yields limy,_o+ Cp[yr] = Cly],
and altogether gives E[y] <liminf,_o+ Ex[yn] as asserted.

(iii) lim-sup property. The difficulty to construct a recovery sequence yy, € A, 5
is that the regularity y € [H?(Q)n WL (Q)]? is borderline to define pointwise values
of Vy and thus enforce the isometry defect Dp[yp](2) at every element barycenter
xp. Hence, we invoke the regularization procedure of P. Hornung [30]: given an
isometry y € [H2(R2)]® and ¢ > 0, there exists an isometry y© e [H3(2)]? such that
(50) |y =¥l 2@ S ID?y |20 S 1Dy 120y

As usual, the constants hidden in the symbol < are independent of h and e. We
now set yy = Rp[y*], where the recovery operator Ry, : [H3(Q)]> - [VF]? is the
following quadratic Taylor expansion about x7 for every T € Tp

(51) Rp[w](x) :=w(zr) + Vw(2r) (2 —27) + %(ﬁ —27) Qr[w](z —z7) Ve,

where Qr[w] := \T1|fT D?w. Note that Vyu(zr) = Vy“(z7) and Dy[yn](2r) = 0,
whence yp, € Ay g c Ap, 5. We next show the two convergence properties of yy in (ii).
Since Rh‘T is invariant over the space Py of polynomials of degree < 1, we have

w—Ry[w]=(w-p)-Ry[w-p] Vpe[P]’.

Therefore, combining the stability in W2 (T) of the linear part of R; with the
Bramble-Hilbert lemma and the property |Q7[w]|2(7) < [W|g2(7), We deduce

|w = Ru[w]l g1y S hrlV(W =P)lwz () + hr|QrIwW]l 2 (1)

S W2 |Wlgs ey + holwlgzery S bW s o).
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Notice the presence of the full H3-norm on the right-hand side of the above estimate,
which accounts for possible subdivisions made of quadrilaterals [23, 27, 18]. We next
square and add over T € T}, to obtain

I = Ralw]l () + 179 = VB[]l 120 $ B Lo,
This estimate for w =y, in conjunction with (50), yields

ly = yrl2) + VY = Vaynll 2oy S € + 2y a3y,

whence [y -y r2(q) S € provided h is sufficiently small so that hy“| gsq) < €. This
shows the asserted convergence y;, —y in [L?(22)]? because ¢ is arbitrary.

It remains to show the convergence Ej[yn] - E[y] as h - 0%, which in turn
implies the desired lim-sup property. Since D2y, = Qr[y¢], we infer that

I1DaynlZey = 2 1Qrly Wiz < 2 1D*y Ii2(r) S 1Dy |20y
TE h TE h

according to (50). Moreover,

| Dy =Dy 7200y = 2. 1Q7y] =Dyl 2r)
TeTy

< Y 1Qrly - Dy I3y + ID*Y" = D2y 72y S B2y (G5 + €
TeT,

shows that D? WYh D%y and Lemma, 2 (strong convergence of Hy,) gives
Hy[yn] - D*y strongly in [L?(€)]¥?*2
An argument similar to [15, Appendix B and C], invoking the trace inequality, yields

Sulyn] $ 20 Iy =yalfzy =0, ash—0"
Te’Th
for the stabilization energy Sy[yx] in (40) and implies convergence of the bending
energy By, in (39), namely hh%l+ Bplynr] = Bly]. Finally, in view of the preceding dis-

cussion, we see that the assumptions of Lemma 7 (convergence of the cubic energy)
are valid, whence Lemma 7 implies Cp[yr] — C[y] and completes the proof. O

The construction of the recovery sequence in Theorem 9 (compactness and I'-
convergence) is closely related to Lemma 7 (convergence of the cubic energy) and
illustrates the crucial interplay between enforcing the isometry defect Djp[yy] at
barycenters and the mid-point quadrature rule in the cubic energy C[y,]. This,
however, limits the accuracy of LDG to that of lowest polynomial degree k =2. We
leave the design of an LDG method with formal higher accuracy k > 2 open.

Corollary 10 (convergence of global minimizers). If ype Ay s is an almost global
minimizer of Ey in the sense that

Eplyn] < inf Ep[wp]+o
Wph A

€AR 5
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where 0,6 = 0 as h — 07, then {yy}nso is precompact in [L*(Q)]3 and every cluster
point y belongs to A and is a global minimizer of E, namely E[y] = infwea E[W].
Moreover, up to a subsequence (not relabeled) the energies converge

E[y] = h]ggl)r Eh[yh].

We omit the proof of Corollary 10, which readily follows from Theorem 9 (com-
pactness and I'-convergence), and refer instead to [4, 5, 8, 18] for details.

4. BILAYER MODEL WITH CREASES

Bartels, Bonito and Hornung have recently developed a reduced single layer model
that allows for folding across creases [6]. The resulting two-dimensional model hinges
on a general hyperelastic material description with appropriate scaling conditions on
the energy, and consists of a piecewise nonlinear Kirchhoff plate bending model with
a continuity condition at the creases. For a prescribed Lipschitz curve C intersecting
the boundary of Q transversally, the modified bending energy of [6] reads

— 2 1
Bly] ) Q\C|H[y]| "2 Jac

for deformations y € [H2(2 ~ C) n WH(Q)]3 satisfying the isometry constraint
I[y] = I along with possible boundary conditions. Properly designed creases allow
for flapping mechanisms upon actuation at the boundary which are of interest in
engineering and medicine [6].

In this section we explore a similar modification of the elastic energy (4)

(52) Elyl =5 | Miyl-2[",

but without justification from 3d hyperelasticity. Therefore, we leave open the
question whether this energy is the appropriate I'-limit for bilayer materials. We
also modify the admissible set to be

A={ye[H*Q\CO)nWLQ)]: I[y]l=L inQ, y=¢, Vy=donT"}.

Our goal is, instead, to investigate the relation between (52) and its fully discrete
counterpart, and demonstrate computationally the crucial role of spontaneous cur-
vature Z to produce plate folding without actuation via boundary conditions.

We extend our LDG method to account for creases as in [6]. We consider iso-
parametric partitions 7; made of possibly curved elements, i.e. the mapping Fr
used to define the finite element space VF locally is [Q2]? instead of [Q1]? (or [P2]?
instead of [IP1]%). We further assume that the crease C is exactly matched by 7j:

|D*y?

(53) C is made of piecewise quadratic edges e, ...,ej € Ey,.

This geometric assumption is restrictive but instrumental for the theory below.
Dealing with more general creases C, just interpolated by &, is important and the
subject of current research; we refer to [6, Section 4.4] for some discussion.

The distributional derivative of y € [H2(22\ C) n WL (Q)]? reads

D?y = D*y +[Vy]®@ndg,
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where D%y stands for the absolutely continuous part of D%y, or restriction of D%y
to Q\ C that happens to be L%, while [Vy]®ndc is the singular part supported on
C and n is a unit normal vector to C. The first issue to tackle is the construction of
a discrete Hessian Hp[yy] that allows for folding across C and mimics D%y. As in
[6], we replace the global lift Ry, in (28) by

7ﬂéh = Z Te,

ec€in{e1,...es}

where {ej}}]:l are defined in (53), and let the modified discrete Hessian be

Hylyn] = Dityn = Ru([Vayn]) + Br([yn))-
We likewise replace (23) by the modified mesh-dependent form (-, -) 7»

h
(Vh,Wh>ﬁ;§ = (Djvi, Diwn) r2(a)

+ (W VAL [Vawa]) 2 (raey + (02 [va], [wa]) 2o
In essence, the ability for the plates to fold freely across C is reflected in the absence
of all the contributions related to [Vyys] across C. This is the key to the following
lemma whose proof follows along the lines of [15, Appendix B| and is thus omitted.
Lemma 11 (convergence of Hy). Let the crease C satisfy (53). Then there holds
(i) Weak convergence: If k > 2 and vy, € V¥(p,®) satisfies ||Vh||H}2L(Q) S 1 and
v, > ve[H*(QNC)n HYQ)]? in [L2(Q)]? as h —» 0T, then we have

Hy[vy] = D*> in [LQ(Q)]3X2X2 as h - 0",

(ii) Strong convergence: Let v € [H*(Q2\C)]? be any function such that v = ¢
and Vv =® on TP. Moreover, let vy, € Vi (¢, ®) satisfy

|D*vil 2y S IVIzery YT € Tas 3, Ivn = Veery = 0 as h > 0"
TeTh
Then we have as h - 0*
Hy[vy] » D*v  strongly in [L*(Q)]>%*2.
We are now ready to introduce the LDG approximation of E[y] in (52), namely

Enlyn] = Bulyn] + Culynl,

where

1 ~ _1 _3
Bylyn] = §fQ|Hh[YhJ|2 +71/h z[thh]H%?(F‘;L\C) +70[h Q[Yh]\\%z(rg)’

and
2

Ciulynl= > S T Hnlynlij - (01yn x 02yn)(21) Zij,
ig=1TeT;,

with Hy[yn]|r = ﬁfT Hylyn]. Lemmas 3 and 4 are valid for Hy[y], as well as
Lemma 7 (convergence of cubic energy) and Lemma 8 (coercivity of total energy).
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It remains to examine the convergence of the discrete global minimizers towards
the continuous global minimizers. Assume that the crease C splits §2 into two disjoint
sets 1 and 9. Since Hornung’s regularization procedure [30] cannot guarantee
general Dirichlet boundary conditions, it is not clear how to regularize in €2 and €9
functions that belong to [H2(22~C)nWL (Q)]? and yet maintain the location of the
crease C, namely obtain an isometry in [H3(Q~C)n W2 (2)]3. Another obstruction
stems from the use of curved elements necessarily for the subdivisions to match
the crease. When using polynomial mappings from the reference to the physical
elements, the resulting finite element functions are not necessarily polynomial in
the physical element, thereby ruling out the construction of the recovery sequence
proposed to guarantee the limsup property; see Theorem 9(ii).

We circumvent these issues by requiring slightly more smoothness on one of the
global minimizers y, which in turn allows for a different, more generic, construction
of its recovery sequence. Because the additional regularity cannot be derived from
our I'-convergence theory, we assume the existence of a global minimizer y* € A of
E with the following property

(54) v, €CH (),  i=1,2.

Note that the above assumption is consistent with practical configurations. We also
point out that this regularity assumption and the fact that the subdivision matches
the crease entail the existence of a modulus of smoothness w so that

(55) Vy" () - Vy" (2)| w(hr) Va,zeT, VT eT,,

with w(s) -0 as s - 0".

The construction of the recovery sequence for deformations satisfying the addi-
tional regularity (54) is then based on a piecewise averaged Taylor polynomial. The
latter does not preserve the isometry constraint pointwise but (54) allows for control
of the isometry defect.

Before embarking on the proofs, we recall a useful result on the averaged Taylor
polynomial [20] defined on the reference element T (see Section 2.2). Until the end
of this section, we consider the case when the reference element is a square and Qg
finite element functions are used. The case where T is the unit simplex is somewhat
simpler and can be dealt with similarly. Let B be a ball centered at the barycenter
of T such that its closure is contained in T and ¢ be a cut-off function with unit
mass supported on the closure of B. For @ e L'(T) let

(56) Q@ = 3 [ D @)@ - 2Tz € s
002 :

be the averaged Taylor polynomial where « := (a1, @2) is a multi-index with non-
negative integers i,y and |a|e = max{aj,as}. We recall the following useful
properties of @) and refer to [20] for additional details: @ preserves Q2 on T'

(57) Qpl=p,  PeQ
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is stable

(58) Q@ s 7y 5 1@l 1y, VEeN

and convergent

1/2

We next discuss estimates for isoparametric mappings Fr : T — T between the
reference element T and T € T;, so that Fr € [Q2]?. They establish relationship
between norms on T and T, as well as provide an interpolation estimate in [V%P.
In fact, for v e H*(T) and T =v o Fp € H*(T), there holds

(60) 12 27y ~ b7 ol L2qrys 101y ® 0] oo ()
(61) HVUHL2(T) Ivolr2¢ry, ||W7||Loo(f) ~ hr| Vol Lo 1y,
(62) | D0 27y S hr | D*0ll 2y + V0] 221y,

(63) | D0l 27y $ Wy 0] g2 7y

whence for m=0,1,2

(64) ol gm(ry S hp ™ 191 727

Moreover if v € H3(T), we further obtain

(65) | D*3] 127y $ W71 D0l L2y + Brl| D0 2y + V0] L2 (1)

Note that the first four estimates are discussed and proved in [18, Appendix|, while
one can extend the proof of (62) to show (65). Additionally, as in [18, Lemma A.4],
the local Lagrange interpolant Iw € [V7]3 for any w e H3(T') satisfies the estimate

(66) w = Ipwlgm(ry S B 0] sy,

for 0 <m < 3.
The next lemma describes the modified limsup property which hinges on the
averaged Taylor polynomial (56); compare with Theorem 9(iii).

Lemma 12 (limsup property with creases). Let y* € A satisfy the regularity as-
sumption (54) and let w be the modulus of smoothness in (55). There is a constant
¢ and yj € Ap ooy such that yj —y* in [L*(Q)]° and limp_o- Ep[yn] = E[y*].

Proof. As usual, the hat symbol denotes quantities defined on the reference element
T. Let y; € [V?L]g’ be defined locally by
Yilr =Vilre Fr's Filr:=Qy o Fr] VTeT,,

where @ is given in (56) and is applied component-wise. Note that by construction
we indeed have y; € [V%]S. The rest of the proof consists of 4 steps.
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Step (i): isometry defect. We claim the intermediate estimates
(67) IVYhleer) SIVY o=y, IV =yi)lr=) Swlhr) VT €Th.
To show the first estimate, we use (61) and (57) to write

1993l =7y § B2 1T ey § BT = )y = B2 ITQIF = €l o),

where ¢ := [T]™ Jry*e R? is the average of y*. We then employ the stability (58)
of @, together with (60) and Poincére inequality, to deduce

* —1||=* -1 * *
IVyillpery Shr T =l o7y S AT Y™ = €lro(ry SIVY |1 (1)

which is the first estimate in (67).

To prove the second estimate in (67), we first notice that for any p € [P;]® we
have P := po Fr € [Q2]®. Since P = Q[P], according to (57), we proceed as before,
but now using p € Q2 instead of the constant ¢ along with (61), to write

19" =y le=(ry b7 (19" = Bl ooy + [FQIT* = Bl o))
(68) S 19" = Blw 3
S Y =Plre=y + IV =)l L ()-
We next choose y* to take advantage of the piecewise smoothness (54), namely
p(z) =y (zr) +Vy (z7)(z - z7).
The property (55) of w implies
IV(y" = P) L=y <w(hr)
and combined with y*(z) - y*(z7) = Vy*(§)(x — x1) for some { € T, gives
ly* = ple(ry < hrw(hr).

Inserting these estimates in (68) yields the second estimate in (67).
The estimate on the isometry defect |(Vy;)T vy} - Is| Le(7) follows directly from
the intermediate estimates (67) and the assumption I[y*] = I»

(Vi) Vyh = Bl ey = (V) vy = (Vy ) VY[ (1)
<Uvy ey + 1Vyul oo @) IV R =y =) < cw(hr).
for a constant ¢ independent of the discretization parameters; hence y; € Ay, oy (5)-
Step (ii): Broken H?— Stability. For p € [P1]?, we set P := p o Fr € [Q2]? to get
|D?y3 22y = 1D*(vh = P 2y S bt |57 = Bl
in view of (63). Thanks to the invariance (57) and stability (58) of (), we obtain
1D%y; |2y $ B 1QIT” =Bl gy s W' 15" =Bl 27y
This, together with (60) and a standard interpolation estimate on T, yields
|D?y3llc2cry $ 0721y = Pliacry S 1Dy |2(r),
which is the desired stability estimate.
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Step (iii): H?—Convergence. We exploit a density argument. For any € > 0, there
exists y© so that y|o, € [H3(€;)]? and |y~ =Yl a2 (0, < € for i =1,2; y© may not be
an isometry and not be continuous across C. Exploiting the fact that C is exactly
matched by T, we split
(69)

2
2y = Vit S oI =Y 1tz + 2 IV - yilizay + 2 16 - viliem
TeTh i=1 TeTh TeTh

with yj = ¥ o :;1 and ¥ = Q[y o Fr], and estimate each of the three terms
separately. The first term is obviously bounded by €.
For the second term, we let m =0,1,2 and combine (59) with (64) to arrive at

1/2 9 1/2
Iy, =¥ lgmery S hi (Z |62 7| LQ(T)) Shy™ (Z |03 (3° - Ihye)lliQ(T)) ;
i=1

where I, is the local Lagrange interpolant onto [V#]? and Iy = I,y* o Bt e [Qq].
As a consequence, using the estimate (65) to map back to the physical element T,
and applying the error estimate (66) for I; to the ensuing terms, we deduce
€ € 3- €
i =Y lamery S "Iyl ms oy
for m =0,1,2. We thus conclude
2
€ €12 2 €12
2 I =yl S0 1y Tis -
TeTh i=1
It remains to estimate the third term |y}, -y} |m2(r). To deal with each term
Vi = Yilamery for m = 0,1,2, we let pm-1 € Ppo1 to be chosen later with the
convention that p_; = 0, and use the invariance Q[p o Fr] = p o Fr € [Q2]? for any
p € [P1]?. Combining (64) with the stability (58) of Q yields
197 = Vil ry = Vi = ¥ = Prnctlicry $ B IQIS” =5 = Pt 0 Frll ey
1 - * €
Shr" |y =3 =Pm-10 Frlp, @) s he™ly" =¥ = Pm-alr2(r)
Sy =yl w2y,
provided p;,-1 is an averaged Taylor polynomial of y* —y¢. This in turn implies
2
* (|2 * 2
2 Ivh = Yilzzery S 21y - ¥ 2, S€
TeTy, i=1
Therefore, gathering the estimates for the three terms in (69) we obtain
2
* * (12 2 2 €12 2
> Iy =il S €+ 073 [y i) s
TeT,, i=1

provided h|y|gs(q,) < € for h sufficiently small and i = 1,2. Since ¢ is arbitrary, we
deduce

> Iy = vildem =0,
TeTy
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and in particular y; — y* in [L*(R2)]?, as h - 0.

Step (iv): Convergence of Ep[y;]. Steps (iii) and (iv) show that the conditions
in Lemma 11(ii) (strong convergence of Hj) are fulfilled, whence Hh[yh] - D%y*

strongly in [L?(€)]**?*2. Consequently, convergence of Ey[y;] towards E[y*] re-
duces to the argument given in Theorem 9 (ii) and is not repeated here. O

The next theorem guarantees convergence of discrete global minimizers towards
exact global minimizers, but it is not a standard I'-convergence result because we
assume (54) for one global minimizer. Other minimizers may fail to satisfy (54).

Theorem 13 (convergence of global discrete minimizers with creases). Assume
that a global minimizer y* € A of E satisfies the additional regularity (54). Let
d =0(h) > cw(h) with c the constant in Lemma 12 and w the modulus of smoothness
in (55). If yne Ap s is an almost global minimizer of Ey, in the sense that
(70) Eplyn]< inf Ep[wpl+o

WhEAh‘(g
where 0,6 > 0 as h - 0%, then {yp}n>0 is precompact in [LZ(Q)] and every cluster

point y belongs to A and is a global minimizer of E, namely E[y] = inf E[w]
Moreover, up to a subsequence (not relabeled)

(71) Ely] = Jim, Enlyn].

Proof. The liminf property follows along the lines of Theorem 9 (i) because it is
based on Lemmas 8 and 7, which remain valid in this context, as well as Lemma
11 (i) (weak convergence of H},) instead of Lemma 1 (weak convergence of Hj,) and
the weak lower semicontinuity of the L?-norm. Therefore, there is y € A such that
(up to a subsequence not relabelled) yj, -y in [L?(€2)]? and

Ely] <liminf Ey[y].
To show that y is a global minimizer of E we resort to the extra regularity (54) of

the global minimizer y* € A of E. Let {y} }ns0 < [L*(2)]® be the sequence provided
by Lemma 12 (limsup property with creases), which satisfies

Y € Ah,cw(h)y Eh[)’;] - E[y*]
as h - 0%. In view of (70) and yy, € Ay, 51, we end up with

Ely] < lign(i]nf En[yn] < limsup (Evh[yZ] +0)= E[y*] = inf E[w].
-0t h—0* WEAV

Therefore, y is indeed a global minimizer of E and (71) is valid. O

5. DISCRETE GRADIENT FLOW

Solving the minimization problem (42) is a nontrivial task because it entails en-
forcing the nonconvex constraint Dp[yp](zr) < 0 at element barycenters zp. We
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now develop a discrete gradient flow with respect to the H 2 metric (23) that lin-
earizes the isometry constraint according to (15). We refer to [4, 7, 8, 14, 15, 18, 17]
and especially to S. Bartels and Ch. Palus [10] for similar gradient flows.

We start recalling the notion of linearized isometry constraint for v,y € [Vﬁ]?’

(72) L{viyn)(zr) = [VVi Vyn + Vyr Vi ](zr) VT eT,

and defining a tangent space associated with the isometry constraint for any yj €
Aps

(73) Fn(yn) = {Vh eVF(0,0): L[vp;yn](zr)=0 VTe Th}.

Given y) € Ay (i.e, y) satisfies the isometry constraint I[y)](zr) = I at each

barycenter x7), the discrete gradient flow consists of seeking recursively 6y"+1 =

n+1

v —yp € Fr(yy) such that

(74) (5y”+1 Vi) 2y * @OV Vi) = —an(yR, va) + yR1(va) Y va € Fa(yR)-

Here 7 > 0 is a pseudo time step and ay, is the bilinear form corresponding to the
variational derivative of the bending energy Bj[y;] defined in (39), i.e

an(Yn,va) = fQHh[Yh]  Hp[vy]

+ 7 (W VRYa] [VavaD) z2ray + 70 (0> [yal, [Va]) 2 (re)-

The linear form [y} ](v) on vy, is the first variation of the cubic energy Cj[y}],
defined in (41), along the direction of the test function v; and is given by

(75)

2

yrl(vn) =Y > T Hplvnlij - (Ory) x oyp) (@) Zij
'7j—1Te77L

+ Z Y AT Hulyqij - (Ovve x Oayi) (r) Zi
1,j=1T€Tp

+ Z Y AT Hilyiij - (Ovyh x 0avi) (1) Zij:
1,j=1T€T},

recall that both Hh[vh] and Z are piecewise constant on 7;,. The explicit treatment
of yp in £[y}](vy) is similar to the scheme proposed and analyzed by S. Bartels and
Ch. Palus [10]. We note that (74) is the discrete Euler-Lagrange equation for the
augmented energy Ej[y7!] + Hy’"“r1 v ”1211,3 () €XCept that the nonlinear terms

corresponding to the cubic energy Cp[y7*!] are linearized by £[y}](vy). We refer

to the nonlinear continuous Euler-Lagrange equation (9) for a comparison.
For later use, we note that Lemma 3 (stability of H,[vy]) yields

lyn](vi)l S V1+6]Z]| L=y ([ Vaval 2 lyrl a2 + 1Vhynl Loy IVl m2 o) )
h h

provided yj, € Ay 5 because |Vyp(z7)| < /2(1+6) from Lemma 6 (pointwise isom-
etry constraint) and the inverse inequality Vv, (27)| $ h7'|Vva|z2() applies. In
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addition, we rewrite the Friedrichs inequality (25) as follows

(76) IVaynliz@) S lynlmza) + Coms VWi e Vi(e, ),

where Cy 0 = @l g1() + [P m1(q). From these estimates we deduce the existence
of a constant c¢,; such that for y; € Ay 5 and vy, € Vi(O, 0) we have

(77) [Lyn](vi)| < eV + 81 Z] 1= ) (10l 12 () + Cop) VR 12 )

5.1. Energy stability and admissibility. We discuss in this section the en-
ergy reduction property of the gradient flow and, although the isometry constraint
Dylyp](zr) = 0 is relaxed and linearized in the iterative scheme, the deviation of
Dyp[yp](xr) from 0 is controlled by a parameter § > 0 provided 7 is sufficiently small.
These results rely on a discrete inverse inequality on finite dimensional subsets.

Lemma 14 (discrete Sobolev inequality). Let Wy, ¢ Hger, H(T') be a finite element
space subordinated to the partition Ty,. For any wy, € W}, there holds

1 _1
(78) fwnl =0y  (1+ 18 huminl)? (Jeonl 20y + | Fnwn 20 + 103 Tl pagro ).
where hmin := minger;, hr.

Proof. We denote by Iy, : Tlyer, H(T) - V¥ n H'(Q) the smoothing operator from
[16, 18] and recall that it satisfies
_ _1
| VIhwh | L2 () + 107 (wn = Thwp) [ 22 $ [Vawnl 2oy + 1072 [wa]] 2oy,
and
Ihwa|r2(q) S lwnlzz@)-
Therefore, combining the triangle and inverse inequalities for wy € W}, implies

lwn| Loy $ lwn = Tpwn | Lo @) + [TThwn | Lo ()

1
S b7 (wh = Mawn) [ r2q) + (1 + [10g huinl) ? [Taws ] 1 (0.

in view of the following discrete Sobolev inequality in 2d [19, 20]

1
ITpwh o0y S (1 +|10g hin| )2 [Thws | 11 (62) -
This leads to the assertion upon applying the preceding estimates for II. ]

We are now in a position to prove the main result of this section, namely that
the gradient flow is energy decreasing and controls the isometry defect.

Theorem 15 (properties of gradient flow). Let {y9}ns0 © Ano satisfy En[yh] <
co with cg a constant independent of h and let all subdivisions Ty be such that
|log hmin| > 1. Let N be the number of iterations of the gradient flow and T be
its pseudo-time step. There exists a constant oy = a1(p, ®,Z) > 0 independent of h
and N such that if 7 < (2a1|10g huin|) ™Y, then the energy Ey[yh | satisfies

1 N-1 "
(79 Bl 5o 3 105 gy < PR
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In addition, there are constants as = as(p, ®,Z) >0 and ag > 0, both independent
of h and N, such that the isometry defect Dp[y» | satisfies

(80) Dp[yN1(zr) < azT|log hainl(EnRlyR] + az) VT eT,.

Proof. We proceed by induction. We first note that estimates (79) and (80) hold
trivially for N =0 and y) € Ay, o. Therefore, we assume that (79) and (80) are valid
for N =1,..., M with positive constants a1, s, a3 to be specified below and prove
the validity of the same estimates for N = M + 1 with the same constants a1, as, as.

We split the proof into four steps with the following roadmap. After deriving an
intermediate estimate in Step (i), we prove (79) in Step (ii) and (80) in Step (iii)
under suitable restrictions on oy, i = 1,2,3. In Step (iv), we show that it is always
possible to find values of these parameters satisfying the desired restrictions. In this
proof, the generic constants hidden in the symbol “<$” are not only independent of
h but also of 7, M and «;, i=1,2,3.

Step (i): intermediate estimate. We take vy, = Sy ™ e F,(yp) in (74) for n = M,
use the elementary relation 2b(b—a) = (b—a)?+b*—a? and discard the positive term
(b-a)? = ap(dy 1, syM*1) to write

T T
(81) oy iz + gan(yr oya ) = gan(yrl va') < olyi' 10y,

Using (80) with N = M (induction assumption), together with the restriction on 7
and the uniform bound Ej,[y%] < ¢, we obtain

(82) |Dh[y£/[](xT)‘ < %‘Z(CO + 042) = 4.

To simplify the expressions below, we let o = (o), and c2 = 1+ §, whence

(83) Co = \/£(60+042)+1.

2001
Estimate (82) shows that y,]l/[ € Ap 5 with 6 = ¢ — 1 which in turn implies
Oiyh' (er)[ Sy i=1,2, TeT,
according to Lemma 6 (pointwise isometry constraint). Substituting into (77) yields
[[ya" 1@yn" D) < cacall Z] L= 16y a2y (12 |20 + Co0)-

Inserting this back into (81) and using Young’s inequality to absorb the term

H(iyZ*lH%Q(Q) in the left hand side of (81), gives the estimate
h

lH(s M+1H2 + Za ( M+1 M+1)
(84) 5 Yh 19 "y r\Yn ¥Yn

T M M M
< 5an(vi yi') + eI 2 e (198 Pz o) + Coo)-

We next improve upon (84) by deriving a uniform bound for the right-hand side.
According to (82), the isometry defect is controlled by d = ¢2 — 1. Moreover, (79)
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for N = M (induction assumption) implies that Ej[y2] < E,[y?] < co. Hence, the
coercivity estimate (48) reads

(85) (200067“)_1 Hy;yH?{g(Q) Sc+ 66067’631'

Estimate (47) can be rewritten in terms of the bilinear form ay, as follows

_ 1
(86) Ccoler ”VhH%[}QL(Q) < §ah(vhavh) < Ccont”VhH?qﬁ(Q) vVh € Vﬁ(% (I))

Since |loghmin| > 1, 7 satisfies 7 < Til < 1 provided a; > %, which is our first

restriction on a;. Combining this with (85) and (86) with v;, =y, and replacing
back into (84), gives the desired intermediate estimate

1 1
(87) 2109 iy + 5an (i ya") < walea)

where ¥1(co) > 0 is a positive increasing function of its argument ¢, but whose
specific expression is irrelevant except that it is independent of A, M and depends
on a = (a;)3, only through the variable ¢, rather than separately on each «;.

Step (ii): proof of (79) for N = M +1. In view of (81), and telescopic cancellation,
this requires dealing with the cubic term €[y} ](dy*!). Using the identity
MM+ M1 _ My M M

(aM+1 —aM)bM+1CM+1 +aM(bM+1 —bM)CM+1 +aMbM(cM+1 —c

M,
we deduce
(CLM+1 _aM)bMCM+aM(bM+1 —bM)CM+CLMbM(CM+1 —CM)

= MAMALML (MM M (o M*L_ My M+l _ M) M1

_ (M2 MR (ML My _ M (ML _ My (ML My
and rewrite L[y ](dy 1) as follows:
yn"1(6yy™") = .isz; T/ Hulyy ™ ij - (Oryy ! x Doy ™) (wr) Zi

i,j=1T€Ty,

- ;:lTZ% T\ Hulyn 1ij - (Oryn" x Doyt (xr) Zij
i,j=1TeTh

- ZQ:ITZ% [TV H 5y iy - (010y )™ x Doy ) (wr) Zi
i,j=1T€Ty,

- ’22:1 TZ; T Hp[0yy ™ ij - (O1yn" % 020y4" ) (wr) Zi
i,j=1T€Ty,

- .ilTZ% I Hilyn Jij - (016y3"" x 920y3" ) (wr) Ziy.
i,j=1T€Ty,

We note that the first two terms are exactly the cubic energies C’h[y,]l\“l] and

Ch[y%] and together with the bending energies Bh[y;\f”] = %ah(y,ﬁ‘/”l,y%”) and
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Bh[y,]y] = sap(y),y)') in (81) give rise to the full energies Ey[y) *'] and Ey [y} ]

n (79). In contrast, the last three terms must be estimated and absorbed into
the remaining term HéyM 12 H2 () 1B in (79). To this end, we combine the Friedrichs
inequality (76) for y, = yﬂ/“l,yh € Vk p(p,®) and yp, = 5yM+1 € VZ(0,0), and
Lemma 3 (stability of H,[v4]), to obtain

IR s gy + 7 Bnlyd ™ ] - 7Byl

M+1

<T||5YM+1||H2(Q)||V6Y ||L°°(Q)(||YI]Y[+1HH2(Q) + ”y}zl/!”Hfb(Q) +C. ,<1>),

where the symbol < hides |Z] (). To estimate the L*-norm on the right-hand
side, we resort to Lemma 14 (discrete Sobolev inequality)

18y W20y + TERLYA™ '] - TEulyh']

M+1HH2

< ez 7)10g hinll 8y 2 0y (192" 20 + 192 20 + Cors0 )

because |log hmin| > 1, with constant cz depending on |Z| 1~y and the constants
hidden in (76) and (78). Moreover, the coercivity estimate (47) of By, written now
as

C
||Yh i HH2(Q) < CcoerBh[ M+l] % (Y}]l/[+1ay}]l/[+l) < Ccoer¢1(0a)

according to (87), together with (85) guarantees that
M+1 M
Iy lmze) + 1y Tr2e0) + Coo < 2(ca),
where 17(c,) is a positive increasing function of the argument ¢, which is indepen-

dent of h, M, and the individual parameters (Oéi)?:l- Substituting back yields

M+1HH2

loy 2(q) * TEn[y i = TEnlyd'1 < cz7]10g huinlta(ca) [y 4 I7220-

Consequently, since 7 < (2a1|10g huin|) ™!, it remains to choose (a;)3; so that

Pa(ca) < ezt

to derive the desired estimate (79) for N = M + 1. The validity of this estimate will
be justified in Step (iv).

Step (iii): proof of (80) for N = M + 1. Since dy}*! € Fp(y}), expanding
[y (zr) = [(Vy? )T vy ](zr) and using the definition (73) of 7 (y?) yields

(88) Dulyi™' (1) < Dulyi](zr) + [Ioyit 1(zr)| VT €T

Applying Lemma 14 (discrete Sobolev inequality ), followed by the discrete Friedrichs
inequality (76) to estimate |V;,8y} ™| 12(q), implies

(89) T8y7 ()| < 19095 2w )< el 108 Bainl 855 2120

where cp > 0 is a constant that combines constants hidden in (78) and (76), because
|log(hmin)| > 1 and 5y7,}+1 € Vﬁ(O, 0). Summing over 0 <n < M, and using telescopic
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cancellation along with y% € Ay, yields

M
(90) Dlys"" (@) < crl10g huminl 3 1955 5720

n=0

Exploiting the energy decay (79), proved for N = M + 1 in Step (ii), gives

M
(91) Z,; 1895 20y < 27(Enly?] - Enlya'*']).

We now need a lower bound for the energy Ej,[y»*!], which is a consequence of

(48) provided y*! € Ay, for some € > 0. To this end, we resort again to (88). We
first bound the second term on the right-hand side upon combining the intermediate
estimate (87) for H(Sy,]l\“lHH}zl(Q) with (89)

‘I[éy%”](x;pﬂ < 27cp|log hmin|t1(ca) < cFaflwl(ca),

because T < (2a1|1og hmin|) ™. Using this bound in (88), along with the fact that
y,]l/[ €Ay s for § = ¢ — 1 according to the induction assumption (82), implies

|Dh[Y}]y+l]](fL'T)‘ < Ci -1+ CFOZII?,ZH(CQ) =€,
M+1

whence y;' " € Aj, .. Inserting Eh[y%“] > ~Ceoer(1 +€)? from (48) into (91) gives

M
_ _ 2
Z ”(SY;zHl H?{}%(Q) < QT(Eh[Y2] + Ccoer(ci + CFallwl(Ca)) )
n=0
Returning to (90), we arrive at
. _ 2
Dh[y,]y”](x;p) < 2¢pT|1og Py (Eh[yg] + ccaer(ci + cFallwl(ca)) ),

and we emphasize that cp is a constant independent of h, M and (ai)f’zl. The
desired control on the isometry defect (80) is thus guaranteed provided

_ _ 2
as > 2cp, o9 > ccoer(ci + cFallwl(ca)) )

Step (iv): choice of parameters. o = (a;)3.; must satisfy

1 _ - _ 2
a2 o, Po(ca) Sarcz ™, ag>2cp, a2 > Ceper(chrepar i(ca))” = 3(on, ca),

where ¢, is defined in (83) and the functions 11,12 are positive and increasing in
their arguments. One admissible set of parameters is

1
_ _ 2
ag =2cp, ag=af,

with o > 1 sufficiently large. In fact, we note that as o — oo

Ca 17 ¢1(Ca) iwl(l) 2 07 wQ(Ca) i) ¢2(1) 2 07 ¢3(O{1,Ca) } écoerv

and the condition a; > max {%, cza(ca), V3, ca)2} admits a solution. This com-
pletes the induction argument. O
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It is worth realizing that the ¢*°-control of the isometry defect (80) implies that
Yn € Ap s provided 7 is so small that

asT|log hmin|(Eh[y2] + ag) <9,

where Ay, 5 is defined in (36). This property is novel in the context of DG approx-
imations [14, 15, 17, 18, 39], but is inspired by a similar one at element vertices
shown by S. Bartels and Ch. Palus for Kirchhoff elements [10]. It is responsible
for the explicit treatment of the cubic term in (74), which in turn converts (74)
into a linear system to solve for dy?*'. The fact that H?(2) does not embed in
WL (Q) in two dimensions, but is borderline instead, explains the critical nature
of the estimates (79) and (80). The discrete H2-metric of the gradient flow (74),
combined with Lemma 14 (discrete Sobolev inequality), makes it possible to exploit
this borderline structure discretely at the expense of a log term. No weaker metric

for the gradient flow than H? would allow for £*-control of the isometry defect.

5.2. Lagrange multipliers for the isometry constraint. We enforce tangen-
tial variations 5yz+1 € Fr(yy) at each step of the gradient flow using Lagrange

multipliers within the space of symmetric piecewise constant tensors
A = {)\h Q> R¥2: AT 2\, M€ [V?L]2X2} :
For any wy, € V¥ (¢, ®), we define the bilinear form by (wp;-,-) on VF(0,0) x Ay, as

(92) bn(Whi Vi, n) = Y [T LIviswal(@r) : p,

TeTh
where the linearized isometry constraint L[vj;wp] is given in (72). Note that by, is
continuous with a continuity constant uniform in A

(93) lbn (W3 Vi )| S Wl m20) Va2 (o) [0 | L2 (0)

thanks to the inverse inequality |L[vy; wy](2r)| S hyt | L[va; wh] | 2(7) and the dis-
crete Sobolev inequality |Vwp |11y S ”WhHH}QL(Q) valid for all wy, € [VF]3] see [15,
(6.9)]. We also observe that b, (wp; vy, ) = 0 for all wy, € Ay implies vy, € Fp,(wp,)
according to (73). Therefore, in each step of the gradient flow augmented with the
linearized metric constraint, we seek (Sy?*!, A}*1) € V¥(0,0) x Ay, such that

o T OV T OV v by M)
n+1

+bn(Yh 0yh ) =Ly (Vi) —an(yy, Vi),

for all (vp, ) € VE(0,0) x Ay,

The proposed strategy is summarized in Algorithm 1.

It is worth pointing out that utilizing Lagrange multipliers is ubiquitous to enforce
linearized metric constraints [4, 7, 8, 10, 14, 15, 18, 17]. In particular, the system
(94) is solved using the Schur complement approach, whose performance depends
on the inf-sup stability of by; see e.g. [39, 12] and refer to Section 6.1 for additional
details on the practical implementation. Unfortunately, there are no results available
in the literature guaranteeing a uniform inf-sup not even for the continuous problem.
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Algorithm 1: (discrete-H? gradient flow with Lagrange multipliers)

Given a pseudo-time step 7 > 0 and a target tolerance tol;
Choose an initial guess y?l € Apo;
while 77 E,[y7*] - En[y7]| >tol do
Solve (94) for (5y?™, A7*1) e VE(0,0) x Ap;
Update yZ“ =yp+ 5y2+1;
end

In this section, we make a first step towards a better understanding of the situation
in that we derive a sub-optimal estimate of the discrete inf-sup constant. We start
with a linear algebra lemma.

Lemma 16 (solvability of a matrix equation). Given a 2 x 2 symmetric matriz C
and a full-rank 3 x 2 matriz B, there exists a 3 x 2 matriz A that solves the equation

(95) (ATB+BTA):C =|CP
and satisfies |A] < %('B), where |- | denotes the Frobenius norm of matrices and
o9(B) >0 is the smallest singular value of B.

Proof. Using the cyclic properties of the trace operator yields
ATB:C =tr(BTAC) =tr(CATB) = tr(ATBC) = BTA:C = A: BC,
whence (95) is equivalent to
A:BC = %|0|2.

Let B = UXVT be the singular value decomposition of B, where U € R*3 and
V = R¥? are orthogonal matrices, and ¥ = [01(B),0;0,02(B);0,0] € R**? carries
the singular values o1(B) > 02(B) > 0 of B. Since B is full-rank, we deduce that
o9(B) > 0 and

|IBC|? = [USVTCP? = |2C% > 02(B)?|C? = 02(B)?CP,

where C' = VT'C and thus |C| = |C]. We can now assume that C # 0, for otherwise
A =0 solves (95). We then realize that |BC| >0 and

L, BOCP
- 2|BC|?
is clearly a solution to (95) as well as
2
P <l
2|BC| = 202(B)

which is the desired estimate |A| < |C). O
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The following sub-optimal estimate of the discrete inf-sup constant is a conse-
quence of the previous lemma. Since only the gradient of vy, € Vlfb(O, 0) appears in
(92), but the underlying norm of V§(0,0) is the discrete H2-norm, it seems natural
to consider a negative Sobolev norm of order —1 for the space of Lagrange multipli-
ers A. However, the fact that Vv is discontinuous makes it problematic to pair
it with a distribution in a negative Sobolev space of order —1. This leads to the
embedding of A, into [L?(€2)]?*2, which is somehow responsible for suboptimality.

Theorem 17 (discrete inf-sup constant). For any n >0 and y} € Ay s, there exists
a constant B independent of n and h such that By, = Bhmin > 0 satisfies

br(Yhs Vi,
(96) inf  sup ACZAANYTY >
P €hn v,€VEF(0,0) ||Vh\|Hg(Q) HMhHL?(Q)

Proof. We proceed in two steps: we first construct a suitable v, and next show (96).

Step 1: Construction of vy. Given my € Ap, let py, 7 = pp|r be the constant
symmetric 2 x 2 restriction of p; to any element 7' € 7. Thanks to Lemma 16
(solvability of a matrix equation), there exists a 3 x 2 constant matrix Ar such that
2

L[Ar;yi1(2r) s g = (ApVyh(or) + Vyh(er) T Ar) sy = [ r

)

leen, 7| L 2x2 . .
and |Ap| < Tomm (VYT @) Let Amin : M*** - R be the smallest eigenvalue function

defined over the space of symmetric matrices M2 into R, which turns out to be
continuous with respect to any norm. In particular, because yj € Ay, s we have

Daly})(er) = [y} (ar) - I <6

and there is a constant ¢ independent of & and n so that ‘)\min(I[yZ](g;T) - [2)‘ <ed,
or
)\mln(I[V}’Z](fL’T)) >1- 0(5,

Consequently, for § sufficiently small we deduce

Omin (VY7 (27)) = ()\min(I[YZ](xT)))% > (1- 65)%,

is bounded away from 0 and we have |Ap| < %. We finally define vh(x)|T =

Ar(x —x7) on each T € Ty, where xp is the barycenter of T, and observe that
vy, € [VE] for k> 2 and Vv,

= Ar.
Step 2: Discrete inf-sup property. We first compute

bu(yh; Ve, pn) = Y, ITILIvisyp](@r) s ppp = D) [pnr
TeTh TeTh

2T = | pe, ”%2(9)'

Since D%vh = 0 for vj piecewise linear, combining a trace inequality with the
Poincaré inequality on each element T gives

Ivale @ = 2 D=2 lvall ey + 072V VAl 72

a
ee&p

S 2 bVl ey D2 VVAI T2y $ D0 B IVVAIT ey
TeT, TeTh
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due to the the fact that vy € Vﬁ(O, 0) has vanishing mean value on T'. Therefore,

2 i S h‘QfA2<h‘2- 1—c8) " pn|2ai0y-
(97) ”VhHH’%(Q)NT;ﬁ T| 7| S hiin (1 = €5) ||P'h||L2(Q)

In summary, we have shown that for every p;, € Ay, there exists vy, € Vi(O, 0) such
that b (¥ Vi, a) = 1672 gy and [Vall g2y $ Poinll sl 2()- This is the desired
inf-sup condition in disguised. O

6. NUMERICAL EXPERIMENTS

In this section we present several numerical experiments, some motivated by com-
putations [8, 7, 10, 17] and other by lab experiments [1, 31, 37, 33, 36, 38, 40, 43].
We carry out simulations with several spontaneous curvature matrices Z and both
Dirichlet and free boundary conditions, so as to capture a variety of insightful config-
urations exhibiting large bending deformations. We consider the effect of different
aspect ratios of rectangular domains. We also explore properties of a novel model
inspired by [6], which allows folding across curved creases (bilayer origami). Our
numerical simulations illustrate the computational performance of our algorithm.

6.1. Implementation. We start with a few comments on the implementation of
the gradient flow (94) and Algorithm 1.

Saddle-point structure. We resort to a Schur complement method to solve the dis-
crete problem (94). We refer to [14] for full implementation details of a similar linear
algebra structure, but emphasize here how Theorem 17 (inf-sup stability) guarantees
solvability and affects the solver efficiency in the spirit of [12, Lemma 3.1].

To make explicit the Schur complement matrix and deduce its condition number,
we denote by {¢;}¥, a basis for V§(0,0) and by {1,}}, an orthonormal basis for
Aj,. The matrix representations of the bilinear forms Ay, (-,-) :== 771(:, ')Hﬁ(Q) +ap(-,-)
and by (y};-,-) used to define the gradient flow (94) are thus given by

A= (Auler0))iiy Bu= (e )i

With this notation, the Schur complement matrix reads S,, := BnA’lBZ and satisfies

A-12BT 2
(Suam,m) = (A2Bfm, A~V BTm) = sup (A Ba))

weRN [wlla

2
zsup((wBZm)) g ORIV )’
verN \ [AL2v ], v,€VE(0,0) Ap(Vh, V)

where iy, := Y M maap; € A, vy, = Z]’]\il vjp; € V¥(0,0) withm = (m;)M,,v = (vj)j]\il,
and || - |2 = (-,-)"/? is the Euclidean norm in RY. On one hand, the continuity (93)

of by, and the coercivity estimate (47) for By[vy,] = a5 (vh, va) yield

2 2 2 2
(S, m) 5 71¥E 120 101320y % 710 220y = 73,
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because [y} m2(0) 1 in view of the energy stability (79) satisfied by y} and the

coercivity of total energy (48). On the other hand, the inf-sup stability (96) and
the continuity estimate (47) for By[vy] = 3ap(vh, vs) imply

Thanin M3 = 7hin [ 4720y S (Spm,m).

Combining these two inequalities yields an estimate for the condition number of S,,

-1
(98) k(Sy) := max M( min M) Sh2.

meRM  [m|2  \merM |m|3

Estimate (98) shows that the saddle-point system is invertible but ill-conditioned.
We use a conjugate gradient (CG) iterative solver for the numerical experiments
below. Classical convergence theory for CG asserts that the number of iterations to
achieve a desired accuracy is of order \/£(S;) [28, Theorem 3.1.1]. Our numerical
experiments reveal that the number of iterations needed in the CG solver roughly
behaves like h_L | which is consistent with (98).

We emphasize that solving the linear system (94) by the Schur complement
method for several steps of the gradient flow remains the bottle neck in terms of
computing time. We leave the design of suitable preconditioners open.

Assembly. Since the scalar product (-, ) H2(9) and bilinear form ap do not change in
the course of the gradient flow, we assemble them once for all before the main loop.
In contrast, we assemble the bilinear form b, (y};-,-) and right hand side £[y}'](.)
at each step of the loop as they depend on the previous iterate y;. Computing
the discrete Hessian Hy[y},] is the most expensive part in the assembly process, as
it requires solving the linear systems (26) and (27) for lifting operators. In order
to save computing time, we find the discrete Hessian of each basis function at the
beginning of the simulation and store its values for later use; this pre-processing
drastically decreases the assembly time.

Software and data. We implement our LDG method within the software platform
deal.ii [3] and visualize the outcome with paraview [2]. For all the simulations, we
fix the polynomial degree k of the deformation y;, and the two liftings [y, [l of the
discrete Hessian Hy[yy], as well as the stabilization parameters ~y1,72 to be

]{7=l1212=2, ’)/02’7121.

Recall that LDG is stable for any positive choice of parameters i, y2, which con-
trasts with IPDG that requires 71,2 large for stability purposes [18, 17].

In the following numerical simulations, we consider both clamped Dirichlet (I'p #
@) and free boundary conditions (I'p = @). For the latter, the discrete equation (74)
is no longer well-defined. To fix the system kernel, we add an L?-term to the metric
() H2(Q) while all other implementation aspects are similar to the case I'p # @.
We refer to [14] for implementation details of free boundary conditions.

In either situation, a natural choice of initial deformation is that of a flat plate

yh(x1,m2) = (£1,22,0) V (z1,22) € Q,
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and satisfies clamped boundary conditions and the isometry constraint I[yg] =1
everywhere. This is much simpler than prestrained plates [14, 15], which require
preprocessing of both boundary condition and metric constraint to construct suitable
initial deformations for LDG to start.

6.2. Clamped plate: Isotropic curvature. We consider a rectangular plate €2 =
(-5,5) x (-2,2), clamped on the side {-5} x [-2,2], with isotropic spontaneous
curvature Z = Iy. The deformation with minimal energy corresponds to a cylinder
of radius 1 and energy 20 [41]. This is confirmed by our simulations in Fig. 2, which
displays iterations of the discrete gradient flow with 1024 elements (30720 dofs),
7=5x1073 and tol = 10* in Algorithm 1, as in [8].

We notice that surface self-intersecting develop during the relaxation dynamics of
Algorithm 1; this is similar to [10] but different from [17]. Moreover, it takes fewer
iterations for Algorithm 1 to reach the cylindrical equilibrium configuration, with
the same or even smaller time step 7, than FEMs in [8, 10, 17].

Moreover, we keep the time step 7 = 5x 1072 fixed and consider two quasi-uniform
meshes with 256 and 1024 elements. We obtain bending energies Ej = 16.8627 and
Ejp, =17.8038 (16% and 11% relative error) respectively, which exhibit smaller errors
than the corresponding ones Ej = 15.961 and Ej, = 16.544 with the Kirchhoff FEM
of [8] for the same mesh-size and time step. In addition, the energy error compares
favorably with the new Kirchhoff FEM in [10], which computes with Z = 2.5I5 and
produces a 36% relative error even with a finer mesh of 5120 triangular elements.

FIGURE 2. Isotropic curvature: Relaxation dynamics of Algorithm 1 to-
wards the cylinder equilibrium shape of a clamped rectangular plate with
the isotropic spontaneous curvature Z = I. The bilayer plate is depicted
at times 0,50, 1000, 9000, 18000, 36050, 48100, 56050, 72100 of the gradient
flow (counter-clockwise).
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6.3. Free plate: Anisotropic curvature. We now explore a cigar-type configu-
ration motivated by experiments [31] and computations [8, 17]. The plate is again
the rectangle 2 = (=5,5) x (-2,2), but now we impose no boundary condition (free
boundary) along with the anisotropic spontaneous curvature

3 -2
(99) Z = [_2 3] .
We observe that the eigenpairs of Z are (1,[1,1]7) and (5,[1,-1]7). We thus
expect that the plate deforms at —45 degrees with respect to the Cartesian axes in
a symmetric way and eventually reaches a cigar-like configuration, as in [17]. We
confirm this in Fig. 3, that displays computations with 1024 elements (30720 dofs)

and 7 = 5x 1072, The final energy is F} = 46.3898. Remarkably, Algorithm 1 takes
fewer iterations to reach the equilibrium configuration than [17].

7

FIGURE 3. Anisotropic curvature: Relaxation dynamics of Algorithm 1
towards the cigar-type equilibrium of a free rectangular plate with the
anisotropic spontaneous curvature of (99). The bilayer plate is depicted
at times 0,50, 200, 1000, 10000, 30000 of the gradient (counter-clockwise).

6.4. Free plate: Helix shape. We present a helix-type shape motivated by a
DNA-like configuration [43]. We consider a high aspect ratio plate Q = (-8,8) x
(-0.5,0.5), with free boundary condition and anisotropic spontaneous curvature

1 -3/2
(100) Z:[_3/2 | ]

We point out that the eigenpairs of Z are —%,[1,1]T) and (g, [1,-1]7), which
again correspond to principal directions that form an angle of 45 degrees with the
coordinate axes. This, together with eigenvalues of opposite sign and high aspect
ratio, leads to a deformation that resembles the twisting of DNA molecules, as in
[17]. We display several snapshots of the relaxation dynamics of Algorithm 1 in
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\ I}ji

FIGURE 4. Anisotropic indefinite curvature: Relaxation dynamics of Algo-
rithm 1 with spontaneous curvature (100) towards a DNA-like equilibrium
configuration of a free rectangular strip with large aspect ratio. The bilayer
plate is depicted at times 0, 100,200, 1000, 4000, 12600 of the gradient flow
(left to right).

Fig. 4. The simulation is carried out with 1024 elements and 7 = 1072, and yields a
final energy Fj, = 3.2507. Moreover, it again takes fewer iterations for LDG to reach
the equilibrium configuration than the DG method of [17].

6.5. Climate responsive architectures. Bilayer devices can be used to control
the temperature or moisture inside a room. The HygroSkin project [37, 38, 40,
33, 36] exploits this technology by designing visually appealing humidity responsive
apertures to a pavilion. Heat and moisture are thus dynamically controlled without
any high-tech equipment owing to the dominant orientation of fibers in plywood.
To simulate this device with our bilayer model, we consider an equilateral triangle

with side length 1 and vertices (0,0), (1,0) and (%, @) The actual climate respon-
sive device consists of 6 of these triangular shapes suitably rotated and arranged
together as to form a flat regular hexagon, with the exterior edge of each triangle
clamped; we refer to Fig. 5. To mimic the effect of different relative humidity values,
we choose several anisotropic spontaneous curvatures

(101) 7= (8 2) with a =0,1,2,3,4,5,

for the triangle with exterior edge parallel to the z-axis and suitably rotated for the
other triangles. This matrix favors bending along the y-axis exclusively.

Upon actuation, the climate device automatically opens as depicted in Fig. 6.
The matching of the computed (left) and actual (right) equilibrium shapes in Fig. 6
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FIGURE 5. Climate responsive device. The undeformed plate is made of
6 equilateral triangles that together form a regular hexagon (right). Finite
element partition of each triangle into trapezoids (left).

is quite remarkable for a model with just one parameter o within Z. We run this
simulation with time step 7 = 1 and stopping tolerance tol = 1074,

\ »n s
Y 325 Sl -9 -

FIGURE 6. Climate responsive device. (Left) Approximate deforma-
tion for different values of spontaneous curvature (101) with parameter
a=0,1,2,3,4,5. (from left to right and top to bottom) (Right) Experi-
mental deformations of a device made of plywood. Picture taken from [36]
(courtesy of Prof. Achim Menges); see also [37]. The matching is remark-

able.

6.6. Folding Model: Bilayer Origami. We finally explore computationally the
combined effect of spontaneous curvature, as driving mechanism, and folding across a
preassigned crease. The corresponding bilayer model and LDG method are discussed
in Section 4. We consider below the setting from [6, Section 5.2] and refer to [13]

for additional numerical simulations.
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8

FIGURE 7. Bilayer origami: Flapping mechanism generated by folding
of a bilayer plate across a crease. (Left) Conforming subdivision of Q with
quadratic crease. (Middle) Different perspectives of the resulting very large
deformation. (Right) Isometry defect Dj,[ys](x) ranging from 3.0 x 1075
(white) to 3.9 x 107 (black).

The computational domain is a rectangle 2 = (0,9.6) x (0,15) and the folding
crease is a quadratic curve C passing through the points (0,2), (9.6,2), and (4.8,6),
which can be exactly represented by the isoparametric mesh Tp; see Fig. 7. In
order to generate a configuration similar to the flapping mechanism in [6], which is
obtained by compression of the lateral boundary, we set the spontaneous curvatures

0 0 0 O
Z = 1)7 Z:( 1)7
(0 3 0 -3

below the folding arc and above of it, respectively, and do not impose any boundary
condition. The resulting equilibrium shape is displayed in Fig. 7 along with the
isometry defect Dp,[y,](z) at equilibrium; it ranges from 3.0 x 1075 to 3.9 x 1072
We point out the crucial role played by the sign of principal curvatures A = %, —%
corresponding to the same coordinate eigendirection: bending of the lower and upper
plates occurs in opposite directions which gives rise to folding across the crease and

yields a rather large compatible deformation.

7. CONCLUSIONS

In this article, we present a new LDG method for large bending isometric defor-
mations of bilayer plates. We summarize our contributions in this section.

1. LDG discretization. It consists of replacing the Hessian D%y by a reconstructed
Hessian Hj [y ] in the bending energy By, [y ], and by a reduced (piecewise constant)
discrete Hessian Hy[yy] in the cubic energy C}[yy], which encodes the interaction
with spontaneous curvature. We use the mid-point quadrature to integrate Cy[ys].

2. Relaxed isometry constraint. This allows for a slight violation of the isometry
constraint I[yy] = I, while providing control of the £*°-norm of the isometry defect
Dylyn] = |I[yh] - 12‘ at element barycenters. This turns out to be a significant
improvement over previous DG methods that enforce such defect as sum of averages
over elements [14, 15, 18, 17].
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3. I'-convergence. The key novelty of the I'-convergence of discrete energies is the
construction of the recovery sequence of any admissible deformation y € [H2(2) n
WL(Q)]3. It hinges on a quadratic Taylor expansion at element barycenters of a
suitable regularization of y, and exploits that both the reduced quadrature of Cj,[y},]
and the isometry defect Dy[yy] are imposed at element barycenters.

4. Bilayer model with foldings. We extend the LDG method to deal with a piece-
wise quadratic crease C and prove its convergence. The construction of a recovery
sequence for one absolute minimizer y* € [H?(Q\C) n W2 (Q)]? requires the slightly
stronger assumption that y* is C! in each subdomain created by C.

5. Fully linear solver. We design a semi-implicit discrete gradient flow that treats
By [yr] implicitly and Cp[yn] explicitly. This leads to linear problems at each step.
The scheme retains the key property of being energy diminishing and controls the
isometry defect provided the fictitious time step 7 satisfies a mild constraint.

6. Sub-optimal discrete inf-sup. As is customary in the literature [4, 7, 8, 10,
14, 15, 18, 17|, we rely on Lagrange multipliers to enforce the linearized isometry
constraint. We prove a sub-optimal inf-sup condition for the resulting saddle-point
system, which seems to be the first such result for these type of problems.

7. Simulations. We present several insightful numerical experiments with large
isometric deformations, including a climate responsive device and the folding of a
plate across a quadratic crease that yields a bilayer origami as equilibrium shape.
We also document the size of the isometry defect Dp[yy,] for the latter.
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