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ABSTRACT: The spreading of liquid filaments on solid surfaces is of
paramount importance to a wide range of applications including ink-jet printing,
coating, and direct ink writing (DIW). However, there is a considerable lack of
experimental, numerical, and theoretical studies on the spreading of filaments on
solid substrates. In this work, we studied the dynamics of spreading of
Newtonian filaments via experiment, numerical simulations, and theoretical
analysis. More specifically, we used a novel experimental setup to validate a 2D
moving mesh computational fluid dynamics (CFD) model. The CFD model is
used to determine the effect of processing and fluid parameters on the dynamics
of filament spreading. We experimentally showed that for a Newtonian filament,
the same spreading dynamics and final shape are obtained when the initial radius
is constant, independent of the magnitude in printing parameters. In other
words, the only important parameter on the spreading of filaments is the initial
filament radius. Using a numerical model, we showed that the initial filament radius manifests itself in two important dimensionless
parameters, Bond number, Bo, and viscous timescale, τμ. Furthermore, the results clearly show that the dynamics of spreading are
governed by the static advancing contact angle, θs. These three parameters determine a master spreading curve that can be used to
predict the spreading of cylindrical filaments on flat substrates. Finally, we developed a theoretical model that was parameterized
using experimental data to correlate the steady-state shape of filaments with Bo and θs. These results are particularly applicable for
predicting and controlling the dynamics of filaments in DIW and other extrusion-based processes.

■ INTRODUCTION
Numerous fields such as coating, microfluidics, ink-jet printing
technologies, and additive manufacturing have shown sig-
nificant interest in the spreading of spherical droplets on solid
substrates.1−4 Thus, droplet spreading dynamics have been
extensively studied for over four decades, including a recent
general theory that employs computational fluid dynamics
(CFD) and careful experimentation to quantify the dynamics
of droplet spreading on solid substrates.5 This recent theory
predicts the spreading of droplets for a given Bond number, Bo
(relative effect of gravity), and static advancing contact angle,
θs. However, not all droplet applications are spherical in shape,
such as those involving 3D printing techniques like fused
deposition modeling (FDM) and direct ink writing (DIW),
which deposit cylindrical droplets/beads, a.k.a filaments, onto
solid substrates and previously printed layers to form a
complex 3D shape.
The spreading of cylindrical beads from line to line and layer

to layer plays a crucial role in determining the final 3D part
shape, quality, and fidelity.6,7 Unfortunately, there are only a
few studies that examine the experimental or theoretical
aspects of filament spreading. One reason for this is the infinite
interfacial instability of deposited filaments, which causes them
to break up into spherical beads over time.8 Despite this
limitation, cylindrical filaments have become a useful method

of 3D printing, whereby the instability is prevented via
stabilizing elastic stresses induced by reacting a thermoset resin
to form a gel network,1,3,9 or through rheological modifiers that
thicken after deposition.6,10−12 In this study, we present a
general theory for the spreading of cylindrical filaments on
solid substrates that considers Newtonian fluids with varying
effects of gravity and static advancing contact angles. Although
this theory does not currently account for the evolution of
elastic stresses, it provides a baseline or upper bound for the
spreading that would be observed experimentally in 3D
printing methods.
When an extruded filament comes into contact with a

surface, the curvature gradients (i.e., Laplace pressure) and/or
gravitational forces initiate a spreading process denoted by
lateral movement of the contact line from the contact point,
known as basal radius. The rate of the spreading process is
determined by fluid inertia and viscous dissipation,13 until the
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capillary force, gravitational force, and static advancing contact
angle, θs, balance the Young−Laplace equation14 and
equilibrium is established. While the cylindrical geometry of
deposited filaments is anticipated to have a quantitative impact
on spreading, there are numerous qualitative effects that are
expected to resemble the spreading of spherical droplets.5,15

More specifically, we would expect similar scaling arguments of
the spreading dynamics and shape of the filament with Bond
number, fast and slow spreading dynamics dominated by
inertia and viscosity, respectively, and finally a power-law
scaling of the slow spreading regime with time. For example,
the Bond number, Bo, defined as the ratio of gravitational and
capillary forces, should determine the relative importance of
gravity on the shape and spreading dynamics, and it
distinguishes two important spreading regimes: the capillary
and gravitational regimes. In the capillary regime, Bo ≪ 1, the
effect of gravity can be ignored and the cross-sectional interface
is a circular segment.16 While in the gravitational spreading
regime, Bo ≫ 1, gravity dictates the spreading behavior and
the cross-sectional shape is flattened.16

While the spreading of spherical droplets has been
extensively investigated via experiments,13,17,18 theory,19−26

and computational methods,5,27 the spreading of filaments has
received little attention. One exception is the work by Starov et
al.,15 which developed a theoretical model for the spreading of
a 2D symmetric cylindrical filament in the capillary and
gravitational spreading limits. The model used an empirical
geometrical factor for the capillary spreading regime to reduce
the complexity of the problem, which significantly limits its
applicability. Moreover, the model is only limited to either
ignoring the effect of gravity or considering gravity as the only
driving force. In most of the practical cases, both capillary and
gravity contribute to the spreading process which includes 0 <
Bo < 1. However, one important result was the determination
of a 1/7 and 1/5 power-law scaling of the spreading radius
with time for the capillary and gravitational spreading regimes,
respectively.15 Note that this power-law behavior is signifi-
cantly faster than that observed for spherical droplets.5,13,28

Although this model is limited in predicting quantitative
spreading dynamics, these results are useful in validating future
theory and models.
As described above, the Bond number is a very important

dimensionless parameter in understanding spreading dynamics.
In other words, quantitative predictions of spreading dynamics
and filaments shape require an a priori measure of the filament
Bond number. However, the Bond number depends on the
initial filament radius, which is a strong function of the
deposition method. For example in DIW, parameters such as
nozzle velocity, nozzle standoff height, infill flow rate, nozzle
diameter, etc. significantly impact the final shape of the printed
filament.6,7,29 More specifically, it has been shown that
increasing the nozzle velocity while keeping the infill flow
rate constant decreases the amount of extruded material and
results in filaments with a smaller basal radius.6,7,30 Similarly, at
fixed nozzle velocity and increasing infill flow rate, the basal
radius increases.6,7,30 Furthermore, the nozzle height can
significantly influence the final bead shape by squeezing the
fluid during deposition.6,29 There are only a few studies on the
effect of DIW operational parameters on the shape of the
deposited filaments7 and almost all of them are limited to
highly loaded pastes with minimized spreading.6,7,29−32 There
is an important need for a quantitative relationship between
printing parameters and the initial radius of the deposited

filament and consequently its spreading dynamics, especially
for the systems including medium to low-viscous fluids which
undergo a considerable amount of spreading upon contact with
the printing bed.
In this work, we use a novel experimental setup and

computational modeling to develop a general theory of
cylindrical filament spreading considering the specifics of the
filament deposition process. More specifically, we introduce a
comprehensive generalized theory for predicting the spreading
of Newtonian filaments considering the effect of process
parameters, gravity, and wettability. The spreading master
curves that result from this work allow for the prediction of
spreading dynamics of deposited filaments for use in additive
manufacturing and other cylindrical filament deposition
applications. The organization of the paper is as follows. We
first study the effect of printing parameters, i.e., nozzle velocity,
nozzle height, and infill flow rate on the spreading of
Newtonian filaments in DIW aiming at finding the most
influential parameter on the spreading. Then, we develop and
validate a numerical 2D moving mesh model to simulate
filament spreading dynamics. The results are organized into
spreading master curves as a function of θs and Bo, which can
be used to estimate the dynamic shape of a filament during the
spreading. Furthermore, regarding the static shape, we
developed an empirical model to predict the equilibrium
shape of the deposited filaments as a function of Bo and θs.

■ MATERIALS AND METHODS
Experimental Setup. The deposition and subsequent spreading

of filaments onto silica substrates (AmScope) were achieved using a
modified Delta Wasp 2040 Clay Printer (WASP), see Figure 1, a mid-

speed camera (HAYEAR, HY-2307, 2 M pixels with pixel size of 1.43
× 1.43 μm and 60 fps) with a microscope zoom lens, and an 18 gauge
needle (ID = 0.834 mm) fed by a syringe pump (HARVARD
Apparatus, PHD 2000) to deposit the filaments. A custom-built
platform with a 45° flat mirror underneath the microscope glass slides
(AmScope) was used to monitor the spreading of the deposited
filament from the bottom view. Prior to each experiment, the silica
substrate was washed with isopropanol (VWR, CAS No. 67-63-0) and
subsequently rinsed using DI water (18.2 M/Ω cm EMD Millipore
Corporation). As a best practice for reproducible results, a new
microscope glass slide was washed prior to each experiment. Each
spreading experiment was performed at least three times, and the data
represent the average of all experimental data sets. Each spreading
experiment was performed by depositing an ≈75 mm long single
filament on the glass slide at a given nozzle velocity VN, infill flow rate
Q, and nozzle height H (see Figure 2). The spreading was analyzed
near the middle of the filament so as to avoid beginning and end
effects due to acceleration/deceleration of the printer head. The basal
radius was measured ex situ using image analysis software, ImageJ
(ImageJ.Ink, V. 1.46), and a custom Matlab script. A 3D printing resin

Figure 1. Experimental setup used for filament deposition and
monitoring spreading at different operating conditions.
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comprising bisphenol A glycerolate dimethacrylate (Bis-GMA 37.5 wt
%), ethoxylated bisphenol A dimethacrylate (Bis-EMA 37.5 wt %),
and 1,6-hexanediol dimethacrylate (HDDMA 25 wt %) called DA-2
was used33 for all experiments. The physical properties of DA-2
including viscosity, surface tension, and density are 490 ± 50 Pa·s,
35.1 mN/m, and 1105 ± 1 kg/m3, respectively, with a static
advancing contact angle θs of 19.6 ± 1.4 on silica substrate.33

Numerical Modeling. The computational approach is very
similar to that previously reported for spherical droplets.5 We applied
a two-phase moving mesh method to describe the free surface
movement. The equations were solved using a finite element method
(FEM) in COMSOL multiphysics v.5.6. considering a 2D symmetric
framework. Figure 2 schematically shows the cylindrical 2D cross
section of the filament, along with a typical mesh structure. Figure S1
shows the independence of the results to mesh grid spacing, see the
Supporting Information. A mesh size criteria of R0/40 was used for all
simulations since finer mesh does not improve the reported accuracy.
Note that the mesh was refined near the triple contact line by scaling
the mesh points down by a factor of 0.2. Furthermore, an automatic
remeshing constraint was applied to rebuild the entire domain when
the quality of mesh falls below 0.1. We avoided full 3D simulation
owing to both its high computational load and the onset of
longitudinal capillary instability. In other words, this work considered
the spreading of an infinitely long cylinder with no longitudinal
interfacial instability.
Governing Equations. The unsteady Navier−Stokes (eq 1) and

continuity (eq 2) were solved to determine the pressure p and velocity

field (u̅) over time. ρ and μ are the fluid density and dynamic
viscosity, respectively.

i
k
jjj y

{
zzz+ · = + +u

t
u u p u g2

(1)

· =u 0 (2)

Equations 1 and 2 were solved subject to the following boundary
conditions.

Boundary Conditions. The normal and tangential stress balance at
the interface (eq 3) was applied to track the motion of the free
surface, i.e., fluid−air boundary, S, as a function of time. At the solid−
liquid interface, a Navier-slip condition (eq 4) with no penetration
(eq 5) was utilized, where β is the slip length and is considered as 1/
5× mesh size. Note that the spreading behavior is quite insensitive to
the values of β.5 Furthermore, at the triple contact line (i.e., intercept
of the interface, substrate, and surrounding air), the tangential stress
balance requires an additional condition. We have previously shown
that the most appropriate condition is an equation relating the
dynamic contact angle to the dimensionless contact line velocity, i.e.,
Ca. eq 6 was shown to work extremely well at capturing the spreading
of spherical droplets and is employed unchanged in this work.5,9

· = ·n T T n n( ) ( )I II
(3)

= u
f (4)

· =u n 0wall (5)

+
= h A

cos( ) cos( )
cos( ) 1

tan ( Ca )s D

s

B

(6)

where σ is the surface tension, T is the total stress, i.e., pI ,
and the RHS of eq 3 represents the force per unit area due to σ. θD is
the dynamic contact angle. Ca = μ u̅/σ is the capillary number. A and
B are fitting parameters equal to 7.32 and 0.702, respectively. More
details are given in ref 5.

■ RESULTS AND DISCUSSION
Effect of Operating Parameters on Filament Spread-

ing. There are four processing parameters that affect the shape
of the filaments during deposition: infill flow rate, Q, nozzle
diameter DN, nozzle velocity, VN, and nozzle height, H.6,7 Note
that all experiments were performed at a fixed needle diameter,

Figure 2. Schematic representation of cylindrical filament extruded
from a nozzle (left) and a 2-dimensional view used in our simulations
(right) showing the free triangular computational mesh used in
simulations. Note the use of a finer mesh at the fluid−air interface to
better resolve the movement of the free surface.

Figure 3. (a) Side-view image and cross-sectional schematic of filaments deposited at three different nozzle heights. (b) Experimentally measured
basal radius versus time using DN = 0.834 mm, Q = 6.67 mL/min, and VN = 32.25 mm/s, at three different H values. The inset shows the
magnitude of filament basal radius as a function of scaled nozzle height defined as H/2R0.
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DN = 0.834 mm. The magnitude of each parameter was chosen
to ensure uniform morphology of the deposited filament. Note
that for a given DN, there is a minimum Q below which the
extruded fluid transitions from the jetting regime to the
dripping regime.34

We now examine the effect of each parameter independ-
ently.
Effect of Nozzle Height. The effect of nozzle height on the

shape of the filament cross section is an important relationship
in DIW. As one might expect, when the filament height is large
enough, there is no distortion of the filament by the nozzle.
However, when the nozzle height is below a certain height, the
filament will be compressed by the nozzle, leading to a
noticeable distortion of the shape from spherical.6,7,29 We are
interested in developing a theoretical relationship between
printing parameters and the critical height, hc, where the
filament shape is unaffected by the nozzle position. We expect
that hc is a function of the initial filament radius, R0, which is a
function of printing parameters.
Wang and Shaw29 proposed a relationship between printing

parameters and hc considering a rectangular cross section and
conservation of mass, i.e., hc = Q/VnDn. However, the initial
cross section of the extruded filament is more circular than
rectangular, which means that Wang’s model significantly
underpredicts hc regardless of fluid viscosity. An example of the
poor predictability of Wang’s model is found in Jang et al.7

However, an improvement of Wang’s model can be achieved
by considering a circular cross section.
According to mass conservation, the nozzle infill flow rate is

given by, i.e., Q = VNAf. Af is the filament cross-sectional area
far from the nozzle, which before spreading is assumed to be a
circular cross-sectional area of radius R0, i.e., Af = πR0

2.
Substituting Af into mass conservation gives

i
k
jjjjj

y
{
zzzzz=R

Q
V

0.50
N

0.5

(7)

Equation 7 gives R0 as a function of the nozzle velocity and
infill flow rate. This differs from Wang’s model via a power-law
of 0.5 and no explicit dependence on Dn, and agrees with that
reported in refs 35, 36. This equation will be used in later
studies to determine the value of R0 for scaling purposes.
Figure 3 shows the basal radius as a function of time for DA-

2. The experiments were performed using DN = 0.834 mm, Q =
6.67 mL/min, VN = 32.25 mm/s, and three different values of
H. Depending on the value of H with respect to R0 (using eq
7), two different regimes were observed: (i) H/2R0 < 1, and
(ii) H/2R0 ≥ 1. When H/2R0 is greater than unity, the
spreading is not affected by the nozzle height (dark and light
blue data sets in Figure 3b). In the absence of any distortion of
the filament cross section by say a squeezing flow, the surface
tension acts to maintain a circular cross section (i.e., minimum
surface energy). Thus, the initial shape of the filament right
before deposition can be assumed to have a circular cross
section (see Figure 3a). While for H/2R0 less than unity, the
nozzle compresses the filament and the initial cross-sectional
shape is oblong (see Figure 3a). Given that all printing
parameters are identical, except H, we would have expected the
spreading to be the same. However, Figure 3b clearly shows
that compression caused by the nozzle significantly affects the
spreading dynamics of the filament (red data sets in Figure
3b). To further confirm our observations, we showed the effect
of nozzle height on the spreading at two different operating

conditions, see Figure S2. The inset of Figure 3b shows the
filament basal radius at t = 30 s as a function of scaled nozzle
height (H/2R0). For H < hc, the final basal radius is larger than
for the case of H > hc. This observation is in line with that
reported by Jin et al.6

Effect of Nozzle Velocity and Infill Flow Rate. Figure 4
shows three experiments for different printing parameters.

Data sets (A) and (C) have the same Q, but different VN
values, while data sets (B) and (C) have the same VN, but
different Q values. Increasing VN from (A) to (C) clearly shows
a decrease in the basal radius. This decrease occurs because of
the reduced volume of liquid for the smaller ratio of Q/VN, i.e.,
smaller R0. Conversely, decreasing Q from (B) to (C) shows a
decrease in basal radius, due to the less R0 for lower Q. These
results are in agreement with refs 6, 7, 30. In Yancheshme et
al.,5 the effect of different R0 could be scaled out by dividing
the basal radius by R0, i.e., R(t)/R0 named as spreading factor,
if the Bo is constant. The inset in Figure 4 shows the spreading
factor as a function of scaled time. However, we clearly see that
there is no collapse of the data for the three cases discussed
above, which can only be explained by a change in Bo number,
as discussed in ref 5. Given that the Bo number explicitly
depends on R0 (Bo = ρgR0

2/σ), we must consider the effect of
different printing parameters on the Bo number, i.e., the effect
of gravity compared to surface tension. The corresponding Bo
numbers for (A), (B), and (C) are 0.89, 0.45, and 0.26,
respectively. Thus, an increase in R0, i.e., Bo number, increases
the relative effect of gravity as a driving force for spreading, and
ultimately increases the basal radius.
Figure 5 shows the spreading of three different operating

conditions having different values of Q and VN, but
approximately the same ratio of Q/VN, i.e., same value of R0
using eq 7. As it can be seen, all cases have very similar
spreading dynamics. This result confirms that the spreading
dynamics of filaments depends strongly, if not only, on the
magnitude of Bo, which is the same result previously shown for
spherical droplets.5 Thus, the initial radius of the deposited
filament, as determined by Q/VN, ultimately determines the
shape of the basal radius as a function of time. In other words,
it is not any one individual parameter that determines the basal

Figure 4. Effect of nozzle velocity and infill flow rate on basal radius
as a function of time. Inset: scaled spreading curves using initial
filament size, R0, and viscous timescale, τμ.
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radius, but rather the ratio of printing parameters that define
R(t). This result should be strongly considered when designing
experiments for optimizing printing parameters.
Dynamic Spreading of Newtonian Filaments. In the

previous section, we concluded that the effect of all DIW
parameters can be summarized by the Bo, which dictates the
dynamics and final shape of the filament. In other words, all
operating parameters simply affect R0, which strongly affects
Bond number, Bo ∝ R0

2. In this section, we develop a
generalized theory via spreading master curves as a function of
Bo, which can be used to predict the dynamic shape of
deposited Newtonian filaments as a function of time. Note that
we mostly limit our discussion to dynamic spreading
simulations that are directly applicable to the DIW process.
However, the fundamentals are applicable to the general theory
of nonspherical droplet spreading.
Spreading Master Curve. There are two forces that control

the shape of a filament on a substrate: gravitational (Fg ∼
ρgR0

3) and capillary (Fc ∼ σR0) forces, while two additional

forces determine the spreading rate, or timescale: viscous
dissipation (Fμ ∼ μR0dR/dt) and inertia (Fi ∼ ρR0

2(dR/dt)2).13

The ratio of these key forces leads to three dimensionless
groups: the Bo (ratio of Fg to Fc), the Ohnsorge number, Oh,
(ratio of Fμ to the square root of Fi and Fc), and the Ca (ratio
of Fμ to Fc). As discussed above, Bo determines the shape of
the filament, and for most practical cases, the effect of Bo
cannot be ignored. Oh represents the tendency of a droplet to
keep its shape. A higher Oh makes it more difficult to deform
the shape, i.e., a longer time is needed to observe significant
spreading. Ca is important in quantifying the deformation of
the filament shape near the triple contact line. In fact, the
dynamic contact angle is explicitly a function of Ca, which
allows for the generalization of spreading dynamics, see eq 6.5

Our numerical simulations and experimental conditions will
consider spreading dynamics in a regime where 0 < Bo < 1 and
Oh > 1, which is typical of most fluids in DIW. Note that Oh <
1 complicates the filament deposition process leading to very
poor control of the filament shape. As discussed in ref 5, the
rate of spreading can be quantified via the viscous timescale

= R 0 . τμ is expected to collapse different spreading curves
onto a master curve for constant Bo and constant static
advancing contact angle θs. Therefore, time in the numerical
simulations will be scaled by τμ, and the basal radius will be
scaled by R0.
Figure 6 shows a series of scaled basal radius master curves

for different Bo and θs. As expected for θs = 0, the spreading
factor grows to infinity with a constant power law at long times
that depends on Bo. A nonzero θs induces a plateau in the
spreading factor, whose plateau value decreases with increasing
θs and decreasing Bo. Increasing the Bo at constant θs increases
both the rate of spreading and the magnitude of the spreading
factor plateau. This effect is more significant at small θs. For
example, at θs = 10°, increasing the Bo from 0.05 to 0.9
increases the equilibrium spreading factor from 5.4 to 9.4, an
75% increase. However, at a high θs, i.e., 60°, the same increase
in Bo results in a 20% change in the equilibrium spreading
factor. The reduced effect of Bo for larger θs can be explained
by the fact that a larger θs results in a larger vertical force

Figure 5. Basal radius as a function of time for three different
extrusion cases with the same initial radius, R0.

Figure 6. Effect of Bo and θS on the scaled master curves for filament spreading.
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component from interfacial tension, i.e., σ sin θs, which is
opposing the gravitational force downward. In other words, the
effect of gravity is reduced at a larger θs. Thus, the result for a
small θs is explained by the increased effect of gravity (smaller
opposing vertical force from surface tension) forcing the height
of the filament down and thus the basal radius out.
Figure 6 can be readily used to predict the dynamic shape of

filaments. For example, the shape of a filament during DIW can
be predicted by first determining the initial size of the filament,
R0 (using printing parameters, eq 7). Then, we calculate the Bo
and τμ using the properties of the fluid and fluid−substrate, i.e.,
ρ, μ, σ, and θs. The magnitude of Bo number and θs determines
the appropriate master curve, which can be used to predict
dynamic shape or equilibrium spreading factor in dimension-
less or dimensional quantities. These master curves will
certainly improve the dimensional accuracy of printed parts
simply by accounting for the spreading of the initial layer on
the printing bed platform. This would be particularly useful for
single-layer printing such as electronic boards, functional
fabrics, etc.
Model Validation. Figure 7a,b compares predictions from

Figure 6 with experimental data using DA-2 resin at five
different operating conditions. The dimensionless curves in
Figure 7a are unscaled by multiplying t by τs and R(t) by R0.
The operating conditions, i.e., VN and Q, were used via eq 7 to
determine R0. The Bo numbers for the data in Figure 7b are
0.15, 0.25, 0.35, 0.45, and 0.89, from red triangles to blue
squares. The static advancing contact angle for this resin on
silica was measured independently to be θs = 20°. Figure 7b
compares the unscaled spreading predictions (lines) with the
experimentally measured spreading curves. Note that each data
set is an average of at least three experiments, and the error
bars represent the standard deviation. Overall, Figure 7 shows
excellent agreement between experimental results and the
numerical simulations (master curves), with a maximum
relative error of less than 8% for all data sets.
Final Shape Prediction. In many cases, we are simply

interested in the equilibrium spreading factor and overall shape
of the filament at long times, which is determined by the
steady-state Young−Laplace equation.14 The long time results
from Figure 6 as well as shape information from the numerical
simulations can be used to develop correlations between the
equilibrium/steady-state shape of the printed filament and

printing parameters. From the previous section, the equili-
brium spreading factor, determined from the asymptotic value
of Rf/R0 at long times, is only a function of Bo and θs, which is
summarized in Figure 8. As discussed above, increasing Bo and

decreasing θs increase the equilibrium spreading factor.
Moreover, θs has a more significant effect on the value of Rf/
R0 than Bo. Furthermore, a decrease in θs weakens the effect of
Bo on Rf/R0.
Figure 9 shows the effect of θs on the equilibrium spreading

factor for two limiting Bo numbers, i.e., Bo = 0.05 and 0.89. An
analytical expression can be derived considering the case of Bo
= 0, a.k.a zero-Bo assumption model. At Bo = 0, the cross
section of the filament is a circular segment. Using geometrical
arguments, we derived a theoretical model, eq 8, relating the
equilibrium shape factor to θs, see Supporting Information
Figure S3 for details, given by

i

k

jjjjjjjj
y

{

zzzzzzzz=R
R

f

0 sin
1

tan2 (8)

where β = 0.5. We clearly see from Figure 9 that the numerical
data for Bo = 0.05 is very well described by eq 8 and β = 0.5.
However, to account for higher Bo numbers, we propose that β
is a linear function of Bo. The best-fit β was determined using
the generalized reduced gradient (GRG) nonlinear fitting
algorithm37 for all Bo studied in Figure 8. Figure S4, see the

Figure 7. (a) Filament spreading master curves at different Bo and θs = 20°. (b) Comparison of basal radius as a function of time for different
deposition parameters measured experimentally (points) and predicted using master curves (solid lines) via R0 and τμ.

Figure 8. Steady-state (equilibrium) spreading factor (Rf/R0) versus
Bo number and θs.
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Supporting Information, shows β as a linear function of Bo
such that β(Bo) = 0. 17 Bo + 0.5 with the overall coefficient of
determination, R2 = 0.99. Figure 9 shows the comparison of
numerical simulation data against the best-fit β parameters and
eq 8 for two limiting cases, i.e., Bo = 0.05 and 0.89. The model
and simulated data are in excellent agreement with the overall
relative error less than 11% for a range of Bo from near zero to
unity.
Comparison of the Spreading of Filaments and

Droplets. We previously developed spreading master curves
for Newtonian droplets and showed that the spreading is
governed by Bo and θs.

5 It is of interest to compare the
dynamics of droplet and filament spreading to better
understand the effect of geometry on spreading parameters.
In Figure 10, we compare the spreading of filaments and
droplets having the same Bo (Bo = 0.05 and 0.5) and θs = 0°.
It is well documented that the spreading of droplets is
composed of two regimes: a fast early-stage inertia regime
followed by a slow late-stage viscous regime.5,13 Figure 10
shows two clear power-law spreading regimes for both droplets

and filaments, which correspond to inertia and viscous
spreading. In the inertia regime, we see very similar spreading
dynamics between droplets and filaments regardless of Bo and
θs, with a dynamic basal radius power-law scaling of nearly 0.5.
In the viscous spreading regime with Bo ≪ 1, the droplet
spreading dynamics follow Tanner’s law, i.e., R(t) ∝ t0.1.28 A
relatively large increase in Bo for spherical droplet spreading
shows only a slight deviation from Tanner’s law, which is
discussed in more detail elsewhere.5 However, we see a very
different result for the viscous spreading of a cylindrical
filament. At the same Bo number, a cylindrical filament spreads
significantly more than a spherical droplet, i.e., filament
spreading has a considerably higher power-law scaling than
Tanner’s law, R(t) ∝ t0.17 for Bo ≪ 1. Furthermore, Bo for
filament spreading has more of an effect on the spreading
power-law compared to spherical droplets. The filament with
Bo = 0.5 has a more than 75% increase in power-law scaling,
R(t) ∝ t0.3, compared to the very small percentage (<10%)
change observed in spherical droplets.
The larger spreading power law of filaments and its

sensitivity to Bo are attributed to the differences in the
geometry of the two respective coordinate systems. For
example, a filament is only capable of spreading in a single
Cartesian coordinate, e.g., x, while a sphere is capable of
spreading in both the x and y coordinates, see schematics in
Figure 10. This fact has a considerable effect on the spreading
radius when we consider that the droplet and filament have
similar decreases in height as a function of time. The inset of
Figure 10 shows similar changes in height as a function of time
for a droplet and filament with Bo = 0.5. Thus, the radius of a
filament must spread more than the spherical drop to maintain
conservation of volume. The effect of Bo on the power-law
scaling can be understood by the same geometrical arguments
since a higher Bo causes a faster decrease in height which in
turn causes a faster increase in radius. In conclusion, errors in
prediction are much more sensitive to the value of Bo when
considering filament spreading due to the geometrical
restrictions of the spreading basal radius.

■ CONCLUSIONS
In this work, we developed a generalized dynamic spreading
model for Newtonian filaments on a flat substrate using CFD
modeling and experimental validation. In fact, this work
presents the first generalized model for filament spreading for
both complete and partial wetting conditions, and considering
the influence of gravity. The results clearly show that the scaled
dynamics of filament spreading are determined by two
parameters: Bo and θs. Increasing Bo generally leads to larger
spreading factors, while increasing θs leads to lower spreading
factors. In all cases, the spreading of a cylindrical filament is
significantly larger than that observed for a spherical droplet of
the same initial diameter.
These results can be used to construct dimensional

spreading curves that predict the dynamic and final filament
shape of real filaments. The timescale depends on the fluid
properties, μ and σ, and the initial radius of the filament, R0. R0
is influenced by the deposition process and extrusion
parameters, namely, VN, Q, and H. When H is greater than a
critical value (2R0), there is no effect of H on R0, and R0 scales
with the ratio of Q and VN. Thus, these models can be used to
predict the effect of printing parameters on final bead width
and layer height in DIW or any other extrusion-based additive
manufacturing method. This should significantly reduce the

Figure 9. Simulation results of Rf/R0 versus θs at two limiting Bo
numbers of 0.05 and 0.89 (solid points) compared to the predictions
of eq 8 and β(Bo) = 0. 17 Bo + 0.5.

Figure 10. Spreading factor as a function to time for filament (blue)
and droplet (red) at θs = 0° and two different Bo numbers. Inset:
dimensionless height versus time at Bo = 0.5.
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trial-and-error approach and limit the printing window to a
tractable, relevant space. The extension of these concepts to
the spreading of non-Newtonian and reacting filaments is the
subject of our ongoing research.
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