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In single sheets of graphene, vacancy-induced states have been shown to host an effective spin-1/2 hole
that can be Kondo screened at low temperatures. Here, we show how these vacancy-induced impurity states
survive in twisted bilayer graphene (TBG), which thus provides a tunable system to probe the critical
destruction of the Kondo effect in pseudogap hosts. Ab initio calculations and atomic-scale modeling are
used to determine the nature of the vacancy states in the vicinity of the magic angle in TBG, demonstrating
that the vacancy can be treated as a quantum impurity. Utilizing this insight, we construct an Anderson
impurity model with a TBG host that we solve using the numerical renormalization group combined with
the kernel polynomial method. We determine the phase diagram of the model and show how there is a strict
dichotomy between vacancies in the AA/BB versus AB/BA tunneling regions. In AB/BA vacancies, the
Kondo temperature at the magic angle develops a broad distribution with a tail to vanishing temperatures
due to multifractal wave functions at the magic angle. We argue that scanning tunneling microscopy in the
vicinity of the vacancy can act as a probe of both the critical single-particle states and the underlying many-

body ground state in magic-angle TBG.
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Twisted van der Waals heterostructures have taken the
condensed matter community by storm [I-4]. Since the
first experimental evidence of the band reconstruction and
emergence of a flat band in twisted bilayer graphene (TBG)
at twist angle ~1° [5], a wide range of experimental and
technical breakthroughs [6-9] have paved the way for the
discovery and reproducible observations of correlated
insulating states [10] and superconductivity [11] in
magic-angle TBG, highlighting the vast potential and
intriguing properties of these moiré materials [12-37].
These ideas have now been extended to twisted bilayer
transition metal dichalcogenides (TMD) [38—42], quantum
magnets [43,44], high-temperature superconductors [45-49],
and bosonic superfluids in optical lattices [50-53]. To
unravel the nature of the underlying many-body states in
moiré materials, it is essential to explore new ways to extract
electron correlations while using current experimental
capabilities.

One potentially fruitful direction is to probe the nature of
impurity states, accurately measurable with scanning tun-
neling microscopy (STM), to gain insights into the many-
body ground state that the impurity states are coupled to.
For instance, tunneling spectra of impurity-induced
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resonances in superconductors reveal signatures of the
pairing symmetry [54]. For single sheets of graphene,
creating impurity states strongly coupled to the itinerant
electrons was a challenge until it was realized that vacancy-
induced bound states act like a spin-1/2 hole, originating
from the vacancy’s nearest-neighbor o states which couple
to the 7 band due to the local curvature near the vacancy
site [55-60]. This represents a clear-cut realization of
the pseudogap Anderson impurity model (AIM), which
features a quantum critical point at nonzero Kondo cou-
pling [61-73]. Yet, experimentally observing this quantum
critical point has remained out of reach due to the lack of
tunability of vacancy states, despite the observation of
Kondo screening in graphene hosts [59,74].

In this work, we study vacancy-induced impurity states
in TBG away from and at the magic angle with atomic-
scale and effective lattice models. Using ab initio calcu-
lations, we show that a vacancy [75] induces an effective
spin-1/2 hole on the atomic scale and compute the
hybridization between the vacancy and the twisted pair
of # bands, showing a clear dichotomy between AA/BB
and AB/BA regions. This is in stark contrast to the recent
description of TBG as a topological Kondo lattice problem
with suitably defined “impurity” limits (i.e., realizing local
moments on the moiré scale) [30-37,76]. Here, we focus
on atomic-scale vacancies that arise in realistic experi-
mental settings across a wide array of moiré materials

© 2024 American Physical Society



PHYSICAL REVIEW LETTERS 133, 126503 (2024)

Upper Lower (e)

. (b) © (©)
. ) VaB 9=1.05° T T 0=135" I
0 Vi A@) :
.’\> ~0.002 F = Vi A) _r\
AB bt > B Vi A@) Z
() g === AALDOS -01 -005 0 005 0. N
0.05 2 40.1
e /133 0001 2
2 ..o o | [VmB 3
3 :Z'j. b ad OBt AN aasdea
S 8.9 -0.1 —0.05 0 0.05 0.1
| [ 143 w=E—EFr (eV)
a 1 T 5 ® (€] 15 _II unmis(lcd "
Vaa ¥ 105
— N ~10F & 135°
0.05 > K. 3 20°
a -~
xVac. 05
1.31us :
0.1t L] — e e % v, o L ! Vay|
0 01 02 3.50 3.5 4.00 0.001 0.01 0.05 . S 0.0 01 , 02
LDOS (eV™!) Interlayer d ( A) pr—py ( A*S) With local corrugation introduced luyl (A)

FIG. 1. Atomic-scale modeling of TBG with a vacancy. (a) Band structure of pristine TBG at 6, without vacancy. K and K’ indicate
the two valleys of the moiré Brillouin zone. (b) Projected local density of states (LDOS) at the potential vacancy sites denoted in (c),
color coded. (c) The C atoms in the relaxed pristine TBG at 8y, with the center of AA and AB regions annotated. The atoms are colored
coded according to the local interlayer spacing. The hexagon represents the moiré unit cell. The 19 potential vacancy sites chosen for
computing the LDOS in (b) are indicated by thicker dots. (d) p4 — p, for three typical vacancy configurations, computed in untwisted
bilayer graphene using DFT. V5 and Vp vacancies could be present in TBG AB regions, while V,, vacancies are typical in AA
regions. The gray (orange) circles denote the C atoms in the upper (lower) layers, and the red cross denotes the vacancy. The blue (red)
lines highlight the shorter (longer) distances between three adjacent sites. The clouds of p; — p, are plotted in red, showing that most of
the excessive spin is contributed by the o lobe at the isolated adjacent site. (e) Hybridization function at 6y, between the V,, state and the
TBG bath for the three vacancy configurations. The LDOS for the AA site is also plotted in the gray curve for comparison. The insets
show the hybridization at = 1.35°, which features a Dirac-cone-like low-energy dispersion with larger flat-band bandwidth compared
to 1.05°. (f) Side view of AA-stacked bilayer graphene near the vacancy site, with manual vertical displacements of the three adjacent
sites away from equilibrium, denoted by u,. The bonded sites (connected by a blue line) are displaced downward by the same u .
(g) Hybridization strength V between the V; state and the bath versus u for the untwisted V,, vacancy (blue) and when coupled to the

TBG bath (red). Lines are linear fits, showing that V is tunable by «, and 6.

(e.g., graphene [77], TMD [78,79], cuprate superconduc-
tors [80,81]). We use ab initio derived vacancy states to
construct an effective quantum impurity model for a
realistic vacancy, which is solved by combining the kernel
polynomial method [82] and the numerical renormalization
group [83] (KPM + NRG [84]). Away from the magic
angle, this realizes a tunable, pseudogap AIM where
twisting the bilayers tunes the vacancy through its quantum
phase transition. At the magic angle, the impurity is always
Kondo screened at low temperatures. We study the dis-
tribution of Kondo temperatures T across the sample to
show how Tx in the AB region is strongly suppressed
relative to the AA region.

Microscopic picture—To set the stage, we investigate
how the vacancy o (V,) state in TBG at the magic angle
(6y = 1.05° [85]) hybridizes with the twisted pair of #
bands using an accurate machine-learned tight-binding
model [86], combined with embedded V,, states from den-
sity functional theory (DFT) calculations [87]. Figure 1(c)
shows the structure of TBG at 8 obtained by fully relaxing
freestanding TBG using the interatomic potential model
[110-112] with the method described in Refs. [113,114],
using the molecular dynamics (MD) simulation package
LAMMPS [115]. The in-plane and out-of-plane atomic

relaxations manifest in enlarged AB/BA regions, consis-
tent with previous work [113,114,116-119]. Figure 1(a)
shows the band structure of fully relaxed pristine TBG in
the atomic-scale tight-binding model, and Fig. 1(b) the
local density of states (LDOS) projected onto the potential
vacancy sites indicated in panel (c). The flat-band states are
mostly localized in the AA regions (except at I') and have
decreasing projections onto sites further away from the AA
center. This indicates that an impurity in the AA (AB)
regions hybridizes more (less) with the localized flat-band
states.

To understand microscopically how vacancy states
hybridize with the z bands in TBG, we first consider a
monovacancy in single-layer graphene. Removing one
atom leaves dangling vacancy V, and V, orbitals at the
three adjacent atoms, which undergo a Jahn—Teller dis-
tortion so that one isolated atom moves further away from
the vacancy, and the other two atoms move closer to re-
bond. This leads to one V, state localized at the isolated
site near the Fermi level and a V, quasilocalized zero
mode [56,57]. In the experimentally relevant regime, the
effect of the V, zero mode can be qualitatively captured by
a renormalization of the V, Coulomb interaction [59]; we
thus focus on the V, state in the following.
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In single-layer graphene, the coupling between the V,
state and the z bands requires finite local corrugation that
breaks the mirror symmetry [59,60]. This coupling arises
naturally if a second, untwisted layer is stacked onto
freestanding graphene, which breaks the mirror symmetry
near the vacancy site in the lower layer. To capture this,
we performed DFT calculations using a 6 x 6 supercell of
freestanding untwisted bilayer graphene with one vacancy
in the bottom layer in three typical local environments [87],
named after the registry of the two sheets of graphene.
Note that, in AB-stacked graphene, there are two types of
vacancies, Vg and Vp' [see Fig. 1(d)]. Similar to single-
layer graphene, the three adjacent atoms near the vacancy
site relax to a final equilibrium configuration with almost
no corrugation near the vacancy. Figure 1(d) shows the
calculated excessive spin density, p — p [120], which is
centered at the isolated adjacent C atom, contributed mainly
by the o-lobe toward the vacancy. The details of the
calculations and the electronic structure of bilayer graphene
with a vacancy are summarized in [87].

In the dilute limit, we expect the 6 x 6 super-
cell simulation of the V, state in untwisted bilayer
graphene to mimic the actual vacancy in TBG near Oy.
Using our DFT results in untwisted bilayer graphene,
we compute the hybridization function between the
dangling V, state and the “bath” (TBG without the
vacancy and its three adjacent sites) from the microscopic
model, Ami(:lro(a)) =T Zn.k |Vnk |25(60 - €nk)' Here’ Vnk =
(v |Hy_ vt Ppan-TBG Wk ) Tepresents the tunneling matrix
element between the V, state ¢y ) and the pristine TBG
eigenstate |y,) with eigenvalue e,x. Hy p,p is the
hopping between the V, state and the C atoms in the
bath; Py.m-tG projects the TBG eigenstate from the Hilbert
space of N-site TBG to that of the (N — 1)-orbital z bath.
Figure 1(e) shows A .o(w) for the three vacancy envi-
ronments at dy; and the LDOS at the AA center, with insets
showing the result at 1.35°. In comparison, V5, hybridizes
much stronger with the bath, especially with the flat-band
states.

In experiments, the substrate almost always induces
local corrugation in TBG, which is not captured in our
MD simulations. Therefore, we manually introduced local
corrugation near the vacancy to study how it changes the
hybridization. Figure 1(f) shows a schematic side view of
how the three vacancy-adjacent atoms are displaced by u |
either upward or downward [87] for a V,, vacancy.
Figure 1(g) shows that the hybridization strength V
increases with u, and decreases with 6. For u, > 0.2 A,
alocalized V,, state can no longer be identified. We find that
Vaa Vacancies are more sensitive to twisting [87].

In summary, a vacancy in bilayer graphene induces a
localized spin density, which hybridizes with the z bath
with a strength tunable via the local environment, atomic
corrugation, and the twist angle, suggesting that TBG with

a monovacancy realizes a tunable, pseudogap AIM. To
make the AIM tractable, we construct an effective model
with the impurity parameters derived from the microscopic
model and the hybridization function from a simpler TBG
bath. The latter has all of the salient features we have just
found and allows us to describe the spectral properties of
TBG down to sufficiently low energy scales to treat the
Kondo effect accurately.

Quantum impurity model—We use the AIM, with the
Hamiltonian H = Hyo + Hyyp + Himp, to emulate TBG
with a vacancy. The host contributions are typically written
in the single-particle eigenbasis, where €, is the eigene-

nergy of a state created by CL; with a wave function
dws(j) = (J, oler) at lattice site j [121]. Then,

HhOSt = Zekcltﬁckg’ thb = VZ (dI'CRO' + H.C.), (1)
k.o c

where R labels the impurity site, cg, = > _; ¢r(R)cis, and
V > 0 is the hybridization strength. The effect of the host
on the impurity is described by the hybridization function

Ap(@) = 7V S I (R)PS(0 - ) = 1Vor(@). (2)

with pp the host LDOS per spin orientation (¢, = ¢y,).
One approximation we consider to help gain physical
insight into the problem ignores the spatial contribu-
tion of the wave function to the LDOS, so that the
LDOS in the hybridization function is replaced by the
global DOS (GDOS, per spin orientation, per lattice
site) p(w) = N1, 8(w — €).

To describe the @ dependence of Ax(w), we use a
microscopic lattice model of TBG [122] derived from the
Bistritzer—MacDonald (BM) continuum model [85,87],
which can be scaled up in system size, provides higher
resolution for the ultralow-energy features in the LDOS and
captures the emergent multifractality in TBG’s wave
functions at 6y [87]. We can modify Ag(w) by varying
either the twist angle 8 or the interlayer tunneling w, since
only their ratio matters at small twist angles in the form
a = w/[2ugkp sin(6/2)]. Here, the Fermi velocity is vg =
3tay/(2h) with t = 2.8 eV, and the distance from the I" to
the Dirac point is kp = 47/ (3ay) with ay~2.46 A the
graphene lattice constant. It is more convenient for us to
vary w at fixed @ = 1.05° as we treat the incommensurate
twist via a rational approximation. The magic angle oy
then occurs at w = 0.11 eV.

We focus on the charge neutrality point and show the
DOS of the TBG lattice model in Fig. 2(a). Relaxation in
the lattice model is accounted for by breaking the symmetry
in the tunneling between the AA and AB regions, with
waa/wag = 0.75 [123]. In the BM model, the GDOS can
have a charge neutrality van Hove singularity at the magic
angle, which (ignoring how the impurity is embedded in
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FIG. 2. Hybrldlzatlon functions for the effective }attlce mod'el ajay p(Tx) (%)
of TBG in Eq. (1). (a) The model GDOS at different twist
parameters, where @ = 0.081 (w = 0.11 eV) corresponds to the  gjG. 3. Solution of the quantum impurity model. (a) Phase

magic angle. (b) Tunneling map, where different colors indicate
the locally dominating tunneling according to the effective lattice
model [87]. The inset shows the microscopic lattice spacing
across a patch. (c) Comparison of GDOS and LDOS in the AA
and AB regions at @ =0.067 (w =0.09 eV). The LDOS is
averaged over 200 samples of random twisted boundary con-
ditions; the GDOS is additionally averaged over the origin of
rotation in TBG across 400 samples.

the host) leads to Kondo screening of the impurity [76].
Incorporating the impurity location, the tunneling strengths
in the lattice model mark different sublattice tunneling
geometries dominated by AA/BB or AB/BA regions
[Fig. 2(b)]. The LDOS in each representative region,
depicted in Fig. 2(c) away from ay, reflects how the
probability density of wave functions in the miniband are
concentrated near the AA sites, consistent with our atomic-
scale model results [87] and expectations from previous
TBG Wannier-function calculations [14,15,124-126].
Finally, the impurity part in the Hamiltonian reads

3)

Himp = €d(ﬁdT + ﬁdl) + UﬁdTﬁdi

An impurity state with spin ¢ and on-site repulsion U,
localized at the vacancy site R, is created by df,, has a
number operator fi;, = dyd,, and an energy e, measured
from the host Fermi energy Er = 0. We choose U = 2.2 eV
and e; = —0.5 eV as motivated by our microscopic analy-
sis [87]. Note that the hybridization functions already break
particle-hole symmetry and that the TBG half bandwidth
(of the full spectrum, not only the miniband) D depends
weakly on a, D(a)=~8 eV. Below, the hybridization
strength is either varied or chosen as V = 1 eV to estimate
the typical T. The effective Kondo coupling is J ~ V?/U.

Many-body solution—We first consider the T = 0 phase
diagram for a vacancy in TBG with variable hybridization
strength V and twist parameter a. A single sheet of gra-
phene realizes a clear-cut pseudogap AIM with a local-
moment and Kondo-singlet phase. Away from ay;, the
GDOS of TBG still follows the pseudogap behavior: at low
energies, p(w) ~ |w|/v?, where v = v(a) is the renormal-
ized Dirac velocity. As v(a) vanishes at ay (ay ~ 1//3
for the first magic angle in [85]), we may expand it as

diagram at 7 = 0. The critical hybridization strength V. that
separates the local-moment (. = 1/4) and Kondo-singlet phase
(Her = 0) as a function of a = w/[2vpkp sin(6/2)] vanishes
linearly at the magic angle ay ~ 1/v/3 [cf. Eq. (4)]. Dashed
lines show results for A « p with the GDOS p or with an LDOS
pr (Rin the AA or AB region), see Eq. (2). For the solid lines, the
input is adjusted to match the analytically known asymptotic low-
energy behavior [87]. (b) Distribution of Tk for different impurity
locations across magic-angle TBG. We consider V =1 eV and
roughly 500 (1500) sites for the AA (AB) region. The AB,
compared to the AA distribution, is broader, centered at a smaller
value, and has a tail reaching down to very low Tk.

v(a) ~ |a — ay| close to ay. From previous NRG studies,
we know that such a particle-hole asymmetric pseudogap
AIM has a critical Kondo coupling J,. with poJ,. ~ O(1)
[63-65,70,127]. Hence, from py ~ 1/v*(a), we expect

4)

At ayy, p(w) is smooth at low @ with finite p(0). Hence, at
T =0, a Kondo-singlet phase is found for arbitrarily
small V.

We use KPM with a linear lattice size L = 569a [122]
and an expansion order of Ny =2'% to calculate the
Wilson-chain coefficients. Then, from the NRG impurity
contribution to the spin susceptibility y;n,, we extract the
effective magnetic moment pegr = limy_o7Yimp(T). This
yields a phase diagram, Fig. 3(a), where the local-moment
and Kondo-singlet phases are characterized by p. = 1/4
and p. = 0, respectively. V.(a) for hybridization func-
tions proportional to an LDOS (with R in either the AA or
AB region) and to the GDOS (equivalent to the R-averaged
LDOS) behave qualitatively similarly. As expected, in the
AA region, the enhanced LDOS leads to a smaller V.,
relative to the AB/BA regions. For the GDOS, we can use
the asymptotic low-energy behavior mentioned before
(P(®)| g, ~ @], p(@)],,, = const) to adjust and extend
the Wilson-chain input at energy scales below the KPM
resolution [87]. The data with adjusted input nicely
reproduces Eq. (4) and confirms our expectations:
There is a finite V, for all a # oy, decreasing linearly
with a close to ay;. At a = ay, any V > 0 leads to Kondo

Je~la—ay]> & V.~ la—ayl.
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screening, consistent with a recent study using the GDOS
in TBG [76].

Focusing on ay;, where the ground state is always
Kondo-screened, we may ask below which 7 the
Kondo-singlet phase occurs across the sample, i.e., how
Tx changes with the location of the impurity at fixed V
(say, 1 eV). We use Tk =~ 1/|4x1,c| [128] as a robust and
efficient estimate, where i, = 9,(S%)|,_o (with (S%) the
local magnetization) is the local susceptibility computed at
T = 0. In Fig. 3(b), we plot the distribution of Kondo scales
found for a large number of different sites. There is a strict
dichotomy between vacancies in the AA versus AB regions.
The LDOS throughout the AA region is rather similar,
leading to a narrow distribution of Kondo scales. By
contrast, the LDOS in the AB region varies widely at
low energies (as it includes Vg and Vg contributions)
and is generally smaller than in the AA region. This leads
to a broad distribution of Kondo scales, centered at a
smaller value than in the AA region, and with a tail to
vanishing Tk. This tail is a signature of a broad distribution
we expect [84,129-131] to result from the multifractal
wave functions at the magic angle that arise in several
incommensurate models of TBG [51,132] including Hj,,
in Eq. (1) (see [87]).

In reality, the TBG bath becomes correlated very close to
O\, and the noninteracting bath description breaks down.
Therefore, at 7 =0, our results are directly applicable
across the majority of the phase diagram in Fig. 3(a), while
future work is needed to incorporate the strongly correlated
bath that can induce a gap at charge neutrality [133]. At
finite temperatures above the correlated gap, our results
serve as a description of the normal state of the defect-
induced Kondo effect in TBG.

Conclusion—Using ab initio calculations, we embedded
a vacancy into pristine TBG and demonstrated how it
hybridizes with the low-energy miniband in the vicinity of
the magic angle. From this insight, we built an effective
AIM that we solved with KPM + NRG [84]. We found a
variety of many-body ground states and a pseudogap
quantum critical point tunable by the twist angle. At the
magic angle, the vacancy is always Kondo screened,
leading to a distribution of Kondo temperatures that is
broad in the AB region due to the underlying multifractal
single-particle eigenstates [51,132]. We propose the STM
response of such Kondo-induced vacancy states as a probe
of the underlying many-body ground states in TBG and
moiré materials more broadly.
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