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ABSTRACT

Dynamic heterogeneity is a fundamental characteristic of glasses and undercooled liquids. The heterogeneous nature causes some of the key
features of systems” dynamics such as the temperature dependence of nonexponentiality and spatial enthalpy fluctuations. Commonly used
phenomenological models such as Tool-Narayanaswamy-Moynihan (TNM) and Kovacs—Aklonis-Hutchinson-Ramos fail to fully capture
this phenomenon. Here we propose a model that can predict the temperature-dependent nonexponential behavior observed in glass-forming
liquids and glasses by fitting standard differential scanning calorimetry curves. This model extends the TNM framework of structural relax-
ation by introducing a distribution of equilibrium fictive temperature (T7) that accounts for heterogeneity in the undercooled liquid. This
distribution is then frozen at the glass transition to account for the heterogeneous nature of the glass dynamics. The nonexponentiality para-
meter f3y is obtained as a function of temperature by fitting the Kohlrauch-Williams-Watts (KWW) equation to the calculated relaxation
function for various organic and inorganic undercooled liquids and glasses. The calculated temperature dependent B, shows good agree-
ment with the experimental ones. We successfully model the relaxation dynamics far from equilibrium for two silicate systems that the TNM
model fails to describe, confirming that temperature dependent nonexponentiality is necessary to fully describe these dynamics. The model
also simulates the fluctuation of fictive temperature T during isothermal annealing with good qualitative agreement with the evolution of
enthalpy fluctuation reported in the literature. We find that the evolution of enthalpy fluctuation during isothermal annealing heavily depends
on the cooling rate, a dependence that was not previously emphasized.

Published under an exclusive license by AIP Publishing.

I. INTRODUCTION

Glasses are ubiquitous in modern society, and their application
spans from window glass, electronics, and photonics ~ to phar-

fragility index."’ Nonexponential relaxation can be parametrized by
fitting relaxation data to the Kohlrausch-Williams-Watts (KWW)
equation as
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maceuticals’ and biomedical devices.” Despite their familiarity in
our daily life, the prediction of glass dynamics such as “physical
aging” and glass transition is challenging.” * Physical aging refers
to the property changes induced by structural rearrangement over
time. A major challenge in predicting aging arises from complex
structural dynamics that can be identified as having three “non”
characteristics: (1) nonlinear, (2) non-Arrhenius, and (3) nonex-
ponential.® The nonlinear relaxation of glasses is the consequence
of their nonequilibrium nature and can be parametrized through
the concept of fictive temperature.” ~ Non-Arrhenius temperature
dependence of the relaxation time of glass-forming liquids is a
well-known phenomenon that can be parametrized by Angell’s

W(t) = exp (—( mtvw )ﬁ“) (1

where W(¢) is the relaxation function or correlation function, ¢ is
time, Tkww is the characteristic relaxation time of a system, and
Biww is the nonexponentiality parameter. Many studies have shown
that nonexponential relaxation originates from the spatially hetero-
geneous nature of glass. Such spatial heterogeneity appears in
undercooled liquids and grows as the glass transition approaches.
Adam and Gibbs (AG) suggested that the growth of such regions’
size is responsible for the dramatic increase in viscosity near the
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glass transition.' Such a region is called a cooperatively rearranging
region (CRR). There is no explicit definition of CRR in the theory
of Adam and Gibbs (AG); therefore, researchers have evolved a
similar quantity called the heterogeneity length scale (£).'* Various
experimental methods have been used to identify &' *’ and the
growth of & near the glass transition has been observed by both
experiments and simulations.”’ *’ Theories like the random-first-
order transition (RFOT) theory** or hierarchical dynamic facil-
itation predict the growing length scale of &?° According to
Donth’s fluctuation dissipation theorem (DFDT), the effect of this
spatial heterogeneity can be probed through calorimetric experi-
ments such as heat capacity spectroscopy (HCS) and temperature
modulated differential scanning calorimetry (TMDSC) at the glass
transition.””**” The DFDT uses thermodynamic fluctuation theory
and introduces temperature fluctuations 8T for the estimation of the
volume of fluctuating regions, Vprpr ~ 53.

When a glass is subjected to isothermal annealing below
the glass transition, heterogeneity plays an important role.””
Because some microdomains relax faster, the macroscopic structural
evolution exhibits complex relaxation dynamics. This heteroge-
neous relaxation is the origin of nonexponential relaxation. For
example, a complex thermal history affects the enthalpy recovery
during isothermal annealing, as revealed by the nonmonotonic
evolution of the refractive index observed by Macedo and
Napolitano.”” This behavior was explained and modeled by
considering a distribution of relaxation times. It is known that the
nonexponentiality parameter f3, that reflects this distribution of
relaxation times not only depends on the chemical composition of
a system but also on temperature.”’** Specifically, the distribution
of relaxation time becomes broader at lower temperatures. This has
been observed experimentally by dielectric spectroscopy,”” HCS, and
electron correlation microscopic measurements.”” The RFOT theory
also predicts such a decrease in f,, for both undercooled liquid
and glass, and it is attributed to the broadening of activation
barriers for the rearranging microscopic domains.** However, for
some glass-forming liquids, evidence against this heterogeneous
picture of nonexponential relaxation exists, and instead, homoge-
neous relaxation is invoked.”” "’

A distribution of density/enthalpy domains in undercooled
liquids and glasses has also been observed in both experiments and
simulations. Light scattering experiments show an anomaly in den-
sity fluctuation in B, O3 during reheating,”® which was characterized
and explained by Moynihan and Schroeder’” and Lee et al."’ The
enthalpy landscape model developed by Mauro and Loucks shows
a finite width in the distribution of density/enthalpy in both the
undercooled equilibrium liquid state and the glassy state.*’ The
model shows that the distribution of density in the glassy state
evolves nonmonotonically during isothermal annealing below the
glass transition, which was confirmed by an in situ small angle x-ray
scattering (SAXS) experiment.**

Commonly used models such as the Tool-Narayanaswamy-
Moynihan-Hodge (TNMH) model”'"*** and the Kovacs-
Aklonis-Hutchinson-Ramos  (KAHR) model™* for glass
dynamics phenomenologically account for the three “nons” men-
tioned earlier. They show excellent agreement with observations
near Ty. However, poor agreement in relaxation dynamics is found
far from equilibrium.””** Possible explanations for these deviations
may be the “single fictive temperature” approach to the glass
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dynamics and the temperature-independent nonexponentiality.”
Previously, several attempts have been made to overcome this single
fictive temperature approach.””’ Such models introduce a local
fictive temperature Ty; with weights W;(i=1,2,3,...,N). The
evolution of these Ty; is then computed during various thermal
processes. If one assumes that any arbitrary temperature program
can be modeled as a series of small time steps, t;, where the
temperature of each step is T(¢j), a continuous cooling/heating is a
series of small temperature jumps from the previous step, T(tj-1),
to the current step, T(t;). The fictive temperature of the ith domain
at time ¢; is then given by

Tii(4) = T(4) = [T(4) = Tei(-1) it 7 (8)], )

where each local Tg;(tj-1) relaxes toward the real temperature
T(t;), and such a dynamic is governed by the local relaxation
function ¢,[t;, 7:(t)], which depends on the local relaxation time
7i(t;). ¢,[tj> Ti(tj)] generally has a simple exponential form follow-
ing the assumption of heterogeneous system exp(—Atj/7i;), and
Atj=t;—ti-1.”" " The average fictive temperature of the system is
then computed according to

N
(Tei) = Y, WiTg, 3)

i=1

where (A) is the average value of A. In Refs. 47 and 50, Eq. (3)
is the weighted average of local fictive temperature, whose weights
are given by the distribution of relaxation times such as the
distribution for the KWW equation or Prony series. However,
models based on Eq. (2) cannot simulate spatial heterogeneity
in the equilibrium states because all Tt; relax to T(%), thus the
distribution of T¢ vanishes.’” This contradicts both the experiments
and simulations discussed earlier because enthalpy/density fluctua-
tions exist not only in nonequilibrium glassy states but also in the
undercooled equilibrium state. These equilibrium distributions are
bound to affect the ensuing distribution of glassy T as the system
drops out of equilibrium and consequently must directly affect the
relaxation dynamic of the glass.

In this work, we therefore develop a model that accounts for
both enthalpy fluctuation and temperature-dependent By, in both
the nonequilibrium and equilibrium states by introducing the local
equilibrium fictive temperature T¢; with weights W;. A mathemat-
ical expression for Tf; is obtained by analyzing the DFDT. Imple-
mentation of this model is achieved by extending the TNM model
with the help of Cangialosi et al.’s model of temperature-dependent
nonexponentiality, with a modification accounting for nonequilib-
rium states.”” Our model provides the temperature dependence of
Biww» and the results agree well with experimental measurements.
We also simulate volume and enthalpy relaxation far from equi-
librium using the seminal study by Scherer”” and the recent study
by Lancelotti et al.*® We show that the present model successfully
describes the relaxation dynamics over a broad range of conditions
near and far from equilibrium with a single set of parameters,
whereas the TNM model fails to do so. The model also provides
the temperature dependence of the fluctuation of fictive tempera-
tures, 0T¢, which is consistent with the DFDT.’* The evolution of
0T simulated during isothermal annealing for glassy selenium at
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different quench rates shows a nonmonotonic evolution consistent
with the enthalpy landscape model by Mauro et al."””> However,
our simulation predicts that such nonmonotonic evolution only
happens when the cooling rate is sufficiently high. In Sec. II, we
present the phenomenological model of dynamic heterogeneity
in undercooled liquids and glass. In Sec. III A, we apply the
present model to four organic systems and two inorganic systems
to obtain the model parameters. In Sec. 11 B, we compare the calcu-
lated temperature-dependent nonexponentiality parameters to the
experimental ones in undercooled liquid states. In Sec. I1I C, we
study the effect of temperature dependent nonexponentiality far
from equilibrium by applying the model to the volume and enthalpy
relaxation data in the literature. In Sec. III D, we calculate 6T
with various thermal histories and compare it with experiments.
Section III E discusses the nonmonotonic evolution of enthalpy
fluctuation by analyzing the results of our model. Finally, Sec. IV
concludes this paper with the possibilities and limitations of our
model.

Il. HETEROGENEOUS MODEL OF STRUCTURAL
RELAXATION IN UNDERCOOLED LIQUID AND GLASS

A. Mathematical formulation

In this section, we extend the TNMH model to account for
temperature dependent nonexponentiality and enthalpy fluctua-
tions in undercooled liquids and glasses. Existing phenomenological
models incorporating heterogeneous relaxation rely on Eq. (2),
where all T¢; relaxes to the single real temperature T in the equi-
librium state, which leads to the vanishing of the fluctuation of
Tt. However, dynamic heterogeneity is observed in undercooled
equilibrium liquids in both experiments and simulations. To over-
come this problem, we introduce a new local order parameter called
equilibrium fictive temperature, Tf;, which has weights, W;. The
average of Tf, is the real temperature, T, according to

N
DWITE = (T5) =T, (4)
i=1

where ¥, W = 1. To define W in the above-mentioned equa-
tion, we rely on Cangialosi et al’s formulation of dynamic
heterogeneity with the assumption that the distribution of local
relaxation times (with weights X;) is the same as the distribu-
tion of local fictive temperatures (with weights W;).”> To model
the distribution of relaxation times, Cangialosi et al.’s formulation
uses the Vogel-Fulcher-Tamman (VFT) equation, whose parameter
Vogel temperature Ty has a distribution g(Ty). Cangialosi et al.
assume a linear relation between the distribution of relaxation time
G(In7) and the distribution of Vogel temperature g(Ty). Instead
of using the continuous distribution of Vogel temperature g(Ty) in
Cangialosi et al’s formalism, we use discrete weights Y; for
each local Vogel temperature Ty, where g(Tv,) = Y;, and discrete
weights X; for each local relaxation time 7;, where G(In 7;) = X;.
Then, with the above-mentioned assumption, W; can also be
defined in terms of the weights of the Vogel temperature Y; as

R ACIAN
w,._ﬁ(m) , (5)
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where H is the normalization factor so that the above-mentioned
equation satisfies YN, W¢ = 1. Therefore, we need to derive an equa-
tion for TEi as a function of Ty,; to determine the second term in
Eq. (5). Such an equation can be derived by satisfying the following
conditions.

First, an inverse relationship between Ty,; and Tzi is expected.
Indeed, it is expected that the relaxation time 7 increases with
decreasing fictive temperature Tg;. However, according to the
Vogel-Fulcher-Tamman (VFT) equation, the relaxation time of ith
domain 7; increases with increasing Vogel temperature T',; as

DTvi
g , 6
T- Tv,i) ( )

Ti = To exp(

where D is the strength parameter related to the fragility index.”’
Second,iy Donth’s fluctuation dissipation theorem (DFDT)
shows that™**

OTg;
0Ty,

- . 7
(Tor) 7)

Ty =(Ty)

See the supplementary material for the full derivation of Eq. (7).

We find that the following equation satisfies both conditions
and will, therefore, be used as an expression for Tf;, which can be
derived to obtain the second term in Eq. (5),

R e Tv,i Tv,i
Tf; = <Tf,i)(2 - m) - T(Z - (Tv,i)), ®

with the constraint that 2(Tv,;) > Ty, for all Ty;. Next, we derive
an expression for the first term Y; for Wi in Eq. (5). In Ref. 53,
Cangialosi et al. use a Gaussian distribution for the Vogel tem-
perature, which results in the distribution of the log of relaxation
time also being Gaussian. However, this is a simplification because
the distribution of the log of relaxation time has a long tail in the
fast relaxation time region, which is intrinsic to nonexponential
relaxation.”” Typically, such a distribution can be expressed by the
probability density distribution of the KWW equation Gxww (In 1),
which can be numerically calculated as suggested by Lindsey and
Patterson,”® or by the equation developed by Havriliak and
Negami.”” Therefore, in order to use the more appropriate distri-
bution of the weights for the local relaxation time X;, we first write
the expression for Y; in terms of X; following Ref. 53 as

X 8Tv,i -1
Y"‘T(aln Ti) ’ ©)

where I is the normalization factor so that N, Y; = 1. The first term
X can be computed by Gkww (In 7;) as

_ GKWW (ln T,‘)

Xi
J

, (10)

where J is the normalization factor so that ¥, X; = 1. Because Y;
does not depend on temperature, we can compute Y; at a given
temperature. We define this reference temperature of Gkww (In 7;)
to be Ty, where the average relaxation time at T (7i(Tg)) is defined
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as 100 s. In addition, we denote the reference set of X; as X{ef.
Gxww (In 7;) can be numerically calculated by™®

Gxww [In (7i/tkww) ] = z:l (nl) (TI/I‘FE(M}Y;) ’

where T' is the gamma function and f determines the nonexpo-
nentiality of the distribution of local relaxation time, which varies
(T,-)/F(% + 1), where
we use (7;) as the average relaxation time at T¢(7i(Ty)), which is
assumed to be 100 s. The range of 7;/txkww should be appropriately
defined to encompass the full spectrum of Grkww [In (7i/tkww)].

Obtaining the second term of Eq. (9) requires an expression for
Ty, as a function of In 7;. This is performed by solving Eq. (6) for
Ty,;at Tgas

€3))

as 0 < f < 1. txww is calculated by Tkww =

Tl (n(T))] =

— 75 (12)
+@ 12

By taking the partial derivative of Eq. (12) with respect to
In 7;(Tg), we get the second term of Eq. (9) as

. -1 .

By inserting Eqgs. (10), (11), and (13) into Eq. (9), we get Y; as

_1 1 7i(Tg) (- 1) (r(Te) [{m(T) )™
Y“Y@(ln( T ) ) 2 el
(14)

Finally, the full expression for W; can be obtained by taking the
partial derivative of Eq. (8) and inserting it with Eq. (14) into Eq. (5)
as

Wi kL (A1) p)

TgD To
S| (D" (il Te) [(7i(Te) )" ]( (Tv,,-))
T e > (15)
D (75)
where (T¢;) = T in Eq. (4). Notice that if one calculates the normal-

ization factor H, it will cancel the last term in the parenthesis. This is
because they are the macroscopic variables, not the local quantity;
hence, Wi =Y;. This is a consequence of the result of Eq. (8),
where the partial derivative of Eq. (8) only leaves the macroscopic
variables (T¢;) and (Ty,;). We will see that this is not the case when
we derive an expression for X; in terms of Y; in Sec. I1 B. The second
assumption of this model is that the distribution of equilibrium
local fictive temperature gets frozen when the system drops out of
equilibrium; therefore, we use the equivalency W; = W;. Therefore,
the distribution of local fictive temperature can also be calculated
using Eq. (15) by replacing (T¢;) by (T¢;).

Now that we have an expression for Wi, we can compute (T¢;)
using Eq. (3). By following the TNMH and KAHR approaches as in
Eq. (2), we assume that any arbitrary thermal change can be modeled
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by a series of temperature steps. Furthermore, we assume that local
Ty, relaxes toward local T¢; according to a local relaxation function,
¢i[t),7i(t;)]. Therefore, we can rewrite Eq. (2) as

Tii() = Tei () - [T5i(4) - Tea(-1) @il (1)1 (16)

Following Cangialosi et al.,”> we assume that the relaxation of each
local domain in a single time step is governed by:

. Po
AURA) =€XP(_(TiA(Z)) ), v

where 3 is called intrinsic nonexponentiality. It is the nonexponen-
tiality of a local domain. This form follows a model developed by
Richert and Richert.?’ ﬂo = 1leads to the heterogeneous limit, where
the dispersion of the macroscopic relaxation function solely comes
from the distribution of relaxation time G(In ;). In the homoge-
neous extreme, f3, is inherent to each relaxing unit and, therefore,
controls the macroscopic relaxation function.®!

The local relaxation time 7; in Eq. (17 ) must be obtained using
a model for undercooled liquid and glass.'”** In this study, we use
the form of the Adam-Gibbs equation modified by Hodge as*

Ti = Tp exp 7( DTV;W ) . (18)

= (T

Here, (T%;) is used instead of Ty;. This treatment is based on the
heterogeneous model of enthalpy relaxation proposed by Richert in
Ref. 51.

Finally, we can calculate the global relaxation function,
W(Ti;(t)), between arbitrary time intervals from ¢ to t; as

(Tri(t)) = (Tri(to))
(Tri(h)) = (Tri(to))

Equation (19) includes the effect of nonlinearity on temperature and
fictive temperature dependent nonexponentiality during relaxation.
In practice, the computation takes place as in the TNMH or the
KAHR models. If one considers a simple heating experiment, above
T, the 7; in Eq. (17) becomes shorter than Atj, thus, (Tf;) relaxes
to (T;) and (T;) = (T¢;) = T. We find that 0.1 °C is enough as the
temperature step of each time step AT(¢;) to model the DSC curves
of a system, where the time step At; in Eq. (17) is chosen depending
on the rate of temperature ramp 6(t;) as At; = AT(t;)/6(t;). Fur-
thermore, 200 terms are sufficient to simulate both DSC curves and
the relaxation during isothermal annealing below T for N in Eq. (3).
In the current study, we simulate the isothermal annealing below
Tg by using the method proposed by Hodge and Berens to reduce
the computational cost.”’ We partition the annealing time into 500
subintervals, which are spaced equally in the log timescale.
Furthermore, the difficulty of converging Eq. (11) is dis-
cussed by Lindsay and Patterson.”® Therefore, we use a library
containing Gxkww [In (7:(Tg)/txkww)] and In (7:(Tg) /tkww) calcu-
lated by Eq. (11) for each f, where f is varied from 0.1 to 0.95
with a step, Af = 0.01. Therefore, the fitting algorithm takes the
Grww/[In (7:(Tg) /txkww)] and In (7:(Tg)/tkww) of the selected f
from the library to minimize the calculation time and to avoid

Y((Tei(0))) = (19)
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potential divergence of Eq. (10) during fitting. The relaxation data
for the fitting procedure can be structural relaxation data during
isothermal annealing, the normalized heat capacity during heating
and cooling measured by DSC, or the time-correlation function
measured by dielectric spectroscopy.

We emphasize that our formalism is different from the phe-
nomenological heterogeneous models such as the heterogeneous
version of TNMH,"” KAHR,"””! and the phenomenological model
using the Prony series.”’ In these models, W; is temperature inde-
pendent, and Tg; relaxes to the real temperature T, as shown in
Eq. (2). This causes the vanishing of the fluctuation of T in the
equilibrium state, which contradicts the observations from the
experiments and the simulations. Instead, in the present model, W;
in the glass depends on both the real temperature and the average
fictive temperature, as in Eq. (15).

Furthermore, the important advantage of our model is that one
can easily modify the shape of the distribution by using a different
distribution function for Ty, than Eq. (11). It is even possible to use
bimodal distribution for Ty to model inhomogeneous media.

B. Calculation of instantaneous global relaxation
function and nonexponentiality parameter
of KWW equation

To calculate the temperature and fictive temperature dependent
nonexponentiality, By (T5(T¢i)), we need to determine a relax-
ation function derived from our model that can be fitted with the
KWW equation in Eq. (1). We define a function y(t, T, (T%;)) to be
the instantaneous global relaxation function as

Xigi[t', (T, (Te;))], (20)

=

[
—

X(£,T.(Tg)) =

1

where ¢,[t', (T, (Tg;))] is the local relaxation function of Eq. (17),
and t’ is the dummy time variable whose range must be appropri-
ately defined to get the full spectrum of X(t’, T, (Tf,,-)). 7i(T,(T¢;))
is calculated by Eq. (18), and X; can be expressed in terms of Y; by
rearranging Eq. (9) as

Yi(O1n 1\ !
X;= = , 21
L ( aTv,i ) ( )

where Y; is in Eq. (14) and the second term can be calculated from
Eq. (18). Then, the above-mentioned equation becomes

2 2
Xi _ E I(l _ Tv,i ) _ X{ef Tng ( <Tf,i> - Tv,i) ) (22)
LD (Tgi) (Tei) Ty = Ty,

x(t, T,(Ty;)) is different from the global relaxation function
¥ in Eq. (19) because x(t,T,(T¢;)) does not depend on the time
evolution of (T¢;). Equation (20) is the extended version of the
time-correlation function in Ref. 53, where x(¢, T, (T¢;)) is equiv-
alent to the time-correlation function of Ref. 53 in the equilibrium
state, (T¢;) = T. We fitx (¢, T, (T¢,;) ) by the KWW equation of Eq. (1)
to obtain Sy (T5(Tsi)). From Eq. (22), we can notice that X; is
determined by Y;, and the term inside the parentheses depending
on the value of Ty;. Therefore, contrary to Wf, X; # Y;.
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The temperature dependent nonexponentiality in equilibrium
state, (T¢;) = (Tf;) = T, can be obtained by substituting (Tf;) to T in
Egs. (18) and (22).

I1l. RESULTS AND DISCUSSION

A. Obtaining model parameters by fitting
calorimetric data

To test the model, we study four organic systems: glycerol,
OTP, PVAc, and D-sorbitol, and two inorganic systems: selenium
and B,0s. These systems were chosen because (1) the calorimet-
ric data are available for all systems, (2) they cover a wide range of
fragility indexes, and (3) the temperature-dependent nonexponen-
tiality (B ) is available for some of these systems in the literature.
First, we fit our model to the calorimetric data obtained by DSC.
It is preferred to fit multiple data with different thermal histories
simultaneously to capture the wide range of thermal history depen-
dence of the glass transition. We fit the calorimetric data available
in the literature where the cooling rate was varied as shown in
the legend in Fig. 1, and the heating rate used for each system is
denoted as 6y, in the legend of Fig. 1. For organic systems such as
glycerol and PVAc, f3, was estimated from the data of temperature-
dependent fiy> Where it is assumed to be the high-temperature
limit of [3wa.“ ﬂo of selenium, B,O3;, OTP, and D-sorbitol are
assumed to be one. The heat capacity around the glass transition
measured by DSC can be normalized by fitting the glassy heat
capacity, Cp g, and liquid heat capacity, Cpols with a linear equation
Cp(T) = aT + b. Then, the normalized heat capacity, Cp, is calcu-
lated by C, = (Co(T) = Cog(T))/(Cpi(T) = Cpg(T)), where C, is
equivalent to d(T¢)/dT. The fitting was performed by the least-
square method with the optimization code found in the SciPy
package in Python.* ﬁo for B,Os3, Se, OTP, and D-sorbitol are fixed
at 1 and that for PVAc and glycerol is 0.85 and 0.82, respectively. The
results of fitting are shown in Fig. 1. The fitting quality is reasonable
for all systems in this study, where the R-squared value for each fit
is shown in the legend denoted as R*. Ty is then obtained from the
fitting procedure by

D
)

where (7i(Tg)) is 100 s. The fragility indices, m, are also obtained
from the fitting procedure by

T = (Tvi)] 1 (23)

me— DUTaly (24)
(T4~ {Twi))’ In 10

The four fitting parameters Ty, m, logio 7o, and f for each
system are compiled in Table 1. The values of X,-ref and In 7;/Tkww
for each f are listed in the supplementary material. The calculated m
for each system is also shown in Fig. 2(a), along with those obtained
experimentally. The m calculated from the best-fit parameters is in
excellent agreement with the literature value, as most of the m values
lie along the diagonal line except for OTP. This deviation for OTP
is likely caused by the lack of calorimetric data used in this study,
where only one cooling/heating scan was used.
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FIG. 1. Best fits of calorimetric data obtained by the least-squared optimization for selenium (a), B,O3 (b), PVAc (c), OTP (d), glycerol (f), and D-sorbitol (g). Open dots
represent the measured heat capacity, which was normalized according to the Moynihan method (details in the main text). Data for selenium, B,O3, PVAc, glycerol, and
D-sorbitol are from Refs. 65-70, respectively. The cooling rate for each system is labeled in the inset, while the heating rate and the optimized model parameters for each

system are in Table |.

TABLE 1. The four model parameters obtained from the fitting procedure illustrated in
Fig. 1. Tq is in Kelvin, 7g is in s, and fis the shape parameter for the weights of T,;
Y;in Eq. (14).

System Ty m logio 7o f

Se 308.13 64.14 -23.41 0.59
B,0O3 559.66 36.28 -15.39 0.60
Glycerol 189.73 52.25 —-25.40 0.64
OTP 246.15 106.16 -25.48 0.59
PVAc 313.06 92.36 -37.87 0.52
D-sorbitol 265.7 88.76 -35.61 0.57

B. Temperature-dependent nonexponentiality

To obtain finy for arbitrary temperatures, we first calculate

the instantaneous global relaxation functions, X(t', T, <Tf,i>), by
using Eq. (20) at arbitrary temperatures during cooling at 10 °C/min.
These functions are then fitted with the KWW equation in Eq. (1)
to obtain fy at each temperature. The distribution of relaxation
times G(logio 7;) is calculated from their weights X; by nor-
malizing them by YN'Xi(log,, 7i+1 —log,, 7i), thus the area
under G(logio 7i) becomes one. G(logo 7;) and the corresponding
calculated X(t', T, <Tf,,‘)) for B,O3 are shown in Fig. 3. The dashed
lines in Fig. 3(a) are the distribution of equilibrium relaxation time,
G(log,, 77 ), and solid lines are those of nonequilibrium relaxation
time, G(logio 7:). G(log,, 77) is calculated from X; by substituting
(T¢;) by T in Egs. (18) and (22). The most important feature in

Fig. 3(a) is that G(logio ;) and G(log,, 75 ) are narrower for higher
temperatures. This is the well-known temperature dependence of
the distribution of relaxation time in a system that exhibits tem-
perature dependent nonexponentiality. At high temperatures above
Tg (where Ty of B,O3 is around 270 °C), the G(log,, 7{) (dashed
lines) and G(logio 7;) (solid lines) overlap. However, G(logio i)
starts to diverge from G(log,, 7;) below Ty, where the solid lines
at T < 270 °C remain in the short relaxation time range while the
dashed lines at the same temperatures have a much longer relax-
ation time. This means that G(logio 7;) was frozen during the glass
transition. Figure 3(b) shows (¢, T,(T¢;)) from Eq. (20) as solid
lines and the fitted KWW equation of Eq. (1) as dashed lines. They
overlap almost perfectly, indicating that X(t', T, (Tt ,)) does not have
a nonlinearity effect ({T¢;) is constant over all t").

The obtained By, at Tg for both equilibrium (solid cir-
cles) and nonequilibrium (open circles) are compared with the
experimentally measured S, in Fig. 2(b), which is taken from
Refs. 31 and 76-80. The calculated By (Tg) from the optimized
parameters agrees well with the measured By (Tg) for most of
the system except D-sorbitol (red circle). While it is unclear why
such a large overestimation of ., (Tg) occurs for D-sorbitol, the
larger value of i\, (Tg) obtained by fitting the TNMH model to
the DSC curves of D-sorbitol was already observed in Ref. 70. In
addition, we can see that B, for both equilibrium and nonequi-
librium are not equal even at Ty. This is caused by the distribution of
nonequilibrium relaxation time, which already deviates from that
of equilibrium relaxation time during cooling. Overall, the obtained
Byxww for all systems is in good agreement with the experimental
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FIG. 2. (a) Comparison between calculated fragility indices, m, using Eq. (24) and experimental fragilities. The measured fragilities of selenium, B,O3, PVAc, OTP, glycerol, and
D-sorbitol are from Refs. 67 and 71 75, respectively. (b) Comparison between the calculated nonexponentiality parameter of both equilibrium (solid circles) and nonequilibrium
(open circles) states at Tq and the experimental B, at Tg. The experimental By, (Tq) of OTP, PVAc, glycerol, and D-sorbitol are from Refs. 76-79. The experimental
Brww (Tg) of selenium and B,O; are from Refs. 371 and 80. The black dashed line is when the obtained value and the experimental value are equal.

values at Tg. The obtained ﬁwa at various temperatures for B,Os3,
glycerol, OTP, and PVAc are compared with experimental data in
Figs. 4(a)-4(d). The red circles in the figures are the calculated
Biww obtained using the weights and the local relaxation time in the
equilibrium state, whereas the orange circles are the ones obtained
using 7; and X; in the nonequilibrium state. Dashed lines are
guides to the eye. Unfortunately, experimental data on temperature-
dependent S, for selenium and D-sorbitol were not available
in the literature. All the calculated results show good agreement
with the literature. As expected from the deviation of G(logio i)
from G(log,, 7{) shown in Fig. 3, B obtained from G(logo 7;)
starts to diverge from that obtained from G(log10 Tf). This was
also predicted by RFOT theory.”" It is important to note that the
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FIG. 3. (a) The distribution of relaxation time of B,Oj3 for equilibrium and nonequi-
librium state calculated by Egs. (18) and (22) for various temperatures, where
(T¢;) = T for an equilibrium state. Solid lines are the distribution of nonequilibrium
relaxation time, and dotted lines are those of the equilibrium state. (b) The instan-
taneous global relaxation function calculated by Eq. (20) is represented in solid
lines, and the fitted KWW function in Eq. (1) is represented in dotted lines. Both
lines perfectly overlap.

experimentally measured By, varies between different experimen-
tal methods.”” This is because of the difference in the timescale
of particular experiments.®” The data shown in Fig. 4(c) for OTP
were taken from the HCS measurements by Dixon and Nagel. The
excellent agreement for OTP may be because HCS measures the
frequency dependence of enthalpic relaxation processes in the glass
transition range. Richert measured the dielectric response of OTP
for a wide range of temperatures and frequencies, and the system
showed temperature independent nonexponentiality.** The author
mentioned that the difference between Dixon and Nagel’s results
and the dielectric experiment’s results is caused by a small addition
of impurity in the sample used in the HCS measurements to avoid
crystallization.”” The excellent agreement between our model’s pre-
diction and Dixon and Nagel’s results may suggest a potential
difference in how the heterogeneity of this system contributes to the
enthalpic relaxation and dielectric relaxation processes. For PVAc,
while the dielectric measurements of Sasabe and Moynihan®” above
50 °C show a temperature dependence of nonexponentiality [see
Fig. 4(d)], dielectric and mechanical studies by Richert et al. and
Zhao et al. find that the nonexponentiality is temperature invari-
ant below 50 °C.””® Further, Zhao et al. find that the temperature
dependence of relaxation time in equilibrium states becomes Arrhe-
nius below Tg.”” While it is not clear how this transition of the
temperature dependence of relaxation time from non-Arrhenius to
Arrhenius affects the temperature dependence of nonexponentiality
in PV Ac, the current model does not account for such a transition.
Therefore, the current model also does not account for the tempera-
ture independent nonexponentiality below 50 °C. Nevertheless, our
model predicts By bY fitting the calorimetric data, which involves
the enthalpic relaxation process.

C. Effect of temperature dependent
nonexponentiality near and far from equilibrium

The TNMH and KAHR models have been successful at mod-
eling glass dynamics near equilibrium.”” However, it has long been
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FIG. 4. Temperature-dependent S, calculated for B;O; (a), glycerol (b), OTP
(c), and PVAc (d) by fitting Eqgs. (1)—(20) at various temperatures compared
with experimental data (a to j). The red and orange circles represent the values
obtained from the distribution of equilibrium relaxation time (E) and nonequilibrium
relaxation time (NE), respectively. a is taken from Ref. 86, b to g are from Ref. 87,
h is from Ref. 88, i is from Ref. 73, and j is from Ref. 67. Dashed lines are guides
to the eye.

known that the TNMH and KAHR models fail to accurately predict
structural relaxation after temperature jumps far from equilibrium
or after fast quenching from high temperatures. In his seminal
paper on volume relaxation far from equilibrium, Scherer already
recognized that the relaxation of samples annealed far below T,
could not be fitted with the same set of parameters as samples
annealed close to Ty, using either the TNM equation or the
Adam-Gibbs equation for the temperature/fictive temperature
dependent relaxation time.”” Moreover, even when using a separate
set of parameters for the samples annealed far from equilibrium
(258 °C below their initial fictive temperature), the TNMH model
failed to properly fit the sample rapidly quenched from high tem-
perature. This study performed on silicate glass (namely SSG in the
following text) required the use of different 8 values for different
conditions. More recently, a study by Lancelotti et al.** on lithium
disilicate glass (namely LS, in the following text) showed that both
volume and enthalpy relaxation after large and small temperature
jumps from equilibrium could not be described with a single set of
parameters using the TNMH model. Again, different 8 values were
required for samples annealed far and close to Ty. Both studies,
therefore, suggest that thermorheological simplicity is not satisfied
for these glass formers.

In the following, we first show the modeling of glass dynamics
near equilibrium using Kovacs’ seminal volume relaxation data
on PVAc.” The purpose of this fit is to show that the current

ARTICLE pubs.aip.org/aipl/jcp

model accounting for temperature dependent nonexponentiality
is effective at modeling systems in the temperature ranges where
thermorheological simplicity is usually assumed. Second, we model
glass relaxation far from equilibrium, where the TNMH model was
shown to fail. We show that accounting for temperature dependent
nonexponentiality in the present model permits us to simultane-
ously fit all relaxation data with good accuracy using a single set
of four parameters. We emphasize that this is the same number of
parameters as the TNMH model. To model all datasets, we fix 3, to
0.85 for PVAc and 1 for the SSG and the LS;, assuming that both
silicate glasses are purely heterogeneous.

Kovacs’ seminal work on volume relaxation of PVAc shows the
complex relaxation dynamics in glassy systems such as the memory
effect and the asymmetry of the approach to equilibrium.” The data
in Fig. 15 of Ref. 90 present the fractional volume relaxation function
M(t) measured during isothermal annealing after a temperature
down-jump from T at 40 °C to various temperature T,. The data
from Fig. 17 in Ref. 90 include M(t) measured during isothermal
annealing after a temperature up-jump from various temperature
Ty to the annealing temperature T, at 40 °C. In Kovacs’ work, the
volume changes during isothermal annealing V(t) after a jump are
normalized by their equilibrium value Vo as

M(t) =

%;Vw\ = Da((T¢i(1)) - Ta), (25)

where M(t) is called the fractional deviation. The right-hand side
is the expression of M(t) in terms of the macroscopic fictive tem-
perature, where A« is the difference of the thermal expansion
coefficients between liquid «; and glass ag. o and ag are assumed
to be temperature independent, and they are 7.175 x 107*/K and
2.842 x 10~*/K, respectively.” Alternatively, one can calculate M(t)
from the relaxation function in Eq. (19), ¥(¢) as

(T () - Ta

M(t) = Min¥(1) = Minim:

(26)

where Mip; is the initial value of the fractional deviation measured
at tini. The term tiy; is the initial time of the volume measurement,
which varies between experimental setups. tin; for the Kovacs’ set-up
is 36 5.’ We fit the data with the present model, the TNMH model
modified by Hodge,* with either the Adam-Gibbs (AG) equation
or the TNM equation for the relaxation time (the details of the
TNMH model are given in Ref. 92, where the model with the AG
equation is denoted as the AGS model in the reference). The intrinsic
nonexponentiality f is fixed at 0.85 as it was performed for the
DSC curve fitting for the PVAc. Kovacs’ data were taken after
thermal equilibration following the temperature jump that took
about 36 s.”’ Svoboda et al. pointed out that there is a significant
information loss during this thermal equilibration before the anneal-
ing in the mercury dilatometer.”” Therefore, we approximate this
equilibration period by considering the ramping at the rate esti-
mated by (Ta — To)/36 s. The initial value of the fractional deviation
during annealing Mjp; is calculated using Eq. (25) for different T,
and these are compared with the initial data point of Kovacs’ data in
Fig. s2 in the supplementary material. They show good agreement
with the measured initial data point of M for both the present model
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and the TNMH models. Finally, M(¢) is calculated with Eq. (26), TABLE II. The four model parameters T4, m, logsq 7o, and f obtained from fitting data
using the simulated Miy; value. from Kovacs for the volume relaxation of PVAc Scherer for SSG and Lancelotti et al.
The best fits for PVAc are shown in Fic. 5. where the fits from for LS2. TofiS in's, and fis the shape parameter for the weights of T,; Y; in Eq. (14).
o2 The units of each value are the same as those in Table |.
the current model are in (a), those from the TNMH model with the c

System Ty m logio 7o f
(a) Current model PVAc (volume) 311.42 105.93 2224 0.48
. 5 o SSG 827.68 33.56 ~12.60 0.67
R* =90.57% LS, 737.23 39.01 2137 0.88

S
—
x TNM equation are in (b), and those from the TNMH model with the
s AG equation are in (c). The optimized parameters, along with the
— calculated m and Ty for the current model, are compiled in Table II.
—— 40.0—25.0°C 32.5—40.0°C e values o , M, an are 1airly similar to € ones obtaine
. e The values of T, d f are fairly similar to th btained by
OSSO b fitting the DSC curves. Although logi 7o is several orders of magni-
—— 400—325°C  — 42.5—400°C tude larger than the one from the DSC curve fitting, the difference
40.0—35.0°C —— 50.0—40.0°C . . .
-4 40.0537.5°C  — 60.0—40.0°C in logio 7o between different response functions such as volume and
30.0 —40.0°C 65,67,92,93

enthalpy is common.' The poorer fitting qualities of the data
measured after the temperature down-jump from 50 to 60 °C most
likely come from the significant information loss during equilibra-
tion time, as pointed out by Svoboda et al.,”” as can be seen in
the calculated M, in Fig. s2 in the supplementary material. The
total R-squared values are calculated and shown in the legend, and
the plot of the experimental M(t) vs the predicted M(t) for each
model is shown in Fig. s3 in the supplementary material. The cur-
rent model performs the best among the three models tested in this
study. Overall, these results and the results of fitting the DSC curves
in Sec. I1I B show that the current model performs well in the tem-
TNMH with TNM E:zz‘fure range where the standard TNMH model is most extensively
R? = 89.69% Scherer studied three samples with different thermal histories,
each annealed at three different temperatures (500, 450, and 350 °C).
-4 “Sample 1”7 was quenched in a salt bath at 320°C from 700°C
and had the highest initial fictive temperature (T¢;(0)) of 608.3 °C.
“Sample 2” was cooled in air after annealing at 570 °C for 10 mins
and had an initial fictive temperature, T;(0) = 563.1 °C. “Sample 3”
was cooled in air after annealing at 540 °C for 3 h and had the low-
est initial fictive temperature, T¢;(0) = 539.8 °C. The cooling rate of
the initial quench (6.,1) and that during cooling in air (6.,) were not
clearly defined in the study; hence, they were presently calculated
to yield the corresponding initial fictive temperature before anneal-
ing. We find that 6, = 57.57 °C/s and 6, = 4.03 °C/s provide the
best results. All datasets were then fitted simultaneously using our
model. Table 1T shows the set of model parameters that gives the
2 . best fit to all the volume relaxation data for SSG. T is slightly higher
TNMH with AG than the temperature when the viscosity is 10** Pa s (816 K), and m
R? = 86.66% is also slightly higher than that obtained from the viscosity m = 40.”*
-4 Fitting results are presented in I'ig. 6 and compared with those of
the TNMH model. The circles are the data taken from Ref. 47. We
reproduce the simulations performed by Scherer with the TNMH
model, which includes the continuous cooling effect in dashed lines.
FIG. 5. Best fit to Kovacs' volume measurements during annealing from Figs. 15 Scherer used a single set of parameters obtained by fitting the density
and 17 of Ref. 90 using the current model in (a), the TNMH model with the TNM changes during annealing at 500 and 450 °C. The R-squared value
equation in (b), and the TNMH model with the AG equationzin (c). The initial tem- for each fit is shown in the legend. The results from the present
%ze?étér:ngo, the annealing temperature T,, and the total R values are shown in model are in excellent agreement for the entire thermal history
' considered. However, the TNMH model fails dramatically for the
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FIG. 6. The calculated density changes during annealing from the best fit for sam-
ple 1 (a), sample 2 (b), and sample 3 (c). The model parameters are shown in the
Table II. The color corresponds to the annealing temperature shown in the legend.
T:(0) in the legend is the initial fictive temperature before annealing. The dashed
lines are the results from the TNMH model with the Adam-Gibbs equation in
Ref. 47, and the circles are the measured density taken from Ref. 47.

lowest annealing temperature, T, = 350 °C. Considering that the
number of fitting parameters in our model is the same as the TNMH
model, we conclude that this improvement is the result of account-
ing for the temperature dependent nonexponentiality in the present
model.

Scherer also pointed out that even when using a distinct § value
for samples annealed at 350 °C, the rate of relaxation of sample 1

ARTICLE pubs.aip.org/aipl/jcp

was much faster than other samples. To investigate the cause of this
fast relaxation, we plotted the temperature dependent S, for all
samples at various T, in Fig. 7. The method of obtaining B, at an
arbitrary temperature and fictive temperature is explained in detail
in Sec. I1I B. It is found that the initial values of B~y for each
sample differ significantly even when they share the same initial
fictive temperature, (T¢;(0)). This is because the weights of relax-
ation time X; not only depend on the average fictive temperature

(@)
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FIG. 7. The calculated temperature dependent nonexponentiality obtained from
the present model during annealing for sample 1 (a), sample 2 (b), and sample 3
(c). See the text for specific sample conditions.

J. Chem. Phys. 160, 174504 (2024); doi: 10.1063/5.0196812
Published under an exclusive license by AIP Publishing

160, 174504-10

01502} ¥20Z Ae €0


https://pubs.aip.org/aip/jcp

The Journal
of Chemical Physics

(T¢;), but also the actual temperature T [see Eq. (22)]. The higher
Biww for the higher T, promotes faster relaxation in addition to the
nonlinear effect of the local relaxation time in the sample with the
same (T¢;(0)). The unusually fast relaxation dynamics for sample
1 at 350 °C mentioned earlier can then be explained by the much
higher By for sample 1 compared to the other two at 350 °C,
where the difference of By, between sample 1 and sample 2-3
in the initial stage of relaxation is >0.04. This is due to the high
(Tt;(0)) before annealing. This observation supports the conclusion
that temperature dependent nonexponentiality is necessary to model
relaxation far from equilibrium.

The third set of relaxation data under consideration are the
enthalpy and volume relaxation of lithium disilicate glass LS,
reported by Lancelotti et al.** after temperature up- and down-
jump. These relaxation data were analyzed using the TNMH model
with the TNM equation for the relaxation time. It was found that
the TNMH model requires a different set of model parameters for
relaxation after small and large temperature jumps, highlighting
that temperature dependent nonexponentiality may be needed. We,
therefore, test our model using the enthalpy relaxation data during
annealing (1) after the temperature up-jump from 414 to 444 °C, (2)
after the temperature up-jump from 414 to 454 °C, and (3) after the
temperature down-jump from 454 to 444 °C. We fix f§; to 1 during
the fitting; therefore, the number of model parameters is identi-
cal to that of the TNMH model. We assumed an infinite cooling
rate in this case. The fractional deviation M(¢) is calculated from
(T¢;(t)) during annealing by Eq. (26), where Miy; is calculated for
each data by the equation shown in Ref. 48 and (T¢;(#ini)) = To. The
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best-fit parameters are shown in Table II for LS2. The Ty is slightly
higher than that obtained by DSC at 10 °C/min (Tgpsc = 727 K),
and m is slightly lower than that calculated from the parameter of
the TNMH model in Ref. 48 (m = 47). The results from the best fit
are shown in Fig. 8(a), along with the results of Ref. 48. Lancelotti
et al. fitted the TNMH model to the data of the small up-jump and
the down-jump [see Fig. 7(b)], yielding TNM parameters f3 = 0.9
and x = 0.66. They separately fitted the data of the large up-jump
and the down-jump [see Fig. 8(c)], yielding a different set of TNM
parameters 5 = 0.84 and x = 0.61. Figure 8(b) shows excellent agree-
ment with the data after the small up-jump and the down-jump,
but poor agreement with the data after the large up-jump. Simi-
larly, Fig. 8(c) shows excellent agreement with the data after the large
up-jump and the down-jump, but poor agreement with the data
after the small up-jump. In contrast, the present model shows excel-
lent agreement across the whole thermal history considered. This
again indicates that accounting for temperature dependent nonex-
ponentiality is necessary to describe relaxation over a broad range
of departures from equilibrium. Figure 9 shows the temperature
dependent f,y during annealing after each temperature jump. As
previously observed, B~y Values are different for different T, (blue
and yellow lines), even when the initial fictive temperature Ty is
the same. This is because the weights of relaxation time not only
depend on (T¢;) but also the actual temperature. Similarly, higher
Biww leads to faster relaxation during annealing after the larger
temperature jump than the smaller jump,*® as previously observed.
The temperature dependent By, also shows an “asymmetry of
approach” for samples undergoing a down- and an up-jump.

(a) Current Model (b) TNM:B =0.90,x=0.66 (c) TNM:pB =0.84,x =0.61
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FIG. 8. Fit of enthalpy relaxation data from Ref. 48 using (a) the current model, (b) the TNMH model with best-fit parameters for the small temperature up-jump, and (c) the
TNMH model with best-fit parameters for the large temperature up-jump. The dashed lines in (b) and (c) are the results of the present model. The bottom curves are close-up
of the upper curves. The current model successfully fits all curves with a single set of parameters.
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FIG. 9. The temperature dependent f3,,, during annealing calculated for different
thermal histories.

Overall, the set of results in Figs. 6 and 8 show that the present
model can capture full relaxation dynamics during annealing both
near and far from equilibrium with a single set of four model para-
meters (same as the TNMH model). The significant improvement
in the fitting suggests that these silicate systems exhibit temperature
dependent nonexponentiality, which notably affects relaxation far
from equilibrium.

D. Fictive temperature fluctuation and temperature
fluctuation in Donth’s fluctuation dissipation theorem

One of the main advantages of the present model is that it can
simulate the nonequilibrium dynamics of Tt; and their weights, W;,
for arbitrary thermal histories. To quantify the fluctuation of T, we
calculate the standard deviation of T by

N
0T¢ = Z Wi(Tg; — <Tﬂi>)2. (27)
i=1

The connection between the standard deviation and the fluc-
tuation is only rigorous when the distribution has a Gaussian
distribution. The fictive temperature in the current model has a
non-Gaussian distribution. However, for convenience of the com-
putational process, §T; is used to quantify the fluctuation of fictive
temperature for the purpose of estimating the temperature depen-
dence of the dispersion of the distribution of fictive temperatures.
The 0Tt values calculated using Eq. (27) for B,O3 are shown in
Fig. 10(a). The black dashed line is the fluctuation of Tf, §Tf, which
can be numerically calculated by substituting T; and (Tg;) to Tf,
and (Tf;) in Eq. (27), or it can be calculated analytically using
Eq. (s4) in the supplementary material. Blue and orange lines are
the 8T; during cooling and heating at 10 °C/min, respectively. From
the figures, we can make the following observations: (1) 8TF is
narrower for lower temperature, and (2) 87T narrows rapidly and
more significantly during cooling when the system approaches
its glass transition. A similar narrowing behavior was observed
in the distribution of the molar volume of selenium simulated
with the enthalpy landscape model of Mauro and Loucks."! It was
also inferred by Moynihan and Schroeder from light scattering
experiments.”” During heating, (1) 6T increases during the glass
transition, (2) it becomes broader than the one of 8T at the same
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temperature (overshooting of 67Ty), and (3) it decreases to 8T
after the system reaches its equilibrium state. This overshooting of
OT¢ was inferred from the light scattering experiment on B,O3 by
Bokov,” interpreted by Moynihan and Schroeder.” It is caused by
heterogeneous enthalpic recovery, where the fast relaxation domains
rise to the corresponding equilibrium state faster than the slower
domains, which causes the broadening of the distribution. It is inter-
esting to note that the §T¢ broadens upon cooling below T. This
is because the domains with lower Ty, (high Tf;) have relaxation
times that have a weaker temperature dependence [see Eq. (18)]
than those with higher Tv,;. This causes the domains with high Ty;
to freeze at a higher Ty, than those with low Ty,;. Therefore, even
when the domains with high T, are frozen around Tg, those with
lower T\, still relax to the lower T¢;. This causes a broadening of the
distribution of T¢; below Ty.

To compare the 6Tr to the 6T of the DFDT, we simulate
TMDSC by using our model. The implementation of TMDSC in
the phenomenological model is described in the literature.”” We
used the sinusoidal temperature oscillation during heating with
the TMDSC parameters shown in Table III. We used the signal
processing of TMDSC developed by Wunderlich and Boller.”” 8T
was obtained by fitting the Gaussian function to the calculated imag-
inary part of the complex heat capacity C,” following the treatment
proposed by Hensel and Schick,” and an example is shown in
Fig. 10(b). Figures 10(c) and 10(d) compare the calculated §T and
OTf with the experimental §T measured by either TMDSC or DSC.”’
The method of estimating T from conventional DSC is shown in
Ref. 99. Overall, 8T follows the values of the measured T and the
0T obtained by fitting the Gaussian function to the simulated C,".
This result suggests that 8T is consistent with 6T in the DFDT.

E. Enthalpy fluctuation during isothermal annealing
below T4

Several experimental studies and simulations based on the
enthalpy landscape model show a nonmonotonic evolution of den-
sity or enthalpy fluctuations during isothermal annealing below
Ty The enthalpy landscape models show that the width of the
density distribution first narrows and subsequently increases after it
reaches a minimum during isothermal annealing. It was confirmed
by experiments conducted using the SAXS and TMDSC."*”" This
nonmonotonic evolution of the density fluctuation is caused by the
spatial heterogeneity of a system. This evolution can be explained
in the following two steps: (1) when the temperature was dropped
to an annealing temperature, T, the domains with a short relax-
ation time relax faster than those with a long relaxation time; and
(2) after some time, the domains with a long relaxation time relax
while those with a short relaxation time are already relaxed in their
equilibrium state. The first step causes the narrowing of the spa-
tial distribution of density/enthalpy, and the second step causes the
broadening of the distribution. While Mauro investigated its depen-
dence on the initial temperature (To) before quenching and fragility
using the enthalpy landscape model,'”" the cooling rate dependence
has not been explored.

To investigate the cooling rate dependence on enthalpy
fluctuation, we simulated isothermal annealing using our model for
selenium. The system was cooled from just above Ty at 40 °C to
T, at 25°C at various cooling rates from 0.2 to 10° °C/s, and then
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FIG. 10. (a) Standard deviation of T; and T¢ (black dashed line), 8T, and 8T, respectively, during cooling (blue line) and heating (orange line) at 10 °C/min for B,0s. (b)
The simulated imaginary part of heat capacity (C,"’) of TMDSC (blue line) for PVAc and the Gaussian fit (orange line) following the DFDT method. (c) and (d) 8T at the glass
transition, and temperature fluctuation (8T) calculated from the Gaussian fitting of simulated C,"”. Open circles in (d) represent the measured 8T taken from Ref. 27, which
were obtained by either fitting Gaussian to the measured C,,"” or were estimated from the width of the glass transition measured by standard DSC. The detailed method and
the reference to the measured 8T shown here are in Ref. 27. The insets of (d) include B,0s.

the temperature was kept at T, for 10® s until the system was fully
equilibrated. The simulated results are shown in Fig. 11. Figure 11(a)
shows the evolution of (T¢;) during cooling, and Fig. 11(c) shows
those during isothermal annealing, where t, is the annealing
time.

When the system was cooled at the fastest cooling rate, (T¢;)
was frozen almost instantaneously at the initial temperature. As
the cooling rate becomes slower, (Tf;) becomes lower. This is the
generic behavior of the cooling dependence of enthalpy/volume in
glass dynamics. However, the cooling rate dependence on 6T is
more complex, as shown in Fig. 11(b). At slow cooling rates, the

TABLE lIl. The parameters for TMDSC simulation. 6. is the cooling rate before mod-
ulated heating. (6p) is the underline heating rate during modulated heating. P is the
period of oscillation, where s is seconds. At is the amplitude of oscillation.

0. (°C/min) (6,) (°C/min) P (s) AT (°C)

1 1 100 0.8

initial T remains low, but it progressively increases with increas-
ing cooling rates and can even become higher than the equilibrium
state value 8Tf (shown in the dashed black line) when a much faster
cooling rate is used, such as 100 °C/s and 10° °C/s. When the sys-
tem is quenched at these higher cooling rates, 6T exhibits a complex
nonmonotonic evolution during isothermal annealing, as shown in
Fig. 11(d). From Fig. 11(d), we see that the nonmonotonic evolu-
tion only happens when the initial § T after the cooling is larger than
the minimum 6T during annealing. To visualize the probability dis-
tribution after slow and fast cooling, the histograms are calculated
from W; and T¥; after cooling (see Fig. 12). In Fig. 12, the probabil-
ity density distribution after the slowest cooling at 0.2 °C/s is shown
in blue, and the one after the fastest cooling at 10°°C/s is shown
in red. Clearly, the tail of the fast relaxation domain appears for
the fast quenched system in red. In addition, for a slow quenched
system, the fast relaxation domains have already relaxed toward a
lower fictive temperature, which narrows the distribution. There-
fore, after cooling, there are no fast relaxation domains that relax
faster than the slow one, and that prevents the distribution from
narrowing during isothermal annealing. In fact, the simulation of
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FIG. 11. (a) Evolution of average fictive temperature ((Tf;)) during cooling at various rates from above Ty (Tq = 40 °C). The black dashed line represents the actual
temperature. (b) The standard deviation of fictive temperatu're, 8Ty, during cooling at various rates. The black dashed line represents the standard deviation of the equilibrium
fictive temperature, 8T¢. (c) Evolution of (Ty) during isothermal annealing at 25 °C after cooling at various rates. The black dashed line is the average equilibrium fictive
temperature, (Tf,), which corresponds to the annealing temperature. (d) Evolution of 8T during isothermal annealing at 25 °C after cooling at various rates. The red arrow
points out the shoulder-like feature of 8T. The black dashed line is 8T In (c) and (d), ta indicates the annealing time.

Mauro et al. uses an infinitely fast quench rate, and the SAXS
experiment performed by Mauro et al. also uses a fast quench rate
from above Tg."* These results suggest that one must use a high
enough cooling rate to observe the nonmonotonic evolution of
enthalpy/density fluctuations.

Qualitatively, the current model agrees well with the previous
simulation of the enthalpy landscape model and the experimen-
tal result of the SAXS experiment. However, in comparison to the
density fluctuation in Mauro et al’s work,” the current model
predicts a narrower and smaller difference in 8T between before
and after annealing. Currently, it is difficult to conclude whether
this qualitative difference is a result of an artifact in the current
model. This uncertainty arises due to the temperature dependence
of 8Tf, which is influenced by two factors: (1) the Vogel temperature
as in Eq. (s4), and (2) the temperature dependence of §ln7 as
shown in Eq. (s2) in the supplementary material. The first one illus-
trates that 677 depends on fragility [see Eq. (24)]. The system with
temperature-dependent §1n 7 has weaker temperature dependence
than 87Tf as in Eq. (s4); however, if the system exhibits temperature-
independent 81n 7, 8Tf will have strong temperature dependence
as in Eq. (s1) in the supplementary material. While the effects of
fragility on the density fluctuation were rigorously investigated by
Mauro using the enthalpy landscape model,'"” the contribution from
temperature dependent nonexponentiality to the fluctuation has
not been studied. Therefore, it would be necessary to investigate

how the temperature dependence of nonexponentiality affects the
density/enthalpy fluctuation during isothermal annealing below T
in both experiments and simulations.

The other qualitative difference between Fig. 11(d) and the
results from the enthalpy landscape model is the shoulder like
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FIG. 12. The calculated histogram of probability distributions of T; after cooling at
0.2°C/s in blue and 10 °C/s in red.
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evolution after the minimum of 6T¢ during isothermal annealing
[indicated by the red arrow in Fig. 11(d)]. This shoulder is not
observed in the results from the enthalpy-landscape model and its
variant of the toy landscape model.”””* This slowing down of the
change in 6T can be explained as follows: (1) the fast relaxation
domain reaches its local Tg;, which is comparable to that of the
slow domains, and (2) the relaxation time of the initially fast domain
becomes somewhat close to that of the slow domain. Consequently,
both the fast and slow relaxation domains relax almost at the same
rate, thus slowing down the change in 6T¢. We can avoid this situ-
ation by raising T.. Because the Tf; of the fast domain relaxes to its
corresponding Tf;, where such Tg; is higher than the Tf; of the slow
domain, only the slow domain relaxes toward a much lower Tf, after
the minimum of 6T. In Fig. s4(d) of the supplementary material, it
is found that this shoulder vanishes when T, = 30 °C.

IV. CONCLUSION

We have developed a phenomenological model that accounts
for both temperature-dependent nonexponentiality and enthalpy
fluctuation by incorporating the local equilibrium fictive tempera-
ture (T¢;) in a heterogeneous system. The model was implemented
for various organic and inorganic systems, and it was found that the
calculated non-exponentiality factors By, show good agreement
with previous experimental and simulation results. It is shown
that the present model can predict both temperature-dependent
nonexponentiality and enthalpy fluctuations for various thermal
histories only by fitting normalized heat capacity curves around the
glass transition. We demonstrate that the present model successfully
predicts relaxation processes both near equilibrium and far from
equilibrium. Near equilibrium, Kovacs’ volume relaxation measure-
ment on PVAc after temperature jumps is successfully simulated
using the current model. Far from equilibrium, where the TNMH
model fails, the volume relaxation data of Scherer’” and the enthalpy
relaxation measurements of Lancelotti et al.** are successfully mod-
eled with a single set of four parameters when multiple sets of
parameters are required to describe the dynamics near and far from
equilibrium with the TNM model. We emphasize that the number
of fitting parameters used in our model is the same as that of the
TNMH model and the KAHR model. Therefore, these results indi-
cate that accounting for temperature dependent nonexponentiality
in a model is necessary to describe the dynamics of glass relaxation
far from equilibrium. Moreover, another advantage of the present
model is its flexibility, which includes (1) allowing the implemen-
tation of any relaxation model to the present model if such model
accounts for both equilibrium and nonequilibrium states, and (2)
allowing the implementation of multiple distributions of relaxation
time. The first one is similar to the traditional TNM model, where
the traditional TNM model can implement both the TNM equation
and the Adam-Gibbs equation depending on one’s interest. If one
wants to use the TNM model in the current framework, one may
define the activation energy of relaxation time to have a distribution,
just as the present model defines Ty to have a distribution. The
second one is the most unique aspect of the current model,
which can implement any number of distributions of relaxation
time. It has been known in the literature that some systems have
two-step relaxation dynamics when subjected to long isothermal
annealing far below Tg.'""'"” The present model would permit the
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implementation of two distributions with different assumptions
(such as two distributions with different sets of model parameters)
and predict how the enthalpy relaxation takes place under various
thermal histories. This would permit us to check if the chosen
assumptions are valid by comparing them with experiments. There-
fore, the present model could serve as a test bed to study the con-
tribution of structural heterogeneity to the macroscopic relaxation
dynamics. Finally, the present model does not require computa-
tionally expensive resources, in contrast to other physics-motivated
first principle models such as those in Refs. 41 and 57. Conse-
quently, our model can expedite fundamental research aimed at a
deeper understanding of how spatial heterogeneity contributes to
the macroscopic relaxation dynamics. Additionally, it can be a pow-
erful tool for industry if one wants to predict relaxation dynamics far
from equilibrium, where temperature-dependent nonexponentiality
significantly influences the relaxation dynamics.

SUPPLEMENTARY MATERIAL

The supplementary material provides (1) the detail derivations
of Eq. (7), (2) the simulation results of the model using Gaus-
sian distribution for Y;, (3) the initial fractional deviation Mjy; of
PVAc before annealing and the measured vs the simulated M(t)
from the current model, the TNMH model with the TNM equation,
and the TNMH model with the AG equation, (4) the simulation
of fictive temperature fluctuation during isothermal annealing at
different annealing temperature, and (5) a list of the values of X,—ref
and In 7;/Txkww for each f.
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