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ABSTRACT

Fish outperform current underwater robots in speed, agility, and efficiency of locomotion, in part due to their
flexible appendages that are capable of rich combinations of modes of motion. In fish-like robots, actuating
many different modes of oscillation of tails or fins can become a challenge. This paper presents a highly
underactuated (with a single actuator) fish-like robot with a bistable tail that features a double-well elastic
potential. Oscillations of such a tail depend on the frequency and amplitude of excitation, and tuning the
frequency-amplitude can produce controllable oscillations in different modes leading to different gaits of the
robot. This robot design is inspired by recent work on underactuated flexible swimming robots driven by a
single rotor. The oscillations of the rotor can propel and steer the robot, but saturation of the rotor makes
performing long turns challenging. This paper demonstrates that by adding geometric bistability to the flexible
tail, turns can be performed by controllably exciting single-well oscillations in the tail, while exciting double-
well oscillations of the tail produces average straight-line motion. The findings of this paper go beyond the
application to a narrow class of fish-like robots. More broadly we have demonstrated the use of periodic
excitation to produce bistable response that generate different gaits including a steering gait. The mechanics

demonstrated here show the feasibility of applications to other mobile soft robots.

1. Introduction

The development of robots designed to swim effectively on and
under the surface of the water has become a major frontier of robotics.
This is motivated by the numerous current and emerging applications
including environmental monitoring, search, inspection and security of
underwater structures and infrastructure and numerous other military
applications. Robotics researchers have sought inspiration from aquatic
animals to design swimming robots. However, despite significant ad-
vancements, modern underwater robots continue to be outperformed
by fish in aspects such as agility, energy efficiency, and stealth [1].
In an attempt to gain these characteristics, several robots have been
designed that replicate the morphology and gaits of fish and other
biological swimmers. Designs for fish-like robots include those that are
assemblages of rigid links actuated by motors which imitate the motion
of tails and fins [2], motor-driven flexible links [3,4], elongated snake
and eel-like robots [5,6]. While this approach generates superficially
similar swimming in specific straight line motion and turning gaits,
the underlying dynamics are very different, as the mechanics of fish
locomotion are likely underactuated [7-9]. Fish swimming is strongly
influenced by the body’s flexibility and the ability to modulate flexibil-
ity of the body or the tail can activate different modes of undulations or
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oscillations. The unactuated or free degrees of freedom offer advantages
to many facets of swimming, such as energy harvesting from fluid
disturbances, sensing, and agility. These effects are prominent enough
that a fully underactuated (dead) fish was found to self-orient and
swim upstream in a water tunnel in the wake of a blunt obstacle [10].
Mimicking this underactuation in swimming robots in a manner that
can modulate the stiffness or excite different modes of tail oscillations
has the potential to confer these advantages while simultaneously
reducing the number and cost of actuators required.

There are many different approaches to designing underactuated
underwater robots. In some designs, a tail with flexible components
is directly actuated to generate motion [3,4,11-13]. In other recent
swimming robots [14-19], an internal rotor imposes rotational motion
to the main body of the robot, which in turn excites oscillations in
the attached flexible tail. The internal rotor driven robots have simple
designs and are very modular with passive tails that can be changed
to produce different swimming characteristics without a redesign of
the robot. While these rotor driven robots have been found to achieve
straight-line speeds comparable to their tail driven counterparts, their
agility has so far been substantially lower. This results from different
turning mechanisms: in a directly tail-driven robot, biasing the direc-
tion of the tail to the left or right will tend to induce a turn due
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to a rudder-like effect. By contrast, internal rotor driven robots can
generate a strong impulsive turning force by accelerating the rotor in
the direction opposite the turn. While this is effective for short, fast
turns, the limited angular velocity that the motor can generate applies
a constraint to the amount of time the rotor can be accelerated, and
thus a constraint on the distance of turning that is achievable. Further,
decelerating the rotor back to its rest state causes typically undesired
turning motion in the direction opposite to the previous turn.

In this work, we demonstrate an approach to allow turning in
underactuated rotor-driven robots without adding an additional degree
of actuation by introducing geometric nonlinearity to the flexible tail,
resulting in bistability. The bistability is configured to enable symmet-
rical stable configurations corresponding to the tail bending either left
or right, with an unstable center position. Impulsive forcing of the rotor
can snap the tail into the desired configuration, and high-frequency
oscillations of the rotor result in off-center flapping motion that induces
a turn. However, lower-frequency oscillations induce tail oscillations
that symmetrically transit between both stable configurations, enabling
straight-line motion. The experimental results with such a bistable tail
show different modes of turning motions, which roughly correspond to
the ratchet turns, gliding turns and powered turns that are observed in
agile fish [20]. The bistable mechanism enables the effective stiffness of
the tail to vary mimicking the ability of fish to modulate their flexibility
to enhance swimming.

Bistable mechanisms have many applications in robotics; they have
been used in multiple space applications [21], in jumping robots [22],
in aerial robots and robotic grippers such as in [23,24] or in morphing
origami structures in [25]. In aquatic robots, [26] shows the use of
a flexural tensegrity snapping bistable tail for propelling a toy boat
while [27] uses a bistable shape memory polymer muscles that use
temperature changes for actuating paddles on an aquatic robot for
propulsion. More recent papers such as [28] have demonstrated fast
snap-through instabilities in soft robots with pneumatic actuation and
mechanical springs and [29] demonstrated the use of snap through
instabilities in a hairpin mechanism to generates undulatory in swim-
ming. What make the results in this paper novel compared to such
applications of bistability in robotics, is that periodic forcing is used
to trigger frequency-amplitude dependent bistable responses that gen-
erate two unique gaits. Beyond the simplicity of mechanical design of
the robot in this paper bistability is used to generate different gaits and
steering action and not merely fast motion by snap-through instabilities
such as in [28,29]. The overall design of the bistable mechanism is
simple but leverages nonlinear dynamic response to periodic forcing.
Such a combination of mechanics with modular design can pave the
way for robots with multiwell potentials that can exploit multistability
to achieve superior agility, speed and efficiency.

2. Underactuated fish-like robots propelled by an internal rotor

Fish-like propulsion can be achieved by a robot without the pres-
ence of active tails or fins by using the sinusoidal motion of an internal
rotor. Such locomotion has been theoretically modeled in [15,30,31]
and experimentally demonstrated in [15-19]. The principle behind the
locomotion of fish-shaped body by an internal rotor, as illustrated in
Fig. 1, is as follows. When a spinning rotor (with angular velocity
Q,) inside a body that is submerged has an angular acceleration due
to the application of a torque via a motor, an equal and opposite
counter torque is exerted on the swimmer. This counter torque induces
a rotation Q2 of the swimmer in the opposite direction. The effective
inertia tensor of a body in water is different from that of the same
body in a vacuum due to the mass of fluid moving with the body, and
it depends on the direction of its velocity (V;,V,) in the body frame
X, —Y,; this is encapsulated in the so called added inertia tensor. In an
ideal inviscid fluid these displacements over each cycle of rotation of
the internal rotor would sum to zero and the robot would have no net
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displacement. But in a real fluid with viscosity, as the body counter-
rotates in response to the rotor, vorticity is created on the boundary
and released from the body, usually at the sharp edges, illustrated in
the simulated vortex by the red and blue filled circles in Fig. 1. This
vorticity and the resulting pressure field creates a propulsive thrust,
resulting in a net displacement of the robot. Periodic oscillations of the
internal rotor can create a practically smooth motion of the robot as
shown in [16,18,19,32].

The turning ability of such rotor driven rigid body robots is gen-
erally inferior to their tail-driven counterparts, with a large turning
radius and slow rate of turning as shown in [16]. When an impulsive
torque is applied on the robot via the internal rotor, the body begins to
turn but quickly encounters hydrodynamic resistance to this turning
motion. The internal rotor in this case spins in one direction with
either constant or increasing angular speed. To improve this turning
motion, rotor-driven robots with passive tails have been investigated.
It has been shown in [17] that a passive tail improves turning motion
by creating vorticity (clockwise or counterclockwise) that produces
a hydrodynamic moment that favors the turn. Similarly in [19] it
was shown by the application of Lighthill’s slender body theory [33],
that sufficiently long flexible tails not only help in making fast turns,
but also improve thrust. Nevertheless, even for robots with passive
tails whose turning is produced by impulsive torques, during the turn,
the tail remains deflected but does not create further propulsion to
move the robot further along the curved path. The body conforms into
a steady curved configuration, with no tail oscillations necessary to
continue to propel the body. As a result, this type of turning is transient,
with both the angular and translational velocity of the body rapidly
decaying. Additionally, when these turns are complete and the rotor
speed is brought back to zero, it results in an undesired turn opposite
the direction of the previous one. This turning back motion can be
reduced through more complex control strategies such as in [18,34,35],
but cannot be fully eliminated. Such control strategies if successful will
require an accurate model of swimming and steering under unsteady
torque inputs which is a challenge. In a similar vein, tracking curved
paths with a reference speed requires complex control strategies [18,
36]. Robots with bistable tails that can controllably oscillate in two
different modes and can be triggered to switch between these modes
with minimal control effort will have overcome many of the challenges
imposed by the mechanics of the fluid—structure interaction.

3. Design of a robot with a bistable tail

A bistable passive tail can be realized through a simple assembly of
prestretched springs connected to a passive tail plate. The robot shown
in Fig. 2(a)-(b) consists of the main body referred to as the ‘head’ with
an extruded hydrofoil shape, with chord length 150 mm, maximum
thickness 65 mm, and extruded height 85 mm. The tail seen in Fig. 2(b)
is a sheet of PETG plastic (Youngs modulus E = 2.01 x 10° N/m?)
with a thickness of 0.64 mm, height of 85 mm, and length of 100 mm.
The geometry of the sheet is such that it has an angled trailing edge
to optimize thrust. This geometry of the tail was found to yield the
maximum self propelled swimming speed in [37]. Springs of stiffness
K =484 N/m and rest length 34 mm are mounted to both sides of the
tail. As the tail bends to the side, the extension of the spring on the
outward side of the bend increases only slightly, while the extension
of the spring on the inside of the bend decreases significantly. Because
the elastic potential of the tail itself is symmetrical about its straight
line position, its gradient with respect to deflection must be 0 when
straight, but the potential energy of the spring has a non-zero gradient
with respect to tail deflection angle. This guarantees the straight tail
configuration to be a local maximum of the mechanical potential and
ensures the existence of minima to both sides, which correspond to a
left and right deflected positions as seen in Fig. 2(c). A schematic of
the robot’s geometry is shown in Fig. 2(f). Inside the extruded shell,
an Antigravity T-series 380 Kv brushless electric motor is installed
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Fig. 1. Thrust generation on a fish-shaped body (a Joukowski hydrofoil) due to the sinusoidal motion of an internal rotor. (For interpretation of the references to colour in this
figure legend, the reader is referred to the web version of this article.)

®

Fig. 2. (a) shows the tail of the robot in one of the stable equilibrium positions due to the two pre-tensioned springs on the left and right side of the tail. (b) shows the top
view of the robot along with the internal electronics. (c) is the side view of the robot and the four black markers are used for tracking the robot by the camera. (d) shows the
assembled rotor module with components stacked together. (e) shows a representative CAD section view of the robot labeled with all the component descriptions in Table 1. (f)
shows the geometry of the hydrofoil with its chord length and thickness. It also shows the unbent angled-trailing edge geometry and attached dimensions of the tail when inserted
10 mm into the slit of the main body.
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x = Acoswt

Fig. 3. (a) shows a schematic of the robot actuated by angular velocity 2, which results in the oscillations of the tail with angular velocity ©, about one of the stable configurations
due to the spring (b) shows a lumped parameter model of the flexible sheet as two links OP and PQ of lengths /, and /, respectively pinned to the hydrofoil at O. The position
of point O undergoes lateral (sway) oscillations x = A cos 2t. Two pretensioned springs of length of y,” and y,” pinned at O and Q on either side of the links. (c) shows the forces
due to the springs with rest length y, acting on the sheet and where 6 is the angle made by the left spring with respect to the tail where F, = F,, — F,

Table 1

Component specifications.
No. Component Specification
i Rotor AISI 1045 Carbon Steel
ii Motor T-motor MN4006 KV380
iii Motor driver Tinymovr R5
iv Single board computer Raspberry Pi Zero W
v IMU Adafruit LSM9DS0 9 DOF
vi Voltage regulator LM2596
vii CAN-USB adapter CANine USB-CAN adapter
viii Batteries 3.7 V (5S), 400 mAh

horizontally with an rotor of mass 106 g mounted directly below. The
motor is driven by a Tinymovr R5.1, which is in turn powered by 5
cells of 3.7 V, 400 mAh Li-Po batteries, which are connected in series
and mounted towards the tail end of the body. A Raspberry Pi-Zero
controls the Tinymovr and saves data from an LSM9DS0 IMU, mounted
horizontally.

4. Analytical model for a bistable tail

An analysis of a simplified model of a swimming robot with a
flexible bistable tail architecture motivates the possibility of multiple
gaits. Fig. 3(a) shows a schematic of the rotor-driven robot in one of
the stable configurations. To focus on the dynamics of the tail, we
assume a simplified model where the kinematics of the main body of
the robot are kinematically prescribed. This simplification is motivated
by the following observations. When the internal rotor oscillates peri-
odically, the main body of the robot undergoes yaw oscillations and
sway(lateral) oscillations was demonstrated in [14,16,38]. Motivated
by these observations, we assume the connection point O sways later-
ally as x = Acoswt with the body having no other motion. A body
frame collocated at the center of mass of the main body is chosen.
The tail deflects as shown in Fig. 3(b) and in the physical model as
in Fig. 2(a)—(b). As these figures show, while the tail plate is a flexible
continuum it can be essentially modeled consisting of two rigid links /,

spy spy

and /,, with a spring of length )’ connecting their ends. The segments
OP and PQ have lengths /; and /, respectively as shown in Fig. 3(b)-
(c). The tail segment is OP is modeled as being fixed and always in the
same alignment. Experiments described in Section 5 justify this as the
deflection angle of OP is always less than 0.05 rad. The angle 5 defines
the angle between the links /, and /,. As /, is considered as a fixed link,
the angle § is as shown in Fig. 3. The length of the links are such that
ly=1,=L.

V(6) = %kS(ZLZ 088 — 2y, V2L2 + 212 cos &) + %kaz sin? 8. 1

The function V' (§) is a double well potential with one extrema at § = 0.
Another pair of extrema, when they exist, are given by the roots of the

.k . . - .
equation k—f cosé=1- 2Ly *— . The second pair of fixed points exist only
s cos 3

if k—f is sufficiently small, i.e. the stiffness of the system is dominated

by the stiffness of the springs over the stiffness of the cantilever beam.
As described in the Appendix, the parameters of the system are such
that this condition is satisfied. A further analysis of the equation of
motion will demonstrate that the double well potential combined with
viscous damping and oscillations of the support yield a forced Duffing
oscillator. After some straightforward calculations (see Appendix for
details) the equation for deflection of the tail can be written as

Yo

(1+ lmL2)5'+c5+kSL2 sing | —20—
4 L/2(1 + cos §)

- 1) + %kaZ sin 26
1 .
= —EmL cos 8% (2)

where ¢ is the coefficient of damping. We set mR? = I + thmL2 and X
with —w?A, cos wt, divide throughout by the inertia mR>. In order to
further simplify the equation and reduce the number 02f parameters we
set A = %, (= =5, 0 = ksml‘—;z and Q7 = Z;Z

2(1 + cos 8) = 2 cos g With these observation the equation of motion
can be simplified to

and note that

L—1>+Q§ sin26 = w? A cos 6 cos wt 3

548+ Qfsiné
2Lcos§
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Fig. 4. (a) shows tail angle & of the robot oscillating about a zero mean and angular velocity & as a result of inter-well oscillations. (b) shows the double well oscillations of the
tail around the two fixed points (in black) § = +£0.20 rad. (c) shows 6 oscillating about non-zero mean i.e the fixed point 6 = —0.20 and resulting angular velocity during single-well
oscillations (d) shows the tail in the left potential well and the corresponding phase portrait. (e) shows a robot the performs inter-well oscillations as result of a low frequency and
high amplitude input £, (blue arrow), an impulse (green arrow) to the rotor to switch gaits and then high frequency and low amplitude (red arrow) input to the rotor generates
single-well oscillations of the tail about the deflected equilibrium which leads to turning in the counter-clockwise direction. (f) shows the double well potential of the tail with the
two stable deflected equilibrium positions of the tail. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Approximating W ~ 1+ 162 and siné ~ & and noting that ;—2 <1,
one obtains the equation of a Duffing oscillator
§ s 2 2 2 Yo 2 Yo 3_ 2
b+is+ (203 -+ @50 )5+ Q26" = 0P Acosscos )

For periodically forced Duffing oscillator, there exists a forcing
amplitude—frequency that causes the oscillations of the tail to stay in
a single-well or hop between the two wells (inter well oscillations),
see for instance [39]. When the tail oscillates in only one potential
well, i.e. about a deflected equilibrium, an asymmetric (in the body
frame) lift force and moment are produced on the body leading to a
turning motion. When the tail performs inter well oscillations, the lift
force is on the average zero and only a thrust is produced leading to
average straight line motion. Oscillations in left potential well versus
the right potential well lead to turning motion in opposite directions.
This analysis and hypothesis are based only on a qualitative analysis
of the bistability of the tail, the frequency—amplitude dependence of
response that can expected in such a system, but without a quantitative
analysis of thrust and turning moment. The hypothesis is tested via
experiments.

5. Experimental results

All the experiments were performed in a 6 ft by 8 ft pool. The
bottom of the pool has square grid lines measuring 1 inch x 1 inch.
Numerical data from the experiment is derived from the encoder em-
bedded on the Tinymovr, the onboard IMU, and the video recorded
by the overhead camera. The data from the IMU and encoder are

recorded by the Raspberry pi at a rate of 10 Hz. The overhead camera
records videos at 60 frames/s. The video from the camera is later post-
processed using Tracker-physics video analysis tool and is used to track
the position of four markers on the robot which are positioned on
the head and tail. Each of these frames are calibrated using the grid
at the bottom of the pool. These frames are then used to determine
body kinematics, such as the angle of the tail relative to the main
body, which is then used to calculate the tail angular velocity through
forward finite differences. The encoder keeps track of the angular
velocity of the rotor as it gives information about forcing on the
body.

We performed three sets of experiments to measure the robot’s
kinematics in three different motions : straight line motion, turning
clockwise and turning counter clockwise. We find through experiments
that an input amplitude frequency combination of A, = 150 rad/s and
f = 1.9 Hz produces inter-well oscillations. Holding the frequency
constant at f = 1.9 Hz and increasing the amplitude of the input
produces larger amplitude inter-well tail oscillations. The first set of
experiments use the input amplitude—frequency combination of A, =
180 rad/s and f = 1.9 Hz, that is above the threshold for inter-well
oscillations, average straight line motion is generated. Decreasing the
input amplitude or increasing the input frequency is seen to produce
single well oscillations. For example at input frequency f = 3 Hz, for
input amplitudes less than 100 rad/s produce single-well oscillations
as shown in Fig. 4(a)-(b), with the angle § varying periodically with
nearly zero mean. The next set of experiments is to test turning motion
of the robot from a stand still. To generate this turning gait the tail
needs to perform oscillations about a deflected equilibrium point. This
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Fig. 5. (a) shows rotor angular velocity input £, with a high amplitude of 180 rad/s and low frequency of 1.9 Hz which results in inter-well oscillations from 1 =0 to t = 4.0,
an impulse applied between ¢ =4 and ¢ < 4.5 and Low amplitude of 80 rad/s, high frequency of 3 Hz from ¢ > 4.5 (b) shows the resulting head oscillations which oscillate about
zero mean for from 7 =0 to t = 4 (white region) where the robot is in straight line gait. At + =4 an impulsive rotor motion occurs and a gait transition occurs (orange region).

The head moves and in the direction of turn caused due to the impulse and for r > 4.5 shows the head oscillating about a non-zero mean that corresponds to turning gait.

(For

interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

is done by giving an input of A, = 70 rad/s and f = 3 Hz to the rotor.
This generates a turning gait in clockwise or counterclockwise motion
depending on which initial equilibrium point the tail is deflected to.
Fig. 4(c)-(d) shows the results of the tail oscillating in the left potential
well, with the tail angle §, having a mean value less than zero. The
oscillation amplitude for both 6 and (§) is lower than the corresponding
amplitudes for inter-well oscillations. The maximum frequency am-
plitude combination for the tail to perform single-well oscillations is
A, =100 rad/s and f =3 Hz.

The third set of experiments is to test the ability of the robot to gen-
erate both gaits. A prescribed control scheme of the robot is developed
such that it performs inter-well oscillations for 4 s using a rotor angular
velocity input of A, = 180 rad/s and f = 1.9 Hz. As all the control is
prescribed and do not receive feedback about which well the tail is in
to execute a particular turn, an impulse in the direction of the desired
turn is specified for 0.5 s and then the robot transitions to single well
oscillations by giving an input of A, = 70 rad/s and f = 3 Hz. The entire
sequence of prescribed control inputs is shown in Fig. 4(e). In summary
the robot has a straight line gait due to the inter-well oscillations of the
tail when it receives a low frequency and high amplitude rotor input
and has a turning gait due to single oscillations of the tail when it
receives low amplitude and high frequency input to the rotor. Fig. 5

(and the supplementary video) shows snapshots of a sequence of these
two gaits in an experiment. The rotor initially performs low frequency,
high amplitude oscillations, as shown in Fig. 5(a) for the first 4 seconds
resulting in inter-well tail oscillations (Fig. 5(b)) and average straight
line motion shown in Fig. 5(d), with the average longitudinal velocity
reaching about 2 body lengths per second as shown in Fig. 5(c). At
= 4 s, and the balanced rotor performs a fast impulsive turn and
then resumes sinusoidal oscillations again with a high frequency and
low amplitude as shown in Fig. 5(a). Data from two cases is shown,
one where the rotor has an impulsive clockwise turn (dashed blue line)
and one where the rotor has an impulsive counterclockwise turn (solid
red line). This results in the tail deflecting to the left or right and
oscillating in the respective potential well resulting in a turning angular
velocity for the main body as shown in Fig. 5(b). The longitudinal
velocity of the robot decreases to about 0.8 body lengths per second but
the robot executes a turning motion as shown in Fig. 5(f)-(g), either
in the clockwise or counterclockwise direction. Since the single well
oscillations are sustained for about 5 seconds the robot moves along a
nearly circular path of radius 0.9 body lengths.
The other two cases which include high-frequency and high am-
plitude and low frequency and low amplitude angular velocity of the
rotor are also tested. For the first case, the highest frequency for a
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high amplitude that could be tested is 3 Hz. This resulted in fast
straight line motion and a top speed of 2.1 BL/s. The second scenario
of low frequency and low amplitude still generates a slow turning gait;
however for very low frequency of input (less than 1.0 Hz) significant
tail oscillations cannot be sustained due to the high hydrodynamic
damping.

6. Conclusion

Underactuated swimming robots can achieve different gaits and
motion characteristics by exploiting bistable tails. In this paper we have
presented the design of a swimming robot that posses only one degree
of actuator and has a bistable tail. We demonstrated with experiments
and a simplified theoretical model that depending on the frequency and
amplitude of the internal oscillations of the actuator the bistable tail
can perform either inter-well or single well oscillations and impulsive
torques by the same actuator can result in a hop between the potential
wells. To our knowledge this is the first paper where the frequency-
amplitude combination of a single periodic control input can exploit
a bistable mechanism in a swimming robot to produce different gaits.
The significance of the results in the paper go beyond the specific type
or morphology of the robot. It has usually been difficult to incorporate
bistable mechanisms in swimming robots because of the increased me-
chanical complexity that is required to switch between different stable
equilibria and exploit the qualitatively different dynamics. The results
in this paper show that such switches can be made easily and different
dynamics selected without increasing the mechanical complexity purely
by manipulating the frequency-amplitude of actuation. Future work
can be expected to lead to improved modeling, parameter estimation
and closed loop control algorithm for path tracking.
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Appendix A

The Lagrangian of the link PQ can be written as: £ = %q'TM(q)q -
V(5), where M represents the mass matrix and V() represents the
elastic potential energy of the system and the kinetic energy 7 (¢, ¢) =
%qTM(q)q of the system can be written as:

T(q.9) = %m(x2 + %8L cos & + iSsz) + %152

where m represents the mass of link /, and 7 its centroidal moment
of inertia. The mass m and moment of inertia I both include added
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hydrodynamic inertia. Since link /, is fixed relative to the base of the
tail we ignore the kinetic energy of this link. The potential energy of
the system results from stiffness in both the springs k; and the flexural
tail stiffness k ;. The potential energy due to the springs can be written
as %ks()ﬁ' -,)? and %ks(h, —,)? where y, is the rest length of the
spring when in either of the two deflected positions excluding the effect
of flexural stiffness of the sheet. The lengths y,’ and y,’ are of the
two springs when in the left deflected position. Thus the total potential
energy of the system can be written as V' (§) = V,(6) + V,(6), where V;
is the potential energy due to the springs and the V is from flexural
stiffness of the thin plate. The elastic potential is, V = %ks(yl’ -V +
%ks (v,’—y,)? and from the geometry shown in Fig. 3(c), using the law of
cosines, (y/)? = 2L? +2L? cos §. The length of the other spring y, = 2L.
Substituting these and ignoring constant terms, we find the potential
energy of the springs, V,, is

s

V,(6) = %ks(ZLZ €086 — 2y V2L2 +2L2 cos ). (5)

The tail which is a thin plate essentially behaves as a cantilever beam
with small in-plane bending. The net force F, to due to both the
springs act at point Q, which is at a distance of a = 80 mm from the
support, while the tail length itself, denoted by L, varies uniformly
along the depth between 100 mm and 90 mm as shown in Fig. 2(f).
The tip <2ieﬂection of the beam due to the point force at Q is given by,
xf — Pa6(E32 a)
area moment of inertia of the cross section of the beam. From this an
approximate stiffness of the lumped parameter flexural spring can be
obtained as k, = az(%i"_a). The Youngs modulus of the PETG is 2.01x10°
to 2.1 x 10° N/cm?. Choosing the effective length of the cantilever to
be L, = 9.5 cm gives k, = 0.151 N/cm? and choosing the effective
length of the cantilever to be L, = 0.9 gives k, = 0.141 N/cm?. An
alternative lumped parameter stiffness can be obtained using a strain
energy calculation. The elastic strain energy in the cantilever beam is
given by V, = fOL” %d y, where the bending moment M = —F,(a — y)
for a point load F, applied at distance of a from the support. This
integral can be expressed in terms of elastic strain energy stored in the
beam is V; = 1k, L2sin® 6 where k, = w. Choosing the
= 2% f a*(3L,—a)?

effective length of the cantilever to be L, = 9.5 cm gives 0.128 < k, <
0.134 N/cm? for 2.01 x 10° < E < 2.01 x 10> N/cm? and choosing the
effective length of the cantilever to be L, = 0.9 gives 0.129 < k, < 0.135
N/em? for 2.01 x 10° < E < 2.01 x 105 N/cm?. The potential function
(1) has a double well potential for all 0 < k ;< 1.645 N/cm? and the
system loses bistability for k, > 1.645 N/cm?. The potential function is
plotted in Fig. 6 for three representative values of k ;. The approximate
values of k, calculated using different approaches all lie in the range
where the potential function has a double well. We choose a value of
k=142 N/cm? that is in the middle of the range of the estimates of
the lumped parameter stiffness.

We consider a viscous damping modeled by Rayleigh dissipation
function as R = %ng with damping coefficient c. The Euler-Lagrange
equations can then be written in the form

where E the Young’s modulus of the beam and 7, the

4 (%) ok
dt \ 0q; dq; 0g; ’
1 2\ & : 2 . Yo 1 2 .
(14 mL?) 8+ cd+k,L25ing | —=2 —1 ) + 3k, L7sin26
4 LA/2(1 + cos 8) 2

= —%mL cos 6%

Appendix B. Supplementary data

Supplementary material related to this article can be found online
at https://doi.org/10.1016/j.em1.2024.102239.
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Fig. 6. Potential functions for three representative values of k,. For k, > 0.1645 the
potential function has only a single extrema.

Data availability

Data will be made available on request.
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