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Abstract—This work presents the control co-design of a
linear cylindrical and a spherical single-body wave energy
converter (WEC). By control co-design, the goal is to con-
currently design an energy-maximizing controller with the
device. The nonlinear Froude-Krylov (FK) forces resulting
from the changing cross-sectional area of the floater at the
water surface are leveraged to improve the performance
of the spherical device. Linear and nonlinear damping
control formulations were presented with their coefficients
as optimization variables. This work does not seek to
compare the performance of the linear and nonlinear
devices; rather, it presents a formulation for the control
co-design of these systems.

Index Terms—Wave energy converter, Control co-design,
Optimal control, Nonlinear model, Nonlinear Froude-
Krylov forces.

I. INTRODUCTION

Wave energy converters design and control have been
researched thoroughly over the past few decades in an
effort to achieve the potential of decarbonizing energy
sources. The point absorber [1] WEC design is one of
the popular designs. These devices are characterized by
dimensions smaller than the wavelength of incoming
waves. Unlike other mechanical systems, these devices
seek to resonate with the exciting wave frequency for
maximum energy absorption. Control methods [2-9]
have been developed to modify the dynamic of the device
for this purpose.

Most mathematical models of these devices are often
linear models. However, a more accurate model will
include the nonlinearities affecting the device and could
lead to an even further increase in energy extracted.
WEC nonlinearities can come from different sources,
including but not limited to geometric, mooring, power
take-off (PTO), hydrodynamic nonlinearity, and many
more. Researchers in [10-18] have developed control
formulations to leverage several nonlinearities.

Control design often comes after the device has been
designed; however, for many systems, it has been ob-
served that device design and control design are more
coupled, and there is a need for a control co-design
approach. Therefore, in this work, we formulate and
develop an approach to concurrently optimize the WEC
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and the control. This formulation is presented for a linear
cylindrical WEC and nonlinear spherical WEC device.
For a linear device like the cylinder, the hydrostatic
and dynamic forces are calculated over a constant wetted
area; however, for a sphere with a varying geometry
at the water surface, the pressure needs to be inte-
grated over the submerged surface instantaneously. An
efficient closed-form algebraic formulation for approxi-
mating nonlinear Froude-Krylov (FK) forces developed
in [19, 20] is adopted. The paper is organized as follows.
Section II establishes a linear dynamic model for a sim-
plified WEC device. The algebraic nonlinear FK force
formulation is presented in section III. Section IV shows
the nonlinear dynamics. The control formulations were
discussed in Section V. Simulation results are presented
in Section VI. And finally, we conclude in Section VII.

II. LINEAR SYSTEM DYNAMICS FOR CYLINDRICAL WEC

A simple WEC model can be represented as a second
order mass-spring-damper system, as shown in Fig. 1.
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Fig. 1. Schematic of a simplified WEC device

Assuming small wave height and small motion ampli-
tude, the motion of a floater restricted to heave motion
only can be modeled using a 1-DoF (heave only) linear
equation of motion as [21]:
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where z is the heave displacement of the buoy from
the sea surface, ¢ is the time, m is the buoy mass, u
is the control force, and f; = —Kz is the hydrosatic
restoring force. f. is the excitation force, where 7 is
the wave surface elevation at buoy centroid and hy is
the impulse response function defining the excitation
force in heave. f, is the radiation force, where m, is a
frequency-dependent added mass, and h,. is the impulse
response function defining the radiation force in heave.
The dynamics of the motion of the floater can be written
as [22]:

h(T)2(t — 7)dT —u 2)

mi = fo+ fr + fs +u 3)

III. ALGEBRAIC NONLINEAR FROUDE-KRYLOV FORCE
MODELING

This formulation is based on the development of alge-
braic calculation of the nonlinear FK forces applicable
to axisymmetric heaving point absorbers by [19]. For a
spherical device like Fig. 2, the total Froude-Krylov (FK)
force is the hydrostatic force F' K, and the dynamic force
F'K 4. The nonlinear hydrostatic force is the difference
between the gravity force Iy, and the static FK force on
the buoy.
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Fig. 2. Schematic of a simplified WEC device
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P(t) is the instantaneous pressure, on the infinitesimal
element ndS. The total pressure for deep water waves
using Airy’s wave theory is defined as:

P(t) = pgeXn(t)cos(wt) — pgo(t) Q)

where p is the water density, g is the gravitational
acceleration, 7)(t) is the free surface elevation, y is the

wave number, o (t) is the positive upwards height of the
device and w is the wave frequency. The magnitude of
the heaving Froude-Krylov forces becomes:
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At the equilibrium position, hg is the draft of the buoy,
Z4(t) is the instantaneous displacement of the buoy from
its equilibrium position. The algebraic FK forces for the
spherical and sloped line profiles described in Fig. 2 can
be computed using the equations defined in Eq. (7). The
limit of integration based on the free surface elevation
and the draft of the buoy can be described as:

o1 =—ho+ Z4(t) —n(t), 02 =0 %)

For example, the nonlinear hydrostatic and hydrody-
namic forces of a spherical buoy can be computed as:
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Similarly, the algebraic form of the static and dy-

namic FK forces can be computed for sloped lines

or other shapes that can be represented with algebraic

equations. [19] validated this method of computing

FK forces against a more computationally expensive
remeshig method and only had about a 2% error.
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IV. NoNLINEAR DYNAMICS FOR SPHERICAL WEC

When the small wave height and motion assumption
does not hold, the motion of the floater is restricted to
heave motion only, and the nonlinear equation of motion
for a 1-DoF (heave only) solo WEC can be written as:

(11
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Fnirk = FrK .+ Frx.,, (12)

where z is the heave displacement of the buoy from the
sea surface, ¢ is the time, m is the buoy mass, u is
the control force, and Frg, is the static FK force and
Frk,,, is the dynamic FK force. In the case of a regular
wave environment, the radiation force reduced to a linear
damping and an added mass term.

V. CONTROL CO-DESIGN FORMULATION

In this section, the two optimization problems are
presented. The first is the control size optimization
of a linear cylindrical device, and the second is the
optimal co-design of a nonlinear spherical WEC having
comparable volume to the linear cylinder.



A. Optimization of linear cylindrical device

In the current optimization problem, we want to
determine the dimension of a cylindrical WEC (radius
and draught) as in Fig. 3, which maximizes the power
extracted from the waves. The optimization objective is
formulated as follows:

J= % /0 u()za(t))dt
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A linear damping control formulation, v = —Bp,2,

was used in the optimization. Where R is the radius of
the cylinder, D is its submerged draft and B, is the
PTO damping coefficient. The best-performing R and D
are returned as the best dimensions for the specified wave
condition.
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Fig. 3. Cylinder.

B. Control co-design for a nonlinear spherical device

In the current problem, the goal is to determine the
size of the device and its nonlinear control formulation
that maximizes the power extraction by the nonlinear
device considered. The optimization objective is the
power from the device:

J= % /0 f{—u(t)xg(t)}dt
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where R is the sphere’s radius, the device’s total volume
is constrained to not exceed a reference volume, which
is to be decided by the designer based on economic or

technical reasons. Similar to the formulation proposed in
[23], the nonlinear damping control is formulated as:

u=—aB(w): — B(w)3* (15)

where a and (3 are control coefficients to be optimized,
B(w) is the maximum hydrodynamic damping force on
the device and 2 is the heave velocity of the device.
The bounds of the variables are described in Table I.
The optimization is completed using Genetic algorithm
[24]. A flowchart of the optimization setup is presented

in Fig. 4.
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Fig. 4. GA flowchart for control co-design optimization.
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TABLE I
CONSTRAINTS ON THE OPTIMIZATION PARAMETERS.

H Parameter  Unit Lower Bound  Upper Bound H
R m 2 15
« - 0.001 5
8 - 0.001 5

VI. StmuLATION RESULTS

The devices optimized in this section are a linear
cylindrical floater and a nonlinear spherical floater. The
wetted surface of the devices is optimized for best hy-
drodynamic interaction; a site with a wave period T' = 6
s and wave height H = 0.8222 m was considered. The
hydrodynamic parameters are computed from the linear
hydrodynamic solver NEMOH. The maximum control
force availed by the PTO is T = 1e8 N.

The optimum radius and draught of the cylindrical
device were 8.23 m and 4.73 m [25], respectively.
The linear damping coefficient was found as By, =
2.3765e6N.s/m. The Response Amplitude Operator
(RAO) of the optimized device is plotted in Fig. 5.
The wave frequency at the site is the vertical blue line.
The device’s maximum response of 1.95 m corresponds
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Fig. 5. RAO of an optimized isolated device.

to the wave frequency. The device’s submerged volume
is V = 1.0065¢03 m3. The volume of this optimized
cylinder is considered the maximum allowable volume
for the nonlinear spherical device in Fig. 6.

Nonlinear device

Fig. 6. Sphere.

In the nonlinear device control co-design problem, the
control developed in Section V is optimized concurrently
with the spherical device dimension in the same regu-
lar wave environment as the cylindrical device. A few
results from a 40s optimization run for the nonlinear
device (NLD) optimization is presented in Table II,
where B(w) = 1.1745e5. The simulation of one of the
solutions is plotted against the cylindrical linear device
(LD).

Fig. 7 shows the exciting wave amplitude, and the
resulting displacement and velocity of both the linear
and nonlinear device are plotted in Fig. 8 and Fig.
9, respectively. The nonlinear motion of the spherical
device can be observed from the plot, while the motion
of the linear device is perfectly sinusoidal. In the steady
state region, the devices have a similar magnitude of
displacements; however, the velocity of the nonlinear
device is significantly larger.

TABLE II
THE OPTIMIZED CONTROL PARAMETERS FOR A SPHERE
H S/N  radius « B Power (W) H
1 7.3329 1.3130 0.5195 4.9605e06
2 7.5875 29779  2.6108 5.4014e06
3 7.7500 0.7902  2.1668 5.8996e06
4 6.1548 1.8679  2.3761 2.8313e06
5 5.4273 2.8889 1.7983 1.9030e06
6 7.8328 0.6683 2.9577 6.0751e06
7 7.1092 1.0851 1.8924 4.2166e06
8 7.3988 2.6808 2.4658 4.9802e06
9 7.4849  2.9995 0.3518 4.9057¢06
10 7.8123 21212 2.7373 5.8321e06
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Fig. 7. Exciting wave amplitude.
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Fig. 8. Displacements.

The excitation force (F.) on the linear device and
the dynamic nonlinear FK force acting on the spherical
device are plotted in Fig. 10. The magnitude of NLFK
force acting on the spherical device is larger and not
as sinusoidal as the linear excitation force. It can be
observed that the NLFK force goes to zero at intervals,
this is when the motion of the device grows to be too
large that the device goes out of the water or sinks. The
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Fig. 10. Dynamic FK forces.

linear and nonlinear PTO force is presented in Fig. 11.
The magnitude of forces generated by the NLD control
is significantly larger than that from the LD control.
The power from both devices is subplotted in Fig. 12.
The average power for the linear device over the period
of simulation is 3.3435e4W, which the average power
output to the nonlinear device is 1.6392e6W, which
is a significantly higher power output by the NLD. A
cumulative power plot is presented in Fig. 13. Although
power comparison is not the goal of this work, the NLD
consistently outperforms the LD in all simulations.

VII. CoNCLUSION

A control co-design approach was presented for linear
and nonlinear WEC design. The spherical wave energy
converter leverages the nonlinear Froude-Krylov (FK)
forces to maximize the power output. The FK forces
were derived algebraically; the control structure was for-
mulated for linear and nonlinear devices and optimized
alongside the WEC device. Simulation results presented
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in this paper show that the overall performance of the
nonlinear device (NLD) obtained from the co-design
approach achieved significantly higher power output than



that of the linear device (LD). The wave considered in
this current work is monochromatic. Future work will
develop and test the performance of the control co-design
approach for devices in irregular wave environments.
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