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ABSTRACT 13 

Ion-exchange membranes (IEMs) are widely used in water, energy, and environmental 14 

applications, but transport models to accurately simulate ion permeation are currently lacking. This 15 

study presents a theoretical framework to predict ionic conductivity of IEMs by introducing an 16 

analytical model for condensed counterion mobility to the Donnan-Manning model. Modeling of 17 

condensed counterion mobility is enabled by the novel utilization of a scaling relationship to 18 

describe screening lengths in the densely charged IEM matrices, which overcame the obstacle of 19 

traditional electrolyte chemistry theories breaking down at very high ionic strength environments. 20 

Ionic conductivities of commercial IEMs were experimentally characterized in different 21 

electrolyte solutions containing a range of mono-, di-, and trivalent counterions. Because the 22 

current Donnan-Manning model neglects the mobility of condensed counterions, it is inadequate 23 

for modeling ion transport and significantly underestimated membrane conductivities (by up to 24 

≈5× difference between observed and modeled values). Using the new model to account for 25 

condensed counterion mobilities substantially improved the accuracy of predicting IEM 26 

conductivities in monovalent counterions (to as small as within 7% of experimental values), 27 

without any adjustable parameters. Further adjusting the power law exponent of the screen length 28 

scaling relationship yielded reasonable precision for membrane conductivities in multivalent 29 

counterions. Analysis reveals that counterions are significantly more mobile in the condensed 30 

phase than in the uncondensed phase because electrostatic interactions accelerate condensed 31 

counterions but retard uncondensed counterions. Condensed counterions still have lower 32 

mobilities than ions in bulk solutions due to impedance from spatial effects. The transport 33 

framework presented here can model ion migration a priori with adequate accuracy. The findings 34 

provide insights into the underlying phenomena governing ion transport in IEMs to facilitate the 35 

rational development of more selective membranes.  36 
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INTRODUCTION 46 

Ion-exchange membranes, IEMs, are water-swollen polymeric films with a high density of charged 47 

functional groups.1–3 The membranes allow the selective transport of oppositely-charged 48 

counterions, whereas like-charged co-ions are retained through charge exclusion.1,2 Cation 49 

exchange membranes (CEMs) have negative fixed charges, e.g., sulfonate groups, and favor the 50 

passage of cations over anions; conversely, anion exchange membranes (AEMs) possess positive 51 

fixed charges, e.g., quaternary amines, and preferentially transport anions. The ability of IEMs to 52 

distinguish between cations and anions is utilized in numerous water, energy, and chemical 53 

production applications, including electrodialysis desalination, fuel cells, and the chloralkali 54 

process, respectively.4–6 Beyond the primary function of charge selectivity, i.e., between counter- 55 

and co-ions, there is increasing interest in advancing IEM differentiation between counterions with 56 

different valences and between individual counterions with the same valence.7–9 57 

The charge, valence, and specific ion selectivities attainable by IEMs are determined by 58 

the transport of the different ions. Therefore, enhancing fundamental understanding of IEM 59 

transport phenomena is imperative for the rational development of more selective membranes.9–11 60 

Likewise, robust mechanistic transport models can be a vital tool to inform innovations in IEM 61 

selectivity. The Donnan-Manning model for IEM transport integrates the counterion condensation 62 

theory with the governing principles for Donnan potentials at solution-membrane interfaces. By 63 

modeling ion activity coefficients and mobilities in the membrane matrix, the framework can 64 

quantitatively predict ion sorption and co-ion-dominated salt permeability in IEMs.12–14 In the 65 

model, a portion of counterions are condensed onto the fixed charges on the polymer backbone, 66 

and the condensed counterions are assumed to be immobile.13,15,16 However, experimental 67 

observations of IEM conductivity in recent studies clearly contradict this assumption,15,17 i.e., the 68 

evidence indicates condensed counterions are mobile. An empirical relation was put forth to relate 69 

condensed counterion mobility to ion mobility in bulk solution, but a rigorous understanding of 70 

the underlying physical meaning is lacking.14,15 As such, there is a need for IEM transport models 71 

based on first principles that can quantitatively describe the mobility of condensed counterions. 72 

This study develops a new model for condensed counterion mobility in IEMs and evaluates 73 

the modified transport framework against experimentally characterized ion transport. First, a 74 

theoretical model to describe condensed counterion mobility is presented, and a scaling 75 
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relationship is introduced to account for screening lengths in the atypically high charge density 76 

environments within IEM matrices. Ionic conductivities of commercial cation and anion exchange 77 

membranes were characterized in a range of electrolyte solutions containing mono-, di-, and 78 

trivalent counterions. The inadequacies of the current Donnan-Manning transport framework to 79 

model membrane conductivities are discussed. We then demonstrate that incorporating the 80 

condensed counterion mobility model significantly improves the accuracy of predicted 81 

conductivities for monovalent counterions. To elucidate the influences of electrostatic interactions 82 

and spatial effect on ion permeation, counterion mobilities in condensed phase are evaluated 83 

against mobilities in uncondensed phase and bulk solution phase. Next, we put forward an 84 

explanation for the unsatisfactory mobility modeling for condensed multivalent counterions and 85 

proposed an adjustment to the screening length scaling relationship to improve model predictions 86 

for di- and trivalent counterions. Last, implications of the modified model for ion-selective 87 

separations in IEMs are discussed. 88 

THEORY 89 

Ion Mobilities in IEMs in the Current Counterion Condensation Framework. The 90 

counterion condensation theory was originally developed to describe the colligative properties of 91 

polyelectrolyte solutions.16,18 The theoretical framework was recently extended to model ion 92 

activity and diffusion coefficients in hydrated charged polymers, i.e., IEMs,12,13,19 and further 93 

details can be found in literature.13,14,20 In the model, electrostatic interactions between fixed 94 

charge groups and mobile counterions are principally governed by reduced linear charge density 95 

of the polymer, ξ = λB/b, where λB is the Bjerrum length and b is mean linear intercharge distance 96 

(Figure 1). b can be reasonably estimated from molar ratio of uncharged to charged monomers and 97 

polymer molecular architecture.12,21 When ξ exceeds the critical value of |zctzfix|
−1 (z is ion valence 98 

and subscripts ct and fix denote counterion and membrane fixed charge, respectively), a fraction 99 

of the counterions, c, condense onto the polymer backbone: 100 
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where v is stoichiometric number of ions each electrolyte molecule dissociates into. The ratio of 102 

salt concentration in excess of fixed charge concentration relative to the fixed charge concentration 103 

in the membrane is 
m m

co co fixc v c  , where c is ion concentration, subscript co indicates co-ion, and 104 

superscript m represents membrane phase.12,14 105 

 106 

Figure 1. Schematic depicting the migration of condensed counterions, uncondensed 107 

counterions, and co-ions (violet, blue, and green circles, respectively) in IEM under applied 108 

electric field, with arrows denoting the direction of ion migration. λB represents the Bjerrum 109 

length, and b is the distance between fixed charges on the polyelectrolyte chains in IEM. 110 

Correspondingly, the remaining fraction of counterions are uncondensed, u = 1−c. 111 

Condensed counterions are localized very close to the polymer, effectively reducing the charge 112 

density and screening the electrostatic interactions exerted by the charged moieties of the polymer 113 

matrix. Spatial effect of available fractional IEM volume for ion transport can be accounted for 114 

using the Mackie-Meares model with the factor fw
2/(2−fw)2, where fw is water volume fraction in 115 

the IEM.22,23 Absolute mobilities of uncondensed counterion and co-ion in the membrane, 
m

ct, uu  116 

and 
m

cou , respectively (subscript ct, u represents uncondensed counterion), are related to the bulk 117 

mobilities, us (superscript s signifies bulk solution phase), using13,15,21 118 
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where  
12

ct co ct co ct1A z v v z z 


        (the approximation arose from the conversion of a 121 

summation of series to a definite integral).13,20 The term 
2

1 3z A  in eqs 2 and 3 is the 122 

electrostatic effect experienced by the mobile uncondensed counterions and co-ions due to the 123 

local inhomogeneous electric field exerted by the fixed charges and condensed counterions.13,15,16 124 

Note that absolute mobility can be related to diffusion coefficient, D, by multiplying u with 125 

absolute temperature and the Boltzmann constant, i.e., D = ukBT (influence of operating 126 

temperature is accounted for).24,25 Further, the product of absolute mobility, valency, and the 127 

elementary charge, u|z|e, is the electrical mobility; to avoid potential ambiguity, the discussions in 128 

the study only refer to absolute ion mobility. 129 

In the original treatment of the counterion condensation theory, condensed counterions are 130 

considered to be immobile.13,15,16 However, it was noted that this assumption was unlikely to be 131 

an accurate simplification and that condensed counterions could plausibly migrate along the 132 

polyelectrolyte chain.16,26,27 Condensed counterions were later categorized into “territorially” or 133 

“site” bound, with the former free to migrate in a close region along the polymer chain but unable 134 

to migrate away, whereas the latter is completely immobile.28 However, advancements in the 135 

understanding of the mobility and sub-population of the territorially bound condensed counterions 136 

are limited,14 thus frustrating analytical quantifications of the contribution of condensed 137 

counterions to overall ionic flux. At the same time, alternative transport models have been 138 

proposed, such as one that considers condensed counterions to be immobile when the transport is 139 

driven by concentration gradients but become mobile under electric fields (the model does not 140 

differentiate between “territorially” or “site” bound).29 Rigorous justifications for such different 141 

behaviors, however, were not provided. Overall, there are presently apparent gaps in the 142 

fundamental understanding of condensed counterion mobility in IEMs that need to be addressed. 143 
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Derivation of Condensed Counterion Mobilities using a Screening Length 144 

Scaling Relationship in Concentrated Electrolytes. Previous work formulated the 145 

diffusion coefficients of condensed counterions in polyelectrolyte solutions under applied electric 146 

fields (eq S9 of the Supporting Information).30 Here, we further extend the theoretical framework 147 

to derive an analytical expression for the absolute mobilities of condensed counterions in IEMs, 148 

m

ct, cu : 149 

    
2

m s w
ct, c ct ct

w

1 2 1 ln
2

f
u u z b

f
 

 
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 (4) 150 

where κ is reciprocal of the screening length in the membrane matrix.30,31 The derivation of eq 4 151 

is detailed in the Supporting Information. Briefly, the  
2

w w2f f    term is the Mackie-Meares 152 

parameter to account for spatial effects,22,23 whereas the    ct1 2 1 lnz b    
 term describes 153 

the electrostatic effect on the condensed counterions by the fixed charges.30 Debye length, λD, the 154 

characteristic distance the net electrostatic effect of a charge carrier (treated as a point source) 155 

persists for, is commonly used for 1/κ in aqueous solutions of relatively low ionic strengths.31–33 156 

λD scales reciprocally with square root of the ionic strength. At very high ionic strengths, λD is 157 

compressed to below the ion diameter (e.g., >≈2.2 eq/L for Na+ in NaCl solution),32,34 and the 158 

physics underpinning the Debye length breaks down (for instance, the Debye-Hückel theory for 159 

activity coefficients of ions is not appropriate for concentrated electrolyte solutions).32,35,36 The 160 

high charge density environments within typical IEM matrices (ionic strengths of ≈4–11 eq/L)37,38 161 

are analogous to highly concentrated polyelectrolyte solutions.12 Employing κ = 1/λD in eq 4 yields 162 

unphysical negative values for 
m

ct, cu . Hence, new models that are robust at high charge densities 163 

are required for the screening lengths in IEMs. 164 

Recent studies in physical chemistry indicate that the screening length, 1/κ, in concentrated 165 

electrolytes is considerably larger than the Debye length; more importantly, the studies found that 166 

1/κ increases with solution concentration.32,39,40 A scaling relationship was proposed for the 167 

screening length when the Debye length is smaller than the ion diameter, d:35,36 168 
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To extend the model to IEMs, d should be substituted with fixed charge size as electrostatic effects 170 

exerted by the fixed charges are screened by counter- and co-ions. The mean linear distance 171 

between fixed charges, b, approximates for fixed charge diameter, and eq 5 is rearranged to yield 172 

an expression for the reciprocal of screening length: 173 

 
2

D

3b

l
   (6) 174 

The Debye length, λD, is calculated using eq S11 in the Supporting Information. With eqs 4 and 6, 175 

condensed counterion mobilities can be determined using experimentally-accessible 176 

characteristics without any adjustable parameters. This model does not distinguish between 177 

“territorially” and “site” bound but considers all condensed counterions to be mobile.  178 

MATERIALS AND METHODS 179 

Membranes and Chemicals. Commercial cation and anion exchange membranes (CEM and 180 

AEM, respectively), Selemion CMV and Selemion AMV, were purchased from Asahi Glass Co. 181 

(Japan). Electrolytes and electrolyte hydrates utilized in the study, NaCl, KCl, NH4Cl, 182 

MgCl2·6H2O, CaCl2·2H2O, NaBr, Na2SO4, MgSO4·7H2O, NaNO3, Na2CO3, and Na3PO4·12H2O, 183 

were acquired from Thermo Fisher Scientific (Waltham, MA). All salts are reagent grade and used 184 

as received to prepare electrolyte solutions. Deionized (DI) water was purified with a Milli-Q 185 

ultrapure water purification system (MilliporeSigma, Burlington, MA). 186 

Characterization of Membrane Structural Properties. Ion-exchange capacity, IEC, 187 

is the number of fixed charges per unit mass of dry membrane.1 The IEC of the CEM was 188 

determined using the acid titration method,2,41,42 whereas the ion elution method was employed to 189 

characterize the AEM.37,38,43 Swelling degree, SD, is defined as the mass ratio of sorbed water 190 

relative to the dry membrane.1 As membrane water uptake is influenced by both counterion and 191 

external solution concentration,1,12,44 As membrane water uptake is influenced by both counterion 192 

and external solution concentration, SD was characterized in 1.0 eq/L of the various electrolyte 193 
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solutions investigated in this study (in addition to DI water).37 The contribution of sorbed 194 

counterions to the membrane dry mass was accounted for in the determination of IEC and SD.37 195 

Water volume fraction in IEM, fw, is12,37,45 196 

 w
w

w p

SD

SD 1
f



 



 (7) 197 

where ρw and ρp are the mass density of water and dry membrane polymer, respectively. ρp of 198 

1.43±0.01 and 1.22±0.01 g/mL, for CMV and AMV, respectively, are taken from our recent 199 

study.37 Membrane fixed charge concentration, per unit wet IEM volume, 
m

fixc , is20,37 200 

 m

fix w w

IEC

SD
c f   (8) 201 

Membrane coupons for all experiments were from the same sheets of CMV and AMV, to minimize 202 

potential heterogeneity between samples. 203 

Determination of Membrane Conductivities and Condensed Counterion 204 

Mobilities. Ionic conductivities of the IEMs were characterized using the direct current 205 

chronopotentiometry method with 1.0 eq/L of different electrolyte solutions in a two-compartment 206 

and four-electrode cell system adopting the difference method. Specifically, the CEM was 207 

analyzed in NaCl, NaBr, Na2SO4, KCl, NH4Cl, MgCl2, MgSO4, and CaCl2, whereas AEM was 208 

evaluated in NaCl, KCl, MgCl2, NaBr, NaNO3, Na2CO3, Na2SO4, MgSO4, and Na3PO4. The 209 

relatively high electrolyte concentration of 1.0 eq/L was thoughtfully selected to avoid potential 210 

mass transfer limitations in the diffusion boundary layers that may occur at lower 211 

concentrations.46–48 Details of the conductivity measurement methodology can be found in our 212 

previous studies.37,41,48 213 

The membrane conductivity, σm, can be related to ion concentrations and absolute 214 

mobilities in the IEM:1,24 215 

  
2

m 2 m m 2 m m 2 m mB
co co co ct ct u ct, u ct ct c ct, c

F k
z c u z c u z c u

R
      (9) 216 
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where F is the Faraday constant and R is the ideal gas constant. Concentrations of counter- and co-217 

ions within the membrane,
m

ctc  and 
m

coc , respectively, are determined by the Donnan-Manning 218 

model.14,19,20 Fractions of uncondensed and condensed counterion, u and c, respectively, can be 219 

computed using eq 1 and u + c = 1. 
m

cou  and 
m

ct, uu  are provided by eqs 3 and 2, respectively, and 220 

m

ct, cu  are modeled using eqs 4 and 6. All experimental characterizations and model calculations 221 

were carried out for T = 298 K. A set of sample calculations to illustrate the modeling of membrane 222 

conductivity is provided in the Supporting Information. 223 

RESULTS AND DISCUSSION 224 

The Current Donnan-Manning Transport Model Underestimates Membrane 225 

Conductivity. Figure 2 compares the ionic conductivities, m, between experimental 226 

measurements and model predictions of the current Donnan-Manning transport model, i.e., 227 

assuming condensed counterions are immobile, for the CEM and AEM in various electrolyte 228 

solutions. Experimental conductivities of the IEMs are represented by orange hatched columns, 229 

with labels above the columns indicating the counterion (complete data is listed in Table S1 of the 230 

Supporting Information). The membranes show dissimilar conductivities with different 231 

counterions but exhibit indistinguishable conductivities when co-ions are varied with the same 232 

counterion. This signifies that IEM conductivity is dominated by counterions.48–50 233 
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 234 

Figure 2. Comparison of membrane conductivities, m, between experimental 235 

measurements (orange hatched columns) and predictions by the original Donnan-Manning 236 

transport model with 
m

ct, cu  = 0 (green open columns) for A) CEM and B) AEM in different 237 

electrolytes. Labels above the columns denote counterions. Note the different vertical axis 238 

scales on the plots. 239 

Model IEM conductivities are determined using eq 9 and shown as green open columns. 240 

Ion concentrations in membrane matrices are obtained with the Donnan-Manning model based on 241 

membrane structural information in Tables S2 and S3 of the Supporting Information, and the 242 



13 

distributions between condensed and uncondensed counterions are calculated using eq 1 (c is 243 

presented in Figure S1). Absolute mobilities of co-ion and uncondensed counterion in IEM are 244 

determined through eqs 3 and 2, respectively (shown in Figures S2 and S3), and condensed 245 

counterion mobilities are assumed to be zero, i.e., 
m

ct, cu  = 0. fw utilized in the model is evaluated 246 

using ion-specific swelling degrees in 1.0 eq/L of the different electrolyte solutions (Table S3 of 247 

the Supporting Information). Membrane conductivities are clearly underpredicted by the existing 248 

model, where condensed counterions are assumed to be immobile, for all electrolyte solutions. For 249 

instance, the modeled CEM conductivities in Na are just 35–46% of experimental data and are 250 

lower at ≈31% in K and NH4
 (Figure 2A). Compared to monovalent Na, the model slightly 251 

underpredicts m of the CEM with divalent counterions by ≈10–34%. As for the AEM in Figure 252 

2B, the modeled m in monovalent counterions merely accounts for 19–22% of experimental data 253 

for Cl, Br, and NO3
. Similar underpredictions occur with multivalent counterions (20–24% of 254 

observed m in CO3
2, SO4

2, and PO4
3). The discrepancies between experimental and modeling 255 

results shown in Figure 2 are consistent with past studies that adopted the 
m

ct, cu  = 0 assumption.15,17 256 

The Donnan-Manning transport model has been demonstrated to capture ion partitioning 257 

and co-ion diffusion coefficient in IEMs reasonably well (the former through activity 258 

coefficients).13,15,19 Thus, the deviations in modeled membrane conductivities from experimental 259 

values can be attributed to membrane counterion mobilities, i.e., the second and third terms in the 260 

parenthesis of eq 9. As condensed counterions are assumed to be immobile in the current 261 

framework, i.e., 
m

ct, cu  = 0, the counterion mobility in membrane is only from the uncondensed 262 

portion of counterions (blue arrow in Figure 1). Since the theoretical treatment for uncondensed 263 

counterions mobility is identical to co-ions in the Donnan-Manning model (analytical expression 264 

for mobilities, eqs 2 and 3, are essentially identical),16 the modeling of 
m

ct, uu  is reliable and not a 265 

principal cause of the discrepancies. Therefore, the significant underprediction of experimental m 266 

by the current model strongly suggests that the assumption of immobile condensed counterions is 267 

invalid. The fractions of counterions that are condensed, c, range between 0.32 and 0.78 for the 268 

investigated IEMs across the different electrolytes (Figure S1 of the Supporting Information), 269 

which are nontrivial portions of counterions in the membrane. The substantial c signifies that 270 
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condensed counterions, if mobile, would be nonnegligible contributions to the membrane 271 

conductivity. 272 

Condensed Counterion Mobility Model Significantly Improves Membrane 273 

Conductivity Predictions for Monovalent Counterions. Figure 3 presents modeled 274 

membrane conductivities of the modified Donnan-Manning transport framework with 
m

ct, cu275 

determined by eq 4, i.e., condensed counterions are mobile, and screening lengths simulated using 276 

eq 6 (
m

ct, cu  is presented in Figure S4 of the Supporting Information). Contributions of condensed 277 

counterions to the modeled m are represented by green filled columns, which are stacked on green 278 

open columns denoting the contributions of uncondensed counterions and co-ions. The modeled 279 

m are compared to experimentally measured membrane conductivities of the CEM and AEM in 280 

different electrolyte solutions (orange hatched columns). Note that the green open and orange 281 

hatched columns are the data of Figure 2, and labels above the columns indicate the counterion. 282 

Complete conductivity data is available in Table S4 of the Supporting Information. 283 
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Figure 3. Comparison of membrane conductivities, m, between experimental 285 

measurements and model predictions by the Donnan-Manning transport framework for A) 286 

CEM and B) AEM in different electrolytes. Experimental observations are denoted by 287 

orange hatched columns, whereas green open columns represent the original model with 288 

m

ct, cu  = 0 and stacked green filled columns indicate the contribution of condensed 289 

counterions with 
m

ct, cu  determined using eq 4 (green open and orange hatched columns are 290 
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the data of Figure 2). Labels above the columns denote counterions. Note the different 291 

scales and breaks on the vertical axes of the plots. 292 

By accounting for the absolute mobilities of condensed counterions, the accuracy of 293 

modeled membrane conductivities with monovalent counterions to match with experimental m is 294 

significantly enhanced. For the AEM (Figure 3B), membrane conductivities of the revised 295 

transport model with 
m

ct, cu  from eq 4 are within 0.8–2.3 standard deviations of the experimental 296 

characterizations for Cl and Br counterions and <4 standard deviations for NO3
. These modeled 297 

m are drastically improved from the sizable underpredictions in Figure 2B, which neglects the 298 

mobilities of condensed counterions. The modified model with mobile condensed counterions 299 

yields m for the CEM that are <0.9 standard deviations for K and NH4
 counterions (Figure 3A), 300 

again much better than the gross underpredictions with 
m

ct, cu  = 0 (Figure 2A). For the CEM with 301 

Na as the counterion, the revised model simulated m that are comparatively less accurate than 302 

the other monovalent counterions but still represents an increase in overall precision over the old 303 

model (29–58% more than experimental observations in Figure 3A, compared to the 304 

underpredictions of 54–65% in Figure 2A). Critically, the improvements in accuracy of the 305 

modeled membrane conductivities for monovalent counterions are achieved based on first 306 

principles and without any adjustable parameters. This highlights the effectiveness of eq 4 to 307 

describe the condensed phase mobility and reinforces the validity of the theoretical underpinnings 308 

to arrive at the analytical expressions. 309 

The slight overpredictions of membrane conductivities is consistent across all the 310 

monovalent counterions investigated and for both CEM and AEM. This could be partly due to 311 

enmeshed support layers of the two commercial membranes investigated influencing the 312 

experimental m characterization.45 The meshes decrease available free volume and increase 313 

tortuosity for ion transport,37 thus lowering the experimentally observed m relative to pure ion-314 

conducting polymers simulated by the models. Alternatively, the unvarying overpredictions 315 

suggest that the assumptions and simplifications adopted may have introduced systemic 316 

inaccuracies into the models. The deviations could have stemmed from uncertainties in the original 317 

model,12,15,16,18 namely the distribution between condensed and uncondensed counterions, i.e., c 318 

(eq 1), uncondensed counterion mobility, 
m

ct, uu  (eq 2), and co-ion mobility, 
m

cou  (eq 3), or from the 319 
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analytical expressions to determine condensed counterion mobility, 
m

ct, cu , presented in this study 320 

(eqs 4–6). For instance, the finite volumes of the charged species, i.e., counterions, co-ions, and 321 

fixed charges, are not factored into the models; instead, the entities are considered to be point 322 

charges with negligible volume.12,30 Accounting for the volumes will decrease the free volume 323 

available for ion permeation, and, hence, lower ion mobilities and membrane conductivities. The 324 

original counterion condensation theory ignores interactions between polymer chains, a reasonable 325 

simplification for relatively dilute polyelectrolyte solutions.18 But such interactions may play a 326 

nonnegligible role in IEMs, which have considerably denser matrices. Additionally, the Debye-327 

Hückel approximation used to treat the co-ions and uncondensed counterions may not be 328 

appropriate in the highly charged membrane matrix (as discussed in the Theory section), 329 

potentially producing discrepancies in the modeled mobilities of co-ions and uncondensed 330 

counterions (and, consequently, m). 331 

The revised model produced huge m overpredictions for multivalent counterions. For 332 

instance, the modeled CEM conductivities for divalent Mg and Ca counterions are 25–32× 333 

greater than experimental measurements (Figure 3A); whereas in the AEM, the overpredictions 334 

are 12–13 fold for divalent CO3
2 and SO4

2 and 44× for trivalent PO4
3 (Figure 3B). For 335 

multivalent counterions, the contribution of condensed counterion mobility to net m is ≈35–183× 336 

the contributions from uncondensed counterions and co-ions (green filled columns are much taller 337 

than green open columns). Therefore, these large discrepancies are primarily attributed to the 338 

modeled condensed phase mobility, implying potential deficiencies in the theoretical framework 339 

for multivalent counterions. This will be discussed in a later section, and a potential further 340 

modification to the model will be examined. 341 

Monovalent Counterions Are Significantly More Mobile in Condensed Phase 342 

than Uncondensed Phase. To deepen the understanding of condensed counterion mobility in 343 

IEMs, the relative ion mobilities between condensed, uncondensed, and bulk solution phases are 344 

analyzed. Figure 4A displays the mobility ratio of condensed to uncondensed counterions, i.e., 345 

m m

ct, c ct, uu u , determined from eqs 4 and 2, respectively, for various electrolytes in the CEM and 346 

AEM. Note that only monovalent counterion data is presented as the corresponding membrane 347 

conductivity can be modeled with reasonable accuracy (Figure 3). 348 
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Figure 4. A) Modeled mobility ratios of condensed counterions to uncondensed 350 

counterions, 
m m

ct, c ct, uu u , determined using eqs 4 and 2, respectively. Horizontal dotted line 351 

indicates unity. B) 
m s

ct, c ct3U u u , relating condensed counterion mobilities within 352 

membranes to bulk phase mobilities in aqueous solutions (factor of 3 accounts for one- and 353 

three-dimensional transport in membrane and solution phases, respectively). Labels above 354 
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the columns denote counterions. Note that only monovalent counterions are presented as 355 

the membrane conductivities can be modeled with reasonable accuracy (Figure 3). 356 

For all the monovalent counterions investigated in the CEM and AEM, counterions show 357 

much greater mobility in the condensed phase than in the uncondensed phase, i.e., m m

ct, c ct, uu u  >> 1. 358 

This is consistent with the experimental results of a past study that looked at IEMs in NaCl 359 

solution.15 Dividing eq 4 by eq 2 yields      2m m

ct, c ct, u ct ct1 2 1 ln 1 3u u z b z A       . The 360 

   ct2 1 lnz b   term in the numerator and the 
2

ct 3z A  term in the denominator represent the 361 

effects of electrostatic interactions arising from the fixed charges in the membrane matrix on the 362 

mobilities of the condensed and uncondensed counterions, respectively. In the transport framework 363 

presented here, condensed and uncondensed counterions have the same permeation pathway, and 364 

the spatial factor,  
2

w w2f f   , in eqs 2 and 4 cancels out in 
m m

ct, c ct, uu u . Thus, 
m m

ct, c ct, uu u  > 1 365 

signifies that counterions experience less retardation in the condensed phase than in the 366 

uncondensed phase. 367 

Further analysis of the terms in 
m m

ct, c ct, uu u  reveals insights into counterion mobility within 368 

IEMs. In the denominator, 
2

ct1 3z A  < 1 because the migration of uncondensed counterions is 369 

impeded in the rough electric potential resulting from the electrostatic interactions.16,37,51 For 370 

condensed counterions, since κb << 1 and ξ > 1,    ct1 2 1 lnz b    in the numerator is greater 371 

than unity,30 critically signifying that counterions in the condensed phase are accelerated by the 372 

electrostatic interactions. Because the electrostatic interactions have opposite influences on 373 

condensed and uncondensed counterions, condensed counterions are considerably more mobile 374 

than uncondensed counterions. The results here provide compelling evidence that 
m

ct, cu  > 
m

ct, uu  is 375 

universally valid for all monovalent counterions (beyond Na in CEM and Cl in AEM). The 376 

precise mechanism for the acceleration experienced by condensed counterions is unclear as the 377 

analytical expressions of the model do not directly reveal the underlying phenomena. Further 378 

investigations are required to elucidate the governing physics. Here, we posit that the local electric 379 

potential close to the fixed charges, i.e., influencing condensed counterions, may be different from 380 

the local electric potential farther away and affecting uncondensed counterions. If condensed 381 
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counterions are on a steeper electric potential gradient, they may be accelerated whereas 382 

uncondensed counterions are retarded by a more gentle and undulating gradient. 383 

Notably, the relative mobilities between condensed and uncondensed counterions are very 384 

similar across different counter- and co-ions for the CEM and AEM at ≈5.5 and ≈7.7, respectively. 385 

Because ions are treated as point charges in this theoretical framework, the principal ion property 386 

in eqs 2 and 4 is valence.16,18,30 Hence, m m

ct, c ct, uu u  is essentially the same for the different 387 

monovalent counterions (Na, K, and NH4
 for the CEM and Cl, Br, and NO3

 for the AEM). 388 

Additionally, the co-ion has negligible influence on m m

ct, c ct, uu u  (mobility ratios for NaCl, NaBr, 389 

and Na2SO4 in CEM and NaCl, KCl, and MgCl2 for AEM are almost identical in Figure 4A). For 390 

the same membrane, the miniscule 
m m

ct, c ct, uu u  variations (< 0.4%) between the different counter- 391 

and co-ions are due to marginally dissimilar 
m

coc  and ionic strength within the IEM (and also 392 

different 
coz  and 

cov for co-ions of unlike valences). On the other hand, the difference in overall 393 

mobility ratios between the CEM and AEM (i.e., ≈5.5 and ≈7.7, respectively) is mainly attributed 394 

to the distinct properties of each membrane, specifically 
m

fixc , ξ, and b. 395 

Counterion Mobility is Lower in Condensed Phase than in Bulk Solution 396 

Phase Because Spatial Impediment Outweighs Electrostatic Acceleration. The 397 

condensed counterion mobility can be related to the ion mobility in bulk solution with the 398 

expression 
m s

ct, c ct 3u Uu .14,15 The factor of 1/3 accounts for transport of condensed counterions 399 

along the polymer backbone in the same direction as effective transmembrane ion flux, rather than 400 

in the other two orthogonal directions. Thus, U > 1 and < 1 indicate that the ion in condensed phase 401 

has larger and smaller mobilities, respectively, than in bulk solution phase, with U reflecting the 402 

net aggregated outcome of various effects on condensed counterions migration within the IEM 403 

matrix (e.g., electrical, structural, and chemical interactions between the condensed counterions 404 

and the functional groups, polymer backbone, and water molecules). Figure 4B compares 405 

m s

ct, c ct3U u u  for different condensed counterions in CEM and AEM, with 
m

ct, cu  determined using 406 

eq 4 and 
s

ctu  from literature data8. Again, only results of monovalent counterions are shown. 407 

For all monovalent counterions investigated in the CEM and AEM, U is less than unity, 408 

signifying that counterions condensed along the membrane polymer chains have impeded 409 



21 

mobilities relative to ions in the bulk solution. This result is consistent with previous 410 

postulations.15,17 U varies among different counterions for the CEM and AEM (for instance, U is 411 

≈0.42 for Na and ≈0.46 for K and NH4
 in the CEM), but co-ion identity has no significant 412 

influence on U (e.g., U of Na in CEM is essentially invariant despite different co-ions). These 413 

trends can be explained within the framework of condensed counterion mobility. Substituting 414 

m s

ct, c ct 3u Uu  into eq 4 gives      
2

w w ct3 2 1 2 1 lnU f f z b          . For different 415 

monovalent counterions in the same membrane, the electrostatic terms,    ct1 2 1 lnz b    
, 416 

are highly similar since parameters of the term, ξ, κ, and b, are chiefly determined by membrane 417 

properties (and |zct| = 1).12,30 Hence, U of different monovalent counterions is primarily 418 

differentiated by the spatial term,  
2

w w2f f   , which is dependent on the water volume 419 

fraction, fw. Because fw is influenced by the electrolyte, the spatial term varies across the different 420 

counterions examined here. Experimentally characterized fw of the CEM are K ≈ NH4
 > Na 421 

(Table S3 of the Supporting Information), consistent with the magnitude order of U in Figure 4B. 422 

Likewise for the AEM, fw from swelling degree characterizations account for the trend in U: Cl > 423 

NO3
 > Br. In contrast, none of the critical factors, i.e., fw, ξ, κ, and b, is sensitive to co-ion identity. 424 

Thus, U is almost indistinguishable between different co-ions for counterions of Na in CEM and 425 

Cl in AEM (the minute disparities in U of < 0.6% is because 
m

coc  and ionic strength within the 426 

IEMs are not exactly identical). 427 

Overall, mobilities of condensed monovalent counterions are more suppressed in the AEM, 428 

with U of 0.11–0.19 significantly lower than 0.42–0.46 of the CEM. U is principally influenced 429 

by membrane properties fw, ξ, κ, and b (as discussed above). The gap in U is, thus, because of 430 

dissimilar intrinsic properties between the two membranes. Due to lower κb and larger ξ, the 431 

electrostatic terms for the AEM investigate here are slightly larger than the CEM, i.e., condensed 432 

counterions experience greater acceleration from the electrostatic effect in the AEM relative to the 433 

CEM. However, AEM water uptake is much lower than the CEM, reducing the available volume 434 

for ion permeation and increasing the tortuosity of the transport pathway. Overall, the spatial effect 435 

overwhelms the electrostatic effect for the two IEMs studied here, and U of the AEM is less than 436 

half of the CEM (parameters fw, ξ, κ, and b and calculated values of the spatial and electrostatic 437 

terms are summarized in Tables S2, S3, and S5 of the Supporting Information). As only one CEM 438 
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and AEM each are examined in this study under a limited set of operation conditions, further 439 

investigations to include membranes with distinctly different characteristics and a wider range of 440 

operation conditions (e.g., different bulk solution concentrations) are recommended to more 441 

rigorously probe the generalizability of these observations. 442 

Poor Predictions for Multivalent Counterions Can be Attributed to Gaps in 443 

Fundamental Physics Describing Screening Length of Ion-Ion Interactions. The large 444 

overpredictions for multivalent counterions given by the condensed counterion mobility 445 

framework presented here (earlier discussion of Figure 3) could be due to inadequacy of the 446 

screening length scaling relationship for multivalent ions. The equation for the screening length 447 

scaling relationship, eq 5, is based on experiments with only monovalent electrolytes, i.e., 448 

multivalent ions were not studied.32,35,36 Therefore, applying the relationship to multivalent ions in 449 

this analysis could have overextended its applicability. 450 

From a further analysis of the applicability of the screening length scaling relationship 451 

(presented in the Supporting Information), we conjecture that the exponent of the power law 452 

scaling relationship (eq 5) for multivalent ions is different from monovalent ions. Using a power 453 

law exponent of 1 (rather than 3 in eq 5), as informed by the analysis (Table S6 in the Supporting 454 

Information), the screening length scaling relationship for multivalent ions can be expressed 455 

instead as  
1

D Ddl l

 . Modeled membrane conductivities, m, of the CEM and AEM for 456 

multivalent counterions utilizing the revised exponent of 1 are presented in Figure 5 and compared 457 

against the experimental measurements (blue filled and orange hatched columns, respectively. 458 

Labels above the columns are the modeled m using the original power law exponent of 3 (i.e., eq 459 

5 and model results of Figure 3). Note that MgCl2 in CEM and MgSO4 in AEM were analyzed but 460 

not included in Figure 5 because the results are practically identical to MgSO4 and Na2SO4, 461 

respectively (results for MgCl2 in CEM and MgSO4 in AEM can be found in Figure S6 of the 462 

Supporting Information). 463 
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Figure 5. Comparison of membrane conductivities, m, between experimental 465 

measurements and modified model predictions (orange hatched and blue filled columns, 466 

respectively) for multivalent counterions in the CEM and AEM. The power law exponent 467 

of the screening length scaling relationship, eq 5, is modified to 1 for the multivalent ions 468 

(from the original 3), i.e., (lD)−1 = d/lD instead of (d/lD)3. Labels above the columns 469 

indicate modeled m using the original power law exponent of 3 (model results of Figure 470 

3). Electrolytes for the CEM are MgSO4 and CaCl2, whereas electrolytes for the AEM are 471 

Na2CO3, Na2SO4, and Na3PO4. 472 

Modifying the power law exponent of the screening length scaling relationship 473 

significantly improves model accuracy of membrane conductivities for multivalent counterions. 474 

For instance, the modified model yields AEM conductivities 31 to 17% of the experimental 475 

observations for counterions CO3
2, SO4

2, and PO4
3, a substantial improvement over the large 476 

overpredictions of 12–44× with the original power law. Similarly, modeled m using the adjusted 477 

power law exponent are only around 85–125% higher than the CEM experimental conductivities 478 

in divalent counterions of Mg2 and Ca2, considerably enhanced compared to the initial 25–32× 479 

overpredictions. The analysis provides evidence that the screening length scaling relationship 480 

presented in eq 5 is likely not valid for multivalent ions. Further, the results suggest that the 481 

condensed phase mobility of multivalent counterions can be better described by a modification to 482 

the power law exponent of the screening length scaling relationship. The proposed modification 483 
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of  
1

D Ddl l

  further simplifies to κ = 1/d and lD vanishes, signifying that κ is independent of 484 

concentration for multivalent ions in the high concentration range. As the modification is based on 485 

quantitative analysis of the empirical data (Table S6 of the Supporting Information) and not 486 

derived from first principles, further investigations of the electrostatic screening length in 487 

concentrated multivalent electrolyte solutions will be needed to establish a more rigorous 488 

expression for the screening length and elucidate the fundamental role of ion valence. Moreover, 489 

with κ = 1/d = 1/b, the electrostatic term in eq 4 collapses to unity for condensed multivalent 490 

counterions, signifying that ions are not accelerated by the electrostatic effect like condensed 491 

monovalent counterions, and m

ct, cu  of multivalent species are only influenced by the spatial effect 492 

in the modified model. Because multivalent counterions in the condensed phase are also not 493 

retarded by the electrostatic effect like ions in the uncondensed phase (
2

1 3z A  < 1, eq 2), 
m

ct, cu  494 

are still greater than 
m

ct, uu  for multivalent counterions (spatial effects are identical in both phases). 495 

Membrane Conductivities are More Accurately Described with Model 496 

Modifications. Figure 6 compares the accuracy of modeled membrane conductivities without 497 

and with the contributions of condensed phase mobility, i.e., the current Donnan-Manning model 498 

and the modified transport framework presented in this study, respectively. In Figure 6A, ms of 499 

the CEM and AEM (blue circle and red square symbols, respectively) modeled by the original 500 

transport framework with 
m

ct, cu  = 0 are compared against experimental membrane conductivities in 501 

various electrolytes. The parity plot shows that all conductivities are underpredicted by the present 502 

model and many are substantially below the experimentally observed m (as discussed in detail 503 

earlier for Figure 2). 504 
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 505 

Figure 6. Parity plots comparing membrane conductivities, m, from experimental 506 

measurements and model predictions by the Donnan-Manning transport framework in 507 

different electrolytes. A) Model m is determined by the original Donnan-Manning 508 

transport model with 
m

ct, cu = 0. B) Model m is evaluated using the modifications to the 509 

theoretical framework presented here, namely: i) 
m

ct, cu  is determined by accounting for 510 

electrostatic interactions and spatial effects on condensed counterions (eq 4), ii) screening 511 

length experienced by monovalent counterions is expressed by eqs 5 and 6, and iii) 512 
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screening length for multivalent counterions is described by the modified power law 513 

relationship of (lD)−1 = (d/lD). CEM and AEM are denoted by blue circle and red square 514 

symbols, respectively. Monovalent, divalent, and trivalent counterions are open, partially 515 

transparent filled, and solid symbols, respectively. Calculation method for the normalized 516 

root-mean-square deviation, NRMSD, is detailed in the Supporting Information.  517 

Figure 6B presents the same comparison but with the contribution of condensed 518 

counterions included in the modeled m, i.e., m

ct, cu  is determined using eq 4. The screening length 519 

relationship of eq 5 is utilized for monovalent counterions (open symbols), whereas the modified 520 

power law relationship of (lD)−1 = (d/lD) is adopted for multivalent counterions (partially 521 

transparent filled and solid symbols for divalent and trivalent counterions, respectively). 522 

Accounting for condensed counterion mobility drastically improves the accuracy of the modified 523 

transport model to predict membrane conductivity. Normalized root-mean-square deviation, 524 

NRMSD, statistically quantifies the differences between observed and predicted values 525 

(calculation method is detailed in the Supporting Information).52 NRMSD of the modified model 526 

is 0.378, largely improved from 0.805 of the original transport model that ignores 
m

ct, cu  (residual 527 

analysis for the current and modified models is presented in Figure S7 of the Supporting 528 

Information). This reinforces the critical contribution of mobile condensed counterions to IEM 529 

transport and underlines the effectiveness of the modified condensed counterion mobility 530 

framework in improving the quantitative description of membrane conductivity. 531 

IMPLICATIONS 532 

This study presents a model to express the mobility of condensed counterions in IEMs using an 533 

analytical equation (eq 4). Conventional theories for electrolyte chemistry, such as the Debye-534 

Hückel theory, are unable to describe the screening length in highly charged membrane matrices, 535 

breaking down when the Debye length is smaller than the ion diameter. The novel introduction of 536 

a scaling relationship overcame this limitation. The current Donnan-Manning transport model 537 

underestimates the membrane conductivities, sometimes by as much as a factor of 5, because the 538 

condensed counterion mobility is neglected. After incorporating the contributions of condensed 539 

counterions using the screening length scaling relationship, accuracy of the modeled IEM 540 
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conductivities is significantly enhanced for monovalent counterions. Critically, the modified 541 

framework does not employ any adjustable parameters, i.e., the membrane conductivities can be 542 

determined a priori. Further analysis indicates that monovalent counterions are much more mobile 543 

in the condensed phase than in the uncondensed phase. This is because electrostatic interactions 544 

have opposite influences on condensed and uncondensed counterions: uncondensed counterions 545 

are retarded whereas condensed counterions are accelerated. But due to the hindrance caused by 546 

the spatial effect, condensed monovalent counterions are less mobile in the membrane than in bulk 547 

solution. The modified model is able to achieve reasonable precision in predicting membrane 548 

conductivities for multivalent counterions after further adjusting the power law exponent of the 549 

screening length scaling relationship. 550 

The proposed revision to the screening length power law is based on our relatively simple 551 

analysis. Future experimental investigations and theory development are needed to more robustly 552 

extend the screening length scaling relationship to multivalent ions in high ionic strength 553 

environments.32,35 Deepening the understanding of screening length in highly charged systems and 554 

elucidating the role of ion valence can further improve the transport models and shed light on the 555 

counterion condensation phenomenon. In addition to electrostatic interactions and spatial effects, 556 

other factors such as molecular frictions between mobile ions,53 ion-polymer backbone 557 

interactions,54 and ion pairing,55 may also influence ion mobility and transport. These factors are 558 

not included in the transport framework of this study and could possibly explain some of the 559 

discrepancies between model and experimental conductivities. Some assumptions adopted in the 560 

current framework, such as homogeneous membrane matrix and negligible ion size, simplified the 561 

modeling and enabled transport to be described using analytical expressions. However, 562 

imprecisions may have crept into the model through the simplifying assumptions and warrants 563 

further examination. Formulating a more complete ion transport framework for IEMs can provide 564 

key insights on membrane structure-property-performance relationships and inform the rational 565 

development of better membranes. 566 

The findings of the present study have important implications for improving IEMs. 567 

Because condensed counterions are more mobile (accelerated by the electrostatic effect) than 568 

uncondensed counterions (retarded), the development of membranes that condense a larger 569 

fraction of counterions would yield enhanced conductivities. Selective separations between ions 570 

with the same valence are needed for water, energy, and environmental applications, e.g., 571 
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removing Pb2+ from Ca2+ and Mg2+ in drinking water, isolating Li+, a critical material for energy, 572 

from Na+ and K+ in geothermal brines, and recovering nutrients NO3
−, NH4

+, and HxPO4
x−3 from 573 

wastewaters containing other ions.56–58 Conventional IEMs with ion transport governed by the 574 

framework investigated here are unlikely to achieve strong migration differentiation between 575 

counterions of the same valence. This is because relative ion mobility in the membrane does not 576 

significantly change compared to the ratio in bulk solution, which is typically within a factor of 1. 577 

Overall selectivity is the product of sorption and migration selectivities.9,59,60 Therefore, strategies 578 

to enhance the discrimination between like-valence ions will have to target sorption selectivity. 579 

Robust mechanistic models that accurately simulate sorption for systems with multiple counterions 580 

can be integrated with the ion mobility theories in this study to form a unified transport framework 581 

and guide the rational development of tailored membranes for ion-specific separations. However, 582 

current analytical models for counterion sorption (including the Donnan-Manning model) fall short 583 

in multi-ion systems and are, thus, confined to single binary electrolytes (i.e., Mm+ and Xx− only).14 584 

Progress was made in a recent study that demonstrated more exact predictions for mixed 585 

electrolytes, but the model required an empirical fitting parameter.61 Thus, further research efforts 586 

are needed to achieve a first principle-based transport framework for accurate transport modeling 587 

of multi-ion systems. Other mechanisms, such as coordination chemistry, precise size sieving, and 588 

ion intercalation in inorganic materials, can also be leveraged for specific ion-selectivity.9 589 
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