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Abstract

In this survey, we review the recent advances in control design methods for
robotic multi-agent systems (MAS), focusing on learning-based methods with
safety considerations. We start by reviewing various notions of safety and
liveness properties, and modeling frameworks used for problem formulation
of MAS. Then we provide a comprehensive review of learning-based meth-
ods for safe control design for multi-robot systems. We start with various
shielding-based methods, such as safety certificates, predictive filters, and
reachability tools. Then, we review the current state of control barrier cer-
tificate learning in both a centralized and distributed manner, followed by
a comprehensive review of multi-agent reinforcement learning with a partic-
ular focus on safety. Next, we discuss the state-of-the-art verification tools
for the correctness of learning-based methods. Based on the capabilities and
the limitations of the state-of-the-art methods in learning and verification for
MAS, we identify various broad themes for open challenges: how to design
methods that can achieve good performance along with safety guarantees;
how to decompose single-agent-based centralized methods for MAS; how to
account for communication-related practical issues; and how to assess trans-
fer of theoretical guarantees to practice.
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1. Introduction

1.1. Motivation and applications of MAS

Multi-agent systems (MAS) have received tremendous attention from
scholars in different disciplines, including computer science and robotics, as
a means to solve complex problems by subdividing them into smaller tasks
[1]. Some examples of MAS include smart grids [2], search and rescue teams
[3, 4], edge computing [5], wireless communication networks [6], space sys-
tems |7, [8, 9], package delivery [10], power systems [11], and micro-grids
[12]. The design and analysis of MAS controllers present unique challenges,
such as scalability, verification, and robustness to factors such as commu-
nication issues, adversarial or non-cooperative agents, and partial observ-
ability. While we will provide a detailed discussion on the limitations and
challenges of learning-based methods for MAS, interested readers on cur-
rent broad challenges in various aspects of MAS are referred to |13, |14} [15]
16]. Learning-based methods have been successfully deployed on multi-robot
systems demonstrating collision-free safe behaviors in physical robots, e.g.,
for drones in [17] and ground vehicles in 18| [19]. Some recent works have
shown the benefits of learning-based methods compared to classical methods
for robotic MAS-specific tasks such as cooperative exploration [20], where
learning-based methods can achieve coverage of an unknown region in half
the time on a hardware robot car platform. Inspired by these recent successes
of learning-based methods in safe MAS control, we provide a comprehensive
summary of the current state-of-the-art learning-based methods for safe MAS
control.

1.2. Scope of this survey

The four major topics of focus in this survey are

Shielding-based methods — Section [3} Methods that delegate safety to
shielding function or safety filter which preserves the safety of the MAS.
These include non-learning-based Control Barrier Function (CBF), Pre-
dictive Safety Filters (PSF), Hamilton-Jacobi (HJ) Reachability, Automata-
based methods, and some heuristic methods.

Methods for learning CBF — Section 4: Methods for learning central-
ized and distributed CBF along with a control policy for MAS.



Multi-agent reinforcement learning (MARL) — Section [5; Methods
that apply reinforcement learning to MAS and directly tackle safety
constraints.

Verification of learning-enabled MIAS — Section [6; The challenges in-
herent in verifying learned controllers for MAS, how various centralized
verification tools have been extended to handle MAS, and communica-
tion issues specific to MAS.
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Figure 1: Overview of the survey taxonomy on safe learning for MAS.

1.3. Main takeaway from this survey

e Focus on MAS safety: This is the first survey on robot MAS with
an explicit focus on safety. The survey walks the reader through the
taxonomy of the MAS control design problems, various learning-based
methods for safe control synthesis, and the open problems in the field
of safe MAS control.

o Comprehensive survey of learning-based methods for multi-robot sys-
tems: Unlike numerous existing surveys that only focus on MARL,
this survey is intended to be a starting point for researchers getting
started with learning-based safe control of MAS with a discussion of
the capabilities and limitations of the existing learning-based tools.



o Vision for the future of safe MAS control: The survey identifies a
range of open problems in the field of safe learning-based control, and
verification thereof, for robot MAS and it informs the future research
on the topic.

1.4. Previous surveys on multi-agent systems

Many survey and review articles appeared in the past few years on the
topic of MAS. However, the key elements that differentiate this survey from
the prior work are: 1) its focus on the safety of robotic MAS, 2) general learn-
ing methods as the central theme, and 3) its identification of open problems
and challenges in safe learning-based MAS research. The article [21] pro-
vides a detailed introduction to MAS taxonomy and control and [22] on
Unmanned Aerial Vehicle swarms, but the discussion in these articles is re-
stricted to non-learning-based methods. Given the popularity of MAS and
safety in the context of RL, there have been many surveys that cover RL
for MAS |23, 24, 25, 26, 27, 28| 29] or for single-agent safety [30]. Of these,
only a few surveys |27, 31] cover the intersection of both topics. Despite this,
many MARL works acknowledge safe MARL as a new area that has not been
explored much but is a promising future direction [24, [26, |31].

The topic of safety has been reviewed extensively in the robotics com-
munity [32]. However, these works focus on the single-agent case, ignoring a
broad category of disturbances and safety issues that are particular to MAS
(e.g., communication delay and errors). While [30] discusses safety but for
single-agent systems. Quite a few surveys are looking at distributed opti-
mization [11} |12 33], power systems [11] and micro-grids [12]. While safety
is not explicitly discussed in these works, some of the methods reviewed in
these surveys can incorporate it via the inclusion of safety constraints. Fi-
nally, many surveys are focusing on applications of MAS [4} 34} 33, [12].

1.5. Topics not covered by this article

Given the main focus of the survey being safe learning-based methods for
MAS, various topics about robotic MAS are out of the scope of this paper.
A non-comprehensive list of such topics along with recent surveys on those
topics is Vector field-based methods [35 36]; Model predictive control [37];
Consensus control [38]; Distributed optimization; [33, 39]; and Multi-agent
games [40].



1.6. Organization

We start with a general problem formulation, notations, and common
definitions for MAS in Section [2 Section [3] introduces shielding methods
for the safety of MAS, then Section [4| discusses learned certificates more
specifically. Section [5] discusses various MARL-based methods. Section [0]
covers verification techniques for MAS. Sections [7] and [§] conclude with a
discussion of the challenges and open problems in the field of safe MAS
control.

2. MAS problem formulation

This section defines common notions used in the context of multi-agent
systems (MAS); namely, agent models, specifications, and modeling frame-
works.

2.1. Definitions and notations

In this work, we focus on a general class of MAS consisting of N agents
where each agent is a dynamic system modeled as

& = Fxi,u, diyvig(x;)), i € Xiy w €U, (1)

where x; € R™, u; € R™ denote the state and the input of agent i. The sets
X; € R™,U; C R™ denote the operational workspace and the set of inputs for
the i-th agent. The term d; € D; denotes the disturbances, uncertainties, and
unmodeled dynamics for agent ¢, while the map v;; : R — RP? denotes the
influence of the other agents j # ¢ or in other words, the inter-agent coupling
of the MAS dynamics. The joint state vector and the input vector are denoted
as x = [v],2g,..., 04T € X C R=™ and u = [u],u,...,ul]T €U C
R respectively. The combined dynamics of the MAS can be written as

% = F(x,u,d). (2)

To enable theoretical analysis, it is typically assumed that the function F is
locally Lipschitz continuous [41].

For robotic systems, let z; O p; € R? denote the physical location of
the i-th agent in the 3D space. The state trajectory of agent ¢ under a
control policy 7; starting at an initial condition z;(0) € X; is denoted as
¢i(+, m;2;(0)) : Ry — R™. Correspondingly, the state trajectory of the MAS
is denoted as ®(-,7;x(0)) with w : X — U being the joint policy for the
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MAS. When an explicit emphasis on the underlying policy is not required,
we denote the trajectories of the agents with z;(-) and that of the MAS with
x(+) for the sake of brevity.

A network can be defined for the MAS with agents denoting the nodes
and their communication links denoting edges. Let R; > 0 be the sens-
ing/communication radius of the i-th agent and define N;(t) = {j | |Ipi —
p;(t)]| < R} as the set of neighbors of the i-th agent, i.e., the set of agents
from (respectively, to) which the agent i can receive (respectively, send) in-
formation [42]. Using this notion of neighbors, a graph topology can be
defined for the MAS as G(t) = (V,E(t)) where ¥V = {1,2,..., N} is the set
of vertices denoting the agents and £(¢) the time-varying set of connections
given as E(t) = {(i,7) : j € N, i € V}, that is, there is an edge &;;(¢) from
agent j to agent ¢ at time ¢ if the agent ¢ is able to receive information from
agent j. A time-varying adjacency matrix A for this graph is defined as

Aii(t) = {1 J € Nih) (3)

0 otherwise.

The Laplacian matrix £ corresponding to the adjacency matrix A(t) is given
as

Lij(A(t)) =  # (4)

0, otherwise.

From [43, Theorem 2.8], we know that the graph topology G(t) is connected
at time t if and only if the second smallest eigenvalue of the Laplacian matrix

is positive, i.e., Ao(L(A(t))) > 0.

2.2. MAS specifications

In the temporal logic language |44, Chapter 3|, the control objective for
the MAS can be characterized as:

1. Safety property: Something bad never happens. Agents remain in
the safe region S(t) C R=" at all times, i.e., x(t) € S(t) for all t > 0
[45,146]. Generally, the safe region is defined as the complement of the
occupancy set of other agents, obstacles, and restricted regions in the
workspace.



2. Liveness property: Something good will eventually happen. Agents
move towards minimizin a (possibly joint) objective function ¥ :
RX™ — R, ie., x(t) — argmin, W(x) [47, 48, 49, 550, [51]. The most
common example of a liveness property is each agent required to reach
a goal location.

Here, we use the term dynamic obstacles for agents or entities that do not
follow the designed control policy. Some safety properties can be decomposed
at the agent level, while some safety properties need to be stated for the MAS
as a whole. For example, the inter-agent safety property needs to be specified
for the MAS using a global safe set S while obstacle avoidance property can
be expressed individually for each agent with a local safety set S;. Another
important requirement that can be posed as a safety property in MAS is
connectivity maintenance, which becomes an important property for various
applications such as coverage [52] and formation control |53]. For the sake of
performance criteria as well as maintaining safety, the agents in MAS need
to sense each other and might also need to actively communicate certain
information. A detailed discussion on various safety properties is provided
next.

Note that there are various notions of safety used in the literature, how-
ever, since the focus of this survey is robotic MAS, we restrict our discussions
to safety as it pertains to physical safety of the agents.

2.2.1. Safety property
For a MAS , the notion of safety is defined as follows.

Definition 1 (Safety). Given a (potentially time-varying) safety constraint
set S(t), the MAS is safe with respect to S(t) if for all x(0) € S(0), the
trajectories satisfy x(t) € S(t) for all t > 0.

Below, we give examples of some of the possible safety constraints for
robotic MAS. We draw a distinction between properties that require consid-
ering the joint state of the MAS (global properties) and those that can be
checked using only individual agent states (local properties).

1. Global MAS safety properties

'Tn some works, the objective is given as maximization instead of minimization.



o Inter-agent collision avoidance: Given a safe distance 0 < ry <
R, the inter-agent collision avoidance can be formulated through

S =A{x||lpi — pjll > 5,5 # i} [p4, 55].
e (Connectivity maintenance: Given a communication radius R > 0,

the MAS network connectivity maintenance can be formulated as
S ={x| M(L(A(x))) > 0} |42 56], where

Ay () = {1’ =l = 5)

0, otherwise.

2. Local safety properties

o Obstacle avoidance: Given a safe distance 0 < r, < R and a set of
(potentially moving) obstacles O, () C R?, obstacle avoidance can
be formulated through the set §;(t) = {p; [ argmin, e« [lpi—pl| >
rs, Vj} [55) 57).

e State limits: Given state limits (e.g., positions and velocities) of

the form 2/ < z! < 2, where z] denotes the j—th component
of x;, the safety can be formulated with the set S; = {z; | 2, <

vl <@g (1,2, n) ) 58, Y.

2.2.2. Liveness properties
Here, we discuss commonly studied liveness properties for a MAS. ﬁ:

1. Consensus: Given a consensus point z., the trajectories of each of the
agents converge in the following sense: ltlim z;(t) = x. |60, 61]ﬁ
—00

2. Formation: Given a set of off-set vectors z;; for each (4, j), ¢ # j, the
trajectories of the MAS satisfy z;(t) — x;(t) = x;; as t = oo [62, 63].

3. Coverage: Given an exploration region X, C X and a distribution
function ¢ : X, — R, and a smooth increasing function f : R — R that

2More general constraints of the form 7(x;) < 0 for some constraint function 7 can also
be considered.

3Some of these properties require compatible workspaces for the agents, i.e., n; = n; =
n for all 7.

4More generally, it is possible to define consensus to p(x.) for some function p.
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Figure 2: MAS modeling: centralized, decentralized and distributed frameworks.

measure the degradation of sensing performance, the coverage objective
N

is to minimize the function ¥(z) = ) fV‘ f(z: — 2|))¢(2)dz, where
i=1 '

V; C X, denotes the region where agent i is responsible for coverage
[52, 64].

4. Goal reaching: Given a set of goal states x, € R™, the trajectories of
each agent reach the goal, i.e., tlim z;(t) = x4 for each 7 [65] 54, [66].
—00

5. Reference tracking: Given a reference trajectory w; ,.¢(-), the trajecto-
ries of each of the agent satisfy x;(t) — @i, ef(t) — 0 as t — oo [67,
68].

The liveness properties are important for capturing both performance cri-
teria (e.g. goal reaching or trajectory tracking) and certain safety properties
(particularly global safety properties). For example, MAS might be required
to reach a consensus or maintain a formation to maintain a connectivity prop-
erty. While the focus of this survey is on safety properties, we provide brief
comments on the ability of the reviewed methods to accomplish tasks that
often require both safety and liveness properties (particularly, goal-reaching).

2.3. MAS modeling framework
2.3.1. Centralized, decentralized, and distributed MAS

In this section, we present various modeling frameworks for MAS. Gen-
erally, MAS is modeled under the following three paradigms:
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1. Centralized: An MAS is termed centralized if there is a central node
where all the information/sensor data from all the agents is collected
and decisions for each of the agents are made.

2. Decentralized: An MAS is termed decentralized if each agent makes
its own decision based on its local information/sensor data without
communicating with other agents.

3. Distributed: An MAS is termed distributed if each agent makes its
own decisions based on its local information/sensor data along with
information received by active communication with other agents.

We note there is currently no consensus in the literature on the definition
of the decentralized and distributed paradigms. For example, [69] defines de-
centralized MAS where the agents communicate with their local neighbors.
The authors in [70] use a framework where agents communicate only when
needed, calling this approach decentralized communication. In more recent
multi-agent reinforcement learning (MARL) work [49], the authors allow the
agents to communicate over a time-varying connectivity graph and call the
formulation fully decentralized. There are many examples of this interchange-
able usage of the terms decentralized and distributed in the literature. For
the sake of consistency, in this survey, we will stick with the notions as defined
above (see 71} |11]).

Some examples of methods using centralized learning frameworks for safe
control of MAS are [46, 72, 73, |74, |75, the works in [76], [77] use a decentral-
ized learning framework, and [78, [79] use a distributed learning framework.
Centralized Training Decentralized Execution (CTDE) is a related paradigm,
where the joint state and other global information are used to train a decen-
tralized policy for each agent that only has access to local information [55)
29].

SHJ and Automata-based methods can be applied directly from safety specifications,
while PSF (needs valid control-invariant set) and CBF-based (needs a valid CBF) shielding
require domain expertise to use.

6CBF [76], PSF [80] and automata-based [77] shielding have distributed versions that
maintain their safety guarantees in practice. While HJ-based shielding does have a dis-
tributed version by considering pairwise interactions [81], the safety guarantees do not
hold for the full MAS.

12



Safety Guarantees Requirements

. Domain Known Distributed
Method Theory  Practice Expertise  Dynamics Policy
Shielding v v X/ v i
Certﬁcate v X X % %
Learning
Unconstrained
MARL X X X X v
Constrained
MARL Ve X X X Ve

Table 1: Overview of different methods of handling safety for MAS. The tick mark denotes
available features or requirements, while the cross mark denotes missing features or non-
requirements. Blue denotes desirable properties, while red denotes undesirable properties.

2.4. Properties of algorithms for MAS Safety

Finally, we discuss some desirable properties of learning-based algorithms
for the safe control of MAS and categorize the main themes reviewed in this
paper based on these properties (see Table :

Safety Guarantees - Theory: Here, we categorize the methods based on
the fact that whether, under some suitable assumptions, it results in a
safe policy. For instance, unconstrained MARL that relies on penalty-
based mechanisms for encoding safety do not provide theoretical guar-
antees of safety.

Safety Guarantees - Practice: While theoretical guarantees are impor-
tant, it is more useful to ask whether the assumptions needed to provide
those safety guarantees from theory also hold in practice. For exam-
ple, while certificate learning methods can provide safety guarantees
if the certificate can be perfectly learned by the neural network [82],
there is no guarantee that this will be the case. Similarly, while some
constrained MARL methods guarantee that the policy at each iterate
will be safe [83], this relies on the assumption that the value function

13



is known exactly and that a trust-region optimization can be solved
exactly, neither of which is true in practice.

Requirements - Domain Expertise: An important aspect that dictates
the ease of usage and wide applicability of a method is whether domain
expertise is needed about the specific dynamics or safety constraints to
construct supporting tools and methods needed to apply the method.
For instance, hand-crafting a CBF as a shield often requires domain
expertise, especially under input constraints.

Requirement - Known Dynamics: Another factor that plays an impor-
tant role in the generalizability and wide applicability of a method is
whether the exact form of the dynamics is needed (e.g., for comput-
ing jacobians / querying at arbitrary states) to apply the method, or
it is sufficient to have black-box evaluations of the dynamics along a
set of trajectories. For instance, hand-crafted shielding methods and
certificate learning methods require knowledge of the dynamics and its
structure (i.e., control-affine), while RL-based methods are model-free
and only require black-box evaluations.

Distributed Policy: Finally, and very importantly for large-scale MAS,
one needs to ask whether the policy can be deployed in a distributed
manner without a central computation/aggregation node. For instance,
HJ-based shielding methods require a centralized framework for safety
guarantees.

3. Shielding-based learning for MAS

One popular method of providing safety to learning-based methods is via
the use of shielding or safety filters, where an unconstrained learning method
is paired with a shield or safety filter. Such shields are often constructed
without learning with the objective of either modifying the input or the
output of the learning method to maintain safety. One benefit of shielding-
based methods is that safety can be guaranteed during both training and
deployment since the shield is constructed prior to training. However, a
drawback of some of these methods is that they require domain expertise
for the construction of a valid shield, which can be challenging in the single-
agent setting and becomes even more difficult for MAS. Other methods can
automatically synthesize shields, but face scalability challenges.
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Let w : X — U denote the joint policy for MAS from a learning-based
controller without safety considerations. Shielding-based methods define a
shielding function II : X x U — U that takes the output of 7w and returns
a shielded output [46]. The level of safety and the type of safety guarantees
that can be obtained depends on how the shielding function IT is constructed.
We provide an overview of different shielding-based methods used to ensure
the safety of learning for MAS in Figure [3

Shielding-based

Learning for MAS
v v v v v
PSF CBF HJ Automata Heuristic
[46, [17] 76, 79) Reachability | | [72, 84, 77] projection

[81] [73, 85]

Figure 3: Overview of Shielding-based Learning for MAS.

3.1. Control barrier function-based shielding

One method of constructing a shield II is via a Control Barrier Function
(CBF). We start by reviewing the notion of CBF.

3.1.1. Definition of CBF

The notion of CBF was introduced to satisfy the conditions of set invari-
ance, where a set is termed as forward invariant if starting in the set, the
system trajectories do not leave it [86, 87, 88]. It is also related to the notion
of Control Lyapunov Function (CLF) [89, 90] which is commonly used for
liveness properties, and extends the definition of barrier certificates [91} 92]
to control systems. A comprehensive review of CBF's as a tool for safety can
be found in [93].

While there exists various definitions of CBF with slight variations[94,
95, 41}, 182, we use the following definition in this survey [93]:

Definition 2 (CBF). Consider the MAS dynamics (2)) with no disturbances,
i.e., d =0. Let C C X be the 0-superlevel set of a continuously differentiable
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function B: X — R, i.e., C={x € X : B(x) > 0}. Then, the function B is
a CBF if there exists an extended class-KC function a: R — R E] such that:

sup {g—iF(x, u)+a(Bx))| >0, VxeX. (6)

ueld

Safe Control Set: Based on @, we can define a set of safe control input

Kepr(x) = {u euU: g—iF(x, u) + o (B(x)) > O} : (7)

The authors in [93] proved the following result on forward invariance of the
set C using the notion of CBF:

Theorem 1. Let C be the 0-superlevel set of a continuous differentiable func-
tion B : X - R, ie, C ={x € X : B(x) > 0}. If Bisa CBF, and
%—f %0 for all x € OC, then any Lipschitz continuous policy « : X — U with
m(x) € Kcpr(x) renders the set C forward invariant.

Remark 1. The forward invariance of the set C can be used for guaranteeing
safety for a set S as follows. Based on Theorem|[l], if a CBF and a controller
are found on X that satisfy the conditions of Theorem |1l and C C S, then
starting from any initial condition in C, the system remains safe.

There are variations of CBF that can also render the safety of autonomous
systems. For example, an appropriate choice of Lyapunov function can be
used for safety since the sublevel sets of a Lyapunov function are forward in-
variant [96]. Based on this idea, [75] combined CLF and CBF, and introduced
a framework for learning a Control Lyapunov Barrier Function (CLBF) that
guarantees both safety and stability. The approach in [97] proposes another
variation of CBF called the Control Admissibility Model (CAM), which uses
a notion of CBF where the function B depends on both the state x and the
control input u. The central idea of most of the variations is still forward
invariance as per Theorem

7A continuous function « : R — R is said to be an extended class-K function if it is
strictly increasing with «(0) = 0.
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3.1.2. CBF-based shielding synthesis

For control-affine systems x = F(x) + G(x)u, condition () becomes a
linear constraint in the control input u. When the input constraint set i is
a convex polytope, a centralized method to synthesize a safe control input
through CBF-based shielding is using Quadratic Programming (QP):

min - [[u = mpom (%),
ucld (8)
subject to LgB(x)+ LgB(x)u+ o (B(x)) > 0,

where LpB(x) = VB(x)'F(x) and LgB(x) = VB(x)'G(x) and mon :
X — U is a nominal policy (from some unconstrained learning methods)
that does not necessarily consider safety with respect to the set C. Given
a state x and a control policy m,om, the CBF-based shield IT outputs the
solution u* to the QP that minimally modifies the nominal control input
while guaranteeing the safety of the system. Here, the nominal policy may
come from a learning-based approach without safety considerations, and the
QP provides a shielding mechanism for enforcing safety with this learned
control policy.

3.1.3. Constructing CBF

Once a CBF is given for control-affine systems, we can solve problem
for shielding. However, finding a CBF for MAS is not trivial, and there is no
generalized framework that can find a CBF for any MAS. Here, we review
approaches that can efficiently compute CBFs for certain specific types of
systems.

For systems with relatively simple dynamics, such as single integrator,
double integrator, and unicycle dynamics, it is possible to use a distance-
based CBF [95, |41, 98, 199, 93, |100, 101, |102, 103, [104]. Some works also
explore provable safety along with liveness by guaranteeing the feasibility of
the underlying CBF-QP [101} 102, [105]. For systems with multiple safety
constraints, e.g., velocity constraints, and joint angle constraints, it is possi-
ble to design a CBF for each constraint and then combine them [106, (107,
108|. However, one needs domain expertise to handcraft each of these CBFs.
It is also difficult to encode input constraints when handcrafting the CBF,
and therefore, the CBF-QP can be infeasible.

For systems with polynomial dynamics, it is possible to use the Sum-of-
Squares (SoS) method to compute a CBF. The key idea of SoS is that the
CBF conditions (] consist of a set of inequalities, which can be equivalently
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expressed as checking whether a polynomial function is SoS. In this manner, a
CBF can be computed through convex optimization [109, (110, /111]. However,
these methods are limited to polynomial dynamics. Moreover, the SoS-based
approaches suffer from the curse of dimensionality (i.e., the computational
complexity grows exponentially with respect to the degree of polynomials
involved) [109].

3.1.4. Distributed CBF

While centralized CBF is an effective shield for small-scale MAS, due to
its poor scalability, it is not easy to use it for large-scale MAS. To address
the scalability problem, the notion of distributed CBF can be used [55, [112,
113 [76]. In contrast to centralized CBF where the state x of the MAS
is used, for a distributed CBF, only the local observations and information
available from communication with neighbors are used, reducing the problem
dimension significantly.

Similar to a variety of notions of centralized CBF, there exists a variety
of definitions of distributed CBF in the literature [58, 114, 107, 112, 115, [55].
Following the graph notions of MAS introduced in Section we review a
slightly modified definition of distributed CBF from [55]. Let o; € O; C R"™
be the observation vector of agent i, and let z; € Z; C R% be the encodingﬁ
of the information accepted by agent i from its neighbors N;. Note that z;
depends on the states of the neighbors of agent 1.

Definition 3 (Distributed CBF). Consider the MAS agent dynamics
with no disturbances and no inter-agent influences, i.e., d; =0 and v;;(z;) =
0, for all i,7 € V. Let C; C AX; be the O-superlevel set of a continuously
differentiable function B; : X; x O; x Z; — R. Then, the function B; is a
distributed CBF if there exists an extended class-K function «; : R — R and
for each x € X, there exists a control input u € U, such that the following
holds:

(9)

8There are many ways of encoding information, such as concatenation [58], summation
[115], and applying attention [55].
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Similar to the centralized CBF, under certain conditions, the distributed
CBF can also guarantee the safety of the MAS [55]. According to Definition
B, the MAS is assumed to be cooperative, i.e., all the agents coordinate to
satisfy CBF condition ([9) for MAS [45] [114, [115, 116, [55]. Other works
consider the worst-case scenario that the agents are non-cooperative [58],
in which case, the agents do not have any communication, resulting in a
decentralized CBF formulation. In addition, [117] introduces graph control
barrier functions (GCBFs), which not only can certify safety in MAS but
also can generalize to an arbitrary number of agents.

3.1.5. Constructing distributed CBF

One way to construct distributed CBF is by decomposing centralized
CBF. There are many ways to decompose centralized CBF. For example,
assuming that other agents keep constant velocities, actively chasing the ego
agent, or actively avoiding collision with the ego agent [58]. Other works [45,
114} 118, |119] consider risk allocation among agents while decomposing the
centralized CBF. In addition, decomposing the centralized CBF allows each
agent to solve the optimization problem individually based on their local in-
formation in a distributed fashion, and therefore reduces computation costs
[58, 114, [79)].

Another way to construct a distributed CBF is through a bottom-up
approach, e.g., by composing pair-wise CBF. These approaches often encode
the constraints of all the pair-wise CBF conditions in a QP to find a feasible
control input that can maintain safety with respect to each of the pair-wise
CBF [107, 120, |121, 122, 57, (123, |124, 125, (126, |97].

3.2. Predictive safety filter-based shielding

Predictive safety filter (PSF) is another common method of constructing a
shield [127], which is also closely related to model predictive shielding (MPS)
(128, [129].

For PSF, let Xo1 € S denote a subset of the safe set that is control
mvariant, i.e., there exists some controller under which this set is forward
invariant. During deployment, at each time step, a constrained optimization
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problem is solved that constrains the terminal state within Xy.
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The output of the safety filter IT is then taken as the solution ug of .
The terminal state constraint helps guarantee recursive feasibility of
and, as a result, guarantees infinite-horizon constraint satisfaction.

In MPS, suboptimality of the underlying constrained optimization prob-
lem is traded for substantially lowered computational costs. Instead of solv-
ing the potentially nonlinear optimization problem at each time-step,
a merely feasible solution is found. Let Tpackup denote a backup policy de-
signed to bring the system inside a set Ap; C S that is forward invariant
under Tpacup- Lhen, MPS chooses uy € {m(Xo), Thackup(X0)} and assigns
u, = w(xy) for £ > 0 [128, 129]. If taking uy = m(x¢) does not lead to a
feasible solution (i.e., xx € Afpy), then ug is taken to be Thackup(X0)-

MPS is extended to the multi-agent case in [46], where safety under
Trhackup 15 considered agent-wise as opposed to for the entire MAS. This helps
avoid suboptimal cases where all agents are forced to use mpackup €ven when
only a single agent is not safe under . However, [46] requires a centralized
node to compute the MPS, and hence may have challenges scaling to a larger
number of agents.

In [17], a PSF-like shield is used without the terminal state constraint
for the joint MAS. Linear dynamics and linear constraints are consid-
ered, which, along with no terminal constraints, allows for to be solved
efficiently as a QP. Although removing the terminal state constraint also re-
moves recursive feasibility guarantees, infeasibility was not reported in [17]
during hardware experiments.

Finally, in [80], a distributed method of PSF for linear systems with linear
safety constraints and bounded disturbances is introduced. The disturbances
are handled using a robust distributed MPC technique that uses tube MPC
[130], and a distributed negotiation procedure is introduced to allow agents
to trade safety margins with neighbors.
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3.3. Hamilton-Jacobi-based shielding

The HJ methods are a class of optimal control tools for finding the reach-
able set of a dynamical system under worst-case disturbances; [131] provides
a good introduction to this field. Most HJ methods proceed by solving a
partial differential inequation for a scalar field over the joint state. This
scalar field is known as the HJ value function and its zero superlevel set is
the control invariant set. The HJ value function also defines a controller
that renders the system safe. A common HJ shielding strategy is to use
this controller as a shield that only activates if the value function gets too
close to zero |131]. This shielding method can lead to undesirable bang-
bang control behavior. Other formulations produce smoother HJ shielding
controllers [132]. The HJ-based methods have also been used to guide the
learning of CBF controllers [133].

A classic weakness of HJ methods is that they require solving a partial
differential inequation over the state space of the system, and so the com-
putational and memory requirements scale exponentially with the dimension
of the state of the system [131]. The memory requirements can be reduced
by using function approximations, such as neural networks, to represent the
HJ value function [134, 135]. However, this dependence on dimensionality
nevertheless prevents HJ methods from being applied to the joint state of
MAS. Instead, these methods factor the MAS into pairs of agents and then
solve a pairwise HJ problem [81].

3.4. Automata-based shielding

Shielding has also been applied using tools from the field of formal meth-
ods, where safety requirements are defined using linear temporal logic |136].
Shielding for safe learning-based control using automata was introduced in
a single agent case in [137], borrowing ideas from [138], where a safety game
[139] is solved to compute a set of states from where safety can be preserved.

In [72], this is extended to the multi-agent case. Instead of constructing
a single shield that monitors all agents, the state-space is decomposed into
multiple pieces, and a shield is constructed for each piece. The authors show
that this allows the algorithm to scale from two to four agents on a grid world.
This work is extended in [84], where this decomposition occurs dynamically.
In [77], a decentralized shield is constructed, improving scalability.

However, the shield synthesis tools used in these works require a finite
abstraction of the state and control spaces [138]137] and scale exponentially
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with the abstraction size |140]. This can lead to conservative behavior when
coarse abstractions are used [137].

3.5. Heuristic Projection

Finally, there are shielding methods that do not provide formal safety
guarantees but rather act as heuristics. In [85], the heuristic approach from
[141] is used as a shield in a MARL framework. Here, the safety constraints
are linearized, and it is assumed that only a single constraint is active at
each time, giving rise to a closed-form solution that can be computed easily.
In [73], the velocity obstacle approach [142] is used as a shield. Here, agents’
velocities inside the velocity obstacle are projected back to the safe set. For
a dynamic obstacle moving with constant velocity, a velocity obstacle defines
the set of velocities of the agent that results in a collision with the dynamic
obstacle [142]. When other agents are modeled as dynamic obstacles, the
constant velocity assumption may not hold, but variants that make similar
assumptions have been used successfully in practice [143].

The tradeoff between improved ease of use and computational cost is
that these methods do not have the same safety guarantees as the previous
categories of shields.

4. Learning control barrier functions for MAS

Shielding is a powerful technique to guarantee the safety of the MAS.
However, hand-crafting a shield is generally difficult, requires domain exper-
tise, and can be done for a relatively small class of problems. Furthermore, it
is computationally heavy to find a shield through optimization, especially for
large-scale MAS with complex dynamics. To address this problem, there has
been a lot of development on using machine learning to find a shield and use
it as a guide for controller synthesis. Most of these works focus on a specific
kind of shield, namely, CBFs [82], and tend to compute a CBF and a safe
control policy simultaneously. In this manner, the computed control policy
is encouraged to satisfy the CBF constraints and can be used for satisfying
the safety requirements. In this section, we review approaches that learn a
CBF and a control policy, for both centralized and distributed settings (see
Table [4] for an overview of learning CBF methods).

4.1. Centralized CBF
There is a plethora of work on learning centralized CBF for safety [144,
145 146, (147, 148, 153, |154, 155, 156, |151]. The general idea of these
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Figure 4: Overview of learning CBF for MAS

approaches is to use self-supervised learning for learning a common CBF for
the entire MAS [82]. To this end, first, a centralized CBF By : X — R and
a centralized control policy m, : X — U are parameterized using Neural
Networks (NNs) with parameter 6 and ¢, respectively. Next, a loss function
is designed to map the CBF constraint @ to a penalty term:

Laeriv(0,0) = ——Fxm(x) —a(By(x)| ,  (11)

1 OBy +
g ox

N, sample x€

where [/|* = max(-,0) denotes the ReLU function, Ngample is the total num-
ber of state samples collected, and « is an extended class-IC functionﬂ. To
render the safety of the system, following Remark [1] it is essential that the
0-superlevel set of By, denoted as Cy, is a subset of the known safe set S, i.e.,
Cy C §. However, ensuring such a condition is not straightforward during
the learning process.

Therefore, one cannot naively sample from the safe space and constrain
the value of By on these samples to be non-negative. To design self-supervised
learning losses, most works consider an alternative way: making By negative
everywhere in the unsafe space X \ S [145, |146]. Such a loss function can be

9In practice, a linear function a(y) := ay is chosen, for some o > 0.
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readily defined as
1

N,
unsafe XEX\S

Eunsafe (6) = [BG (X>]+ ) (12>

where Nynsafe 18 the number of state samples in the unsafe space. However,
if a loss of the form Lynsate(0) + Laeriv(0, @) is used, since there are only
negative samples, the learned policy can easily converge to a sub-optimal
solution where the forward-invariant set Cy is relatively very small, if not
empty. Hence, it is essential that positive samples from the safe set are also
used in learning the barrier function. Naively using positive samples from
the safe set S and negative samples from the unsafe set X' \ S does not work
since a point being safe (i.e., x € §) does not imply that the dynamical
system can remain safe in the future if it passes through this point. Hence,
the positive samples must be collected from a control invariant set C C S
so that the system can be guaranteed to remain safe at all future times if it
passes through these samples. Based on this, most work on CBF learning
e.g., [145,|146, 149, 150] consider an additional loss term:

Loil) = 5— 3 [=Box))" (13)

where Az C § is an approximation of the unknown ground truth forward
invariant set C, and Ny, is the number of state samples in this set, which
act as positive samples. Since the ground truth forward invariant set C is
computationally expensive to find, researchers generally approximate it with
the set Ay through various methods, such as using the set of initial conditions
if it is known to be part of the forward-invariant set [146], using distance-
based heuristic methods [145, 150], or approximating it with a look-forward
mechanism [117].

Furthermore, to avoid learning a flat CBF whose value is close to 0 over
the entire state space, many works also add a small margin v > 0 in the loss
terms [75]. Some works also consider a reference behavior cloning controller
7 for the liveness property, such as reaching a goal location. As a result,
another loss term

1
Ectrl = N Z ||7T¢(X) - WBC(X>||27

xeX
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is added so that the learned controller is as close to the behavior cloning
controller as possible [75]. Most of the works use a nominal controller 7o,
as the behavior cloning controller, which only considers the liveness property
without the purpose of collision [75, |115] |55]. However, the safety and the
liveness properties encoded here via the means of different loss terms compete
with each other in learning and often lead to a sub-optimal solution which
either has a high performance with poor safety rate (learned controller close
to the nominal controller) or high safety rate with poor performance [55].
Recently, [117] proposes to use the controller solved from CBF-QP as the
behavior cloning controller, which solves the competition problem between
safety and liveness.

Based on these individual loss terms, the parameterized CBF By and the
control policy 7, are trained using the loss function defined as

LCBF(ea ¢) = ‘Cderi\/(ea ¢) + ﬁunsafe(e) + ‘Csafe(e) + Ectrl(¢)' (14>

Upon convergence, a CBF and a safe control policy are obtained. The train-
ing data for such learning methods are either collected by random sampling
in the state space [146] or from simulated trajectories [150, |149]. These
approaches are generalizable to a large class of dynamics and relatively high-
dimensional systems in contrast to the limited applicability of non-learning
approaches. Also, these methods propose to learn a safe control policy along
with the CBF. As a result, there is no need to solve the CBF-QP during
the execution, enabling them for real-time implementation. However, since
the learned CBF is a neural network, it is difficult, if not impossible, to verify
that the learned CBF candidate satisfies the CBF conditions (6] everywhere
in the state space. In addition, the forward invariant set Ay used in training
is not easy to find. Moreover, as a centralized approach, it still needs global
information and hence, it is not scalable for large-scale MAS [115, 55].

The data requirements of learned CBFs vary depending on the amount
of dynamics information available. There is some work, albeit limited, on
learning for robotics systems with safety constraints using hardware data
(157, 158, [159]. If the system dynamics are known, then the CBF can be
trained entirely in simulation with samples from the safe and unsafe regions.
If the dynamics are unknown, then the derivative loss Ly, in Eq.
must be computed using state-action pairs collected on hardware, where
samples are usually only available from the safe region. In this case, the
safety guarantees provided by the CBF are weakened. If the CBF derivative
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condition is only satisfied in the safe set, the system is still guaranteed to
remain safe when starting in the safe region, but we are no longer guaranteed
to converge to the safe set if we start in the unsafe set. Note that L, ¢ and
Lunsafe only require evaluating the learned CBF on a state, and hence, they
can be evaluated on unsafe states in simulation without requiring unsafe
data.

4.2. Distributed CBF

In order to eliminate the need for global information and address the
limited scalability of centralized CBF learning methods, researchers are now
focusing on distributed CBF approaches[115, 152, 97, [55]. These methods
assume that agents have access only to local observations and communication
within their immediate vicinity. Most of the works suppose that the agents
are identical and share the same CBF and control policy. Thus, they use
NNs to parameterize one CBF By and one control policy 74 that can be
used for each agent [115, 97, |55], or each pair of agents |152], and use a
similar procedure as discussed in Section for learning them. Different
from learning centralized CBF works, distributed CBF learning works often
adopt the centralized training and distributed execution (CTDE) framework.
During centralized training, the agents are trained jointly and the loss of
agent 7’s CBF can be backpropagated to its neighbors j € N so that the
distributed CBF conditions (9) are satisfied for all the agents [55]. During
distributed execution, the agents apply the learned controller which only uses
the local observations to obtain control inputs.

In contrast to the centralized CBF, where the central computation node
has global observation, each agent only has local observation in distributed
CBEF. Different methods have been used to encode the local observation.
For example, [115] uses a PointNet [160] so that the observation encoding
is permutation-invariant to the observed agents. The recent work [55] pro-
poses to use graph neural networks (GNNs) with attention mechanism [161]
to encode the local observation. It utilizes the fact that GNNs with atten-
tion can handle a changing number of neighbors. The attention mechanism
also addresses the problem of abrupt changes in the CBF value when an
agent enters or leaves the sensing region of another agent. For image-based
observations, convolutional neural networks (CNNs) and Long Short-Term
Memory (LSTM) are used for encoding [19)].

Since learning a CBF for a large-scale MAS requires sampling from a
large state space, it is not computationally tractable to explore the complete
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state space during learning and hence, the safety rate during execution is
generally very low. To this end, an online policy refinement technique is
applied during execution to obtain better safety performance [115, 55]. The
online policy refinement step adds a runtime gradient descent process to
update the NN controller during execution. At any time step, if the learned
control input does not satisfy the CBF descent condition, then the residue
6 = [-B — a(B)]" is computed, and gradient descent is used to update the
learned control to minimize this residue. This is a distributed approach since
computing B needs the knowledge of the control inputs of the neighboring
agents also.

Trained with a few tens of agents, the learned distributed CBF has demon-
strated impressive generalizability in very large-scale systems constituting
thousands of agents [115, 55]. These approaches are also capable of using re-
alistic and noisy LiDAR observation [55] or image-based pixels [19], instead
of assuming that the actual relative states are available. Moreover, some
approaches also consider contracts among agents in MAS, e.g., agents have
different responsibilities for avoiding collisions, and learn this contract [119].
While these methods have several advantages as listed above, the learned
CBEF is hard to verify for correctness, and cannot provide formal guarantees
on the safety of the MAS. Another challenge for these myopic distributed
methods is deadlocks|162, 163], thereby compromising on liveness proper-
ties. In particular, as proved in [163], Lyapunov-CBF-QP methods induce
undesirable equilibrium points which lead to deadlocks in MAS, where none
of the agents can move with the CBF-based policy without violating the
safety of the MAS.

5. Safe multi-agent reinforcement learning

Instead of delegating satisfaction of safety constraints to shielding-based
methods or a learned CBF, one can also directly learn a policy to satisfy the
safety constraints. One popular method of learning such a control policy is
reinforcement learning (RL). In recent years, many of RL’s biggest successes
have been in its ability to play multi-agent games ranging from two-agent
zero-sum games such as Go [164, 165] and Shogi [166], multi-agent zero-sum
games such as Poker and Siplomacy, and team-based games such as Starcraft
[167], Dota [168], Honor of Kings[169] and Football[30].

Despite these successes, there have been relatively few works that explic-
itly examine safety in Multi-Agent RL (MARL). The numerous approaches
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to both single-agent and multi-agent reinforcement learning address safety
specifications by either terminating the episode when the safety specification
is not met (e.g., in [170]) or by including reward terms that discourage the
unsafe behavior (e.g., in [170,171,/172]). While these approaches do not pro-
vide safety guarantees and can require reward function tuning, they are more
popular in comparison to methods that explicitly address safety constraints.

Flavors of safety in RL In the single-agent RL setting, a Constrained
Markov Decision Process (CMDP) [173] is the most popular problem for-
mulation that additionally captures safety constraints. A MDP (Markov
Decision Process) is defined as the tuple (X, U, P, r, po,7), where P denotes
the state transition probability, r : X x U x X — R denotes the reward
function, pg denotes the starting state distribution, and + denotes the dis-
count factor [174]. In the context of MAS, the reward function may encode
liveness properties as in @, such as goal reaching [175, |46, 72] A CMDP
(X,U,P,r, po,7,C,d) extends a MDP by also considering a constraint func-
tion C' : X — R and constraint bound d € R. A CMDP seeks a policy 7
that satisfies the average cost constraints

E, [Z ka’(xk)

While average cost constraints ({15]) are different from the safety constraints in
Definition (1, the average cost constraints can be viewed as chance constraints
under the discounted occupation measure ¢, of m [173, Chapter 3], where C'
is taken to be an indicator function x — 1{z ¢ S} and d € |0, 1] denotes the
probability threshold, since

<d. (15)

E, [Z Y 1{x), & 3}] —E,, []l{:c ¢ 3}} =Pr(z ¢8). (16)

On the other hand, for general choices of C' and d, this becomes a different
notion of safety than Definition [I} and the optimal solution of the CMDP
could result in exiting the safe set S. Single-agent RL methods that explicitly
solve the CMDP label themselves as constrained RL or safe RL (e.g., [173,
31, 176]) and are commonly tested on benchmarks such as safety gym [177].

Another notion of safety is when no constraint violation is allowed at any
any time-step k, i.e.,

max C'(zy) < d (17)

k>0
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This is known as a peak constraint |178, |179] or state-wise safety [180] in
the Safe RL literature, and aligns with the notion of safety considered in this
paper, where the safe set S is defined as

S={zxeX|Cx)<d}. (18)

While peak constraints are not as common for constrained RL methods,
some works tackle this problem [134, (176, [181] (see [180] for a recent survey
of some methods). It can be related to the average cost case by taking
Cy, = max(0,C}, — d) and d = 0 [181], yielding the constraints Cj, < d given
as

> 4 max(0,Cy — d) < 0. (19)
k=0
For both types of constraints, taking smaller values of d results in a stricter
constraint on the total accrued cost and hence a lower total reward, while
higher values of d loosen the constraint and allow higher rewards.

Safe MARL Given that solving the CMDP problem and obtaining
policies that successfully satisfy the safety constraints is already challenging
in the single-agent case, it is even more challenging in the MAS setting.
Consequently, there have been relatively fewer works that tackle the problem
of safe MARL. This is noted in many surveys on MARL, which mention
safe MARL to be a direction that is relatively unexplored |26, 24, 31} [182].
Nevertheless, recent years have seen an increasing number of works that
tackle this challenging problem. We provide an overview of existing methods
in Figure |5, which we describe in more detail in the coming subsections.

5.1. Unconstrained MARL

Early works that approached the problem of safety for MARL focused on
navigation problems and collision avoidance [175, 183, 18, 184], where safety
is achieved by either a sparse collision penalty [191], or a shaped reward term
that penalizes small distances to obstacles and neighboring agents [175, (183,
18| [184]. However, the satisfaction of collision avoidance constraints is not
necessarily guaranteed by either the final policy or even the optimal policy
[192]. Consequently, while these methods report 100% safety rates empiri-
cally when there are fewer agents, safety violations occur when tested with a
larger number of agents (e.g., > 3% for 8-agents in [18], > 3% for 20-agents in
[191]). These trends are also similar for liveness properties. In [18], although
the use of reward to encourage goal-reaching is sufficient for all agents to
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Figure 5: Overview of Safe MARL-based approaches

eventually reach their goal when there are less than 3 agents, the percent-
age of deadlocks increases to 1.6% for 10 agents. Improving satisfaction of
the liveness properties may require alternate approaches such as imitation
learning of Multi-Agent Path Finding (MAPF) algorithms |193} [194], where
success rates are close to 100% even for up to 128 agents.

While there exists some finite scale for the penalty such that the optimal
policy is guaranteed to satisfy the constraints [192], too large of a penalty
term often results in poorer performance empirically [195]. As noted in [195],
this can be explained by larger penalties resulting in larger variances in the
reward which ultimately results in poorer optimization performance.

5.2. Constrained MARL

In contrast to unconstrained MARL methods that penalize safety viola-
tions in the reward term and then solve the resulting unconstrained problem,
constrained MARL methods explicitly solve the CMDP problem. For the
single-agent case, prominent methods for solving CMDPs include primal-dual
methods using Lagrange multipliers [196, 197] and via trust-region-based ap-
proaches [198]. These methods provide guarantees either in the form of
asymptotic convergence guarantees to the optimal (safe) solution [196, |197]
using stochastic approximation theory [199, |200], or recursive feasibility of
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intermediate policies [198] 201] using ideas from trust region optimization
[202]. The survey [31] provides an in-depth overview of the different meth-
ods of solving safety-constrained single-agent RL.

MARL algorithms can be broadly divided into two paradigms: centralized
and distributed training algorithms [29]. The same holds for their extensions
to consider safety constraints.

5.2.1. Centralized training

During centralized training, agent policies are updated at a central node,
where information in addition to each agent’s local observations is used to
update each agent’s policies. This is the dominant paradigm for uncon-
strained MARL [29] and is referred to as Centralized Training Decentralized
Execution (CTDE).

One of the first safe CTDE methods to be proposed is in [83], where the
authors combine Constrained Policy Optimization (CPO) [198], a method
for solving CMDPs, with Heterogeneous-Agent Trust Region Policy Opti-
misation (HATRPO), a MARL method that enjoys a theoretically-justified
monotonic improvement guarantee [203]. Theoretical analysis guarantees
monotonic improvement in reward while theoretically satisfying safety con-
straints during each iteration, assuming that the initial policy is feasible,
the value functions are known and a trust-region optimization problem can
be solved exactly. However, neither of these assumptions is guaranteed in
the method implemented in practice due to approximation errors in the value
function and a quadratic approximation of the trust-region problem [83, [203].

Another early safe CTDE method is CMIX [186], which extends the value
function factorization method QMIX [204] to additionally consider both av-
erage constraints and peak constraints. However, no theoretical analysis of
the convergence of the proposed algorithm is given. |186, 187, 83|

5.2.2. Distributed training

In distributed training methods, each agent has a private reward func-
tion, policy updates occur locally for each agent, and communication between
agents is used to arrive at a policy that minimizes the total reward subject
to safety constraints [78]. In this distributed setting where the reward and
constraints are private and each agent has a different policy when the algo-
rithm has not converged, it is not possible to evaluate the performance of
each agent’s policy. Consequently, these approaches are based on primal-dual
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optimization and provide asymptotic convergence guarantees to local optima
[78], but are unable to provide any safety guarantees before convergence.

5.3. Density-based approaches

Finally, a vastly different approach to safe MARL looks at the case when
the agents are indistinguishable, the number of agents is very large and ap-
plies the mean-field approximation, where they look at the limit as the num-
ber of agents goes to infinity, and the quantity of interest is instead the
density of the overall swarm of agents [205, 206]. As the concept of indi-
vidual agents is gone, both inter-agent and agent-obstacle constraints are
replaced by density constraints [207, 208]. Navigation problems when ap-
plying the mean-field approximation can be viewed as an optimal transport
problem [208]. When also considering safety constraints via state-dependent
costs, the problem becomes a mean field game with distributional boundary
constraints that can be solved using RL techniques [208].

For example, [207, 208] consider a navigation problem with obstacles,
where the density of the multi-agent swarm at the obstacles is constrained to
be zero for a given initial and final distribution of agents. In [208], a penalty
on the density of agents is also included to incentivize agents to spread out
more, and consequently reduce the risk of inter-agent collisions.

6. Safety verification for learning-enabled MAS

Once a control policy has been learned, it must be checked for correctness
before it can be deployed, particularly in safety-critical control contexts. This
is particularly true for control policies represented using difficult-to-interpret
models such as NNs. This section reviews methods for checking the safety
properties of a learned controller or shield for MAS. Broadly speaking, these
methods can be organized as shown in Fig. [6], where the primary trade-off
is between the ability to provide formal guarantees and the ability to scale
to practically-sized problems. Fig. [6] also highlights the specific challenges
of MAS verification and summarizes existing approaches to resolving these
challenges, as well as open problems regarding the limitations of these meth-
ods.

We begin by reviewing the methods from Fig. [6| with reference to the ex-
tensive literature for single-agent verification, before highlighting the specific
challenges that arise in the multi-agent setting. We then review methods
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Figure 6: An overview of verification methods, comparing the ability to provide formal
guarantees with the ability to scale in practice.

for addressing each of these challenges, concluding with a discussion of open
problems.

6.1. Review of single-agent verification tools

Several excellent surveys for centralized verification provide a good start-
ing point for readers interested in a broad introduction to the field; we will
review these surveys here, and then devote most of our attention to this
survey to the challenges that distinguish multi-agent verification from the
centralized case.

The survey [209] covers search- and optimization-based methods for black-
box autonomous systems. These methods can sometimes provide formal
guarantees, depending on the completeness of the underlying optimizer or
search algorithm; for example, some stochastic global optimization methods
enjoy asymptotic completeness guarantees under certain assumptions, which
may be used to provide formal guarantees, but most black-box optimization
methods are best suited for empirical testing. In this survey, we discuss the
challenges in scaling these methods to large-scale MAS, as well as how search-
and optimization-based methods can be extended to consider issues that are
specific to MAS, such as communication noise and cybersecurity.

Centralized reachability analysis using Hamilton-Jacobi (HJ) methods are
covered in the survey |131], which are specialized for checking set invariance
properties but can provide formal guarantees. The survey [131] discusses cen-
tralized verification of MAS (i.e. collapsing the MAS into a single dynamical

33



system) and verification of pairwise safety (i.e. checking for inter-agent colli-
sion avoidance), but they do not consider MAS safety more generally. Other
methods of centralized reachability analysis (e.g., set propagation), have been
extensively covered in previous surveys [210, 211, 212]. These methods use
sets to over-approximate the reachable set of a dynamic system and can be
used to provide safety guarantees. However, these surveys do not focus on
the topics of learned controllers or the reachability of MAS. We restrict our
discussion to decomposition-based approaches to scaling HJ methods, along
with other reachability analysis tools, for MAS.

Another recent review article [82] provides a survey of neural certificates,
but they focus largely on the centralized case. We extend the discussion
of certificates to consider decentralized, distributed, and compositional ap-
proaches checking to certificates. Due to the extensive coverage of certificate
learning in Section [4] in this section we only discuss the challenges involved
in checking the validity of these certificates in the multi-agent case.

In [213], the authors provide a survey of techniques for verifying input-
output properties of neural networks, some of which have been applied to
verify the soundness of shields like barrier and Lyapunov functions [214} 215].
Due to the extreme fundamental complexity of neural network verification
(an NP-complete problem [213]) and several open technical challenges that
we discuss in the sequel, these methods have yet to be applied to MAS.

Similarly, other surveys cover verification for safe learning and control [32]
and autonomous aerial systems |216]; while these provide a good overview of
their respective fields, they do not specifically address MAS.

6.2. Challenges of MAS verification

While many of the concepts from centralized verification extend to the
multi-agent case, several challenges are unique to MAS. We discuss these
challenges here, and the rest of this section is devoted to reviewing proposed
methods for addressing these issues.

6.2.1. Scalability to high dimensions

The most immediate challenge in verifying learned control systems for
MAS is the scale. Formal verification using methods like HJ [131] and ab-
straction [217] are notoriously difficult to scale to systems with large state
dimensions, so verifying a MAS by naively concatenating the states of in-
dividual agents to form a centralized verification problem is generally not
tractable. Similarly, neural network verification is generally intractable for
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networks with more than a few hundred neurons |213], so the formal guaran-
tees that might be derived using these methods are hard to apply in practice
without additional decomposition of the problem.

Even for empirical testing methods, such as those relying on stochastic
optimization, it can be challenging to efficiently explore high-dimensional
space. The challenge of scalability has led to a range of specialized techniques
for MAS and other large-scale systems, including decentralized certificates,
distributed search and optimization, and compositional verification methods,
which we discuss in the following section.

6.2.2. Handling changing system topology

The second specific challenge for verifying MAS is that, unlike single-
agent systems, MAS can be dynamically reconfigured at runtime. For exam-
ple, the connectivity of agents might change during execution, or the exact
number of agents in the system might be uncertain at test time. As a result,
to be most useful for MAS, verification methods must be robust to both the
number and topology of agents in the system; in particular, formal guar-
antees should generalize to different system topology, and empirical testing
should achieve sufficient coverage of the range of topology that we expect to
see at runtime. In the following, we survey several methods that meet this
requirement, such as compositional approaches and adversarial testing, and
we identify several important open questions in this area.

6.2.3. Handling communication delay and error

An additional unique feature of MAS verification is that there is a class of
disturbances — those affecting inter-agent communication — that are typi-
cally not present in single-agent settings, and thus typically not considered
by single-agent verification methods [32, [209]. Communication disturbances
come in many forms, including both naturally occurring factors like com-
munication delay and noisy or lossy communication and adversarial effects
like non-cooperative or malicious agents that can send arbitrary messages to
other agents (this latter category is important in considering the cybersecu-
rity of MAS).

6.3. Decentralized and distributed verification

To address the first two challenges (scalability and generalizing to chang-
ing system configurations), a natural question is how centralized verification
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algorithms can be adapted to the distributed or decentralized setting. De-
centralized [115, [114] and distributed [55] barrier certificates are one example
of this approach, which we discuss extensively in Sections |3| and Other
examples include decentralized reachability analysis, e.g. only considering
pairwise interactions [131, 218], and distributed optimization to guarantee
safety via a multi-agent safe model-predictive control [80].

There are several important considerations for decentralized verification.
First, it is not possible to verify some MAS safety and liveness properties
in a fully decentralized setting. For example, obstacle avoidance (involving
only individual agents and the environment) can be verified in a decentral-
ized manner, but inter-agent collision avoidance requires considering pairs or
small cliques of agents [131, 55, [115]. Other properties are more nuanced;
for example, connectivity maintenance can be verified using only pairwise
communication if the communication graph topology is fixed (this results in
a pairwise maximum distance constraint), but if the topology is allowed to
vary then agents must be able to compute eigenvalues of the communication
graph Laplacian in a distributed manner [219].

A second consideration concerns the common strategy of guaranteeing
safety by constructing a safety filter using either barrier certificates [115,
114], [55] or reachability analysis [80], as discussed in Section [3] This safety
filter limits the range of actions that individual agents may take and often
provides formal safety guarantees, but this limit often reduces the optimality
of the filtered policy, and this reduced optimality can be more severe for
decentralized safety filters. For example, [220] shows that a centralized safe
controller achieves a higher task completion rate than a controller that only
considers pairwise interactions.

Finally, the application of existing neural network verification (NNV)
tools to decentralized learned control policies or certificates remains an open
problem; even if more performant NNV tools are developed that can scale to
large policy networks, existing NNV algorithms cannot handle architectures
like graph neural networks (GNNs) commonly used in learning for decentral-
ized and distributed control [221].

6.4. Compositional verification methods

An alternative to the distributed and decentralized methods discussed
above is a more scalable form of centralized verification where agent-level
guarantees are hierarchically composed to yield guarantees for the entire
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MAS; this class of approach is known as compositional verification. Com-
positional certificates have been used to prove MAS stability properties by
composing individual-agent stability certificates that are either learned [222]
or found using sum-of-squares optimization [223]. The benefit of composi-
tional approaches to certificate learning is that they require much less data to
train; they can be trained at the individual agent level and then generalized
to a large number of agents to provide system-level guarantees [222].

A similar compositional approach has been applied to reachability-based
verification, for example using reachability to certify pairwise collision avoid-
ance [131], which is composed to give system-level inter-agent collision avoid-
ance guarantees under certain assumptions about the sparsity of agents, or
composing reachable sets for subsystems to certify properties of networked
systems [224]. It is important to note that decomposition of system-level
properties to the agent level necessarily constrains the space of safe control
policies, potentially introducing conservatism; e.g. [220] show that compos-
ing pairwise collision-free policies leads to more conservative behavior than a
more general N-agent decomposition. An important open question in compo-
sitional verification is understanding how the choice of decomposition affects
the conservatism (or even feasibility) of the resulting control strategy.

6.5. Handling communication uncertainty

A unique feature of MAS (compared to centralized systems) is that they
often rely on communication links between agents to function. In a fully
decentralized setting, agents might only require local observations of neigh-
bors (e.g. relative position) without explicit communication, but distributed
systems can rely on multiple rounds of message passing to achieve consensus
or accomplish a distributed optimization task [11,|12]. If this communication
is disrupted, or if adversarial agents inject malicious communication packets,
then the safety of the overall MAS can be compromised.

Several surveys consider the problem of communication uncertainty and
cybersecurity for MAS; common strategies for ensuring robustness to commu-
nication issues include fault detection and isolation (FDI), secure consensus
algorithms (e.g. where a non-majority subset of agents can be compromised
while still maintaining the integrity of the non-compromised agents [225]),
and safety filters that maintain sufficient connectivity of the communication
graph [219]. Here, we review how these security methods can be extended
using learning-based methods. For example, [226] learns a model-free FDI
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policy for single-agent systems with multiple faults; this method can be ex-
tended for model-free learning-based FDI in MAS. Other works in this vein
include using representation learning to classify the network robustness of
MAS [227] or using RL to detect intrusions in a networked system [228] or
generate adversarial attacks on MAS [229].

A related communication issue arising in MAS is delay, which in the worst
case can prevent the system from achieving consensus or even destabilize the
system [230]. Several methods have been proposed to handle communication
effects, including delay and uncertainty, in the reinforcement learning litera-
ture [231, 232, 233, 234]. However, verifying (either formally or empirically)
the robustness of a learned controller to these effects remains a challenging
open problem.

7. Open Problems

Given the state of the art reviewed in this survey, a few themes stand out
as areas for future work. The rest of this section discusses these themes.

7.1. Combined safety and liveness guarantees

While learning-based methods for MAS have seen immense progress in
the past decade, much work is still needed when it comes to safety, provable
guarantees, and scalability. In the context of learning, there exists a trade-
off between liveness properties, such as goal reaching, and safety properties,
such as collision avoidance. It is still an open problem as to how to achieve
high safety rates or provable safety guarantees along with high performance or
guarantees on deadlock resolutions, especially in partially observable systems
and while applying distributed algorithms [115] |55].

7.2. Decomposition

For any single-agent method, one of the main challenges for their exten-
sion to MAS is how to perform a suitable decomposition that balances the
performance and scalability of the method.

Appropriate choice of decomposition for shielding. For shielding-based ap-
proaches, this decomposition has been done via distributed computation
techniques to efficiently compute a centralized shielding function [79|, fac-
toring the state space [72, |84], distributed decomposition of the safety con-
straints (i.e., [46]), or performing a completely decentralized factorization of
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the shielding function such that the communication is not needed [76, [77].
A major open question with these approaches is to explore how the type of
decomposition affects the conservatism of the resulting safety filter and its
ability to scale and how different choices of shield type (e.g., PSF, CBF,...)
can change this tradeoff between ease of construction, scalability, and con-
servatism.

Appropriate choice of decomposition for wverification. Similar to shielding
methods, verification methods also often rely on decomposition. An im-
portant open problem discussed in Section [6] is how this choice of decompo-
sition affects the conservatism and completeness of the resulting verification
scheme. Furthermore, care must be taken to ensure that the decomposition
is valid; for example, if a system is only analyzed pairwise for collision avoid-
ance, how does the verification method account for conflicts between more
than two agents?

7.8. Practical issues

Safety under communication uncertainty. Another challenge in designing
safe methods for MAS is handling dynamically changing MAS configura-
tion, communication delays, package losses, and adversarial communication.
Designing control synthesis and verification tools that are both scalable and
robust to time-varying topology as well as communication-related issues re-
mains an open problem, as many existing methods either ignore communi-
cation effects or rely on domain-specific information.

Strict requirements of CBF-QP. While using CBF for shielding, a crucial
practical issue is the feasibility of the CBF-QP. Real-world systems often have
input constraints, e.g., torque limit, acceleration limit, etc. The CBF-QP
may become infeasible when input constraints are included. Guaranteeing
the feasibility of the CBF-QP is an open problem [57] 235, 236], although it
is likely that future work will address these issues.

Safe methods are complex and unpopular in practice. When it comes to RL,
one of the main challenges for safety in RL in both the single-agent and multi-
agent cases is the tradeoff between the simplicity of the algorithm, practical
performance, and safety guarantees. With unconstrained RL, in general,
neither the resulting policy after training nor the theoretically optimal policy
is guaranteed to satisfy the safety constraints [192, [237]. On the other hand,
while some constrained RL methods have convergence and safety guarantees
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(e.g., [74]), these methods have more components and thus are more difficult
to implement and use in practice as compared to unconstrained variants.
As a result, these safe methods are relatively unpopular among practitioners
compared to unconstrained methods.

Value of methods without practical safety guarantees. Another challenge for
safety in MAS is the question of whether learned CBF's or safe MARL meth-
ods should be used instead of shielding-based methods when safety guaran-
tees are desired. Although constrained RL can provide per-iteration safety
guarantees, this assumes both an initially feasible policy and access to the
true value function, neither of which is guaranteed to hold in practice [83].
Similarly, a learned CBF, if verified to be an actual CBF, inherits the theoret-
ical safety guarantees. However, the training process for learning CBF's does
not guarantee that this will always be true. On the other hand, shielding-
based methods shift this complexity from the algorithm to the user, who
must first construct a valid shielding function to provide provable safety
guarantees during both training and deployment. It is not clear whether this
tradeoff between scalability and practically relevant safety guarantees will be
attractive for safety-critical applications.

8. Conclusions

MAS are ubiquitous in today’s world, with potential for applications rang-
ing from robotics to power systems, and there is a large body of literature
on control of MAS. However, the safe control design of large-scale robotic
MAS is a challenging problem. In this survey, we have reviewed how various
learning-based methods have shown promising results in addressing some of
the aspects of safe control of MAS, such as the safety guarantees of shielding-
based methods, the generalizability of learning CBF methods, and the wide
applicability of MARL-based methods. Despite their advantages, no existing
method has all the desired properties of being provably safe, scalable, com-
putationally tractable, and implementable to a variety of MAS problems.
While certificate learning and safe MARL-based methods can provide the-
oretical safety guarantees, these guarantees do not hold in practice due to
unrealizable assumptions. We have identified a range of open problems cov-
ering these concerns, and we hope that our review of the state-of-the-art in
this field provides a springboard for further research to address these issues
and realize the full potential of safe learning-based control for MAS.
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