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Abstract

In this work, drawing inspiration from the type of noise present in real hardware, we study
the output distribution of random quantum circuits under practical non—unital noise sources with
constant noise rates. We show that even in the presence of unital sources like the depolarizing
channel, the distribution, under the combined noise channel, never resembles a maximally en-
tropic distribution at any depth. To show this, we prove that the output distribution of such
circuits never anticoncentrates — meaning it is never too “flat” — regardless of the depth of
the circuit. This is in stark contrast to the behavior of noiseless random quantum circuits or
those with only unital noise, both of which anticoncentrate at sufficiently large depths. As conse-
quences, our results have interesting algorithmic implications on both the hardness and easiness
of noisy random circuit sampling, since anticoncentration is a critical property exploited by both
state-of-the-art classical hardness and easiness results.
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1 Introduction

The defining feature of quantum systems today is noise [Prel8]. A fundamental question
in this era of noisy intermediate-scale quantum computers (NISQ) is whether noise renders
any demonstration of quantum advantage with these systems useless, or whether some ad-
vantage is still salvageable for specific tasks [FGP21, BFLL22]. To study questions related to
quantum advantage, a popular paradigm is the random quantum circuit model; for instance,
see the works of [BFNV18, Mov18, BFLL22, DNS*22]. This is because for large system sizes,
sampling from the output distribution of these circuits is a task that is easy for quantum
computers but provably hard for classical computers, under plausible complexity theoretic
assumptions [AA10, BENV18]. Amongst other phenomena, these circuits can model quan-
tum chaos [NVH18], quantum pseudorandomness [BFV19], and the ansatz for certain types
of variational quantum algorithms used in optimization tasks [KMT"17, BIST18]. Under-
standing the behavior of these circuits under physically motivated noise models and limited
system sizes is crucial to our understanding of quantum advantage.

One central feature of the output distribution, found in random quantum circuits of suf-
ficiently high depth, is anticoncentration: it is a “flatness property” or, more formally, it
means that the distribution is not concentrated on a sufficiently small number of outcomes.
Anticoncentration is believed to be a key ingredient in both easiness and hardness proofs of
random circuit sampling; see, for example, [BIST18, HM23, DNS™22]. Importantly, anticon-
centration is necessary for the final state of the system to have an output distribution that
mimics the uniform distribution. If the system were to have that property, then the system
would be simulable, because sampling from the uniform distribution is classically easy. This
naturally prompts the following question:

Do random quantum circuits, under the influence of physically motivated noise models,
anticoncentrate?

1.1 Our contributions

In this work, we answer this question in the negative: we show how random quantum cir-
cuits, under noise models inspired by real hardware, which is a mixture of both unital and
non-unital noise of certain types, exhibit a lack of anticoncentration, regardless of the depth
of the circuit. This shows that the output distribution does not resemble the uniform distri-
bution, or close variants of the same. Interestingly, we find that this behaviour is exhibited
even when there are also unital noise sources, like the depolarizing noise, present in the sys-
tem, whose property is to push the system towards the maximally mixed state — which,
when measured in the standard basis, gives the uniform distribution. In this sense, these
non-unital sources “dominate” the other sources.

We leave open whether there is a quantum signal in these distributions and sampling
from them is indeed classically hard, or whether the system tends towards a more sophis-
ticated classically simulable final state. Much is unknown about random circuit sampling
under such realistic noise models, and our work provides one of the first rigorous theoretical
analyses of this regime.

1.1.1 Owur conventions

Our circuit model is that of geometrically local random quantum circuits, with the output
measured in the standard basis, as illustrated in Fig. 1. Each single-qubit noise channel acts
independently after each gate.



We prove lack of anticoncentration with respect to either of the two popular definitions:
a strong definition of anticoncentration with respect to the convergence of scaled collision
probabilities, and a weak definition of anticoncentration with respect to high probability
mass of typical probabilities. The definitions and connections between them are made ex-
plicit in Section 3.

Remark 1. Note that the terms “strong” and “weak” definition are relics from studying these
definitions with respect to noiseless random circuits or random circuits with the depolariz-
ing noise, where the strong definition implies the weak definition. However, this is not the
case for the non—unital noise channels we consider, as we elaborate in Section 3.3. Hence, our
proofs of lack of anticoncentration, with respect to these two definitions, are independent.
Nonetheless, we stick with the existing nomenclature to refer to these definitions succinctly
in different parts of the paper.

1.1.2 Owur noise model

We first show our results for the case when the noise source is modelled as having a mixture
of depolarizing noise and amplitude damping noise: these two are emblematic of unital and
non-unital noise, respectively. The model is discussed in detail in Section 2.1.

After our initial results, we discuss how the same techniques can be used in extending
our results to a generic noise channel, in Section 9.

1.1.3 Ouwur results

Broadly, we prove three categories of results.

e First, in Section 5, we show how the scaled collision probabilities for our noisy ensem-
bles, where noise is modelled as a mixture of amplitude damping and depolarizing
noise, diverge: this means anticoncentration fails with respect to the strong definition.
This has a clean proof, which involves “removing” the last layer of noise by using the
adjoint of the noise channel, and then using properties of the local Haar measure, like
translational invariance and explicit formulae for second moments [CS06], to prove a
lower bound.

¢ Then, we show how typical output probabilities for strings which have high Hamming
weights are small. This is done in Section 6, Section 7, and Section 8. This shows an-
ticoncentration fails with respect to the weak definition. This has a more complicated
proof involving lightcone arguments and the stat-mech model.

* Finally, we discuss how extensions of our proofs hold for a wide variety of generic
noise models: this is done in Section 9 and Section 10. In particular, we prove how lack
of anticoncentration, with respect to the strong definition, is exhibited whenever the
noise channel, acting on the identity operator, puts non-zero constant weight on the
Pauli-Z operator.

1.2 Our techniques

There are three main classes of techniques that we utilize in our proofs. For many of our
calculations, like those involving putting bounds on the expected collision probability or
those involving computing the first moment of output probabilities, we first “remove” the
last layer of noise, compute relevant quantities for the modified circuit, and then generalize
our calculations to the actual circuit.



This is usually done by considering the adjoint map of the last noise layer. For our cal-
culations about typical probabilities, we use lightcone arguments and the stat mech model.

1.2.1 Removing the last layer of noise

The technique of removing the last layer of noise by considering the adjoint of the noise
channel makes calculations convenient because if our circuit terminates with a last layer of
single qubit Haar random gates, instead of a last layer of noise, then we can then use many
properties of the Haar measure directly, like translational invariance or explicit expressions
of higher moments. Additionally, this makes many of our results extremely general, espe-
cially the ones involving lack of anticoncentration by proving divergence of scaled collision
probabilities, because this technique has no dependence on the underlying architecture, un-
like similar divergence results, for noiseless and unital noise models, in [DH]Ba22], which
involve the stat-mech model, and hence, is only known to be applicable for certain specific
architectures. Moreover, because of this proof technique, our proof of divergence holds for
any circuit depth, as long as there is a last layer of noise.

To be more formal, suppose that we have an ensemble B of noisy random quantum
circuits with noise channel NV, and pick a quantum circuit C € B. In our analysis, we usually
“remove” the last layer of noise, and deal with the adjoint of the noise. More specifically, let
C’ be the quantum circuit obtained by removing the last layer of noise; that is,

C=N®"0o(' (1)

Let B’ be the set of quantum channels obtained by removing the last layer of noise from the
circuits in B. The expected probability of getting the result x € {0,1}" is

E [Tr (Jx)x| €(10)0[))]- 2)
By the definition of the adjoint map, we have

E[Tr (x)(x| C(I0)0])] = B |Tr (A" (Jx)x]) €'(l0)0])) | ©)

By the linearity of Tr and E,
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Hence, to analyze this expected probability, we may evaluate

(V)P ([x)(x]) and E [C'(|0)0])] (5)

separately. (NV7)®"(|x)(x|) can usually be evaluated straightforwardly when the description
of noise N is given. Note that C’ terminates with a last layer of two-qubit Haar random
gates.

Remark 2. Just like in the computation of first moment quantities, the trick of “removing”
the last layer of noise by taking its adjoint is useful even in bounding certain second moment
quantities, like the collision probability, as we detail in Section 5.



1.2.2 Lightcone arguments

The second class of techniques that we utilize to study low depth circuits are variants of
lightcone type arguments. These techniques are popular in the study of low depth random
circuits in different settings; see for example [NLPD 22, DNS*22].

The qualitative intuition behind lightcone arguments is that by looking at the size of
the lightcone for each qubit marginal at low depth, one could argue that the circuit doesn’t
”scramble” the distribution too well for sufficiently many strings to have high probability
mass. Then, by studying particular noise channels, one could argue that specific noises do
not assist in the “scrambling” either. Additionally, because of small lightcone sizes, instead
of directly looking at the random variable p, — the output probability of a string x € {0,1}"
— it suffices to look at the random variable

1
—Elogpx, (6)

and prove its concentration around the mean by Markov’s inequality; stronger second mo-
ment bounds are not needed. Let us emphasize that we succeed in developing techniques
that are more general than variants that came before, which may be of independent interest.
Previously, the analysis and application of these methods only extended to the noiseless or
the unital case, as discussed in papers like [DH]Ba22, DNS*22].

To use lightcone arguments to show how certain output strings, with high Hamming
weight, have very low probability mass at low depth, the key ingredient is to show that the
lower bound of the total variation distance between the noisy distribution and the noiseless
distribution is exponentially decaying in the depth of the circuit. In Theorem 9, we prove
how this holds true whenever the noise channel A satisfies

(10}l A (j0)0]) ) = x + A", @)

where d is the depth of the circuit, with some % <x <1,0 <1,A <1 More specifically,
this statement is true when the noise channel under consideration is a mixture of amplitude
damping and depolarizing noise.

Remark 3. This analysis extends that in [DNS'22], where a similar technique was used for
the noiseless case and the case with only Pauli noise.

1.2.3 Mapping to classical partition functions

The third type of techniques we utilize, to study sufficiently deep circuits, are mappings to
classical partition functions. These techniques were developed to study the output distribu-
tion of random quantum circuits in different settings; see for example [DH]Ba22, DHJB21].

Since lightcone sizes blow up for superlogarithmic depths, lightcone arguments are no
longer tight, and we need stronger second-moment inequalities to study the output dis-
tribution. To use these inequalities, we explicitly upper bound the second moment of the
distribution. This is done using mappings to classical partition functions.

To show that the same strings have low probability mass at sufficiently high depths by
applying second—-moment inequalities, we need to upper bound the second moment of their
output probabilities using the stat-mech model.



To do this, one standard way is to iteratively replace each two—qubit random gate in the
circuit with two copies of a single qubit random gate, show, using the stat-mech model, that
the collision probability of this modified circuit upper bounds the collision probability of
the actual circuit, and then directly upper bound the collision probability of the modified
circuit. The steps are explained in detail in Section 8, where we also show how all the steps
go through whenever the noise channel satisfies

My n(Ls) = (1 —a)ly +2aS, (8)
My n(S) = by + (1 -2b)S, )

witha > 0, and b > 0, where 14 is the 2-qubit identity operator and S is the 2-qubit SWAP
gate,

Mu, [p] = u1~HLEIH uigzpuf@] , (10)
N = N ® N, and the operator
MU1,N = MU1 oNo MU1- (11)

Remark 4. Our analysis is inspired by the techniques in [DHJBa22, DNS*22], whose analysis
only covered the noiseless and the unital cases. Their analysis does not work for general
noise models, as it is non-trivial to prove that when we iteratively replace each two-qubit
gate with two copies of a single qubit gate in a noisy circuit, the stat mech representation
is still a valid one — that is, that there are no negative path weights for I and S — and the
original collision probability is upper bounded by that of the modified circuits. We prove
that this is indeed the case in Lemma 14.

1.3 Putting our results in context

Depending on how strong the noise is, we can divide random circuit sampling (RCS) into
two different complexity theoretic regimes.

1.3.1 High noise regime

The first regime is that of high noise, when the noise rate is a constant that is independent
of the system size, even when the number of qubits grows asymptotically. Near term de-
vices are susceptible to constant noise rates [BDG " 22]. It is an equally reasonable model for
scaled—up fault-tolerant systems, because to achieve fault-tolerance, suppressing the noise
below a certain constant threshold suffices — one does not need noise to go down with
system size [ABO99, KLLZ98, Kit03].

1.3.2 Modeling the high noise regime

If we model the noise as only depolarizing noise in the high noise regime, then after suffi-
cient depth, random circuit sampling becomes an easy task classically. It was known that a
trivial classical algorithm which just samples from the uniform distribution achieves a total
variation distance error of 27®(@) from the target noisy RCS distribution [ABO96]: the up-
per bound is due to [ABO96] and, more recently, the lower bound is due to [DNS22]. As
is evident, for depth strictly greater than logarithmic, this trivial sampler achieves a total
variation distance error that is smaller than any inverse polynomial.



At logarithmic depth, in a recent work, [AGL"22] proposed another classical sampler
from the output distribution of random circuits with depolarizing noise, which instead of
achieving a total variation distance error that is inversely proportional to a fixed polynomial,
provides a way to fine tune the total variation distance error to any polynomial function of
our choice. In Appendix ], it is elaborated how, because of the special property of the depo-
larizing noise, the guarantee that the noiseless ensemble of [AGL22] satisfies anticoncen-
tration is necessary for their current analysis to work. This is why their sampler works well
only for logarithmic depth and beyond because anticoncentration needs at least logarithmic
depth to kick in, and before that, anticoncentration fails [DHJBa22, DNS"22].

Although depolarizing noise, along with anticoncentration, implies a classical sampler
from random circuits, such noise is not the only type of noise source present in real hard-
ware. There are non—unital effects in all known experimental hardware, for example those in
[DLF"16, AABT19, PDF"21, ZCC*22, CRJ"22]. These sources are fundamentally different
from unital sources, like the depolarizing channel, in the following sense: the depolarizing
channel — increases the entropy of the system by pushing it towards the maximally mixed
state; however, non—unital noise channels can decrease the entropy of the system and actually
push it towards a pure state. For the low noise regime, there is some evidence that depo-
larizing noise remains a good approximation to all the noise sources present in the system
[DHJBa22], if the system only has unital noise. However, apart from some very special cases
which we discuss in Appendix A, this approximation is not valid in the high noise regime,
especially when the system also has non—unital noise sources.

1.3.3 Low noise regime

The second regime is that of low noise. Here, the strength of the noise is inversely propor-
tional to the number of qubits. This can be thought to be a good approximation of the
noise present in relatively small, fixed-sized systems, like those used in sampling hardness
demonstrations, for example [AAB 19, MVM 23], where the number of qubits is fixed, and
the noise is a fixed constant that is inversely related to the number of qubits. However,
without further investigation, it is unclear if asymptotic analysis of the low noise regime is
relevant to studying the properties of finite system sizes: we cannot ensure by current tech-
nology that the noise rate continues to go down with the number of qubits, when the latter
is increased.

The low noise regime provides advantages to tasks like benchmarking, where fidelity
of the output state is a figure of merit: below a certain noise threshold, the linear cross—
entropy test (XEB) [AC16, AAB 19, AG20] corresponds to the fidelity of the output state of
the noisy circuit and gives us a sample efficient way of estimating the fidelity of that state
using only standard basis measurement. Originally, linear cross—entropy was proposed as a
heuristic proxy for fidelity by [BIS"18, BENV18, LOB " 22], which was recently confirmed by
[MVM 23, WDH23]. There is also some evidence from complexity theory that classically
sampling from these circuits is hard when the depth is sufficiently large [DH]Ba22].

1.3.4 Implications of our results

Our results show that the phenomenon of anticoncentration is a function of the noise present
in the circuit: it does not hold for reasonable, physically-motivated, non—unital noise models
in the high noise regime. Many of our techniques can be generalized to work for a wide
variety of noise models and setups, including when we do not have the last layer of noise
and only have noise in the middle layers, which we discuss in Section 10.



The failure to anticoncentrate implies that the final state of the system does not resemble
a maximally mixed state and the uniform distribution is not a good proxy for the output
distribution of the system, as elaborated on in Appendix K. So, sampling from the uniform
distribution, or close variants of the same, no longer works as an effective strategy to classi-
cally spoof the output distribution. Additionally, the failure to anticoncentrate also implies
that no known techniques can be harnessed to show that more sophisticated samplers, like
the one in [AGL"22], succeed in spoofing the output distribution.

As mentioned in Section 1.1, our work leaves open whether sampling from this distribu-
tion, in the asymptotic limit, is classically hard under plausible complexity theoretic hard-
ness conjectures, or whether the final state converges to a classically simulable fixed point
that is much more sophisticated than just a maximally mixed state. It could also be interest-
ing to investigate whether the lack of anticoncentration implies any advantage in the com-
putation of the expectation value of certain cost functions in variational setups. We discuss
many more open problems in Section 11.

2 Notation and setting

In this section, we set up our problem, introduce the notation used in this paper, and define
our architecture. Throughout this paper, we use Iy to denote the N x N identity matrix. For
example, I represents the single-qubit identity operator. The single-qubit Pauli operators
are defined as follows:

o (03) e (PF) (85w

We use 7 to denote the single-qubit identity channel. For a string p € {0,1,2,3}", wp is
defined as the Hamming weight of p, that is, the number of nonzero symbols in p.

We define the circuit architecture we use in the rest of the paper. We assume familiarity
with basic terminologies in quantum computing, such as, qubits, quantum circuits, and
circuit depth. Unless otherwise stated, a quantum circuit, usually denoted by C, is taken to
be a CPTP map, and the final measurements, after applying a quantum circuit, are always
performed in the standard basis.

Definition 1 (Parallel quantum circuit). An n-qubit parallel quantum circuit, where 7 is an
even number, is a quantum circuit where every qubit is involved in a one or two qubit gate,
at every depth instance.

Definition 2 (Geometrically local quantum circuit). An n-qubit geometrically local quantum
circuit is a quantum circuit where every quantum gate acts on nearest-neighbour qubits.

Definition 3 (Noisy quantum circuit). An n-qubit noisy quantum circuit is one where every
quantum gate is followed by a single qubit noise channel A/ on every qubit involved in the
gate.

Definition 4 (Random quantum circuit). An n-qubit random quantum circuit is one where
every quantum gate, acting on k qubits, for a constant k, is drawn from the Haar measure on
U(2F): this is the set of all unitary matrices, of dimension 2 x 2,

Alternately, a random quantum circuit can be interpreted as a quantum circuit picked
uniformly at random from an ensemble of quantum circuits. In this paper, unless otherwise
stated, we consider parallel, geometrically local, noisy, and random circuits, as depicted in
Fig. 1. We usually use B to denote an ensemble of noisy random circuits.

10



2.1 Modeling the noise

Quantum devices are affected by two sources of noise: unital and non-unital quantum noise
channels. A quantum channel AV is a unital channel if N'(I) = I, where I denotes the identity
operator. Dephasing, bit-flip, and depolarizing noise channels are examples of unital quan-
tum channels. On the other hand, an amplitude damping channel is an example of a non-
unital quantum channel, which models the T} noise in superconducting quantum devices.
Unital and non-unital noise sources have the opposite behavior. While amplitude damping
noise “bias” the system towards a particular fixed state (|0) state) and unital sources push
the system towards the maximally mixed state.

In the next few sections, we will use a combination of the depolarizing channel and
the amplitude damping channel to model the noise after each single qubit gate. Ampli-
tude damping noise is emblematic of the T; noise [CR] 722, KHV *22], and the depolarizing
channel is emblematic of the type of unital noise just described [AAB" 19, AGL22]. In later
sections, we discuss how our analysis and techniques are general enough to apply to a wide
variety of noise channels.

2.1.1 Amplitude damping noise

This type of noise pushes a qubit towards the state |0)(0|. It is represented by two Kraus
operators, as given by Definition 5. The first Kraus operator “dampens” the |1) (1| term, and
the second Kraus operator takes the state |1) (1| to |0) (0| state, with a prefactor. Both the
operators serve to make the contribution of |0) (0] dominate in the final state that we get
after the channel is applied.

Definition 5 (Amplitude Damping Noise Channel). Let 0 < g < 1 be a real parameter. A

single-qubit amplitude damping noise N, q(amp ) with noise strength g is a quantum channel
with the following Kraus operators:

(3 ) m-(24)

Therefore, for a single-qubit linear operator

X = ( X00 o1 ), (14)

X10 X1
the action of the amplitude damping channel V, q(amp) (X) is given by

(amp) _( x00t+qgx11 /1—qxm
Nq (X) = < T—g 4%10 (1 - q)xH ) . (15)

2.1.2 Depolarizing noise

Definition 6 (Depolarizing Noise Channel). Let 0 < p < 1 be a real parameter. A single-
qubit depolarizing noise N, ;Sdep) with noise strength p is a quantum channel with the follow-

ing Kraus operators:
_ 3p (1 0 _/p( 01
a=y1-F (0 1) k=5 (1 0).
_/p( 0 —i _/p(1 O
K= Z(i 0>'K3_\/;(0 —1)'

11
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Figure 1: The circuit model that we use for our analysis. Every pink rectangle is a single
qubit noise channel. Every white rectangle is either a single qubit or a two—qubit Haar
random gate. In the end, the final state is measured in the standard basis.

Therefore, for any single-qubit linear operator X

X — < X00 Y01 >’ (17)
X10 X11

the action of the depolarizing channel V, rSdep) (X) is given by

(dep) (yy _ [ (1= p)xo00+ 5xn (1—p)xo1 )
Ny ) = ( (1- P)xloz (1—p)x11 + Exoo (18)
=(1-p)X+ gTr(X)Iz, (19)

with the single-qubit identity operator I,.

Remark 5. Usually, when the type of noise is clear from the definition, we drop the super-
script and refer to the noise channel as N, for some choice of the strength c. Furthermore,
we will often consider properties of noisy random quantum circuits in expectation: unless
otherwise stated, the expectation will always be taken only over the choice of random gates,
and not over the noise channels.

Remark 6. The notion that the amplitude damping channel is fundamentally different from
the depolarizing channel is elaborated on in works like [BOGH13], where it is shown how
quantum circuits with uncorrected amplitude damping channel can be used to do expo-
nential time quantum computation, in the worst case, by using the noise as a resource to
generate fresh ancilla qubits. However, this cannot be done for quantum circuits with the
depolarizing noise channel.

3 Anticoncentration and the lack thereof

In this section, we introduce the notion of anticoncentration and discuss what it means to not
anticoncentrate. First, we will use the definition of anticoncentration in [DH]Ba22], where
it is defined with respect to the collision probability. Then, we will talk about another def-
inition of anticoncentration, which, for example, is found in references like [AA10, BMS16,
DNS ' 22], and discuss connections between the two definitions.

3.1 Strong definition: with respect to the scaled collision probability

Definition 7. The output probability py, of a string x € {0,1}", for a quantum circuit C is
given by
px = Tr(lx)(x[ C(]0")(0"])). (20)

12



Definition 8. For an ensemble B, the scaled collision probability is defined as

zZ=2"E| Y pi -1 (21)
xe{0,1}"
In other words,
Z=2"E| ¥ Tr(x) (| c(lo)o)?| -1 22)
xe{0,1}7

Definition 9. An ensemble B of n-qubit quantum circuits is defined to be anticoncentrated if
Z=0(1). (23)

Intuitively, Definition 9 says that the probability of seeing a collision, after sampling
twice from the output distribution of a circuit in B, is extremely small in expectation. In
other words, “most” n-bit strings have sufficiently high probability weight in the output
distribution. Definition 9 is a ”stronger” definition of anticoncentration because, for certain
types of circuits, it implies another well-studied “"weaker” definition of anticoncentration,
as we will see in Section 3.2.

Definition 10. An ensemble B of n-qubit quantum circuits is said to exhibit lack of anticon-
centration if
Z=w(l). (24)

The RHS means that the quantity is strictly more than a constant: it grows as some func-
tion of n. Intuitively, a distribution which satisfies Definition 9 is not “evenly” supported
on all n-bit strings: some strings have much more probability weight than others. So, there
is a much larger probability of seeing a collision when sampling multiple times from this
distribution.

Remark 7. The connection of Definition 9 to easiness proofs is elaborated on in Appendix I.
In short, the guarantee that ensembles satisfy Definition 9 is necessary for the current tech-
niques to analyze the accuracy of the classical sampler, proposed by [AGL"22], to work. This
is why the samplers only works after logarithmic depth; logarithmic depth is the threshold
at which these ensembles are known to start anticoncentrating [DH]Ba22].

3.2 Weak definition: with respect to individual probabilities

There is another definition of anticoncentration, which defines it in terms of how large indi-
vidual probabilities are. This can be found in works like [Fef14, BENV18, AA10, DNS'22].

Definition 11. An ensemble B of n-qubit quantum circuits is defined to be anticoncentrated
if for every x € {0,1}", there exists a choice of a, € (0, 1] such that

Py [px > 25] > p. 25)

We define the lack of anticoncentration in a similar way.

Definition 12. An ensemble B of n-qubit quantum circuits is defined to lack anticoncentration
if there exists an x € {0,1}", such that for any « € (0,1],

n—oo B

. o
lim Pr {px < 2—4 =1. (26)
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The form of anticoncentration in Definition 11 is believed to be useful in proving that the
output distribution of some random circuit ensembles are hard to classically sample from
[AA10, BENV18]. Definition 11 is called the weaker definition of anticoncentration because
Definition 9 implies Definition 11, as we will now establish.

3.3 Connection between two definitions

Before establishing the connection between Definition 9 and Definition 11, let us state a
version of the "hiding” property.

Definition 13. Let B be an ensemble of random quantum circuits. Then, B is said to satisfy
hiding if
k| _ k
£04) -5 1) @
for x,y € {0,1}", x # y, and for any k.

Note that for ensembles that satisfy hiding,

E p2| =2"-E |p3|, (28)
B xe{%l}" * B[V]

for any y € {0,1}". Note that the hiding property follows form the left and right invariance
of the Haar measure under unitary transformations. Furthermore, from Eq. (28), for any
ensemble B satisfying both hiding and anticoncentration with respect to Definition 9,

1 0@
Elpxl =55 E 7] = 4(n ) (29)

for any x € {0,1}". A number of ensembles satisfy hiding, including noiseless random
quantum circuits and circuits with Pauli noise [DNS"22]. Let us state a proposition that
follows from our discussion so far.

Proposition 1. Let B be an ensemble of random quantum circuits which satisfy hiding and anti-
concentration with respect to Definition 9. Then, it also satisfies anticoncentration with respect to
Definition 11.

Proof. For any x € {0,1}", by the Paley-Zygmund inequality,

(1—a)

Pripx > “'IE[Px]] > W. (30)

Then, the proof follows from Eq. (29). O]
In this sense, Definition 9 is stronger than Definition 11.

Remark 8. When an ensemble B does not satisfy hiding, the relation between Definition 9
and Definition 11 is not clear. Note that hiding is not satisfied in most of the setups that we
study in this paper, because of how we model our noise. The details of our noise model are
given in Section 2.1.
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3.4 Fine graining the weak definition

One can consider a fine-grained version of Definition 11. The fine-graining is important in
setups where hiding is not satisfied and analyzing the typical probability weight for one
particular bitstring does not tell us about the typical behavior of other bitstrings..

Definition 14. An ensemble B of n-qubit quantum circuits is defined to be k-anticoncentrated
if there exists aset S = {x : x € {0,1}"}, with |S| = k, such that for every x € S, there exists
a choice of a, B € (0, 1] satisfying

o
P > —| > B. 31

Br |:px = 2YZ:| = IB ( )
Remark 9. Note that after a sufficiently large depth, noiseless random circuits, or random
circuits with Pauli noise, are 2"-anticoncentrated [DH]Ba22].

3.5 Our work

Our work shows that, for the setups we discuss in the paper, anticoncentration fails both
with respect to Definition 9 and Definition 11. Our analysis is fine grained, in the spirit of
Definition 14.

4 Overview of proofs

In this section, we summarize our proofs. The proofs are detailed in the subsequent sections.
Just like Section 1.1.3, this section gives a bird’s eye view of the rest of the paper; but it is
more formal than Section 1.1.3.

¢ First, we will prove that the distribution exhibits a lack of anticoncentration, according
to Definition 10, at any depth. Particularly, we will show that for a noisy ensemble B,
the scaled collision probability

Z>1+s)" -1, (32)
for a non-negative constant s depends on the strength of the noises present.

¢ Then, we show how the distribution lacks anticoncentration according to Definition 12,
at any depth.

Moreover, our results show that the distribution is never 2"~ l—anticoncentrated, ac-
cording to Definition 14.

— For this, first we calculate the first moment of output probabilities to show that, in
expectation, the probability weight on a string is exponentially suppressed with
respect to the Hamming weight of the string: strings with lower Hamming weight
have exponentially more weight than strings with higher Hamming weight.
Intuitively, this behavior comes from the fact that the fixed point of an n—fold
tensor product of a single qubit amplitude damping channel is |0")(0"| and the
fact that 0" is a string with a Hamming weight of 0. So, the distribution is biased
towards strings that are closer in Hamming distance to 0".
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— We then show that for any string with Hamming weight at least 7, the probability
weight on that string is negligible, for most circuits in the ensemble B.

This calculation is divided into two parts: the low depth and the high depth
regime, with different techniques for each regime. We use a variant of a lightcone
argument in the low depth regime, whereas the high depth regime is analyzed
using mappings to a stat-mech model. Note that mapping random circuits to
stat-mech models, to study various quantities of interest, is a useful analysis tool
and have been studied in [H]19, DHJBa22, DNS"22].

* Then, we generalize our techniques to an arbitrary noise channel. First, we show that
for an arbitrary noise channel with a non—-unital component, the distribution exhibits
a lack of anticoncentration according to Definition 10, for a wide range of parameters.

¢ Thereafter, we derive a condition for which the noisy distribution shows a lack of an-
ticoncentration according to Definition 12 and is never 2"~ !-anticoncentrated. This
results holds for a general noise model, when the noise is modelled as any CPTP map.

* Note that a layer of random gates can, intuitively, be thought to “scramble” the output
distribution. On the other hand, a layer of amplitude damping noise can be thought to
“unscramble” the distribution and push it back to a pure state. So, one might suspect
that there is a “see-saw” effect and whether the distribution exhibits a lack of anticon-
centration is dependent on whether we terminate our circuit with a layer of noise or
a layer of noiseless gates. However, we do not think this is the case: we argue that
amplitude damping noise in the middle layers is sufficient to cause lack of anticoncen-
tration.

To elaborate on this conceptual point that we want to make, at the end of our paper,
we discuss a setup where we do not have the last layer of noise, and instead terminate
with a last layer of noiseless gates.

We argue how such setups also appear to lack anticoncentration, according to Defini-
tion 10 and Definition 12. Our results in this regime are not as general as they were
before, but, nonetheless, they strongly suggest that the phenomenon of lack of anticon-
centration holds true even when we have non—unital noise in only the middle layers.

5 Lack of anticoncentration using scaled collision probabil-
ity
In this section, we will show how our random circuit ensemble exhibits a lack of anticoncen-

tration according to Definition 10. The noise is modeled by a mixture of amplitude damping

and depolarizing noise. That is, the combined noise channel could either be V, q(amp) oV, ;Sdep)

or be Nédep) o /\/q(amp).
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Let us observe the following identities:

L +o;
2 7

10)(0 = (33)

12 - UZ

(1| = =—=—

na=2%

where I, is the single-qubit identity operator and o is the single-qubit Pauli-Z operator.
Using these identities, for an ensemble B, one could rewrite Eq. (21) as:

(34)

Z=E| ) Ti(opC(0)Y0))*|, (35)
pe{0,3}",p#0"

where 0}, is an n—-qubit Pauli operator. Note that cp = I, and 03 = 0,. Additionally, note that
E |Tr(o, C(10)(0]))?] = E [Tr(ep @ o C(0)0]) @ C([0)0]))] (36)

We prove the following theorem, which shows a lack of anticoncentration for our noise
model.

Theorem 1. Let B be an ensemble of noisy random quantum circuits with noise channel N, where
N is either Nq(amp) oM, ,Sdep ) or be N, ,Sdep ) o N'q(amp). Then,

z> (1 +r2)" _1, (37)
where
o q’ N — Nq(amp) ONrgdep)l
ri= v rdep) lamp) (38)
q(1=p), N =N, " oNg :

Proof. For pedagogical reasons, before we generalize to n qubits, let us first consider just the
single qubit case. In the single-qubit case, we have

Z = E [Tr(o: C(0)(0]))?] (39)
= E[Tr(e: © 0z C(|0)(0]) © C(|0)(0]))] (40)

by definition. Let A/ be either q(amp o N, ,SdeP) or NV, ;Sdep) o, q(amp ) Let

=N (w@ui), (41)
where p is the state just before the last block. Additionally, let
o' =l (p)Uy. (42)

By definition of the adjoint map, we have

Z=F [Tr(oz @0z p@p)] (43)
= £1131 [Tr(oz @ oz N(p") @ N'(p')] (44)
- [Tr(/v*(az) 2N (o) o' ®p’)} . (45)
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In (45), we have used the fact that for a CPTP map, N'" o AV is equal to the identity map. We
can explicitly compute N (c3) as

N (o) =rL+ (1—9)(1—p)os, (46)

where r is defined in Eq.(38). Using this expansion, we have

E |:TF(N+((72) QN (o) p' ® p’)] = rZLHIE (Tr(L®Lp ®@p")] + alE (Tr(Lb®o: ' ®p")]

+ ClLH;: [Tr(c:®@ L' ®@p)] +S3E [Tr(e: @ 0; 0’ @],
1

U
where @)
q:{m—wvm,Nzwm%w@% us)
a(1=p)(1=p)2, N =N o NG,
v { I iy iy )
A=q)1—p), N =N opg™™
Now, we evaluate the terms one by one.
¢ The first term:
551 Mo L ®p)] =1 (50)
by definition.
¢ The second term:
E (Tr(h®op'®p")] = ETr ( (Ui (L ® o) U] p® p) (51)
=Tr (gl;i (U (L@ o) U?] p@ ﬁ) (52)
= 0. (53)

The second line follows because the linearity of trace and expectation to interchange
the two operations suitably. In the third line, we have used the fact that

My, [oi @ 7] = E [u{®2ai ® aju;@ﬂ =E [U?Zm ® aju;@z] —0 (54)

for i # j. This equation follows because the Hermitian conjugate of a unitary is also a
unitary and because the expectation is only over the unitary Uj.

* By a similar reasoning as the second term, the third term:

E [Tz 0 Lo ©p)] =0, 55)
1
e The fourth term:
E [Tr(o, @0, 0 ®p')] = E [Tr((fzp')z} > 0. (56)
U, 841

This is because Tr(0,0')? is always a positive-valued random variable.
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Putting these analyses together, Eq. (47) can be lower-bounded by r?; that is,
Z > (57)
With this observation for the single-qubit case, we consider the general n-qubit case:
Z=E| Y Tlop@0,C(o)o]) @ C(oxo)) | 59)
pe{03}r,pA0"
Let us fix p € {0,3}"\{0"} and consider
E [Tr(e 2 o3 C(|0)(0]) 2 C(0)(0]))] (59)
Letting C” denote the circuit obtained by removing the last layer of noise, we have

[Tr(op @ 7, C(10)0]) @ C(|0)0]))]
[Tr(ep ® o N 0 C'(J0)(0]) @ N 0 C'(|0)(01))] (60)

[T (M) () © (M) () C'([0)0]) 2 C'(10)0]))]

E
B
E

B/

where B’ is the set of quantum channels obtained by removing the last layer of noise from the
circuits in B. Now, we consider the expansion of (NT)®" (0p). Let us write p = p1p2- - - pu,
where p; € {0,3} for 1 <i < n. Then,

(N (ep) = QN (o). (61)
i=1
Recalling Eq. (46),
+ . 12 pi = 0
Aep) = {rlz +(1—g9)1—p)oz p;i=3. (62)

Note that N'*(I) = I, since the adjoint map of a quantum channel is unital. Substituting
this relation to Eq. (61), we have

(NN op) =1 In+ Y oy, (63)
q€{0,3}"\{0"}

wqgwp

where ¢; are nonnegative coefficients and w; is the number of non-identity Pauli operators
in 0;. Using this expression,

E [Tr(0p ® 0y C(|0)(0]) @ C(|0)(0]))] (64)
= I [Tr(L» ® I C'([0)(0]) @ C'(|0)0])] (65)
Y e [T @ay C(lo)o) @ C(lo)o)| -
v/,q’eb{u()é];{'jp\{O”}
The first term is

rszIBI';‘; [Tr(In ® In C'(|0X0]) ® C'(|0X0]))] = r*7. (66)
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If g # 4, then with a similar argument as in Eq. (53) and Eq. (55), we have

E | Tr(oy @ 0 C'([0)(0]) @ C'(0)(0]))] = 0. 67)

Here, we used the fact that the average statistics do not change even if one appends single-
qubit Haar random unitary gates after a two-qubit Haar random unitary gate. In addition,

E [Tr(oy @ 0 C'(0)(0]) & €'(10)01))] = E [Tr(ezC"(0)01))?] = 0 (68)

by a similar discussion in Eq. (56). By combining these observations,

z> ), (69)
pef{0,3}",p#0"

Hence, by computing RHS with the binomial theorem,
Z>01+r)" -1, (70)
which completes the proof. O

The lower bound (37) established in Theorem 1 indicates that the scaled collision prob-
ability diverges in the limit of n — oo, i.e., the given circuit is not anticoncentrated, if

the noise parameter r # 0. For example, recall that r = g when N = Nq(amp) o /\/,édep ),
Hence, the circuit is not anticoncentrated as long as the circuit is affected by the amplitude
damping noise, no matter how strong the depolarizing noise is. On the other hand, when

N =N, ;deP) o\, q(amp), the noise parameter is r = g(1 — p). In this case, the circuit is not anti-
concentrated for any positive g unless p = 1. This slight difference originates from the order
of the two kinds of noise. When the completely depolarizing noise comes after the ampli-
tude damping noise, the completely depolarizing noise nullifies the effects of the amplitude
damping noise.

Remark 10. If we only have the depolarizing channel, then 4 = 0. Then, from (38), r = 0.
Hence, from (69),
Z > 0. (71)

This gives us a vacuous bound and our techniques fail to prove the lack of anticoncentration.
This is consistent with the observation that random quantum circuits with the depolarizing
noise indeed anticoncentrate [DNS22].
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Remark 11. While Eq. (54) is obtained by a straightforward calculation with Eq. (278) in
Appendix D, let us give qualitative reasoning for this relation. Observe that M;, projects
an input onto the symmetric subspace and the anti-symmetric subspace (See Appendix D).
The projector Ilsym onto the symmetric subspace and the projector Iantisym onto the anti-
symmetric subspace can be expressed as

Moym = |7 )@ | +[@7 )@ [+ [¥7)(¥"| (72)
Iﬁ[antisym = ‘(I)_ ><(D_ (73)
where
I |00) 4 |11) ~|00) — |11 . |01) 4 |10) _ |01) — |10)
@) = LI gy = O gy U0 jyy U0

V2 V2

are the Bell states. In fact, for any Bell state |Z), we have (E| [0; @ gj| |2) = 0 when i # j. An
intuitive justification can be given with the following simultaneous measurement scenario.
Suppose that two parties—Alice and Bob— share a Bell state |Z). Alice has an observable ¢,
and Bob has an observable ¢;. They measure their observables with the state |Z). In this case,
the expectation value of this measurement is zero. Indeed, Bob obtains 1 with probability
% and obtains —1 with probability % regardless of Alice’s measurement result because they
share a maximally entangled state and they locally have different Pauli operators. Hence,
from this observation, we have

<0'i ® Ui, I—Isym> = <Ui ® 0j, Hantisym> =0. (75)
Hence, 0; ® 0j has no component on the symmetric and anti-symmetric subspaces. Thus,
My, [o; ® 0] = 0. (76)

Note that this does not contradict that My, is a CPTP map because Tr[o; ® ¢;] = 0 when
i #].

6 Lack of anticoncentration using typical probabilities: pre-
liminaries

In the next sections, we will prove that our setup exhibits a lack of anticoncentration accord-
ing to Definition 12. Before doing that, it will be helpful to prove some useful results.

To that effect, in this section, we calculate the first moment of two different noise models.
We divide our proof into many subparts. First, let us calculate the exact expression for the
tirst moment of the output probabilities of our distribution. We will then argue about typical
probabilities, first in the low depth regime using a lightcone argument, and then in the high
depth regime, using a second—-moment inequality.

6.1 First moment of output probabilities

Theorem 2. Let B be an ensemble of noisy random quantum circuits with noise channel N'. Fur-
thermore, for a particular x € {0,1}", let py be the corresponding outcome probability. Then, the
following hold.

1L AT = L) o pr i)

Elps] = T : (77)



2 IfN _ N’gdep) oNq(amp),

Elp:] = 1-(01- P)W’*‘Sﬁ (1—p)g)"™ 78)

Proof. We will prove the two cases separately.
1. Observe that

(Néde”):o(N;amp)):uoxon=( P+ 20) joyol + (g+ 2~ B2y pyal, 9
(AP) o (AF™™) () = (5= B 001+ (1= = 5+ 5) mal, @0

where for a quantum channel A/, N'" represents its adjoint map. Now, construct a new
ensemble 5’ by removing the last layer of the noise channel from the circuits in B. Let
C be a quantum circuit in B, and let C’ be the circuit obtained by removing the last
layer of noise, namely,

C=N""o( (81)
By the definition of the adjoint map,

E [ps] = ETr [|x)(x| € (J0")0"])] = ETr [(N*)W (%)) ¢ <|0”><0”\>} . ®

By computing (A1) o (]x)(x|) using Eq. (79) and Eq. (80), we have

(N*)®”(|x><x|): )3 (ﬁczix’y)) )yl (83)

ye{0,1}"

where c](cx’y ) is defined by

( (1 —g %) (xx, yx) = (0,0)
(q_*—g_%) (xk/yk) = (011)
C]((x,y) _ (84)
P P4 _
(5 7) (2 yx) = (1,0)
_,_P_ P -
| (1-a-2+50) () =1).
On the other hand, we have
/ n\/nn _ Ipn
E [C'(0")0"))] = 2 (85)

by considering the expectation over the last layer of random unitaries. Therefore, by
combining these equations,

Elp = ) (Hck )Tr{lzﬂyl }:21 y (ﬁcl((x,y)) (86)

ye{0,1}" ye{0,1}"
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We can compute Eq. (86) as

1 o
Elpd =5 L (H i y)> (87)
ye{0,1}7 \k=1
_ AN (e P PN (P pg) e
L Z;O( l )(1 2 +5) (1+5-5) (88)
Wy l/ wx—l’
<L () G-5) (0= 5+ ) ®
_ Lt opPp. P_paN"""(p_Pq  4_ . _ P PI\*
_2_"(1 ;T TIT; 2) (2 > -4 2+2> (90)
n—wy _ Wy
_(A+4q) 2n(l 9 1)

where to obtain Eq. (88), we divided the cases based on the hamming weight of string
x. Then, Eq. (90) follows from the binomial theorem.

2. In this case, we have
(W) o (Ai) " ooy = (1~ 2) ool + (90— )+ E) e, o2)
(W) o (gt ayany = () ool + (1- gt —p) - £) il 93

With the same argument from case 1, we have

] = L0 = P))”‘;’;(l —q(1—p))*™ 94)

= NI

=

]

From Theorem 2, it is evident that the expected output probabilities of strings with higher

Hamming weights are exponentially suppressed with respect to the Hamming weight.

6.2 A discussion on marginal probabilities

Our calculations to prove lack of anticoncentration, with respect to Definition 12, in the low
depth regime requires an argument based on lightcones. As we will soon see, this necessi-
tates that we compute marginal probabilities, where the order of the marginal is determined
by the size of the lightcone. The following corollary is immediate from Theorem 2.

Corollary 3. Let B be an ensemble of noisy random quantum circuits with noise channel N'. For a

binary string x € {0,1}", consider a substring y of x with length |y| and Hamming weight wy. Let

py be the corresponding marginal probability. Then, the following hold.

(1—q)*(1+ g™

Elnl = ol (95)
2. IfN _ Nrgdep) ONq(amp)/
(=1 =p)g)®(1+ (1 —p)g)lvi—w
]E[py] B 20yl : (96)
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Proof. We only show the proof for |y| = n — 1. The other cases also follow similarly. Without
loss of generality, we may assume y = x1x3 - - - x,_1, Wwhere x; denotes the it bit of x; that
is, y is the substring obtained by discarding the last bit of x. Consider the case where N' =

/\/q(amp) o\, p(dep). The other case similarly holds.
Since the marginal probability py,x,...x, , is the sum of py x,..x, ;0 and Py x,..x, 1, We
have

E[py] = E [Pz, o] (97)
= [Pryxpxy 10 + Pxyrgeeoxy 1) (98)
=E [Pxyxp--x, 10 +E [Px1x0--x0 11] (99)

Now, from Theorem 2,
E [Prosyony 10) = (+ q)n;vz(l —% (100)
E [paspon, ] = S0 09 101)

Therefore,

E ] - (1+ q)”‘;’j(l —g)t 1+ q)”‘(wy;)(l —q)“t! 102)
AP0 (1 gy 1) (103)
_(+ q)(”;_“l’y(l — 9™ (104)
_ (4 q)y';“:'(l —9" (105)
where the last equality follows because |y| = |x1x2 -+ - x,_1| =n —1. O

7 Lack of anticoncentration at low depth

In this section, we prove that for a sublogarithmic depth noisy random circuit ensemble, the
probability weight on strings with Hamming weight at least 7 is negligible in most circuits
of the ensemble. This means that these circuits exhibit a lack of anticoncentration, as defined
in Definition 12. Our analysis is in spirit of the fine graining in the spirit of Definition 14.

7.1 Notations and useful facts

Note that introducing random variables X;, corresponding to the i*h bit of n-bit string x, we
may write

Px = Pr[X1 = xl]Pr[Xz = X2|X1 = xl] coe PI’[Xn = xn|X1 = X1, X2 = X2,.. -/Xn—l = xn_l].
(106)
Observe that py is also a random variable, by definition.
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Hence,
1 n
—logpx = —— ZS; Z%'ngr(xa(i) = Xo(i)| Xo(1) = Xo(1)r- - - Xo(i-1) = xa(i—l))f (107)
oeS, i=

where S;, is the permutation group on n qubits. For a set of non-negative integers J;, such
that i ¢ J;, define
<Zi>]i = ZPF(XZ' = xi|{X]- = x]-}]-efl.) —1. (108)

If there is no conditional dependence, then we drop the subscript J;. Finally, let

A ==Y (Zs@))o1,2i-1): (109)
i=1

Using a lightcone type argument, the stated lemma follows.

Lemma 4 ([DNS22], Eq. 58). For a quantum circuit C, and for any x € {0,1}", let py be the
probability of getting x in the output. Then,

1 1 ¢
—logpx > nlog2 + — Y As+—— Y (Z;). (110)
nl s, 4-4% 5

7.2 Our results

Now, we are ready to state our main theorem.

Theorem 5. Let B be an ensemble of noisy random quantum circuits of depth d, with noise channel

N = ./\fq(amp) o N;Sdep) or N = ./\/p(dep) o N{;amp). Let x € {0,1}" and wy be the Hamming weight
of x. Then, there exists a constant t for every x with wy > 7, and o € (0, 1], such that,

. o
e < 3] 1 <m>
when d < tlog(n).
Proof. From Appendix C, we have
1
E [Pr(Xi = xil{Xj = xj}jep,) | = 5 [l NV (1) |x:)]. (112)

Here, (x;| N () |x;) can be evaluated as follows.

1L IEN = N™™P) o A7(8eP),

A vy = { 110 2 113
2. TEN = NP o NP,
A ey = { TP 2D a1y
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Let us write . 0
A ey = { 357 2D (115

with 0 < r < 1, so that we can cover both cases. The expectation value of A, over B is

computed as
n

ElAc] =) (1= [(x[ NV (B) |x)])

i=1
(116)
=(n—wx) (1= (1+7))+wx(1-(1-7))
= 2W,r — nr.
Additionally, from Appendix B,
gEKZi)z] > be ™™, (117)
d

for some positive constant 4, b, for any i € [n]. Moreover, letting

X = —logpy, (118)
from [DNS™22], it follows that
Vgr(X) < 2n. (119)
From Lemma 4 and Eq. (116),
b —cd
IE[X] > nlog2 + (2wyr — nr) + 2 (120)

for ¢ = log4 + a. By Chebyshev’s inequality,

Vgr(X)
PrX —E(X)| 2 K] < £ (121)
Taki k =n%0 Nar(X h
aking, say, n gr( ), we have
1
PriX —E(X)| < O(n*")] > 1—m- (122)
Hence,
lim Pr[-X < —E(X) + On%h) =1. (123)
n—oo
Putting back the values, from Eq. (118) and Eq. (120),
. _ b _
nlgrgo %r {px <27 "exp (—2wxr +nr — 1ne cd | O(n0'51)>} =1 (124)
Now, if ;
_h Y —cd _ 0.51
2r (wx 2> -+ 1 w(n™"), (125)
then )
exp <—2wxr + nr — Zne_“l - O(n°-51)) = 0(1), (126)

and we have Eq. (111). For w, > 7, when we pick d < @Iog(ﬂ), Eq. (125) is satisfied, and
thus the theorem follows. O
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8 Lack of anticoncentration at high depth

We need a different technique to analyze sufficiently deep circuits and show that they sat-
isfy Definition 10. This is because the lightcone type arguments, in Lemma 4, break down
when the lightcone sizes become too large for sufficiently deep circuits. Because of this, the
technique we use is bounding the second moment of output probabilities and then using
Chebyshev’s inequality to show concentration around the mean for our desired probabili-
ties. Just as in Section 7, our results are fine grained, in the spirit of Definition 14.

8.1 Useful properties of sufficiently deep noisy random quantum circuits

Before stating the main results, we prove the following intermediate proposition.

Proposition 2. Let N be a single qubit noise channel, and let N = N @ N be two copies of N
acting on two qubits. Define a two-qubit operator

My, n = My, oNo My, (127)
with
Myle]l= E u;@zpu{@] : (128)
Uy ~Unaar
Suppose that
My, n(Ls) = (1 —a)ly + 2aS, (129)
Mul,N (S) =bly + (1 — 2b)S (130)

with a > 0and b > 0, where I is the 2-qubit identity operator and S is the 2-qubit SWAP gate.
Then,

N

MU1 o (N OMul) o (N oMul) 0--:0 (N oMul) |:|0><0‘®2:|

m times (131)
1 —2a+Db " 1 —2a+b
=3I+ 10(a+2b) (1—a-2b) ( 30 10(a +2b)>} (I =25).

Remark 12. Without loss of generality, for any noise N/, the effect of noise against I; and
S in the noisy random circuit can be expressed as in Egs. (129) and (130). A more detailed
discussion is in Appendix D.

Proof. First, note that by properties of the Haar measure,

Mu, [p] = Mu, © My, [o]. (132)
Hence,
My, o (No My,) o (No My,) o+ (NoMy,)) [0)(0]*?] (133)
m times
= (My, oNo My,) o (My, 0N o My,) oo (My, N o My,) [0)(0]*?] (134)
m times

= {Vful,N o My, o -+ My, n oMy, [\0>(O|®Z] (135)

m times
= g\zul,N oMyno--- MUI,I\L E(LL + 5)1 (136)

m times
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In the fourth line, we have used the fact that

My, [10) 01°2] = 2 (1 +5).

Note that . . ,

It can be verified that
My n[214+S] = (214 S) + (—2a+b) (14 — 29),
Mul,N [14 - 25] = (1 —a— Zb) (I4 - 25)

Thus, using Egs. (139) and (140) repeatedly, we have the following relation

~ ~ ~ 1
W o W o B [ (1-+9)

6
m times
1 - - -
— E{VIULN o MullN O--- Mulr'\l [(2[ + S)]
mt;;nes
1 - - -
— %MULN oMy n© - My [(Is —2S)]
ma;les
1
= E(ZI +S) + xp(Iy — 25),

where {x, }, is defined by the following recurrence relation

L
30’
Xpi1=(1—a—2b)x, +

X = —

—2a+b
10

(n>0).

Solving this relation, we have

_ —2a+b - 1 —2a+Db
xW_10(a+2b)+(1 a—2b) ( 30 10(a+2b)>'

which leads to Eq. (131).

8.2 Second moment of output probabilities

(137)

(138)

(139)
(140)

(141)

(142)

(143)

(144)

(145)

(146)

Now, we make a connection between the second moment of the n-qubit depth-d noisy ran-
dom circuit and the output of 2-qubit depth-d single-qubit-Haar-random circuit. We give

the proof in Appendix E, using a stat-mech model.
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Theorem 6. Consider an ensemble B of depth-d noisy random quantum circuits characterized by a

noisy channel N' = Nq(amp) o N, ,Sdep) or NV, ,Sdep) o Nq(amp). Suppose that noise parameters (p,q)
satisfies (p,q) # (0,0); that is, we will not consider the noiseless case. Then, for x € {0,1}" with
the Hamming weight wy > 7,

E[p3) < p"n"exp [nze“‘“)] , (147)
B H
where,
1 r2
pi= gt (20, (148)
1 r2
7 12 (>0), (149)
n=1-r> (>0), (150)
with
1 (1 — 21 — 1
c=1-(1-pP1-q) (1-1) (151)
__ pr(amp) (dep)
ri= 9 A= Nq(de ) O-N-(pam ), (152)
g(1=p), N =N o NP

Remark 13. In the statement, since (p,q) # (0,0), ¢ is always larger than 0 by definition.
Thus, p and v are always well-defined.

8.3 Facts about concentration inequalities

Before stating our results, let us state some useful facts about concentration inequalities,
in the context of random quantum circuits. We consider x with w, > 7. By Chebyshev’s
inequality,

Var(X
Pr[|X —B(X)| > k] < k(z ) (153)
For a € (0,1), letting k = 5, we have
Var(px) ]E[pfc]
o B B
P —E > | < < . (154)
\lr=500|= 3] < G <
Since
« o
Px — IE(Px) < ou = Px < IE(PJC) + S (155)
we have the following bound:
. 4"E|[ps]
F;gr Px < on +Ig(px) >1- (156)
From Theorem 2, we can write
(1—r)0x (1)t~
E = .
Epx] > (157)
If wx Z %/
n
1 —7)% (14 7)) %x 1—172)2
E[ps] G (2n ) < ( T )2 (158)



8.4 Our results

We are now ready to state our main theorem.

Theorem 7. Let BB be an ensemble of noisy random quantum circuits of depth d. Let the noise channel
be N and let d = Q)(logn). Then, the following statements hold:

1. When N = /\/q(amp) o Nédep), then For every x € {0,1}" with w, > % and « € (0,1],

: a1
gl 3] o
as long as
2
+2 2
> (1—-p)-. (160)
G-aq-1 177

2. When N = Nédep) o ./\fq(amp), then or every x with wy > 5, and a € (0,1],

. o
Jim Pr [px < 27] —1, (161)
as long as
3 1

Proof. From (158), for any B € (0,1), there exists « € (0,1) and sufficiently large n such that

x B
Elp«] + o5 < o/ (163)

unless r = 0. With such choice of « and n, by Eq. (156) and Theorem 6,

B (4un)" Vo e(d-1
Pr [px <on| 21— atex noe cd-1)1 (164)
Since ¢ > 0, when
1> '8 (165)
we have
V —cd-1)| _ v _
exp [nﬁe } = exp {;(’)(1)] = O(1). (166)
Therefore, for such depth 4, if
0<4un <1, (167)
Eq. (159) is satisfied, because
B (4pm)" i

Thus, to satistfy Eq. (159), we have to make sure that 7 # 0 and 0 < 4uny < 1.
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1. Consider N = Nq(amp) o Nédep). First, since ¥ # 0, we must have g # 0. Next, by
definition, we have

T3 -(1-pPB-q9)(1—9)
B R e e e 169

Obviously, 0 < 4u#n. Thus, given parameters 0 < p,q < 1, we only have to check if

24+3—-(1-p)?(3—¢q)(1 -
1= et <1 (170

This is equivalent to
0< [1-(1-p)?| g +4(1—pg+ (2-3(1—p)?). (171)
If this condition is satisfied, we satisfy Eq. (161). Simplifying this, we get Eq. (160).

2. Consider N = N, ,Sdep Jo Nq(amp). First, since r # 0, it must follow that p # 1 and q # 0.

Next, we have
_ *(1-p)+3-(1-p)*GB-9)(1—q)

By definition, 0 < 4u7. Thus, given parameters 0 < p,q < 1, we only have to check if

PA-pP+3-(1-p?*B-q(1-9q)
1— 21— py =P <1. (173)
A Nk R
Indeed, we can solve this inequality with respect to g as

3 1
If this condition is satisfied, we to satisfy Eq. (161).
O

Remark 14. Note that the restrictions on p and g, as given by Eq. (160) and Eq. (162) are
limitations of the proof technique, and do not necessarily mean that the output distribution
behaves any differently for values of p and g that do not satisfy these constraints.

Remark 15. Our results in Section 7 and Section 8 mean that our setup, provided the con-
straints in Section 7 and Section 8 are satisfied, is never 2" l-anticoncentrated, according to
Definition 14.

9 Generalizing to arbitrary noise channels

In this section, we consider a general case, where the noise map N is characterized using
parameters t;; with0 <i<3and1l <j<3as

Iy — I + ty10x + topoy + to30 (175)
Ox — t110x + t120y + t130% (176)
oy — tr10x + tzz(fy + tr30, (177)
0z — t310x + t320y + £330%. (178)

Since a set {, 0y, oy, 0} forms a basis for the space of single-qubit operators, an arbitrary
single-qubit quantum channel can be expressed in this form. Note that, conversely, a map
expressed in this form is not necessarily a quantum channel.
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9.1 Lack of anticoncentration using collision probability

We show an extension of Theorem 1 and prove that the ensemble B fails to anticoncentrate.

Theorem 8. Let B be an ensemble of noisy random quantum circuits with the general noise channel
N. Then,
Z>(1+1)" 1. (179)

Proof. For simplicity, let us first consider just the single qubit case as in Theorem 1. Let

o =N (w(pul) (180)
and let
o= U (p)uf (181)

with p being the state just before the last block. For a single qubit, by the definition of the
adjoint map,

Z=E[M(z0008p)] (182)
= gal [Tr(z @ 0z N(p") @ N'(p'))] (183)
= E [TV (@) e N (02) ¢ ©0')| (184)
= tg3£1;:1 ML Lo ®p')] + t%3£1131 [Tr(ox ® o o' @ p)] (185)
+ 1 [Tr(oy @0y p' © )] + HE [Tr(ez @ 0z p" @ )] + ;tﬁtﬁl}% (Tr(e;@ 050" @p")].

(186)

By using Eq. (54),
£1[3 [Tr(ei@ojp' ®p")] =0 (187)

1
forall i # j. In addition, for p = x,y, z,
E [Tr(o, @0, 0’ ®@p')] = E [Tr(app’)z} > 0. (188)
Ul Ul
Therefore,

Zz> t%3l]]lil (ML @ L ®p)] =t (189)

With this observation, by a similar discussion as in Theorem 1, we analyze the general n-
qubit case;

zZ=E Y,  Tr(op®a,C(10)0]) @ C(|0)0])) (190)
pe{0,3}",p#0"
2wp
=R DR (191)
pe{0,3}",p£0"
= (1+13)" —1, (192)
which completes the proof. O
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Remark 16. Theorem 8 implies that for any noise channel such that ¢y3 is a non-zero constant,
the ensemble B fails to anticoncentrate.

Remark 17. By a similar argument to Theorem 8, one can show that for any noise chan-
nel such that ty; is a non-zero constant, the ensemble B fails to anticoncentrate when the
collision probabilities are defined with respect to the Hadamard basis.

Remark 18. For any unital channel, ty; = tp; = tp3 = 0, so, by plugging into (192), Z > 0

gives a vacuous bound.

9.2 Lack of anticoncentration using typical probabilities

We can use similar arguments to what we did in Section 7 and Section 8 to argue about the
nature of the distribution. Just as there, here too the distribution has a lot of strings with
very low probability weight. First, define the following quantities:

2 0
o - fu Tt + g

o, (193)
po L ittt HH T B+ + B+ + 15+ 15, (194)
2 6 7
2 2 2 2 2 2 2 2 g2
c—at2h—1-— B+t T Hs 15 T 15 + 153+ 15 +13 + 153 (195)
3 4
= —tf b — i H By FHy H ) 1y Hta 15 15 1553 (196)

4t + 6y HHy 4 5 + 1y + 55+ 1) + 15, + 13, 3)
2 2 0 2 2 2 2 2 2 2 2 0
y— 3ty + top + o) T 111+t HHg + 5 H 15y + 53+ 15 15 +133 =3 (197)
12(82) + 82, + 12, + 13, + 13, + 13, + 15, + 5, + 13, — 3) '

By 3y 13 (1+tg)?
7= max{(1+to3)2,§+§+§+—( +2°3) : (198)

9.2.1 Lack of anticoncentration at low depth

We have an analogue of Theorem 5, which shows a lack of anticoncentration for low-depth
circuits.

Theorem 9. Let B be an ensemble of noisy random quantum circuits of depth d, with general noise
channel N'. Let x € {0,1}" and w, be the Hamming weight of x. Suppose further that

(100, A ([0)(0]) ) = x +TAf (199)

with some k > 3, T > 0, and A > 0. Then, if to3 > 0, there exists a constant t for every x with
wy > 5, and a € (0,1], such that,

lim Pr [px < %} —1, (200)

n—oo B

when d < tlog(n).
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In general, if we write

N(0)0]) = 3 (12 + a0 + Yy + 2002) (201

Xn, Yn, and z, are defined recursively as

Xp41 = tor + t11xXn + taYn + 3120 (202)
Ynt+1 = top + t12Xn + tooyn + t32zy (203)
Zn+1 = toz + f13Xn + to3yn + 1332 (204)
for n > 0 with
X0 =0 (205)
Yo=0 (206)
zZ0 = 1. (207)

Thus, given noise N with parameters {ti]' :1=0,1,2,3j = 1,2,3}, we may check if the
conditions ¥ > 3, T > 0, and A > 0 are satisfied by explicitly solving the recurrence relation
introduced above.

9.2.2 Lack of anticoncentration at high depth

Theorem 10. Let B be an ensemble of noisy random quantum circuits of depth d, where each
single—qubit noisy channel N is modeled as an arbitrary CPTP map with parameters {t;;}. Let
d = Q(logn). Then, for any « € (0,1]

. o«
Jimfr [pe < ] =1 (08)
as long as wy > n/2 and
n=0, (209)
v>0, (210)
0<c<1, (211)
0 <4uny < 1. (212)
Proof. Recalling that
S=3(L®L+0®ox+0, R0y +0:R03), (213)
we have
My, n(Ls) = (1 —a)ly + 2aS, (214)
My n(S) = bl + (1 —2b)S, (215)

where the operators are as defined in Section 8. With a similar discussion to Section 8, we
have

Elpi] < p"y"exp {nge‘“d‘”} (216)
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if y,v > 0and 0 < ¢ < 1. Then, following the argument in Section 8, with the constraints
being

=0, (217)
v >0, (218)
0<c<l, (219)
0<4un <1 (220)

O

Remark 19. Just as in Remark 15, our calculations in Section 9 indicate that the setup in Sec-
tion 9 is not 2"~ !-anticoncentrated, provided the constraints in Theorem 9 and Theorem 10
are satisfied.

10 Effect of the last layer of noise

Note that noises like the amplitude damping noise—our emblematic non—unital noise—try
to push the output distribution towards a fixed state. However, a layer of random gates
tries to “scramble” the distribution. In this sense, there are two opposite effects at play. This
might lead one to conjecture that the behavior of the final distribution depends on which
layer we end with: if ending with a layer of noiseless random gates causes anticoncentration,
and if ending with a layer of amplitude damping noise causes lack of anticoncentration.

However, we give strong evidence that this is not the case and that lack of anticoncen-
tration occurs even if we terminate with a last layer of noiseless gates. Our results in this
section are not as general as those of the other sections: they are only meant to justify our
intuition. Furthermore, note that terminating with a last layer of gates is not a realistic
assumption, as all known hardware has measurement noise immediately before the mea-
surement operators, which can also be modelled as an amplitude damping noise channel;
for instance, see [KMT ™17, AAB"19]. Because of this, the circuit model that follows is just a
toy model for analysis. What we will show is that if we “fix” a last layer of noiseless single-
qubit gates, then for all choices of this layer, apart from a set of choices with measure zero,
we get provable lack of anticoncentration, according to Definition 10.

10.1 Conventions

Note that a single qubit gate U is parametrized as

cos @ - ¢'? sin 0
U, ¢) = ( —sinf cosf - e ) ' (221)

Let U;(6;, ¢;) be the unitary applied to the i qubit in the last layer.
10.2 Proving lack of anticoncentration

We will consider a fixed last layer of single qubit gates, as shown in Fig. 2, and show that for
almost all choices of this layer, the output distribution exhibits a lack of anticoncentration.
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NMu,—R

Figure 2: U;, Uy, ..., U, are single qubit gates.

As we discuss later in Appendix G, which strings have low probability weight and which
ones have higher probability weight are now determined not by the Hamming weight of the
strings but by which gates were applied in the last layer.

Corollary 11. Let B be an ensemble of amplitude-damped random quantum circuits, with noise
strength q. Additionally, before measurement, for every i € [n], let U;(6;, ¢;)—a single qubit, noise-
less gate—nbe applied to qubit i. Then,

Z > (14 g%cos?20)" —1, (222)
where
0 := arg min | cos 26;|. (223)
QjIjE[I/l]

Proof. Note that by the action of U (-)U}, the single-qubit identity operator I, will evolve
as
I, = I — g cos ¢ sin 20,0y + q sin ¢ sin 26,0y + q cos 26,0. (224)

Therefore, this last layer can be regarded as a noise map with tg3 = g cos 26;, from which the
statement follows directly using Theorem 8. O

Remark 20. From Corollary 11, it holds that for any value of 6, apart from those where
cos 20 = 0, the output distribution exhibits a lack of anticoncentration. The set of points for
which this happens is a set of measure zero.

Remark 21. The utility of the last layer of gates is that it, in some sense, determines which
strings have suppressed probability weights, and which ones have higher weights, in the
output distribution of the circuit. This is illustrated in Appendix G.

We can also characterize the nature of the output distribution, for certain parameter
regimes, and argue about lack of anticoncentration with respect to Definition 12. This is
done in Appendix H.

Remark 22. Qualitatively, we believe that if a layer of amplitude damping noise is followed
by a sufficiently shallow, geometrically local, random circuit, then the overall circuit still
exhibits lack of anticoncentration. This is because amplitude damping “unscrambles” the
output distribution, and a shallow depth geometrically local random circuit is not enough to
counterbalance that and ”scramble” it again, because shallow depth random circuits them-
selves show lack of anticoncentration [DNS " 22].
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11 Open problems

Our paper motivates a number of open problems regarding the behavior of random circuits
under non—-unital noise.

¢ The most pertinent open question is whether the output distribution of random quan-
tum circuits, with the non—unital noise models that we studied, are classically hard to
sample from.

To answer this question, one potential approach is to figure out whether anticoncen-
tration is a necessary feature in the classical sampling procedure devised in [BMS17,
GD18, AGL"22] or whether it just comes up as a proof artefact during analysis of the
sampler, and a different technique of analysis can potentially extend their result to
regimes for which there is no anticoncentration.

If proof of classical hardness of sampling can be found, it might help in harnessing
our results to design quantum advantage demonstrations with ensembles that have
non-unital noise, which will complement existing quantum advantage demonstra-
tions where the focus is on depolarizing noise [AAB*19].

Note that, to the best of our knowledge, no trivial sampling algorithm, for example
those that sample from the fixed point of the noise channel, works for our non-unital
noise models. While circuits with the depolarizing noise channel after every gate are at
least inverse quasipolynomially close, in trace distance, to the maximally mixed state
— the fixed point of the depolarizing channel — at sufficiently large depths, noise
models like amplitude damping are not known to show such behavior. Certain stan-
dard techniques to show this closeness, like the data processing inequality of quantum
relative entropy [ABOIN96, WEC 21, FGP21], do not hold for the amplitude damping
channel.

Remark 23. Note that if the non-unital noise present is only in the last layer, and
the rest of the circuit only has depolarizing noise, then techniques from [AGL"22]
apply to classically sample from this circuit in polynomial time. One just stores an
efficient truncated Fourier basis representation of the state, until the last layer of noise
is encountered, and then just brute—force simulates the last layer of noise. But this trick
does not work when every gate is followed by a noise channel that has a non—unital
component.

* Even though we get lack of anticoncentration, our results are different from those in
[DNS'22], in the sense that the lack of anticoncentration, for our case, is not ”catas-
trophic enough” to ensure easiness of computing output probabilities to additive pre-
cision 27". It remains open whether that is a classically hard task.

* Moreover, is there any dependence on classical simulation complexity and the rate of
the noise? Is there a “percolation threshold”? That is, if the amplitude damping noise
strength is above a sufficiently high enough constant, do we get any phase transition
in classical simulation complexity?

¢ Even though the global distribution does not show anticoncentration, could it still be
“locally” anticoncentrated — that is, could there be collections of bitstrings such that
the distribution looks flat “locally” when we consider the probability mass of only
those bitstrings? Depending on how much locally anticoncentrated the distribution
is, one could either design new hardness conjectures or modify the existing classical
samplers to work in this regime.
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¢ It remains open whether, in the low noise regime, any amplitude damping present
can be approximated by a global depolarizing noise: this is also known as the “white
noise approximation.” While techniques from [DHJB21] indicate that this might be
true for circuits which only have a last layer of amplitude damping noise, it remains
open whether their techniques could be generalized to circuits with the middle layer
of amplitude damping noise.

¢ For a circuit ensemble, if the output distribution anticoncentrates, or is primarily “flat”,
it renders the ensemble useless for any gradient-descent based optimization tasks,
because the optimization subroutine runs into the barren plateau problem [MBS™18,
WFC™'21, Nap22].

More concretely, the gradient of the cost function of the optimization task vanishes
in the “flat” landscape and the optimization gets stuck. A concentrated distribution
may potentially escape this phenomenon. This is because the second moment of a
distribution diverges with respect to the number of qubits, and convergence of the
second moment is necessary for barren plateaus for certain optimization setups, as
was rigorously shown in [Nap22]. So, for a wide range of cost functions, the “barren
plateau” phenomenon is potentially escaped.

Thus, an interesting avenue of future exploration is if our ensembles can be utilized
for optimization tasks, or whether other subtleties hinder their practical use.

* Even though anticoncentration is a key ingredient of existing easiness of sampling
results from random quantum circuits, easiness of computing the expectation value of
certain observables may not require anticoncentration.

In a recent work, a polynomial time classical estimator was proposed by [SWCL23] to
compute such expectation values for random quantum circuits with only depolarizing
noise, by exploiting a special property of the noise — the fact that only polynomially
many Pauli paths have non-trival path weights. This is sketched in Appendix ] and
this technique does not require anticoncentration.

However, this property is very special to depolarizing noise and it remains open whether
similar techniques could be extended to other noise channels, like the non—unital chan-
nels considered here.

¢ For our circuits, with respect to restricted parameter regimes, we showed how certain
strings of the output distribution look like, in Section 8, Appendix H, and Section 9. We
believe that the fact that we have to restrict our parameter regimes is just an artefact of
the proof technique. It remains open whether we could extend our results to a wider
set of parameters.

¢ It remains open how well a metric like linear cross entropy tracks circuit fidelity for
our setup. More specifically, can we argue about the existence of a sharp crossover
region, from low noise to high noise as was observed in [MVM 23, WDH 23], with
the low noise regime being where linear cross entropy accurately tracks fidelity, and
the high noise regime being where the connection breaks?

¢ Note that our results in Section 5 and Section 7 are agnostic to the choice of architecture,
as long as the circuits are parallel and geometrically local. However, our calculations
in Section 8 make use of stat-mech models, which are known to work for 1-D geomet-
rically local circuits, but the techniques do not generalize to 2-D. An open question is
whether architecture agnostic techniques help us in proving the bound in Section 8.
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A Effect of twirling

In this section, we explain how twirling can be used to estimate the first moment of certain
expressions related to random quantum circuits.

A.1 Preliminaries

Let \V be an arbitrary single-qubit noise channel. For a density matrix p, and a single qubit
Haar random gate U, consider the following identity [EAZ05]:

@(p) = E[U" N (UpU") U]
4 . (225)

for an appropriate choice of a constant A. Note that the expression on the LHS is the ex-
pression of a depolarizing channel with noise strength A. This operation, of averaging out
an arbitrary error channel to convert it into a depolarizing channel, is known in literature
as “twirling,” and finds use in randomized benchmarking, randomized compiling, error
mitigation etc [EAZ05, WE16].

Twirling is a useful tool to gain insight into the first moments of quantities of interest
for random quantum circuits. However, it is not useful to analyze second or higher-order
moments. Thus, it is not a valid tool to analyze collision probabilities.

We will show this with four examples. A brief comment about notations: all gates shown
in the figures below are Haar random gates, either single qubit ones or two-qubit ones de-
pending on the context, and all noise channels shown are arbitrary single qubit CPTP maps.

A.2 Computing the first moment with a last layer of noiseless gates

Consider a noisy random quantum circuit ensemble B and let A/ be the noise after every
gate, as shown in Fig. 3.

— Nl T
U Us
_ N, |

Figure 3: A portion of the circuit drawn from the ensemble B. U; and U, are two qubit Haar
random gates and N and N, are arbitrary noise channels.

Since the Haar measure is left and right invariant with respect to composition by a uni-
tary, one could rewrite the entire circuit, without loss of generality, by doing the following
before and after every noise channel:

Uy _Nl B Z/{;
Z/[l Z/{2
M:L NQv— M,IT

Figure 4: Uz and Uy are single qubit Haar random gates.
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Let p(1) be the marginal density matrix of the first qubit of Fig. 4 immediately before apply-

ing Uz and let p}l) be the same immediately after applying UJ. As is evident,

o) = E[Ud Mi(us pVud) U], (226)

which, from (225), is a depolarizing channel. Every noise channel in the circuit can be equiv-
alently modeled as a depolarizing channel, in this way and calculating the first moment of
the equivalent circuit suffices to calculate the first moment of the original circuit.

A.3 Computing the first moment with a last layer of noisy gates

If the circuit terminates with a last layer of noise, before the measurement layer, as illus-
trated in Fig. 5, then there is no way to twirl the last layer of noise, using the technique in
Appendix A.2. Hence, these circuits cannot be twirled.

N ]
No ]

Figure 5: If the circuit terminates with a last layer of noiseless gates, then there is no way
to “sandwich” the last layer of noise between a Haar random single qubit unitary and its
adjoint. So, twirling does not work.

U

A4 Computing the expected linear cross—entropy score

The linear cross entropy is given by the following quantity:

XEB = E

Z pideal(x)pnoisy(x)] =2" ]E [pideal(on)pnoisy(on)} , (227)
xe{0,1}7

where pjgeal(X) is the probability of seeing bitstring x in the output distribution of a circuit
drawn from B with all the noise channels removed, and pnoisy () is the probability of seeing
bitstring x in the noisy output distribution. We have assumed that there is no last layer of
noise. Note that (227) can be written as

XEB = 2 -IE[Tr (07 (0" @ 0" (0"| p 2 ) |, (228)

where p is the density matrix corresponding to the final state of the circuit with all the
noise channels removed, and g is the density matrix corresponding to the circuit with noise.
Twirling can be used to estimate this quantity, as is shown in Fig. 6.
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Figure 6: (a) A portion of the circuit that prepares g and a portion of the circuit that prepares
p is shown. (b) Note that UU* = I, where I is the single qubit identity operator, and U is any
unitary operator. This means there is no dependence of Uz and Uy in the “noiseless copy” of
the circuit. Because of that, the quantity we are evaluating can be simplified with (225), just
like we did for first moment quantities previously.

A.5 Computing the second moment

For a noisy ensemble B, let the task be to compute

E p2| =2"E |p3|, (229)
B xe{%l}" X B [ 0]

where we have assumed that there is no last layer of noise. Note that Eq. (229) can be written
as

2 E [ =2 BT (000 0 0 0" e ) |, (230)

where p is the density matrix corresponding to the final state of the noisy circuit. Here, we
cannot hope to “twirl” the noise because both copies of the state are noisy, as illustrated
in Fig. 7. So, checking whether the distribution anticoncentrates or not cannot be done by
twirling.

— -
U Uy

U Us
— N -

1%

Figure 7: Two copies of a portion of the circuit that prepares p is shown.

In Fig. 7, if we were to twirl V] in a similar way as Appendix A.4, we would need to evaluate
E[UTeU" N*(UeUpepU' U Ua U], (231)

where U is a single qubit Haar random unitary, which no longer simplifes to the depolariz-
ing channel.
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B Computation of the second moment of a special observ-
able for amplitude damped random quantum circuits

We state the following Lemma.

Lemma 12. Consider the single qubit channel N applied d times to |0)(0|. Denote the resultant
channel by N := N o N o - - - o . Suppose that

d times

(lo)ol, A ([0)01) ) = +7A? (232)

with some k > %, T,A > 0. Then,

(233)

1 ad)?
gliar] 2 )

where B is an ensemble of noisy random quantum circuits of depth d where the noise is modelled by
N, and (Z;) := 2p; — 1 with p; being the marginal probability of getting outcome i for a single qubit.

We may apply the above lemma to the noise models we consider.

1. When N = N, q(amp Vo N, p(dep), a simple calculation leads to

__at50—q)
TIoa-p-g (234
. q+t5(1-gq)
T aopn-g 29
A=(1-p)(1-q). (236)

It is obvious that A > 0. To show x > % and T > 0, we show that

1__q+501-q)
- < <1 237)
2= TP -0 (
The left inequality can be shown as
g+501—-q) _q+51-9) 238)
1-1=-p)t-q) q+pl-q)
3+501-9)
> 22 (239)
q+p(l-q)
1
=5 (240)
Similarly, the right inequality can be shown as
g+5(1—-q) _q+5(1-q) (241)
1-(1=p)A=q) q+pd-q)
q+p(l—9q)
(242)
q9+p(l—4q)
—1. (243)
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2. When N = /\/',Sdep) o N;;amp), we have

p
2+ (1 =p)g
K= —2 (244)
1-(1=p)(1—q)
p
2+ (1-p)g
T=1-— 2 (245)
1-(1-p)(1-9q)
A=(1-=p)A-gq). (246)
With a similar argument, we have
1__ 5+(0-p)
- <2 <1, (247)
27 1-(1=p)(A~-q)
SO K > %andr,)t > 0.
This lemma implies that if a given noise channel V satisfies
K — % + 1A >0, (248)
then there exists positive numbers a,b > 0 such that
\2 > —an
E [(z,) ] > be . (249)

Remark 24. A special case of this lemma appears in [DNS™22], where x = %, T = %, and
A = (1 —p), where p is the strength of the depolarizing channel.

C Discussion on conditional probabilities

In this section, we will evaluate the first moment of conditional probability.

Lemma 13. Let B be an ensemble of noisy random quantum circuits with noise channel N. Let
i€{1,2,...,n}, and let J; be a subset of {1,2,...,n} that does not contain i. Then,

1
E[Pr(Xi = xil{Xj = xj}jeg)] = 5 [l NV (R2) 2] (250)
Proof. We only give proof for
1
E [Pr(Xi = x[{X; = xj}je{1,2,...,i—1})] = 5 [{xil N (L) |x:)] .- (251)

The other cases follow similarly.
Let C be the given quantum circuit. We may assume C can be written in the following

form:
C=N"o <® ui> oC, (252)
i=1

where N is the noise channel, ; is a single-qubit Haar random unitary channel, and C is the
circuit without the last layer of noise.
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Then, the expectation over B is decomposed as

E= E F, (253)
B Uu,... U B’
~Haar

where Haar represents the set of single-qubit Haar unitaries and 5’ is the set of noisy random
quantum circuits without the last layer of noise. Then,

Pr(Xi = xil{X; = xj}jcq10,.i-1}) @4

_ Pr(X1 = X1,-- .,Xi = xi) (255)
Pr(X1 = xl,...,Xl-_l = X;_ 1))

Gl Vo (@1 1) (of) I xia)
E Yyefo1y (x1 - Xy N¥io (®Z ]> ( (Cl)> 21 xiay)

(256)

where

Pg) = Tri+1--~n

(I®i®/\f®<”—i>) o <I®i® é) uj) oé(|0”>(0”)] : (257)

Now, let us write

‘ i-1 .
(N®(z—1) ® I) o (581) U @ z) <pg)>

(258)
= Lyl e,
y1yio1z1zio €401
where 7 (( i )) are appropnately defined coefficients so that (7(( o 1)) will be density op-

erators when Y1---Yi—1 = Z1---zi—1. Then, we may write

Pr( = xi|{X; = xj}je{l,z,...,i—l}) (259)
_ MO (el (W otdy) (o171 ) (i) o)

me ) (0 W oty (o) o)+ (1 (W oh) (31 ) 1))
( )
(
( )

ol Gl W ou) ( f;;..;‘;;;;) ) .
(xq7exi )T (NOU) (x1-+x;-1) ( )
W(xl"'xr 1) ( Xio1)
T Wt (o ) ) o6
o (JC1 X 1)
;7(?(1'"?(171)
= (xi (M o) (51 ). (263)
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Here, we used the fact that (7((;1;’:11)) is a single-qubit density operator. Therefore,

IE [Pr( = xi[{X; = xj}je{l,z,...,i—1}>] (264)
= W, E [Pr(Xi = xl{X; = xjbieqia..in)] (265)
~Haar
_ (11-%11)
= E,E [l (Vo ty) (o131 )| (266)
~Haar
_ . . (x1-+xi-1) .
N ul,..]FuHMHE.,ung <x1| UjNIIE-Iaar [(N OMZ) (U(xl'”xi—l)>] |x1>] (267)
~Haar ~Haar
= E E 268
Uy, Ui Uiy, UnB’ (x Z|N ( ) I Z>} (268)
~Haar ~Haar
1
= 5 [ N (B2) [x)], (269)
which we aimed to show. O

D Discussion on the effect of noise in noisy random circuits

In this section, we show that for any given noise V', we may express the action of My, y on
Iy and S as
Muyyn(Ly) = (1 —a)ly + 2aS, (270)
My, n(S) = bl + (1 —2b)S (271)

1,

using some a and b. The action of My, can be given as (see Example 7.25 of [Wat18])

My, (X) = Q(L?’Syﬂnsym + (X, Iantisym ) I antisym, (272)

where
sym = & ;F 5 (273)
antisym = = > > (274)

are the projection operators onto the symmetric and anti-symmetric subspaces, respectively.
Suppose that X is given as

X= ) xulij)K]. (275)
i k=01

A simple calculation leads to

X0101 + X1010 + X0110 + X1001 (276)
2 7
< X Hantisym> _ X0101 + X1010 ; X0110 — x1001. (277)

(X, Ilsym) = xo000 + X1111 +
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Thus,

X0000 , X1111 Xo101 + X1010  Xo110 + X1001
My, () = (5000 4 01 - I

6 6 3 6
X X X +x X +x (278)
0000 1111 0101 1010 0110 1001
+ ( A + 6 6 + 3 ) S.
When
X = No My, [I4] = N [L], (279)
since Tr[X] = x0000 + X0101 + X1010 + X1111 = Tr[l4] = 4, by setting
X0000 , X1111  Xo101 + X1010 , Xo0110 + X1001
= — 2
12 + 12 12 + 6 ! (280)
we have )
MU1,N [14] = (1 — lZ)I4 + 2a8. (281)
Similarly, when
X = No My, [S] =N|[S], (282)
since Tr[X] = x0000 + X0101 + X1010 + X1111 = Tr[S] = 2, by setting
X0000 , X1111 , Xo101 + X1010  X0110 + X1001
b= — 2
e Tt 3 g , (283)
we have
M [S] = bl + (1 —2b)S. (284)

We see the cases of N = ./\/'q(amp o, ,Sdep and N = WV, ;Sdep oN, ;Samp as illustrative examples.
When N = ./\/q(amp oV, ;Sdep, we have

(1+49)> 0 0 0
B 0 1-¢> 0 0
0 0 0 (1—gq)?
(17q)2(§7p+1)+2q 0 0 0
. 0 1,q2,(1,2q)2(1,r,)2 (1—g)(1—py? 0
N [S] - 0 (1—q)(1—p)2 1,42,:1 7211)2(1’7*#)2 0 : (286)
0 0 0 (1—-9q) (é —p+l)
Therefore, we have
2 2
_ T I S YRy P
a=—2, b=5-—c—(1-p)1-0)B—q). (287)
Similarly, when N' = N, ,Sdep oN, ;amp,
(14 (1—p)g)? 0 0 0
B 0 1—(1-p)%q? 0 0
0 0 0 (1-(1-p)q)?
PA-pP+1+ 5 —p(+1-p)g) 0 , 0 0
N[S] — 0 G =q)(1=pP = +p 1-@-p? 0
0 (1—q)(1—p)? qA-q)1—p? =L +p 0 '
0 0 0 (g1 =p) =1+ 5 —p(1+(1-p)q)
(289)
Therefore,
2 1— 2 1 2 1— 2 1
R & = OB I



E Proof of Theorem 6

In the proof, we use the following fact, which we will prove in the next section.

Lemma 14. Consider an ensemble B of noisy random quantum circuits with noise channel N satis-
fying Egs. (129) and (130). Let B’ denote the ensemble of circuits obtained by removing the last layer
of noise from the noisy random circuits in B. Consider another ensemble B’ of circuits that can be
obtained by replacing each 2-qubit Haar random gate U, in the circuits of B’ as

U, — (U @ Uy), (291)

where Uy, U{ are independent single-qubit Haar random gates. In this setup, if 0 <1—a—2b <1,
then Ep/[p3] < Ep [p2] for any x € {0,1}".

Remark 25. In the statement of Lemma 14, the circuits in B’ are composed solely of single-
qubit Haar random unitary gates and noise channel N, without the last layer of noise.

Now, we continue on with our proof of Theorem 6. In the noise models we consider, we
have

? _ ps(@mp)  ~(dep)
4= { Z3_2(1—p)2 ﬁ/,/’ ; xq(dep) Oo'/C—/—(pamp), (292)
3 p q ’
_ { I-L-l-pP-gB-g)  N=NToN,
- T - pPA- B g) N =N oA,
We can easily verify that
1—a—2b:(1—p)2(1—q)< —%) (294)

in both cases. Hence, 0 < 1 —a —2b < 1. Now, we rewrite the second-moment probability
by using the weighted trajectories of the strings in {I4, S}" (see also the proof of Lemma 6
in [DNS"22]). Suppose that the circuits in B’ contain s Haar random gates. A trajectory
v o= (Y2 sty € {1, S}"<6+D) is a sequence of n-bit string o' € {I,S}". For
i=1,2---,s,9" € {I,S}" represents the n-bit string right before the s-th Haar random gate
in the trajectory 7. In particular, 7! is the initial string of the trajectory y. ™! € {Iy, S}"
represents the final bit string of the trajectory < at the end of the circuit. For each trajectory
v € {I3, S} +1), we define the weight wt (7y) as

wtpr (77) = c162¢3 - - - Cs, (295)
where fori =1,2,...,s,

L { Coefficient of transformation ' — 9/*1, 4/ — 4+l s possible, (296)
;=

0, 9" — 41 is impossible.
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Thus, the second-moment probability with respect to B’ can be expressed as

Eslpll= ¥ Y wiw()) | () 91 | @97)
Y172, Yn€{1s,S} 76{14,5}”X(5+1>
Y =11727n

where in the right-hand side, we divide the cases based on the final bit string 'ys+1 =

Y172 - - Yn. We may further rewrite as

n
IEB/[P%] = Z Z WtB/(')’) (H <x]-| <x]-\ Y }xj> ’x]->> . (298)
Y1,Y2--Yn€{ 14,5} ’)/6{14,5}”><(5+1) ”

j=1
,),s+1

For v; € {I4,5}, (0[ (0] 7:10) |0) = (1| (1] v; [1) |1) = 1. Therefore,

=7T172"Yn

Eplpi] = L Y, wty() | ]- (299)
Y1,72-Yn€{14,S} 76{14,5}”X(5+1)
Y =r172:7n

On the other hand, the second-moment probability with respect to the original ensemble B
can be obtained by considering the last layer of noise. Thus, in this case, instead of Eq. (298),
we have

n

Eglpz] = Y. Y. wig(77) (
Y172 Yn€{1s,S} ,},6{14,5}n><(s+1)
Y =1172mn

(] (x| N () %) \xj>> . (300)

j=1

Here, observe that

(x| (i NCvg) () | x7) < max{ (] (o N(La) |x7) [x5) (] (x| N(S) [x7) |x7)} = ¢j (301)

for each j. Hence,

Eg[p3] < Y Y wtg()) || (erea---en). (302)
71/72#'-/71’16{14,5} 76{[4,S}n><(s+1)
Y =y172-mn

Using Eq. (299), , )
]EB[Px] < ]EB’[Px] (6162 e €n) . (303)

By Lemma 14, since IEB/[pJ%] <Epz [pi],

Eg[p3] < Eglp3] (ere2---en). (304)

Now, by the construction of B’ and Proposition 2,

121 3 - —2a+b o d—1 _l_ —2a-+b n
]EB’[’”"]_<E {1O(a+2b)+(1 a—2b) (30 10(a+2b))D' (305)
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Here, we used the fact that (0| (0| (2I+S) |0) |0) = (1| (1| (2I+S)|1) |1) = 3and (0] (0] (Iy —
25)10) |0) = (1| (1| (I3 —2S) |1) |1) = —1. By definition of 2 and b, letting

11— p2(1 _1
c=1-(1-p?1-q) (1-3), (306)
am de
T R e M (307)
91 =p), N = N5 o Np™™),
we have ) X ;
1 r _ 1 r
Ep[pi] = ((Z+1_2c) +(1—c) ! (ﬁ — 1—2C>> : (308)
By taking
1 r?
|2 1 + 120’ (309)
1 7
Eglpd] = (p+(1-c) ') . (311)

Here, we will check u,v > 0. It trivially follows that x > 0 from the definition. Next, we
evaluate v. Since r < g by definition,

1 2
1 2
> = - % (313)
2
C _
== 2Z . (314)

By substituting Eq. (306) and Eq. (307),

c—q _1-(0-pP1-q(1-§ -7

12¢ 12¢ (315)
Since (1—p)? <1,
1-(1-p Q- (1-D-¢ _1-(1-90-9 ¢
>
12¢ - 12¢ (316)
Y(1-9)
_ 3 q
=15 (317)
_q(1—9)
= (318)
Sinceq > 0and 1 —p > 0, we have
v >0. (319)
Sincel +x <e*forall x € R,
92 n V —c(d-1)
Eglpy] < p'exp nye : (320)
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Using Egs. (304) and (320),

Now, we evaluate ej.

= e (] oG e by, G G105 ) ) = (1

That is, if wy, > 7,

erey- ey = (14720 (1 — )20 < (14 7)1 —r)" = (1 —12)" = g™

Combining Egs. (321) and (323),

E5[pi] < u'y"exp {n%ec(“)} :

which completes the proof.

F Proof of Lemma 14

Any circuit C in B can be written in the following form.

—

Uy

U

U,

U —

IEB [p?(] S l,{nexp [n%ec(dl):| (elez e en) .

r)?, xj=0,
r)?, Xj

(321)

(322)

(323)

(324)

Let s be the number of 2-qubit Haar random gate in given C € B’. Let us introduce a

numbering of the 2-qubit Haar random gates in C: Uz(k) refers to the kth 2-qubit Haar random
gate, where the counting starts from the top gate at the last layer. Rewiring the circuit C, we

have
N B/ = .
4 = = y®
| ) = = 2
— = = @
2
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Construct a sequence of circuits {C]' :1=0,1,2,...,s} in the following recursive way.
e Cp=CechB.

e Forj=1,2,...,s, Cj is a circuit obtained by replacing the leading 2-qubit Haar random

(/)

gateinC;_q, ie, Uzj , by two parallel independent single-qubit Haar random gates.

By construction, C; consists only of single-qubit Haar random gates and noise channels, and
Cs € B'. Let x € {0,1}" be any n-bit string. Here, we aim to show

E [p?] < E [p?], 326
cEglpal = E Ipil (326)
and to this end, it suffices to show
E[p2] < E [p3] (327)
Cj Cit

forallj = 0,1,2,...,s — 1. For this purpose, fix j, and let us look at C]- and C]-+1. We will
show
E[pi] < E [pi] (328)
]

Ci+

for this j. Suppose that Uéj ) acts on the kth and It qubits. Recall the characterization shown
in Eq. (325).
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Then, by absorbing the action of the single-qubit Haar random gates and noise channels
acting on qubits other than k" or I one to the preceding gates, we may write

|
|
] T
|
—
| - (m)
— L 1 -
Ci=|¢|!| o U M (329)
| 2
- Pl
|
|
|
and
|
|
] T
|
—
| ~
| L U1 || u(m) |
Cin= |C] N (330)
|
| f U ul(l’:i}\f -
|
|
|
where i
A = U o N oly) oo (Uyo N olhy) (331)
m a;nes

with some non-negative integer m. Here, we consider {1y, S}" bitstring representation. Sup-
pose that we have v € {4, S}" just before the red dashed line. Suppose that oy will change
as

C i :After red line

yI— Y "y (332)
7/6{14/5}’1
Ciq1:After red line ’
* ) c](._’[fry’. (333)
’)//6{14,5}”
Define
a](."” S c}m (334)
'YIE{I4/S}”
. (
”]('1)1 = 2 c ]11) . (335)
7/6{14/5}11
It suffices to show that
al” <al?) (336)

for all . Observe that after the red line, the gates only act on the k" and the /™ qubits. So,
let us focus on these two qubits.
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1. If ¢ ; = 11, SS, since

(j+1)

I1 22— 1II (337)
LNy (338)
and
(j+1)
SS —2—5 8§ (339)
ss L2t g (340)
we have - -
al” =42} (341)

in this case.

2. If v, = IS, SI, without loss of generality, we may assume 7 ; = IS. The proof for
Yk = SI similarly follows. We have

(+1)

IS 2— %(H + SS) (342)
1s L2 g (343)

By Lemma 15 (shown below this section),

C]-:After red line 2

Cjt1:After red line

> (xmls + yms) (zmls + wnS), (345)
where
1—(1—a—2b)"
=1 L . b (346)
142
1—(1—a—2b)m
Ym = ( 1 b ) ’ (347)
2t
1 L4b—a—2p)"
=5 = “1+2a_b , (348)
1 b
1b(1—g—2p)m
wy = 2¥all 2= 20) (349)
2T
Therefore,
2
a7 = = (uzm + 051) , (350)
am = Uy, (351)
where

Uy = Xm +Ym =1+ 1+2u_b , (352)
1 i+1—-a-20)"
vm—zm+wm:§+ ”1+2b (353)



Now,

(1) « 41
a] < aj+1
2
<z <u%1 + vi) < Um0 (354)
<0< (20 — ) (U — V)

Here, if 0 <1 —a — 2b,

>0, (355)

andif0<1—a—-2b<1,

2-2(1—a—2b)" 1 i+t —a-20)"
Uy — vy = | 2+ — | =+ 4 >2—-1=12>0.
o ( 1+ 3 ) (2 1+ 3 - N

(356)
Hence,if 0 <1—a—2b <1, a]@ < a](l)l, which completes the proof.
In the proof, we used the following lemma.

Lemma 15. Let N be a single qubit noise channel, and let N = N @ N be two copies of N acting
on two qubits. Define a two-qubit operator

M, n = My, oNo My, (357)
with
Mylol= E U1®2pll1r®2} : (358)
u1"VZ/{H:;1ar
Suppose that
My n(Ls) = (1 —a)ly + 2aS, (359)
My, n(S) = by + (1 —2b)S (360)

with a > 0and b > 0, where I is the 2-qubit identity operator and S is the 2-qubit SWAP gate.
Then,

y y Y 1-(1—a-2b)" 1-(1—a-2b)"
MuerOMUuNO”'OMul,N(14):(1_ ( 2b : >14+< (1 | )S,

~- I+2 ita
m times
(361)
v ; - 1 1+21—a—2p)" 1+5(1—a—2p)m
Muyyno Muyno---oMun(S) = 5~ % I+ — s.
- ~- g 2 I+2 1t
m times
(362)
Proof. Let us write
My no My oo My (Is) = Xmls + ymS. (363)
m t;;nes
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Using Egs. (359) and (360),

X1 = (1 —a)xm + bym, (364)
Ymi1 = 2axm, + (1 —2b)yp. (365)
This is equivalent to
1 1
Xm+1 + E]/m+1 = Xm + E]/m/ (366)
b b
Xm+1 — Eym+1 = (1 —a— Zb) (xm — Eym) . (367)
Therefore, we have
1 1
Xm + 5Ym = Yo + 5Y0 =1, (368)
b b
Xm = —Ym = (1—a—2b)" (xo - Eyo) =(1—a-2b)". (369)
Hence,
1—(1—a—-2b)"
aw=1- L2 (1ma =207 (370)
1+
1—(1—a—2b)"
y = 0BT (371)
27T
With a very similar argument, letting us write
Mul,N o Mul,N 0---0 MU],N (S) = Zm14 + me, (372)
m arrnes
we have
1 L4+b1—a—2p)"
Zm =5 = a1+2u_b , (373)
1., b
5+ 2(1—a—2b)"
Wy = 2 “(1 ; ) ) (374)
2T
O

G Effect of noiseless single qubit gates in the last layer
Let us consider a layer of single-qubit gates that immediately follows the last layer of noise.

This is equivalent to arbitrarily locally rotating the measurement basis. Moreover, assume
that these gates are noiseless. A single qubit gate U is parametrized as

cos(0) - ¢ sin(6) ) (375)

Lo, ¢) = ( —sin(6) cos(f) - e~ ¢

Let U;(6;, ;) be the unitary applied to the i qubit in the last layer.
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Theorem 16. Let B be an ensemble of amplitude-damped random quantum circuits, with noise
strength q. Additionally, before measurement, for every i € [n], let U;(0;, ¢;)—a single qubit, noise-
less gate—be applied to qubit i. Then,

1 (—1)b-gcos26;

E[p;p] = =
B[pl/b] 2_|_ 2 4

(376)

where p; , is marginal probabilities of getting b € {0,1}, in the it qubit.

Proof. As per earlier convention, let A/ be the single-qubit noise channel, and let Ky and K;
be the corresponding Kraus operators. Let C € B be a noisy random circuit. Let C be the
quantum circuit without the last layer; that is,

C=N®"0oC. (377)
For i € [n], define p; as follows:

pi = Ig[Trl,...,zel,z'ﬂ,...n(é(|0n><0n|))]r (378)

where I is the single-qubit identity matrix. In other words, p; is the expected reduced den-
sity matrix on just the i qubit. By definition, we have

)
oi =5 (379)

In the last noiseless layer, since the parameters are implicit, we will drop the subscripts and
refer to the it" single qubit gate as just U;. Then, by the definition of the adjoint map,

Elpio] = E[Tr(|0) (0] UiV (0:)U])] (380)
= E[Tr(Uf [0) (0] Ui (py))] (381)
= E[Tr(Uf [0) (0] Ui (py))] (382)
— ETe(K{UF [0) (0] UiKo py)] + E[Te(KIUS 10) (0] UKy p)],  (380)
where we have repeatedly used the cyclic property of trace. In Eq. (383), we used the Kraus
operators Ky and K;j of the amplitude damping noise channel. Since p; = 172, Eq. (383) is
equal to
> (Tr (kU [0) (0] UiKo) + Tr(KEUF 0) (0] UiKy) ) (384)
By explicitly computing each term, we have
Elpiol = 3 ((cos?6,+ (1= )sin®6,) + geos?e,) = T ACTh S0 _ 1 qeosds,
(385)
U
Let us define the "bias” B;, of qubit i as
Bi = q cos 20;. (386)
Note that 8; € [—¢,4]. Hence,
Elpip] = %Jr % Elpip] = % - % (387)
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Remark 26. One way to interpret Theorem 16 is to observe that there is an “effective” am-
plitude damping channel acting on each qubit, but each such channel has a “tunable” noise
strength, which can now also be negative.

A negative noise strength means that the outcome 0 is suppressed and the outcome 1 is
assigned higher weight. However, which strings are suppressed, and by how much depend
on the "bias” of each qubit. By changing the single qubit gates, we can control the bias.

H Output distribution with a last layer of noiseless gates

Theorem 17. Let B be an ensemble of amplitude-damped random quantum circuits, with noise
strength q. Additionally, before measurement, for every i € [n], let U;(6;, ¢;)—a single qubit, noise-
less gate—be applied to qubit i. If

4 —+/15 < | cos 26| (388)

forall i € [n], then there exists a string x € {0,1}" such that for any g > 0 and d = Q(logn),

. 4
Jimfr [pe < ] = @)

forany « € (0,1].

Proof. Following the same argument as in the proof of Theorem 6 in Appendix E, for suffi-
ciently large depth and sufficiently large n, we have

(7] < ( (ﬁ) (elez---en>) < 0(1) (390)
where
e = max { (x| (3] U @UYN(I) (U @ Up)* [37) [, (1] (5] @ @ UDN(S) Uy 2 Uy)* [ [x;) |

) (14+gcos26;)* xj=0
(1—gcos20;)* xj=1

(391)
forj=1,2,...,n. Choose x so that
ej = (1—gq|cos 29]~])2. (392)
In this case, ;
1 — g cos 26])?
21 < (1—gq
Bl < (1220 oq), (399)
where
0 := arg min | cos 20;|. (394)
9]]6[11]
To see the concentration, it suffices to check if
_ 201)2
41— qlcos20)” (395)
4—q
which is equivalent to
7 (4105262 — (8] cos26] — 1)) < 0. (396)
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When g = 0, this inequality cannot be satisfied, so g > 0. Under this condition, we have

4| cos20|*q — (8| cos26| —1) < 0. (397)

When
4 — /15 < | cos 26|, (398)
all g > 0 satisfy this condition, which completes the proof. O

I A note on the easiness of sampling results

In this section, we will sketch the easiness results of [AGL"22] and why anticoncentration is
believed to be an important criterion for the current analysis techniques to go through. This
is just a sketch, so we will not be too formal with the definitions and proofs.

Without loss of generality, let C be a unitary quantum circuit circuit. By px(C), for x €
{0,1}", let us denote the probability of getting string x in the output distribution of C|0").
Using techniques from [AGL"22], we can rewrite p,(C) in terms of Pauli paths as

px(C) =) f(C,x,s), (399)

where f(C, x,s) are as defined in [AGL"22] — they are path weights for each Pauli path —
and s is the number of non-identity Pauli terms for each Pauli path. Similarly, let

px(C) =) _ f(C,x,5) (400)

be the output probability, written as Pauli paths, for the noisy version of C, denoted by C.
Now, to sample from the output distribution of C|0"), we consider a new distribution g

given by i o
§:(C) = ). f(Cxs), (401)

s,|s|<I

where [ is some threshold that we choose. Consider an ensemble B of such noisy circuits.
Now, let us calculate the total variation distance between § and 07

E[lp-qi] <2"-E| ) (ﬁx(C)ﬁx(é))zl (402)
_xG{O,l}”
<2 E| Y Y f(Cxs), (403)
B | x€{0,1}"s,[s|>1

where the first line follows from the Cauchy-Schwarz inequality, and the second line follows
from definitions. Note that for any choice of the cutoff I,

2 E| Y Y f(Cxs)? (404)
xe{0,1}7s,|s|>1

<2 E| Y Y f(Cxs) (405)
B lxefory s

<2".E| Y i, (406)
B |xe(o1y

where the last line follows from orthogonality of Pauli paths in a random circuit.
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I.1 Special case of the depolarizing channel

For the special case of the depolarizing channel,

F(Cox,s)=(1—q)klf(C x,9). (407)

So, for a choice of cutoff I, using similar steps as in the previous section, Eq. (404) can be
upper bounded with the quantity

1-gq-2" Y ph (408)
xe{0,1}"

It is known that for sufficiently deep circuits [DH]Ba22], the scaled noiseless collision prob-
ability,

n 2
2 -Jg[ )3 px] (409)

xe{0,1}"

is O(1). So, by appropriately choosing I, one can make the total variation distance an inverse
polynomial or less.

Remark 27. Note that Eq. (407) is true for the special case of the depolarizing channel, but
is not true in general. So, this analysis, where it suffices to look at the convergence of the
noiseless collision probability because that can, essentially, be “factored out” of the actual
expression and dealt with separately, does not work in general.

Remark 28. Note that one could also have directly upper bounded the noisy collision prob-
ability

2" N P, (410)

xe{0,1}"

for the depolarizing channel. Indeed, this is done in [DNS*22]. However, in [DNS*22], the
bound is O(1), and not as tight as the analysis in Appendix I.1. This is necessary for inverse
polynomial closeness in total variation distance, but is not sufficient. So, we still need the
techniques from Appendix I.1 to prove our bound.

Remark 29. In general, since noisy ensembles do not satisfy the form in Eq. (407), directly
bounding the noisy collision probability is the best that we can hope for, which may not
always give us tight bounds.

I.2 Lack of anticoncentration implies failure of proof technique

When the noisy ensemble B is anticoncentrated, with respect to Definition 9, then it means
that

2" . E

Y

xe{0,1}"

—0(1), (411)

which implies,

=0(1). (412)

%]<2”~ng L Zf(é,x,s>2] <2"-lg[ Y, P

xe{0,1}"s,|s|>1 xe{0,1}"
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This alone does not guarantee that the classical sampler, from Appendix I, samples from
a distribution that is inverse polynomially close, in total variation distance, to the actual
distribution. However, the satisfaction of Definition 9 is a necessary condition for present
proof techniques to go through, in the following sense: if an ensemble were to exhibit lack
of anticoncentration, according to Definition 10, then the quantity

2" E| Y 7% (413)
xe{0,1}7

diverges with 7, and the chain of inequalities in Eq. (412) does not hold, no matter where we
choose the cutoff I. This does not mean that there couldn’t be better analysis techniques which
do not need anticoncentration: however, to the best of our knowledge, no such technique is
known.

J Easiness of computing expectation values

In this section, we will, very broadly, sketch the argument of [SWCL23] about computing the
expectation value of certain observables, for random quantum circuits with the depolarizing
noise. The ideas are extremely similar to that of Appendix I, but the argument does not
require anticoncentration. To start with, note that for the depolarizing channel,

F(C x,5) = (1—qPFlf(C,xs), (414)

where f is a Pauli path of the noiseless circuit C, f is a Pauli path of the noisy circuit C,
x € {0,1}", and s € {0,1}?" is the number of non-identity Pauli terms in the path. In
[SWCL23], it is shown how the expectation value of any observable can be written as

Zf(é, X,s). (415)

Now, using Eq. (414), any path such that s = w(logn) is at least inverse-superpolynomially
suppressed, and only polynomially many paths — those for which s = O(logn) — have at
least m weight. Then, just by classically estimating those paths, we get an estimate of

the expectation value that is ~ m close to the original expectation value. Note that each

Pauli path can be estimated in classical polynomial time. Note that this technique does not
need anticoncentration.

Remark 30. Note that Eq. (414) is a special property of the depolarizing channel: it is not
evident whether the strategy described works for other noise channels.

K Anticoncentration and closeness to the uniform distribu-
tion

In this section, we show the relation between anticoncentration, according to Definition 9,
and closeness to the uniform distribution. Let B be an ensemble of noisy random quantum
circuits, and let C be the random variable corresponding to each circuit. Let

p = C(]0") (0"]). (416)
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For x € {0,1}", let

E[ps] = E[Tr(|x) (x| p)]. (417)
Now, note that
1]° [ 1 1 1
E| Y |po—=| |=E| ¥ -2+ (418)
B refony 2 B lrefory 2t 2
=E| Y 7 —ln. (419)
B lxe{o1y 2
Hence, if
1 2
El L |5 | =0@™), (420)
xe{0,1}"
then,
E|l L r| =027, (421)
xe{0,1}7

which means Definition 9 is satisfied. The vice versa also holds.

Remark 31. Let A, be the n-qubit completely dephasing channel with respect to the compu-
tational basis; that is, for any n-qubit state o,

Mo = Y (xlo|x) |x)ia. (422)

xe{0,1}"
Now, let us assume the following equation holds:

2

il [ o™, (423)
1

P~ o

B

Then, from monotonicity of trace distance, we get that

L ||?
=0Q™M). (424)

E (|An(p) — o

B

We used the fact that Ay, (Ipn) = In. Then, since the 2-norm is smaller than the trace norm,
from Eq. (424) we get

=0@2™". (425)
2
Hence, combining this observation with the calculations in Appendix K, Eq. (425) implies
Eq. (421).
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