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A compression model that elucidates the compressibility of a granular 
soil assembly is useful for engineering and mechanical applications. 
While the literature offers numerous compressibility models for 
granular soils, a significant limitation arises because these models 
overlook the impact of soil composition. Typically, soils consist of a 
blend of sand and silt as a result of geological processes. Moreover, 
empirical observations indicate a substantial influence of silt content on 
the compressional behavior of bi-dispersed granular soils. This study 
introduces an approach grounded in a more rigorous theoretical 
foundation for predicting the compression of bi-dispersed packings. 
The analytical method is based on Edwards thermodynamics, which is 
a realm of physics. Within this framework, the analytical method 
incorporates the excess free volume resulting from the dispersity of the bi-dispersed particle packing. An evaluation was conducted to 
validate the model’s applicability by comparing the predictions with the experimental results for Hokksund sand-silt mixtures.
Keywords: compression, powder, particle, thermodynamics, bi-dispersed packing

1. Introduction
The soil compressibility is a vital engineering property 

that critically influences optimizing design protocols and 
comprehensive assessments. A compression model that 

elucidates the relationship between stress and void ratio is 

very useful for analyzing soil foundations or earth struc-

tures (Lehane and Fahey, 2002) and is also an essential 

component of critical state soil mechanics.

Numerous compressibility models for granular soils 

have been proposed (Chong and Santamarina, 2016; 

Hardin, 1987; Meidani et al., 2017; Pestana and Whittle, 

1995; Schofield and Wroth, 1968; Vesić and Clough, 1968). 

These models typically use empirical methodologies that 

incorporate initial density, soil type, and applied stress. 

However, a notable drawback exists in these models, as 

they neglect the impact of soil composition. This oversight 

is significant because natural soils or man-made fills typi-
cally comprise a combination of sand and silt due to geo-

logical processes such as erosion, breakage, and weathering. 

Furthermore, it has been observed that the fractional con-

tent of silt (fines content fc) has a substantial influence on 
the compressional behavior of granular soils in experi-

ments (Carrera et al., 2011; Konishi et al., 2007; Lupogo, 

2009; Xu et al., 2009; Yang et al., 2006; Lipiński et al., 
2017; Zuo and Baudet, 2020) and in discrete element sim-

ulations (Minh et al., 2014; Wiącek et al., 2017). Thus, a 

comprehensive understanding of the effects of fines content 
is essential for engineers when assessing the deformation 

characteristics of granular soils. It is highly desirable to 

have a model that explicitly accounts for the effect of fines 
content on compressibility.

The current literature offers only a limited number of 
approaches for examining how the fines content influences 
the compressional behavior of sand-silt mixtures. 

Thevanayagam et al. (2002) introduced the concept of the 

intergranular void ratio for a sand silt mixture, while 

Cabalar and Hasan (2013) and Monkul and Ozden (2007) 
empirically correlated the intergranular void ratio with 

compressibility. Chang et al. (2017) proposed a compres-

sion model for sand-silt mixtures, in which a parameter is 

empirically determined as a function of fines content.
In this study, we propose an approach with a more rigor-

ous theoretical foundation for predicting the compression 

of a sand-silt mixture. The analytical method was based on 

Edwards thermodynamics for granular materials. Within 

this framework, we hypothesized that the presence of ex-

cess free-volume potential in bi-dispersed particle packing 

(Chang, 2022a) is similar to the excess free energy ob-

served in chemical solutions containing two species of 

molecules. Using this concept, we modeled the compress-

ibility of binary mixtures of granular soil with varying fines 
content, considering the potential of excess free volume to 

cause additional volume reduction during compression.
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In the subsequent sections, we first briefly describe the 
concept of excess free volume and define a granular poten-

tial related to the volume change in a bi-dispersed packing. 

Then, the compression model framework was formulated 

considering the granular potential of a bi-dispersed pack-

ing. To validate our proposed model, we compared the 

predicted outcomes with the experimental results for 

Hokksund sand-silt mixtures. The effect of the fines content 
on the compressibility is discussed, and the applicability of 

the model is highlighted.

2. Modeling concept
The decrease in volume due to packing compression 

typically involves two main aspects: (1) the elastic defor-

mation of solid particles, and (2) the reduction of void 

volume resulting from particle rearrangement, which is 

treated as plastic deformation in an elastic-plasticity frame-

work. As the magnitude of elastic deformation is typically 

minimal, this investigation disregards it, and compressibil-

ity is only considered due to the rearrangement of particles 

under stress. This rearrangement reduces the number of 

voids among particles, thereby decreasing the void ratio.

Here, we focus solely on bi-dispersed packings. The 

void ratio is assumed to be influenced by two main vari-
ables: e(p, y2), where y2 is the solid fraction of fine particles 
(note: the solid fraction of coarse particles y1 = 1 – y2 in a 

bi-dispersed mixture).

2.1 Compression of bi-dispersed packing

For a mono-dispersed packing assembly comprising N 

particles, the total assembly volume V is given by V = vo N. 

Here, vo is termed particle volume, representing the aver-

age volume of a solid particle and its surrounding void 

space. The magnitude of vo is dependent on the density and 

the applied pressure of the packing.

In the case of bi-dispersed packing, the total granular 

system volume V = v1N1 + v2N2. Here, N1 and N2 are num-

ber of particles in species 1 and 2, respectively; v1 and v2 

are the partial particle volumes associated with species 1 

and 2, respectively.

We note that under the same applied pressure and rela-

tive density, the particle volume 0
iv  in a mono-dispersed 

packing differs from the partial particle volume vi in a 

bi-dispersed packing. The change in volume from 0
iv  to vi 

arises from particle interactions due to the mixing of two 

species.

This phenomenon resembles the change in mole energy 

observed in mixed chemical solutions, which results from 

the interaction between two species of molecules. Analo-

gous to free energy in thermodynamics, we consider the 

concept of “free volume,” representing the available void 

volume in a packing that can be changed during particle 

rearrangement.

Thus, we adopt an approach akin to the “Gibbs excess 

free energy” concept in classic thermodynamics (Silbey et 

al., 2004). In this context, we define the excess free volume 

∆vi of each species as

0 Δi i iv v v     (1)

In conventional usage, “excess free energy” typically 

denotes the additional energy available for performing 

work resulting from chemical reactions among multiple 

species (Silbey et al., 2004). However, in this case, the ex-

cess free volume ∆vi represents the extra volume available 

for reduction due to the size difference between the two 
particle species.

From Eqn. (1), we observe that the difference between 
the monoparticle volume and partial particle volume (i.e., 
0
i iv v ) signifies the volume reduction potential of each 

species. In a mixture of two species, the excess free volume 

of both species is diminished, resulting in a reduction in the 

overall volume of the packing mixture.

2.2 Excess free volume

To quantify the excess free volume in each species, we 

determined the partial particle volumes v1 and v2. For a 

bi-dispersed packing, the total granular system volume V is 

an extensive variable and is homogeneous of degree 1 

(Silbey et al., 2004); thus, according to Euler’s homoge-

neous function theorem, the total volume of a mixture is 

given by

 1 2 1 2 1 1 2 2

1 2

,

V V
V N N N N v N v N

N N

 
   
 

 (2)

This relationship is critical because it reveals how the 

partial particle volumes are related to the partial derivative 

with respect to the number of particles in each species, 

providing a central understanding for estimating their val-

ues.

Using a statistical mechanics approach, we represent the 

global packing configuration as a set of microstates. Each 
microstate is a local configuration of a single particle and 
its nearest neighbors. Using this model, we analyze the 
values of partial particle volumes v1 and v2.

Eqn. (2) provides a method for measuring the partial 

particle volume of a species. The partial particle volume v1 

can be defined as ∂V/∂N1, where the change in assembly 

volume dV is caused by adding a small number (dN1) of 

large particles to the mixture while keeping the total num-

ber N2 of small particles constant. The partial particle vol-

ume v2 can be determined similarly.

To consider the local configuration, we deliberately 
considered a single particle added to the mixture at a ran-

dom location. By repeating the process M times, we obtain 

M different local configurations for the added particle and 
its neighboring particles. Then, this statistical mechanics 

approach can be employed to obtain the value of ∂V/∂N1 

from this set of local configurations.
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However, directly determining v1 and v2 through statisti-

cal mechanics is challenging due to the lack of detailed 

knowledge about the complete packing structure, which 

makes it impractical to generate all possible microstates of 

the system. Nevertheless, this concept can help us estimate 

the possible ranges of v1 and v2 by analyzing the following 
extreme scenarios of microstates.

(1) Inserting a large particle:

a) If the surrounding particles are all large, as shown in 

Fig. 1(a), the added particle displaces them, increasing the 

packing volume. This scenario is akin to a uniformly sized 
packing; thus, the volume change ∆V is comparable to the 

baseline particle volume 0
1
v . Thus, 

0
1 1
v v  and the excess 

free volume is zero.
b) Conversely, if the surrounding particles are all small 

(Fig. 1(b), the void volume around the added large particle 

varies with the sizes of the neighboring particles. When the 
large particle is surrounded by tiny particles, the void vol-

ume is minimized. In this case, ∆V is similar to the volume 

of the solid particle 
g
1v , hence 

g
1 1v v , and the excess free 

volume is  g0
1 1v v .

Considering both extreme scenarios, the possible range 

of excess free volume for the large-particle species was 

determined to range from 0 to  g0
1 1v v .

(2) Inserting a small particle:

a) When all surrounding particles are small, as shown in 

Fig. 1(c), the local configuration resembles uniform pack-

ing. The volume change ∆V due to inserting the small par-

ticle is similar to the baseline particle volume 
0
2
v , thus 

0
2 2
v v , and the excess free volume is zero.

b) Conversely, if the surrounding particles are all large, 

as shown in Fig. 1(d), and the inserted particle is signifi-

cantly smaller than the available void space, it remains 

mobile despite the surrounding particles being jammed 

(mechanically stable). This particle is called a rattler parti-

cle. In this scenario, the change in system volume ∆V is 

negligible, so v2 = 0, and the excess free volume is 
0
2
v .

Considering both extreme scenarios, the possible excess 

free volume for the small-particle species was determined 

to range from 0 to 
0
2
v .

2.3 Determination of granular potential
For convenience, we express the excess free volume as a 

dimensionless variable. The granular potential μi of the ith 

species was defined as excess free volume per unit solid 
volume, i.e., 

g
Δ /i i iμ v v   .

In this context, all volumes are replaced by specific vol-
umes. Eqn. (1) becomes 

0
υ υi i iμ  , where 0

υi  is the spe-

cific volume of the ith mono-dispersed packing, and μi is 

the granular potential. And Eqn. (2) can be written as

1 1 2 2υ υ y υ y     (3)

Here, y1 and y2 are the solid fractions of the large and 

small particles, respectively.

By using Eqn. (3) and 
0

i i iυ υ μ  , it can be expressed as

2 2

0

1 1

 i i i i

i i

υ υ y μ y

 

      (4)

Note that, Eqn. (4) delineates the free volume into two 

components: the first term represents the volume average 
of the two components, representing the volume without 

particle interactions between the two species, and the sec-

ond term represents the volume reduction due to the release 

of granular potential from the interaction between the two 

species. The second term is also defined as the Gibbs vol-
ume potential given by

1 1 2 2G μ y μ y     (5)

Based on the previous analysis, the range of the granular 

potential μ1 extends from 0 to 
0
1

( 1)υ  , while the range of μ2 

spans from 0 to 
0
2
υ . This can be expressed as follows:

0 0
1 1 2 21 2

( 1);μ α υ μ α υ      (6)

Here both 0 < α1 < 1 and 0 < α2 < 1. The specific values of 
α1 and α2 are dependent on the nature of the interactions 

between species, which are influenced by the overall struc-

ture and composition of the assembly.

To determine the values of α1 and α2, we assume vari-

ables α1 and α2 are functions of the characteristic length λ 

introduced for the bi-dispersed packing, falling within the 

range d1 ≥ λ ≥ d2. The variable λ is an internal variable 

whose value depends on the overall structure and composi-

tion of the assembly.

As elucidated by Chang (2022a), in the context of parti-

cle filling and embedment mechanisms, the expressions of 
granular potential for the two species are given as follows:

(a) (b)

(c) (d)

Fig. 1 Four extreame scenarios: (a) a large particle surrounded by 

large particles, (b) a large particle surrounded by small particles, (c) a 

small particle surrounded by small particles, and (d) a small particle 

surrounded by large particles.
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20 0
1 21 2

1

( 1) 1 1;

η η
λ d

μ υ μ υ
d λ

         
  

   (7)

It is important to note that, in Eqn. (4), when the second 

term (granular potential) is zero, for the example of the size 
ratio between the two species equaling 1 (i.e., λ = d1 = d2, 

see Eqn. (7)), the specific volume versus fines content fc 

forms a line identical to the line 0 0
1 21 2

υ y υ y  shown in 

Fig. 2. which represents the upper bound for the granular 

mixture with zero interactions between species.
Conversely, when the size ratio approaches infinity 

(d2 ≪ d1), the predicted relationship is illustrated in Fig. 2 

by two lines AB and BC, which respectively represent the 

lower bounds of the granular mixture. For the range AB, 

λ = d1 ≫ d2, Eqn. (7) shows that 
0

1 2 2
0,μ μ υ  . The 

equation of AB is 0 0 0
1 2 21 2 2

( )υ y υ y υ y  . For the range BC, 

λ = d2 ≪ d1, Eqn. (7) shows that 
0

2 1 1
0, 1μ μ υ   . The 

equation of BC is given by 0 0 0
1 2 21 2 1

( ) ( 1)υ y υ y υ y   .

The curve with symbols in Fig. 2 represents measured 

specific volumes for the Hooksund sand-silt mixture. At 
fc = 20 %, the granular potential G calculated from Eqn. (5) 

is the distance from the upper bound line to the measured 

curve. In general, considering the overall structure and 

composition of the assembly, the granular potential of a 

packing lies between the upper bound and the lower bound, 

as calculated from Eqn. (7) using the values of λ and η. The 

exponents η is a material constant that depends on the 

shape and surface friction of particles and can be calibrated 

from the measured volume of one specimen with a particu-

lar fines content fc (Chang, 2022 a,b).

The characteristic length λ can be determined by the 

second law of thermodynamics. In the case of Edwards 

thermodynamic theory, the second law of thermodynamics 

stipulates that the Gibbs volume potential must be mini-

mized for a closed system to reach equilibrium at constant 
compactivity (Chang, 2022b). Since the parameters 0

1
e , di, 

yi, η are constant, the following condition holds.

    0 0
1 1 2 21 2

d d
, , 0

d d

G
μ υ λ y μ υ λ y

λ λ
      (8)

The two terms in this equation can be regarded as the 

volume transfers between the two species, and their zero- 
sum ensures the condition of steady-state volume at equi-

librium. This characteristic allows us to determine the 

value of λ, thus to calculate the granular potentials μi for 

each species. Consequently, this principle provides a 

straightforward method for predicting the specific volume 
of a mixture based on the specific volumes of its individual 
components.

This theory’s validity has been confirmed by verifying 
the maximum and minimum void ratios through ASTM 

compacted procedures for soil mixtures of various types 

(Chang, 2022b).

To illustrate the prediction process, an example of a 

Hooksund sand-silt mixture is used, where the silt volume 

fraction y2 = 0.2. The sand particles were 0.45 mm in size, 
while the silt particles were 0.032 mm. At a pressure of 

10 kPa, The specific volume for sand is 0
iυ  = 1.873, and for 

silt, it’s 0
2
υ  = 2.36.

We initially assumed a trial value of η = 3.6. The Gibbs 

volume potential G of the packing (see Eqns. (5) and (7)) 

was calculated for the range 0.45 ≥ λ ≥ 0.032 as shown in 
Fig. 3. The minimum of G corresponds to λ = 0.2637. At 

this value of λ, μ1y1 = 0.029 for sand particles and 

μ2y2 = 0.296 for silt particles. The volume reduction poten-

tial was G = 0.325.

The specific volume of the mixture can then be obtained 
in Eqn. (4). With 

0 0
1 21 2

1.9704υ y υ y   and G = 0.325. The 

calculated specific volume for the bi-dispersed packing at 
fines content fc = 0.2 is 1.6504 (i.e., 1.9704 − 0.325).

If the predicted value does not match the measured 

value, the value of η can be calibrated. Once the correct 

value of η is determined, it can be used to predict specific 
volumes for any other fines content. The calculated curve is 
plotted as a solid line in Fig. 2 and compared with the 

measured results represented by symbols.
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3. Experimental data
To verify the proposed model for soil mixtures under 

static load compression, we selected experiments on the 

sand-silt mixtures reported by Yang et al. (2006). These 

experiments involve various particle size combinations. 
For the mixtures, the mean sizes (d50) of the sand and silt 

particles were 0.45 mm and 0.032 mm, respectively, result-

ing in a particle size ratio of 14. The soil mixtures were 
composed of Hokksund sand and nonplastic Chenbei silt. 

Samples were prepared with fines contents ranging from 
5 % to 94 %. All samples were prepared using moisture 

tamping to achieve a relative density (Dr) of 20 %. This 

ensured that the observed difference in compressibility of 
the samples was due to the fines content of the soil mixture 
and not the relative density.

During compression testing, samples were subjected to 

isotropic loading up to 200 kPa. At this stress level, no evi-

dence of particle crushing was observed in the compression 

experiments, ensuring that the fines content remained con-

stant throughout each test.

4. Results
To understand how static compression affects bi- 

dispersed packing, we modify Eqn. (4) to accommodate 

pressure-dependent functions for both 0
iυ  and μi. The mod-

ified equation is expressed as follows:

    
2 2

0 0

1 1

 ,  i i i i c i

i i

υ υ p y μ υ p f y
 

      (9)

In this equation,  0
iυ p  represents the individual com-

pression behavior of the two components of the mixture. 

  0
 ,i i cμ υ p f  represents the volume reduction due to the 

impact of the granular potential resulting from the bi- 

dispersity of the assembly.

In Eqn. (9), the granular potential μi is a function of 

 0
iυ p  dependent on applied stress p. Once  0

iυ p  is known, 

the evolution of granular potential μi can be obtained from 

Eqns. (7) and (8) following the previously described pro-

cess.

The expression of  0
iυ p  can be obtained from the indi-

vidual compression curves of the sand and silt using any 

phenomenologically based analytical model.

4.1 Compression of monodispersed packing

In Fig. 4, the two compression curves of sand and silt, 

which are the components of the Hokksund sand-silt mix-

ture, are displayed as symbols. The sand and silt particle 

assemblies were compacted to the same relative density 

(Dr = 20 %). We adopted the compression model proposed 

by Meidani et al. (2017) to obtain the expressions for the 

two compression curves.

In this model, the total volume of voids is conceptually 

divided into two fractions: (1) active void volume, which is 

subject to reduction and eventual elimination through par-

ticle rearrangement, and (2) inactive void volume within 

interlocked particles, which cannot be further reduced by 

particle rearrangement.

Meidani et al. (2017) observed that the variation of (dυ/

dp) versus υ exhibits linear relationship for several types of 

sand and silt. The linear relationship can be expressed as 

follows:

 
r

d

d

υ
α υ υ

p
     (10)

The parameter υr represents the inactive part of the spe-

cific volume. Let a dimensionless parameter a = αpa, and 

the integral of this equation becomes

   0 0 r r

a

, exp
a

υ p υ υ υ p υ
p

 
    

 
   (11)

Here υ0 is the initial specific volume, p is the applied 

pressure, and pa is the atmospheric pressure (101.325 kPa). 

The model relies on two parameters a and υr, with υr being 

the inactive specific volume of the packing and a is a mate-

rial constant.

In Fig. 4, Eqn. (11) is used to model the compression 

curves of the sand and silt. For the sand compression curve, 

the parameters υ0 = 1.873, υr = 1.48, and a = 0.0611 are 

employed, while for the silt compression curve, the param-

eters υ0 = 2.360, υr = 1.55, and a = 0.0611 are used. The 

modeled curves are represented by solid lines, and the 

measured results are plotted as symbols.

4.2 Compression of bi-dispersed packing

In Fig. 5, the measured compression data for Hokksund 

sand-silt mixtures with fines contents ranging from 5 % to 
94 % (fc = 5, 15, 20, 50, 70, and 94 %) are presented as 

symbols. The influence of the fines content on the  
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compression curves can be observed from two perspec-

tives: the initial specific volumes and the shape of the 
compression curves.

At an initial confining pressure of 10 kPa, significant 
variations were observed in the initial specific volumes for 
bi-dispersed specimens with different fines contents.

The trend shows that the initial specific volume de-

creases as the fines content increases up to 20 %, which is 
caused by the filling of voids between sand particles by silt 
particles. At a 20 % fines content, the voids between sand 
particles were nearly filled. Consequently, further increases 
in fines content beyond 20 % caused the additional silt 
particles to separate and lose contact, reversing the volume 

decrease trend and leading to an increase in volume.

These initial specific volumes for all fines contents are 
shown in Fig. 5, which were previously predicted and 

plotted in Fig. 2. The parameter η = 3.6 was calibrated 

from the data point at p = 10 kPa and fc = 0.2.

The shape of the compression curve can be computed 

using Eqn. (9). The analytical expressions of the compres-

sion curves of sand (  0
iυ p ) and silt   0

2
υ p  serve as input 

information for predicting the compression curves of sand-

silt mixtures. With these two functions, the granular poten-

tial μi can be obtained from Eqns. (7) and (8). The required 

parameters for predicting the compression curves are sum-

marized as follows:
• To simulate  0

iυ p  for sand: υr = 1.48, a = 0.0611.

• To simulate  0
2
υ p  for silt: υr = 1.55, a = 0.0611.

• To calculate granular potential μi: η = 3.6.

The methods for determining υr and a are described in 

Section 4.1, and the method for determining η is described 

in Section 2.3.

In Fig. 5, the two solid lines represent the predicted 

compression curves of the sand and silt (replotted from 

Fig. 4). The predicted curves for mixtures with different 
fines content are depicted by dashed lines and are com-

pared with the measured data points represented by sym-

bols. The fines content for each compression curve is 
indicated on the left or right side of the curve. Initially, the 

compressibility of the mixture decreases with increasing 

fines content. However, after reaching 20 % fines content, 
the trend reversed, and the compressibility increased with 

further increasing fines content.

5. Conclusion
The fines content significantly influences the compress-

ibility of bi-dispersed packing. To address this influence, 
we developed an analytical model grounded in a physics- 

based methodology for predicting the compression of such 

mixtures. The proposed model effectively explains the sig-

nificant variation in the initial specific volume of speci-
mens after compression. Furthermore, it accurately captures 

the compressibility patterns under various compression 

loads in soil mixtures with diverse fines contents. Conse-

quently, the notion of granular potential stemming from 

bi-dispersity emerges as a credible framework for model-

ing the assembly of bi-dispersed particles. It is worth not-

ing that this model is applicable only to mixtures of dry 

particles with particle sizes greater than 2 μm. The effects 
of hydration, capillary, and cohesive forces exhibit in wet 

particles are not considered.
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Nomenclature
di Particle size (mm)
d50 the mean particle size (mm)
Dr relative density (-)

e void ratio (-)
0
ie  void ratio of mono-dispersed species (-)

fc fines content (solid fraction of small particles)
G Gibbs volume potential (-)

Ni number of particles in the ith species (-)

p applied pressure (Pa)

vi partial particle volume of the ith species (mm3)
0
iv  particle volume of the the ith species (mm3)
g

iv  volume of a solid particle of the ith species (mm3)

∆vi the excess free volume of the ith species (mm3)

V total assembly volume (mm3)

Vs solid volume (mm3)

yi solid volume fraction of the ith species (-)

λ characteristic length (mm)

μi granular potential of the ith species (-)

υ specific volume (-)
υ0 initial specific volume (-)
υi partial specific volume of the ith species (-)
0
iυ  specific volume of the ith species (-)

υr inactive specific volume (-)
η material constant (-)
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Fig. 5 Comparison of predicted and measured compression curves for 

the Hokksund sand-silt mixtures with various fines contents. Adapted 
with permission from Ref. (Yang et al., 2006). Copyright: (2006) ASTM 

International.
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