STABLE DETERMINATION OF TIME-DEPENDENT COLLISION KERNEL
IN THE NONLINEAR BOLTZMANN EQUATION
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ABSTRACT. We consider an inverse problem for the nonlinear Boltzmann equation with a time-
dependent kernel in dimensions n > 2. We establish a logarithm-type stability result for the
collision kernel from measurements under certain additional conditions. A uniqueness result is
derived as an immediate consequence of the stability result. Our approach relies on second-order
linearization, multivariate finite differences, as well as the stability of the light-ray transform.

1. INTRODUCTION

This article studies an inverse problem for the Boltzmann equation, which describes the
evolution of a dilute gas with binary collisions between particles. Let 2 C R™, n > 2, be an
open bounded and convex domain with smooth boundary 992. We denote

U:=QxR", Up:=(0,T)xU TIL:=(0,T)xTx,
where T' > 0. The incoming (I'_) and outgoing (I';) sets are defined as follows:
(1.1) Iy ={(z,v) € 2 xR": v -n(z) > 0}

with the unit outer normal vector n(z) at = € 99Q2. Suppose that F' = F(t, z,v) is the distribution
function for the particles at time ¢ > 0 and position = € () with velocity v € R™. It satisfies the
following initial boundary value problem for the Boltzmann equation:

OF +v-V,F = Q(F,F) inUr,
(1.2) F =g onI'T,

F = h on {0} x U.

The collision operator () describes particles’ binary interactions and takes the form
(1.3)

Q(F1, F3)(t,z,v) = / K(t,z,v,u,w)[F1(t, z,u)Fo(t, z,v") — Fi(t,z,u)Fa(t, z,v)] dwdu,
n Snfl

where u and v are velocities before a collision of particles with post-collision velocities
(1.4) vW=u—[(u—v)ww and VvV =v+[(u-2v) ww

at an angle w € S"~!. It is clear that they satisfy v/ - w = v-w and v' - w = u - w. Here the
function K is the collision kernel.
We say K is in the admissible set M if K € L>®(Ur; L*(R™ x S"~1)) and satisfies
<M

/ / |K(t, z,v,u,w)|dwdu
nJsnet Le>=(Ur)

for some constant M > 0. As shown in Theorem 2.1, these conditions guarantee that the
problem is well-posed with small data (g,h). Specifically, there exist k > 0 and a constant
C > 0 such that when

(1L6)  (9.h) € Xei={(g.h) € L) x L¥(U) ¢ [lgl ooy + 1l o) < ).
1

(1.5) S| oo st (R g1y 2= ’
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the initial boundary value problem (1.2) has a unique solution F' € L (Ur) satisfying || F'[| poo (7, <

Ck. Hence we can now define the measurement operator Ag : X, — L>(I'T) x L*°(U), mapping
from the incoming and initial data to the outgoing and final data, as follows:

(17) AK = ('A%LtwAﬂ) : (gah) = (F|1"£aF(T7 Y ))
with the norm
1A (9 )| oo (0T x Lo (1) = HA%t(gah)HLw(ri) + | A% (g, )]l oo vr)-

The inverse problem here is to recover properties of the kernel K from Ay, which collected
data from the surface of the domain, initial data, and final data. To understand the underlying
essential details of entangled particle interactions, described by the collision operators, has been
attractive not only because of theoretical interests but also its potential applications [37].

In recent years, relevant studies on identifying coefficients in the Boltzmann equation and
transport equation have made substantial progress in both analytical and numerical aspects.
They are motivated by a broad domain of fields, such as medical imaging [1], astronomy [50], and
remote sensing [39, 41], see also the review articles [4, 43, 45]. In particular, analytic methods
for the determination of both absorption and scattering coefficients in the radiative transfer
equation (RTE), known as the linear Boltzmann equation, are well-established. One crucial
strategy, established in [12, 14] for the uniqueness result, is to analyze the singular decomposition
of the kernel of the Albedo operator, which maps from incoming data to outgoing data. As a
result, the absorption and scattering coefficients can be reconstructed separately because of their
appearance in the components with different degrees of singularities. The demonstration of the
method was discussed in [12, 13, 14, 15, 42, 47| for the uniqueness result and in [5, 6, 7, 27, 51, 52]
for the corresponding stability estimate. The application of Carleman estimates is another basic
strategy to recover unknown coefficients by using suitable Carleman weight in an L? weighted
estimate for a solution to a transport equation with large parameters [19, 20, 21, 22, 26, 30, 40].
The highlight of this approach is that a single measurement is sufficient to recover the linear
coefficient in many cases. And lastly, in dealing with time-dependent coefficients in the linear
Boltzmann equation, [10] gave the uniqueness and logarithmic stability results for the time-
dependent absorption coefficient and [11] considered the uniqueness for the time-dependent
scattering coefficient.

The literature on inverse problems for nonlinear Boltzmann equations is relatively sparse
compared to the linear ones. One key factor that contributes to recovery difficulty is the special
feature of the collision kernel in (1.3), which highly depends on the velocities before and after
a collision. Recently, the higher-order linearization technique has been utilized to deal with
inverse problems for various types of nonlinear PDEs. See for instance, [25, 35, 48] for nonlinear
hyperbolic equations and [2, 3, 18, 23, 24, 31, 32, 33] for nonlinear elliptic equations. The
technique was generalized to the stationary nonlinear Boltzmann equation in [29], in which the
collision kernel was uniquely recovered under a monotonicity condition and a reconstruction
formula was given. For the dynamic nonlinear Boltzmann equation, the uniqueness result was
achieved in [36] by performing linearization near the equilibrium. See also [8] for the nonlinear
Boltzmann equation on Lorentzian space-time with unknown metric, where the unknown metric
was determined up to an isometry from a source-to-solution map. Additionally, the RTE with
nonlinear terms was investigated in [28, 30].

1.1. Main result. The goal of the present work is to give uniqueness and stability results
for the nonlinear Boltzmann equation with a time-dependent collision kernel with given Ag.
Specifically, we will study the case that K has a product structure, i.e.,

K(t,z,v,u,w) = ®(t,z, |v|)¥(v, u,w).
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Here the unknown function ® depending on (¢, z,v) € RxR"™ xR" is a radial function in v, which
depends only on the speed, not the direction. Let us denote r = |v| > 0 and write & = ®(¢,z, 7).
The given nonnegative function ¥ satisfies

(1.8) U(v,-,-) >co>0 in By(v) x S*7!

for some constant ¢y > 0 independent of v. Note that this lower bound condition will be crucial
to control the light ray transform of ®, see Section 4 for details. The notation B, (x) is used
to represent an open ball of radius & > 0 and center 2 in both R™ and R™*! if no ambiguities
arise. When z = 0, we simply denote B, = B,(0).

Theorem 1.1. Let Q@ C R", n > 2, be an open bounded and conver domain with smooth
boundary 0Q. Let ¥ € CH(R™ x R™ x S*™1) be a nonnegative function satisfying (1.8), and let
®, € CL((0,T) x Q2 x (0,00)) for £ =1, 2. Suppose for fized r = |v| > 0, we have
H(I)e(', '7T)HC((O,T)><Q) < M and supp(i)l - q)Q)('? -,7“) - (OvT) x
for a fixed constant My > 0.
Let Ak, be the measurement operator of the problem (1.2) with the collision kernel
Ko(t,z,v,u,w) = @p(t, z,7)V (v, u,w),
satisfying Ky, Vo Ky, Vo Ky € M. Suppose that there exist constants kK > 0 and 0 < § < 1 so
that
(1.9) 1(As; = A ) (95 1)l oo (0T ) ooy < 6 for all (g, h) € &y

Then there exists p € (0,1) depending on n, T, and 2 such that

A _
[(®1—P2)(- 7)1 (0, x0) < C (52‘“3) + | log 6| 1) :

Here C > 0 depends only on 7, n, K, co, Q, T, M, and M.
Moreover, let s > 1] + 1. Suppose that &, € H*((0,T) x Q x R) for £ = 1,2, satisfies

HCI)Z(‘7 '7T)HH‘9((0,T)><Q) < M, and supp(fI)l - (I)Q)(', -,’I") C (O,T) x Q
for some fized constant My > 0. Then there exists 6 € (0,1) depending on s such that

L A\
1(@1 = ®2)( )z 0y x0) < C (6777 + [logo] ™),
where C' > 0 depends on r, n, K, co, s, Q, T, M, and M; for j =1,2.

The proof of Theorem 1.1 is given in Section 4. In order to fully recover the unknown @, we
rely on boundary measurements, initial data, and final data.
As an immediate consequence of Theorem 1.1, we have the following uniqueness result.

Theorem 1.2. Under the same hypotheses in Theorem 1.1, instead of (1.9), suppose that we
have

Ag,(g,h) = Ak, (g, h) for all (g,h) € Xj.
Then &1 = &y in (0,7) x 2 x (0, 00).

All the aforementioned results for the Boltzmann equations and transport equations, except
[10, 11], are concerned with time-independent coefficients. To the best of our knowledge, the
developed methodologies, including singular decomposition method and the Carleman estimate,
have been applied only for this setting. In particular, when applying the Carleman estimate, the
unknown coefficients are encoded in the initial data of the solution so that it is not applicable
to deal with the time-dependent coefficients, see for instance [20, 40] for the detailed discussions
of the method.
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In the present work, inspired by [10], we rely on several techniques to determine the time-
dependent kernel in (1.2). To begin with, we perform the higher-order linearization method
by applying the multivariate finite differences method, introduced in [34] for semi-linear wave
equations. Through this, one can decompose the solution of the nonlinear Boltzmann equa-
tion into three components, including the solution to the linear equation, the solution to the
nonhomogeneous linear equation, and the remainder higher-order term. Due to quadratic-like
nonlinearity in the collision operator, it is sufficient to introduce two small parameters in the
data in this linearization process. Next, by suitably choosing linear solutions, for each fixed v,
the scaled light-ray transform of ®(¢,z, |v|), defined by

L,®(z,v,r) = / (s, x + sv,r)ds for (z,v) € R" x rS" 1,
R

can be extracted from the integral identity. This further leads to the stability estimate of
the partial Fourier transform of ® (denoted by ®(7,&, |v|)) with respect to ¢ and x variables
in the spacelike cone. More general results on the injectivity, and support theorems of the
light-ray transform can be found in [44, 46]. The main result in Theorem 1.1 then follows
by generalizing the stability to the timelike cone by noting the analyticity of o if O+, -, |v]) is
compactly supported, see Section 4. The uniqueness result in Theorem 1.2 can be viewed as a
complement of the earlier work [29].

The structure of the paper is as follows. In Section 2, we introduce preliminary results for
a linear transport equation and establish the well-posedness of the Boltzmann equation (1.2)
for small data. We derive an integral identity in Section 3 that bridges the unknown coefficient
and the given data by using multivariate finite differences. Section 4 is devoted to the proof of
Theorem 1.1 and Theorem 1.2.

2. PRELIMINARIES

In this section, we introduce preliminary results for a linear transport equation and establish
the well-posedness of the Boltzmann equation (1.2) for small data.

2.1. Notations. We define the forward exit time 7 (z,v) and the backward exit time 7_(z,v)
for every (z,v) € Q x R" by

T+(z,v) :==sup{s > 0:z+ sv € Q}.

In other words, 74 (z,v) and 7_(z,v) are the time at which a particle z leaves the domain
with velocity v and velocity —v, respectively.
We define the space LP(I'};d¢), 1 < p < oo, with the norm

T 1/p
1o 07 ae) = (/ / |fIP dfdt> :
0 'y

where d§ = |n(z) - v|do,dv is the measure on I'y with the measure do, on 9. For p = oo, we
denote L>®(U), L>®(Ur), and L=(I'L) to be the standard spaces consisting of all functions that
are essentially bounded.

2.2. Forward problems. We first study the existence and stability of solutions to the initial
boundary value problem for a linear transport equation. The following lemma can be found
in [16, Proposition 4, Chapter 21|, in which more discussions on the well-posed problems for
transport equations are addressed. In the general geometry setting, we refer to [30] for details.



Lemma 2.1. Suppose that f € L>(Ur), g € L®°('T) and h € L>(U). Then the problem

OF+v-V,F = f inUr,
(2.1) F = g onTZ
F = h on{0}xU,

has a unique solution F in L*>°(Ur) satisfying

F(t,z,v) = g(t — 7—(z,v), 2 — 7—(z,v)v,0)H(t — 7_(x,v)) + h(z — tv,v)H (17— (z,v) — t)

(2.2) / f —sv,v)H(1_(z,v) — s)ds,

where H is the Heaviside function satisfies H(s) =0 if s <0 and H(s) =1 if s > 0. Moreover,
F satisfies

(2.3) 1 Fl ooy < 9]l oo oy + 1AMl oo @y + TN fll oo @)

With the above result, we then show that the initial boundary value problem for (1.2) is
well-posed for small data by applying the contraction mapping principle.

Theorem 2.1 (Well-posedness of the Boltzmann equation). Let @ C R™, n > 2, be an open
bounded and conver domain with smooth boundary 0. Suppose K € M. Then there exist
constants kK > 0 and C > 0 such that when (g, h) € X, the problem (1.2) has a unique solution
F € L>*(Ur) satisfying

1F ey < € (gl e ery + Iblln)
where the constant C' depends on k, M, and T'.
Proof. Given (g,h) € X, from Lemma 2.1, there exists a solution Fe L>(Ur) to the following

homogeneous equation:

OF +v-V,F = 0 inUp,

F = g onI7,

F = h on{0}xU,
satisfying
(2.4) [F N Lo wr) < N9l ooy + [Pl Loy < 5

To show the existence of solution F' of (1.2), we observe that if we set G := F — F, then G
will satisfy

G +v-V,G = QF+G,F+G)=:Qy(G) inUrp,
G =0 on I'T,
G =0 on {0} x U.

Equivalently, G solves G = (L7 0 Q¢)(G), where £~! denotes the solution operator of (2.1)
with ¢ = h = 0. To find G, we will apply the contraction mapping principle and show £~ o Q)
is a contraction map on a subset X of L*(Ur), which is defined as follows:

(2.5) Xi={p € L%(Ur): ¢lr =0, ¢lmo=0, and [|gllze(y) < c}

with some ¢ > 0 to be determined later.
For each ¢ € X, by using the fact that K € M and (2.4), Lemma 2.1 yields that

~ 2
17 0 Qo)) z=(wr) < TN Qo) (wrr) < 2MT (I Fll oy + leloewry) < 2MT (s + ).



Moreover, for ¢1, 2 € X, we can derive that
(L7 0 Qo)(p1) — (L7 0 Qo) (1) | 2o (g < TN Qo(01) — Qol02) |z (1)
<AMT(k + c)|ler — w2l ooy
We take k and c sufficiently small so that 0 < kK < ¢ < 1 and
IMT (k+¢)><c¢ and 4MT(k+c) < 1.

This implies that £~ o Qg is a contraction map. By the contraction mapping principle, there
exists a unique fixed point G' € X so that G satisfies G = (L7 0 Qp)(G) and

1G] oo ) = (L7 © Qo) (G| oo )
" 2
<2MT (HFHLOO(UT) + HGHLOO(UT))
< 2MT(k + ¢) <||F\|Loo(UT) + IIGIILoowT)) :

Due to the choice of ¢ and k, we have 2MT'(k + ¢) < 1, which implies that the second term on
the right-hand side above can be absorbed by the left. Thus,

Gl poe () < CHﬁHLOO(UT)

for some constant C' > 0. We now conclude that F = F 4 G is a solution of (1.2) and satisfies

| E oo (wgy < N F (oo ) + Gl ooy < C (”9”Loo(rf) + HhHLoo(U))
by noting that (2.4). This completes the proof. O

3. INTEGRAL IDENTITY

The section aims to derive an integral identity for the unknown coefficient. To do so, we study
the expansion formula for a family of solutions depending on small parameters e = (1, 2) by
applying multivariate finite differences.

3.1. Multivariate finite difference. Let f = f(e1,£2) represent a function of two variables
€ := (€1,€2),e5 > 0,5 = 1,2. We define the second-order finite difference operator ng of the
function f at the point ¢ = 0 for ¢; > 0,5 = 1,2 by

D2 . Jecof = —— (f(en,e2) — f(e1,0) — £(0,22) — £(0,0)).

E1€2
By Theorem 2.1, for given data g; € L>(I'L) and h; € L>®(U), j = 1,2 with sufficiently small
parameters €1 > 0 and 3 > 0 such that Z§:1 £j <||ngLoo(Fz) + ||thLoo(U)) < K, there exists a

unique solution FEh = Fethiteaha o oo,y to the initial boundary value problem:

eg — T €191t€292
athg +uv- vnggh = Q(Fgg, ng) in Urp,
(3.1) FZ) = cigi+eag2 onTT,

Fg:gh = &1h1 +e9hy on {0} x U.
Moreover, the solution satisfies the estimate
(3.2) IFEM oo gy < € <||€191 + 292l poo(rry + llETh1 + €2h2||Loo(U)) :

In particular, by the definition of the second-order finite difference, we have

(3.3) D2, le=0

1
Fcfh - (Feh _ F51h1 _ F&th)
€9 €169 €9 €191 €292



due to the fact that the solution Fg; is identically 0 when €1 = g9 = 0.

In order to express Fggh in terms of €, we define two solutions V; and Wy, 1,) as follows.
First, let V;, j = 1,2 be the unique solution to the problem:
8tV3+vaV} = 0 in Ur,
(3.4) Vi = g; onIZ,
Vi = h; on{0}xU,
and by Lemma 2.1, it satisfies that
(3.5) 1VillLeo @r) < 95l poe oy + 15| oo ()

In addition, for ki, ko € {0,1,2} satisfying k1 + k2 = 2, Lemma 2.1 shows that there exist
solutions Wy, 1,) € L°°(Ur) to the nonhomogeneous equation:

8tW(k1,k2) +v- VIW(kl,kg) = S(kl,kZ) in UvT7
(3.6) Wiy k) = 0 onI'7T,
Wi kyy = 0 on {0} x U,

where the source terms Sy, 1,) are defined as follows:

S0t z,0) = /n - K(t,z,v,u,w)[Vi(t,z,u)Vi(t,x,v") — Vi (t, 2, u)Vi(t, 2, v) dwdu,

San(t z,v) = / K(t,x,v,u,w)[Vi(t,z,u)Va(t, x,v') + Vi (t, 2,0 )\ Va(t, z,u')
n JS§n—1
(3.7) —Vi(t,z,u)Va(t,z,v) — Vi(t,z,v)Va(t, z,u)] dwdu,

and

So,2)(t,,0) = / - K(t,x,v,u,w)[Vat,z,u )Vo(t, x,v') — Va(t, z, u)Va(t, z,v) dwdu.

Proposition 3.1. Suppose that there exists k > 0 such that if g; € L°(T'T) and h; € L®(U)
and e; >0, j = 1,2, satisfy Z?Zl €; (ngHLoo(Fz) + th”Loo(U)) < K, then there exists a unique

solution FEE;L to (3.1) satisfying the estimate (3.2). Moreover, F;; can be expanded in €1 and €2
in the following form:

(3.8) el =a1Vi + e2Va + 61 Wa0) + £12aWia 1) + £3W(0.2) + Re,

where Vj, j = 1,2, solve (3.4) and W, 1,), k1, k2 € {0,1,2}, k1 + k2 = 2 solve (3.6).
Moreover, the remaining function R. solves the nonhomogeneous equation:

OR:+v-V, R, = Q(Fsh Ff;) — 6%5(270) — 61625(171) — 6%5(072) i Urp,

£g

(3.9) R. = 0 on IT'L
Re = 0 on {0} x U,
and satisfies the following estimate
3
(3.10) [Rel Loy < C (H«Elgl + 292/l ooy + llE1he + 62h2HLo<>(U)> :
where C' depends on k, M, and T.

Proof. Tt remains to show the existence of the solution R. and (3.10). To this end, we first
denote the function F. by

./_"5 = FEE; — €1V1 - EQVQ.
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Then F. € L (Ur) solves Oy F. +v -V, Fe = Q(Ff;, F*Eh) with zero initial and boundary data.
Applying Lemma 2.1 and K € M, we have

(3.11) 1Fell ooy < TNQUES FE oo ) < 2MT | F N7 o0 1) -

Moreover, we denote the nonhomogeneous term in (3.9) by

S (t, m,v) = Q(F, FEl) — €1S(0.0) — €122511,1) — €55(0.2)-

€g>
With (3.2), (3.11) and K € M, for (¢,z,v) € Ur, a direct computation gives

|6 (t, z,v)| = / /S » (t,x u)Fah(t 2,0") + (e1Vh + Vo) (t, z, u) Fe(t, 2, 0)
(3.12) — fa(t,x,u)Fggh(t,x, v) — (e1Vh + 52V2)(t7$,U)FE(t,x,U)] dwdu
< AMPTY F 2 e gy (1E oy + l€1Vi + €2Vl o))
< ¢ (lergr + e2all ey + llerhs + exhall (o)
Finally, applying Lemma 2.1 to R., we obtain (3.10). O

Fe . defined

Using the expansion of Fggh in (3.8), we can rewrite the finite difference D2, _, [c—0F5),

n (3.3), as follows:
(3.13) DZ |- OFE =Wa) + D?

£1,€2

|€ ORs-

€1,€2

Therefore, by applying the transport operator 9; + v - V, to both sides of (3.13), since R. is a
solution of (3.9), we obtain

(3‘14) (at +v- vx)Dsl,EQ‘a ofcy = S(l 1) + D |5 06..

€1,€2

3.2. An integral identity. Equipped with the definitions and discussions above, we are ready
to derive the key identity. Let ¢ = ¢(x,v) be a function in the space C2°(R"™ x R™) and then
take

U(t,x,v) == p(x — tv,v)
for (t,xz,v) € R x R™ x R™. It is clear that 1 is the solution to the transport equation

oY +v-Vyp=0 inRxR"xR"
with the initial data 1|,—9 = ¢. We have the following integral identity.

Proposition 3.2. Suppose all the hypotheses in Proposition 3.1 are satisfied. Then the following
integral identity holds:
(3.15)

/ ¥S(1,1) dtdzdv I/ 14 2 cole=0 AL (e191 + €292, 61h1 + €2h2)] (T, z,v) dzdv
Ur U
+ /T (v- n(x))w [D21,€2‘5—0A%t(61g1 + €2g0,€1h1 + Ezhg):| dtdodv
3

—/ ¥ [D2, ., |e=0S:] dtdzdv,
Ur

where do, is the surface measure of 0S.
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Proof. Based on the definition of D? Feh it has trivial initial and boundary data, that is,

€1 82‘5 0Lg »

h h
(9L = (o)

With this, multiplying (3.14) by ¢ and integrating over the domain Uy yield that

= 0.
rr

/ ¥S.1) dtdzdo = / 0 D2, o= P2 | (T, v) davdo - / ¥ [D2 ., |e=06.] dtdzdv
Ur U

(3.16) o
v / (v n(@)y {D§1,€2|S:0F§;} (t, z,v) dtdodv.
F+
This ends the proof by recalling the definitions of A% and A% in (1.7). O

4. RECOVERY OF THE COLLISION KERNEL

In this section, we will mainly focus on the stability estimate stated in Theorem 1.1 since
the uniqueness result in Theorem 1.2 follows directly. Initiating from the integral identity in
Proposition 3.2, the central step is to control the light ray transform of ® by suitably choosing
functions ¢ localizing at a given point (., v).

Let F solve the problem (3.1) with the collision kernel K replaced by

Ko(t,z,v,u,w) = @y(t, z,|v|) ¥ (v, u,w)

in the collision operator ) for £ = 1, 2. We denote the functions Vj(e), W(z), S((li)l o) Rg),

and Gg), ¢ =1, 2, to be the corresponding functions V;, W, S, ,), R and &, in Section 3.
Moreover, for the purpose of simplifying the notations in Proposition 4.1 below, we denote the

difference of the sources S(( )

11) and also the difference of the unknown coefficients ¢, by

S S(l) 5(2)

oy =Sy and @ i= & — Py,

Note that since Vj(g), ¢ =1, 2, are independent of the unknown kernel K, and have the same
initial and boundary data, by the well-posedness result for the linear transport equation, we
deduce that

2 .
vV =v® =y, j=1.2
Proposition 4.1. Suppose that all the hypotheses in Proposition 3.1 and (1.9) hold. Suppose
that ®, € C1((0,T) x 2 x (0,00)) for £ =1, 2 satisfies

supp(®1 — P2) (-, -, [v]) C (0,T) x Q.

Then
0(y,v)S(t,y + tv,v) dydvdt‘
(4.1) = 61765 (HwHLl ({T}xU) + HwHLl ITd ))
3
2
C
+ @HQpHLl(UT) jz:;gj (HgJHLOO(I‘Z) + Hh]HLoo(U)) ,

where C' is a positive constant depending on «, M, and T.
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Proof. Applying the integral identity (3.15) for K;, £ = 1, 2 and taking the difference, we obtain

W(t,z,0)S(t, x,v) dtdedv
Ur
= /qu(T,x, v) [DEI,Q!EZO(AQ — A ) (191 + €292, €1h1 + 62h2):| (T, z,v) dedv
(4.2)
+ /T(n(x) : U)T/)[ 1, 52|z-: O(Aom AO“t)(slgl + e9g0,e1h1 + Eghg):| dtdodv
3

- / w[Dﬁl,EZIE_o(Ggl) —69)] dtdzdo.
Ur

On one hand, since (®; — ®9)(+,,|v|) is compactly supported in (0,7) x € for each fixed

v € R", from the definition of S((l)l) (3.7), we can extend S(-,-,v) to R x R” by 0 outside the
domain (0,7") x © while preserving the regularity. Hence, by performing the change of variable

y = x — tv, the left-hand side of (4.2) becomes

// / o(y,v t Y + tv,v) dydudt

by recalling that (¢, z,v) = p(x — tv,v).
On the other hand, let us take £; and €2 small enough and use (1.9) and (3.12) such that the
absolute value of the right-hand side of (4.2) is bounded above by

C
5 (Il iy + 1l eriae))

£1£€9

3
2

C
+ EH@/JHLMUT) > e (ngHLoo(Fg) T thHLOO(U)) 7

Jj=1

where C depends on x, M, and T. This ends the proof of the proposition. O

The light ray transform L of a function ¢ € L'(R"*!) is defined by

Lq(z,v) := / q(s,x + sv)ds for (z,v) € R" x "1,
R

Recall that ®  is a radial function in v, for our purpose, for r > 0, we define the scaled light ray
transform of ® by

erf(x,v,r) = / Cf(s,:c + sv,r)ds  for (z,v) € R" x rS" L,
R

Proposition 4.2. Suppose that all the hypotheses of Theorem 1.1 hold. For any (y.,v.) €
R™ x rS™ 1, we have the following estimate:

(4.3) By, s, )| < COTHE,

where C' depends on r, n, Kk, cg, M, Q, and T.

Proof. The proof is split into three steps.
Step 1: Solutions to the linear equations. We first choose suitable smooth functions ¢ in
C°(R™; C(R™)) to be applied in the integral identity (4.1). To this end, let x € C5°(R") be a
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smooth function satisfying 0 < x <1, x(0) = 1, and ||x||1(gn) = 1 with support supp(x) C Bi.
For a fixed (s, v:) € R® x rS"~! we define

1 Y — Ys V — Uy
w(y,v)—wx< 3 >x< 5 ) 0<A<I

Then py € C(R™ x R™) and |||l g1 (mnxrny = 1. Let (¢, 7,v) = @r(z —tv,v), which satisfies

(4.4) oAl qryxoy < lleallpr e xrny = 1,
(4.5) IVl @wry < 1Al o) xrr xrry = Tlleall L me xrry = T,
and

T
[oliserag < [ [ [ o @l - to,0) dosdu
0 7 J o

UV — Uy

(4.6) < (r+1)T)\"|8Q|/ )\”X< . ) dv = (r + 1)TA~"|09,
Rn

where |v-n(z)| <r+ 1 due to the compact support of x and |v| < |v,| + A < r+ 1. Here |09
is the measure of the boundary 0f2.
The solutions to the linear equations are chosen as follows:

Vi(v) = el and V=1
Moreover, the boundary and initial data are taken as g; = Vj|pr and h; = Vj|i=o. We then

substitute such Vj in the integral (3.7) and, to simplify the expression, we define the function P
by

P(v,u,w) := Vi (u)V2(v') + Vi(v")Va(u) = Vi(w)Va(v) — Vi(v)Va(u)
= e_‘u/_v*‘Q + €—|v'—v*|2 — e_lu_v*|2 — e—"l}—’l)*|2'
Then straightforward computations give
[Pl oo @rxmrxsn-1y <4 and |0y P||poo@nxmnxgn-1)y < C
for some constant C' > 0. In particular, applying (1.4), we obtain that when v = v,,
P(v,,u,w) = (1 — elmv el (emlumv)wl® _o=lumu. Py

which indicates P (v, u,w) < 0 and P(v.,u,w) = 0 only when w L (vy —u) or w = iﬂ::m'

Step 2: Upper bound of [ Sdt. We consider the following estimate

‘/ §(t, Ys + tUx, Uy) dt‘
R

// / oAy, v)S(t,y + tv,v) dydvdt
R n n

L[] oxtwo) (Stt+ tw.0) = St + to0.)) dyduc
R n n

where we used the fact that [[px||z1 e xre) = 1. Notice that [|g;|| peorry < 1 and [[hj]| ooy < 1.

For the first term on the right-hand side, we then apply the above estimates (4.4) - (4.6) for )
and Proposition 4.1 to derive

47 <

+

=: I + I,

C C 3
. < —n
(4 8) 11 < 761626(1 + A ) =+ 78182 (61 + 62) s

where C depends on r, k, n, M, Q, and T.
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To estimate I, its integral domain for ¢ variable can be shrunk back to (0,7") since (®; —
®y)(, -, |v]) is compactly supported in (0,7") x . By making change of variables y = y, + Ay
and v = v, + A0 and denoting

Ze =Y« +tv, and Z=g+1t0,

we have

I, =

(t Zs + A2, 04 + A0) — S(t, z*,v*)> dzjd@dt’
B1 Bl

- | / / @)X () / / (Rt 2+ A2 A 00) P (0 + AT, 00
0 B1 J By n J§n—1

— K(t, 24, vy, u, w) P(vy, u, w)} dudw) dgjdf}dt‘

/ / / 0)=21(t, 9,0 dydvdt—i—/ / / 0)Za(t, g, 0) dydodt,
B1 <B1 Bl <Bl

where we denote
K .= K1 — KQ = ((1)1 — (1)2)\1’

Moreover, the functions =; and Zy are defined as follows: for (¢,9,v) € (0,T) x By x By,

El(tvgvll}) ::/ /
n JSn—1

< M0y Pl Loo (B, xRr xS7-1);5

2(t, 9, 0) //
n JS§n—1

SC/\/ / \VUK(t,z*,v*+3117,u,w)]dudw
n JSn 1

K(t, 22 + A3, 04 + AD, u,w) | |P(vs + A0, u,w) — P(vy, u,w)| dudw

and

K(t, 24 + A2, 04 4 AT, u,w) — K (£, 24, Uy, w0, ) | [P (04, u, w)| dudw

+ C)‘/ / VoK (t, 2 + 827, 04, u, w) | dudw,
n Snfl
SCM/\, 0<81,82</\.

Note that in the above estimates of =1 and =3, we used the fact that |P| < 4, the mean value
theorem, and V7' V72K € M with integers 0; > 0 satisfying 0 < 01 4+ 02 < 1. Combining these
estimates together yields that

(4.9) I < O),

where C' depends on M and T'. Therefore, from (4.7), (4.8), (4.9), and 1 < A\™", by taking
€1 = €9 =: £, we arrive at

1
/Sty*+tv*,v*)dt’<0(5(l+>\ )+—(51+52) +>\)

(4.10) €1€2 €12
< Cm~ (5 I\ m5+5+)\),
where m = (g)n”% < 1 for some sufficiently large constant A > 1. Thanks to this extra

scaling m, it is clearer to see that ¢ is controlled by k, see Remark 4.1 below for details.
Now for ¢ € (0,1), we then optimize the above estimate by finding the critical point of

Es(3,\) == 2XN"md + &+ \.



13
A direct computation gives that
0:E5 = =263\ ""md+1=0, "hEs=-né A" lmé+1=0,

which leads to the critical points

e () (1) e ) (1)

Here A < 1 if £ is small enough. Thus, substituting ¢ and A into the right-hand side of (4.10)
gives

(4.11)

/ S(t, v +tv*,v*)dt’ < Cbwis,
R

where C depends on n, k, M, Q, and T. N
Step 3: Estimate of the light ray transform of ®. Recall that ¥ is nonnegative and
P(vy,u,w) < 0. Hence, we have WP (v,, u,w) < 0 in R® x R® x S*~ 1,

For a fixed |vi| = r > 0, we take u € By (v + 20,) with unit vector 9, = v,/|vs| and consider

— v, 1
weED: = wESn_1:0<a§w-u Y <b< - ;.
lu — vyl 3

The following estimates follow directly:
(D) 1< |u—wf* <9,
(2) |(U|(* U*g los| > |(‘u - 2{;)|a > a2implies 1 — ellwmv)wl <1 _ e <,
(3) e \umve)wl™ _ emlu=vul™ > e _ el >0,
They imply
| P (v, uyw)| > (6“2 — 1)(e*9b2 —e Y forall u € By(vs +204), w €O,

where the lower bound of P is independent of r. Therefore, for each |v,| = r, we derive

/ / \Il(v*,u,w)]P(v*,u,w)\dwduZ/ /\Il(v*,u,w)\P(v*,u,w)]dwdu
n Jgn—1 Bi(ve+20,) /©

> (ea2 — 1)(6_962 - 6_1>/ / U (v, u, w) dwdu
By (vs+20.) J©

(4.12) > ¢ol0)]|B1(0)|(e?” — 1)(e™™ — 7Y,

by applying (1.8), that is, ¥(v.,u,w) > co in Bs(vs) x S*~ 1. Note that this estimate (4.12) is
uniform in v, € R™. This yields that

/ S(t, s —l—tv*,v*)dt‘ = / O(t, ys + tv,, 1) dt’ (/ / \Il(v*,u,w)P(v*,u,w)|dwdu>
R R n J§n—1
Lr‘f(y*w*ﬂ“)

> c1

)

where the constant ¢; > 0 depends on a, b, n, ¢p and ©. Finally, together with the upper bound
of [Sdtin (4.11), we complete the proof. O

Remark 4.1. With a priori constants k and § in the forward problem, the choice of €1 and &9
above ensures that the data is in X, so that the well-posedness for the nonlinear equation hold.
Indeed, for 0 < § <1 <A, it follows that

1
nt1 n_ /K O\ nt3 K K
2 — 9nts _ﬁ(7> hel 2(7):7.
sTATn AR <A> <*\8) 71
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The chosen boundary and initial data for the linear equations in the above proof satisfy ||g;l| eorry <
L and ||hj|| ooy < 1, which leads to

lle1gr + €2g2||Loo(r§) + [lerha + e2hz|| ooy < 4€ < k.
It follows that (191 + €292,€1h1 + e2h2) € X, with €; > 0.
We denote the set A, by
A i={(7,§) e RxR" : |7| < r[¢]}

and define the Fourier transform of ¢ by

q(1,¢) ::// q(t, x)e—i(t,a:)-(T,g) dedt.
]R n

In the next proposition, we show that the Fourier transform of E)(, 1) in A, is controlled by
its scaled light ray transform. Since €2 is bounded, we assume that €2 is contained in a ball By
with d > 0.

Proposition 4.3. Under the same hypotheses of Theorem 1.1, the Fourier transform of ®
satisfies

3 1
[@(; )| poo(a,) < Com3,
where the constant depends on r, n, Kk, co, M, ), and T.

Proof. For a fixed r > 0, for any point (7,£) € A,, we take the vector v € rS"~! to be

2 1/2
v=- |5|25+< |s|) “

where the vector ( € S?~! satisfies £ - = 0. Then 7 = —v - £ so that |7| < r|¢]. Multiplying the
scaled light ray transform of ® by e~®*¢ and integrating over R lead to

/ Lyb(y,v,r)e v dy _/ (/ O(s,y + sv,7) d8> e~ W dy
// (5,2 7)o~ (68 g

(413) - ( v - 5757 ) (T 57 )

by applying the Fubini theorem and change of variable x = y + sv. Inheriting from the compact
supportness of ®(-,-,7) in (0,7) x Q, the scaled light ray transform L,®(-,v,r) is supported
in the ball By 7|,. Here we consider the vector v € 78"~ 1 and Bayr)o| = Batrr. Therefore,
deriving from (4.3) and (4.13), we obtain

1B(r, &,7)| < / L, ®(y,v,7)| dy < C|Bysyr|675  for (r,6) € A
Bd+7T
]

For ® in the timelike region {(7,¢) € R x R™ : |7| > r|¢|}, we need the following result in [49,
Theorem 1], see also [9, Lemma 3.4], to control its behavior.
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Proposition 4.4. Let ro, dg > 0. Let D C R™! be an open, bounded and connected set such
that {x € D : d(x,0D) > r} is connected for any r € [0,rq]. Let E C D be an open set such
that d(E,0D) > dy. If q is an analytic function with

1!
Ha'g(JHLOO(D) < PR

where 8= (51, ..., Bn+1) is a multiindex with nonnegative integer By and |5 = Zi’% Br. Then
i i(|E|/|D

(4.14) gl zoe(py < (200 =AUE/DD | g 2LTAED,

where i € (0,1) depends on dy, D, n, 1o, p, and d(z,0D). Here d(-,-) is the distance function.

In the proof below, we will take D = Bs and E to be an open subset of B; in Proposition 4.4
so that (4.14) holds for all z € By, which will be sufficient for our purpose.

4.1. Proof of Theorem 1.1.
Proof of Theorem 1.1. We first estimate the Fourier transform of ® in a low-frequency region
[(1,€)| < o with the help of Proposition 4.4 for a > 0.

For fixed r, we consider the function ¢, (7,&) := &)(Q(T,f),’l") for (,€) € R**!. Then g, is
analytic since ® is compactly supported. We deduce that

10%qa (7, €)| = ‘aﬁé(a(T, €),r)| = )(—m)ﬂl (t, 2)P®(t, z,r)e ) (8 drdt
Rn+1
S A I o B!
<P (T4 d%) 2 |D(t, z,r)|dxdt < Ce L
0 JQ P

where we took p = (T? + d2)7% and used ol?l < |B|le®. The constant C' > 0 depends on Mj, €,
and T. By Proposition 4.4 with IT = Ce® and p = i(|E|/|B2|) € (0,1), we have

anHLm(Bﬁ S (2H)17MHQO¢”MOO(E)7

where the set Aint is the interior of A, defined by A™ = {(7,£) € R x R" : |7] < r[¢|} and
E = A" N By. With this estimate at hand, it follows that for any (7,£) € Ba,

(4.15) B(1,£,7) = a0 1(7,6)) < QM) gl < Ce?01575.

Here the last inequality follows from Proposition 4.3 since a(7,£) € A, if (1,§) € E, and C
depends on r, n, k, cg, M, My, Q, and T.

Next, we compute the H~!-norm of ®. Denote z = (7, £) and (z) = (1+|2|2)'/2. By Plancherel
theorem and (4.15),

1By = [

|z|<a

()28 (z, 1) dz + / () 2|B(z, 1)|? dz

lz|>a

< Ce2agits </ 1dz> +a 2D (-, 1) | 2 @ny
|zl<a

<C (a”+le(2_2“)a5"27r3 + oz_2>

(4.16) <C (e<3—2ﬂ)a5% + oz_Q) ,
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where C' is independent of §. There exists 0 < 0 < min{1, A} such that if (1.9) holds, then we

take
1

~B-2)(n+3)
and substitute it into (4.16). This implies

18,1 en iy < € (6757 + log d[ ™),

with C depends on r, n, x, cg, M, My, 2, and T.
Lastly, we combine the above estimates together with Sobolev embedding theorem, that is,
n+1

H"Z HL((0,T) x Q) < C%7((0,T) x Q) with some v > 0 depending on n and then deduce

1BCo - 7)oy xe) < CIRC, 7| mg (OTIxE)’

|logd| >0

where C' depends on n, T, and , see [17, Theorem 6, Section 5.6], and Sobolev interpolation
theorem

H(I)('far)HH[i*rl]-;-l((OT) Q) H(I) L) )HH L((0,T)xQ) H(I)<7 ’ )HHS ((0,T)xQ)’
where C' depends on n and 0 < 6 < 1 depends on s, see [38, Section 12.4, Chapter 1]. This
completes the proof of Theorem 1.1. O
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