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ABSTRACT: Multiconfiguration pair-density functional theory |Lijnearized Pair-Density Functional Theory

(MC-PDFT) is a computationally efficient method that computes Ps .
the energies of electronic states in a state specific or state average ! P Accurate C{Jnlcal
framework via an on-top functional. However, MC-PDFT does not P S’(;\, \[- 1 Intersections

include state interaction among these states since the final energies
do not come from the diagonalization of an effective model-space
Hamiltonian. Recently, multistate extensions such as linearized
PDFT (L-PDFT) have been developed to accurately model the
potentials near conical intersections and avoided crossings.
However, there has not been any systematic study evaluating their
performance for predicting vertical excitations at the equilibrium
geometry of a molecule, when the excited states are generally well
separated. In this paper, we report the performance of L-PDFT on
the extensive QUESTDB data set of vertical excitations using a database of automatically selected active spaces. We show that L-
PDFT performs well on all these excitations and successfully reproduces the performance of MC-PDFT. These results further
demonstrate the potential of L-PDFT, as its scaling is constant with the number of states included in the state-average manifold,
whereas MC-PDFT scales linearly in this regard.

Accurate Vertical
Excitations

Faster Than
MC-PDFT

Ithas been a long-standing goal of the theoretical chemical expressed, in second quantization, as an operator that is a
community to be able to accurately predict vertical functional of the one- and two-particle reduced density
electronic excitations, which have applications to a variety of matrices (RDMs).”® The L-PDFT Hamiltonian is generated
photochemical and biochemical problems.' ™' Multiconfigura- by Taylor expanding the MC-PDFT energy expression to first
tion pair-density functional theory (MC-PDFT)” is a order in density variables about their state-average quantities
multireference electron correlation method which, starting within a predefined model space. L-PDFT was shown to
from a qualitatively accurate multiconfigurational wave produce similar PES topologies to XMS-CASPT2 for a variety
function (such as a state-average complete active space SCF of systems, including the spiro cation.2®

(SA-CASSCF) wave function), computes a corrected energy While L-PDET and other MS-PDFT methods are
through a nonvariational energy expression which is a constructed to perform well near conical intersections and
functional of the electron density (p) and on-top pair density locally avoided crossings, it is important that they also perform

(I1). Howe.ver, MC-PDFT is a single—statn.e methf)d .since the well when states are well separated. Additionally, L-PDFT has
final energies do not come from the diagonalization of a only been tested on singlet—singlet vertical excitations.”® In
model-space Hamiltonian, but rather from a nonlinear general, we hope to have a unified PDFT method that can be
functional of p and II. This has been shown to lead to broadly applied to any system and any nuclear configuration,
potential energy curves unphysically crossing near conical with or without close-lying states. Furthermore, as L-PDFT
intersections and locally avoided cross'mgs.z"'_ ° Both conical models state interaction via a state-averaged modification of

intersections and locally avoided crossings are frequently the electronic Hamiltonian, the energies of L-PDFT differ from

encour}tered when - modeling ph.otochemistr?r and photo- those of MC-PDFT even in the absence of state interaction.
dynamics, and they are characterized by regions of strong

interactions between states of the same spin symmetry. To

properly model these regions of nuclear configuration, it is Received:  August 6, 2023 ISI_KC =4
necessary to use an electronic structure method that includes Revised:  September 27, 2023 &*G%
state interaction so that one obtains accurate potential energy ACCE‘-PW&‘: October 18, 2023 o s
surface (PES) topologies. In order to properly account for state Published: October 25, 2023 {% 05
interaction within the MC-PDFT framework, linearized PDFT

(L-PDFT) was developed whereby the Hamiltonian is
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Thus, it is important to demonstrate that L-PDFT performs as
well as MC-PDFT in computing energy differences in even
well-separated states.

Recent development of automated active-space selection
schemes has made it possible to perform large-scale
benchmarking of multireference methods. Recently, we have
published a large-scale benchmarking of MC- PDFT and n-
electron valence perturbatlon theory (NEVPT2)”" on the
QUESTDB data set™® which has over 400 vertical
excitations from small-to-medium sized main group molecules.
This benchmark showed that MC-PDFT performs similarly to
NEVPT2, despite being significantly cheaper and less sensitive
to basis set size.* All of these excitations are far enough from
conical intersections/avoided crossings and represent an ideal
data set to assess how L-PDFT performs in predicting vertical
excitations when the states are well-separated and state-
interaction effects are negligible. As the converged wave
functions are freely available in a Zenodo database,” and since
all MS-PDFT methods do not require any orbital reoptimiza-
tion, it is computationally efficient for us to benchmark L-
PDFT and other MS-PDFT methods on this data set.

We briefly review MC-PDFT*” as well as L-PDFT*® (more
detailed reviews can be found in their respective references)
and then discuss how we can compute vertical excitations
between states of different symmetries with L-PDFT.
Throughout, repeated indices are summed implicitly. The
MC-PDFT energy expression is given by

—gFyty

PDET _ , q
= hp g
2°r'a

Y, otlp 1]

nuc (1)
where h] and gf; are the one- and two-electron integrals, } are
elements of the 1-RDM, V. is the nuclear—nuclear repulsion
energy, E,, is an on-top functional of the density (p) and on-
top pair density (IT), and p, g, r, s are general spatial molecular
orbital indices.

L-PDFT introduces state interaction by mapping a set of

AL-P ET
densities to a particular Hamiltonian-like operator, )

and then diagonalizes the model-space representation of

~L-b FT  ~L-P FT generated by Taylor expanding the

MC-PDFT energy expression (eq 1) to first order in the 1- and
2-RDM elements ( 5 and £) around some zero-order
densities (}7'ri and qu') and extracting the effective linear

operator.
» L-PDFT _ q q q ~P gsapr
H - hp Jp Vp) q vpreqs jl'tltcu'lsli (2)
q qSVF
JP prys (33)
Vq a ot
P ayp
T 1y (3b)
qs ot
Vv
P aypr
® 150m (3¢)
5 T ! g q\yp asxpr
jl1|:cu'1st = V:mc ut[p H] - L;JP VP ?’ -v ?’
(3d)
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Here, qu and ’“qsr are the 1- and the 2-electron excitation

operators, respectively, J? is the Coulomb interaction with

the zero-order electron density, V”' and vf; are the one- and
two- electron on-top potentials®*®” evaluated at the zero-order
densities, and h,, is a constant which only depends on the
zero-order densities. The zero-order densities are taken to be
the weighted average of densities within the state-average

manifold.

~p ~p
}’q wI(II q |I} (43)
- pr Apr
T w Ie ) (4b)

where @; is the same weight for state II) used in the underlying
SA-CASSCF or SA-CASCI calculation. Generally, we take all
weights to be equal (@; = @;) such that 7 7, and 7 " become

partial traces of linear operators and therefore are independent
of the basis-set representation of the model space and only
dependent on the model space. In the case of a hybrid
functional the final states come from a diagonalization of a
weighted average of the L-PDFT Hamiltonian and electronic
Hamiltonian

~el ~ L-PDFT

PR (5)
where A controls the fraction of CASSCEF to include. For the
tPBEO functional, we take A 0.25. The electronic
Hamiltonian in second quantization is defined as

»e[=hq-\p

qs».pr
pa 38

nuc

(6)
It can be seen from eq 2 that for any model space, the L-

PDFT Hamiltonian commutes with ~ AZ and thus the
final eigenstates will have definite spin quantum numbers.

Similarly, if there is a particular spatial symmetry € present in

the system such that [Q EeI] 0, then [@ "] 0.

Just like the real-electronic Hamiltonian, the L-PDFT
Hamiltonian can be written as a block-diagonal matrix where
only states of the same symmetry are connected (having
nonzero coupling terms).

and

L-PDFT
1)

0 L-PDET
L-PDET 2)

0

0 J_F)PDFT

0 ™
Here, the subscripts 1, 2, .., n enumerate the irreducible
representations. It is important to note that constructing and
diagonalizing each HL PPET can be performed independently of
one another, greatly i Jmprovmg the speed and memory usage
over constructing and diagonalizing the entire matrix.
However, it is important to note that the zero-order
densities of L-PDFT are taken to be averaged over the entire
model-space, which may include averaging over states of
different spatial and spin symmetries. This means that
whenever there is more than one state in the state-average
manifold, regardless of their symmetries, the final diagonal
elements of the L-PDFT Hamiltonian will generally differ from
the MC-PDFT energies. For example, if we have one singlet (]
S)) and one triplet state (IT}), then the model space is two-

https://doi.org/10.1021/acs.jctc.3c00863
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dimensional subspace defined as the span of IS) and IT). The

N T
zero-order densities for which we construct our in this
case are taken as the average of singlet and triplet densities:

7= % (s1°71sy (11 AiT)) (8a)

1
v pr = apr apr
7= (R (TET)) )

Because L-PDFT off-diagonal element coupling the singlet

and triplet state are zero,
takes the form

constructed in this basis

L-PDET
L-PDET S

L-PDFT
T

(9)

PDET £ EPDFT gince }79 and ?qs'

Again, we emphasize that E

differ from the singlet 1- and 2-RDM (and similarly for the
triplet state), despite the fact that H*FP¥T is already diagonal.

Here, we investigate the performance of L-PDFT on the
extensive data set of vertical excitations in the QUESTDB data
set.”® > This database includes near-FCI accuracy aug-cc-
pVTZ benchmark values for a wide range of different states
(valence, Rydberg, # — 7 ) on small-to-medium sized main-
group molecules with 1-10 nonhydrogen atoms. While the
ground states of these molecules are largely single reference,
we have found that roughly 400 of the excited states have
significant multiconfigurational character as judged by the M-
diagnostic,” including a good number of double excitations.**
More specifically, we use a subset of automated SA-CASSCF
wave functions from our previous benchmarking®**® of
QUESTDB which have an unsigned tPBEQ error of less than
0.55 eV, which accounts for 439 excitations: 219 singlet, 183
triplet, and 37 doublet, including 17 double exciations. We
choose this threshold to omit any possible excitations where
the predominant error comes from a poor choice of the active
space from the automated scheme.>* We note that the nature
of this threshold makes this subset of data biased in the
performance of tPBEQ. However, as the principal motivation of
this study is to investigate whether L-PDFT can reproduce the
good results of tPBEQ, it is suitable for the purposes of this
work.

Figure 1 summarizes the performance of SA-CASSCE,
NEVPT?2, tPBE, tPBEQ, L-tPBE, and L-tPBEO for this subset of
data. Expectantly, we find that SA-CASSCF (mean absolute
error (MUE) 0.47 eV), NEVPT2, (MUE 0.1S eV), tPBE
(MUE 0.20 eV), and tPBE0 (MUE 0.15 eV) perform in
correspondence with our previous benchmark values,* with a
slight bias toward tPBE and tPBEO (previous MUE of 0.24 and
0.19 eV, respectively) due to thresholding on the tPBEO error.
More importantly, one can see the close correspondence in
performance between L-tPBE (MUE 0.1) and L-tPBEQ
(MUE 0.16) in both the error distribution and mean absolute
error on this data set of over 439 vertical excitations. Thus, we
see that L-PDFT successfully reproduces the results of MC-
PDFT on this extensive benchmark. Additionally, both MC-
PDFT and L-PDFT agree well with the much more expensive
NEVPT2 method. Furthermore, we do not see any strong
relationship between the number of basis functions or number
of atoms and absolute error for any of these methods (Figures
S1 and S2).
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Figure 1. Distribution of the unsigned error (top) and mean unsigned
error (bottom) for the vertical excitations in the whole data set for
SA-CASSCF, NEVPT2, tPBE, tPBE0, L-tPBE, and L-tPBEQ. The
tPBE and tPBEO labels refer to the performance of nonmultistate
implementations of MC-PDFT and hybrid MC-PDFT applied to the
SA-CASSCF wave functions. 958 confidence intervals for each mean
are shown in black. NEVPT2 data take from ref 34.

These results are generally consistent with our prior study
when we first introduced L-PDFT and showed that it
performed similarly to MC-PDFT on predicting the lowest-
energy spin-conserving vertical excitations for a small set of
important organic chromophores.”® In that small set
containing 17 singlet—singlet excitations, tPBE and tPBEOQ
had MUE of 0.24 and 0.30 eV, respectively, whereas L-tPBE
and L-tPBEO performed slightly better with MUE of 0.20 and
0.24 eV.

Figure 2 shows how L-PDFT performs on the various types
of excitations in the QUESTDB data set (singlet—singlet,
singlet—triplet, valence, etc.). We see that L-PDFT performs
similarly to MC-PDFT for almost all types of excitations except
for the Rydberg type (Figure 2), where it performs only
marginally worse (difference of several hundredths of an eV)
though still much better than SA-CASSCEF. In all subsets, L-
tPBEQ performs similarly to the much more expensive
NEVPT?2 method. These results show that the state-averaged
Hamiltonian of L-PDFT (eq 2) remains a robust method for
calculating excitaiton energies on a diverse set of excited states.
Even in cases where the model space is spanned by states of
different spin or spatial symmetries, and hence the zero-order
densities are weighted averages of densities with different
symmetries (for example, singlet and triplet states), L-PDFT is
able to accurately calculate excitation energies. As L-PDFT is
more computationally efficient than MC-PDFT in this regard
(as it requires only a single DFT quadrature calculation

https://doi.org/10.1021/acs.jctc.3c00863
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Figure 2. Mean unsigned errors of SA-CASSCF, NEVPT2, tPBE, tPBEO, L-tPBE, and L-tPBEQ by various types of excitations. The tPBE and
tPBEO labels refer to the performance of nonmultistate implementations of MC-PDFT and hybrid MC-PDFT applied to the SA-CASSCF wave
functions. 958 confidence intervals for each mean are shown in black. NEVPT2 data take from ref 34.

regardless of the number of states), it appears to be a
promising method for photochemical applications of MC-
PDEFT in general.

We also test other MS-PDFT methods, extended multistate
(XMS-)** and compressed multistate (CMS-)*> PDFT on a
smaller multistate subset of excitations. See Section 1 of the SI
for a description of these methods. We define the smaller
multistate data set as those excitations where XMS- and CMS-
PDFT will not necessarily reproduce the MC-PDFT vertical
excitation (124 excitations) since we are only interested in the
performance of MS-PDFT methods when they can differ from
MC-PDFT. This set is characterized by either excitations
within the same spatial and spin symmetry, or excitations to
states of different spatial/spin symmetry but with at least two
states in one of the symmetry manifolds.

Figure 3 summarizes the performance of XMS-, CMS-, and
L-PDFT on the multistate data set as compared to MC-PDFT,
CASSCF, and NEVPT2. SA-CASSCEF performs the worst with
a MUE of 0.58 eV and NEVPT2 performs as expected with a
MUE of 020 eV. L-tPBE/L-tPBE0 and XMS-tPBE/XMS-
tPBEO have a mean unsigned error (MUE) of 0.28/0.20 and
0.22/0.21 eV, respectively. This is very similar to the MUE of
tPBE/tPBE0 (0.24/0.18 eV). Most notably though is that
CMS-PDFT performs worse than all other PDFT methods
with a MUE of 0.32/0.32 eV for CMS-tPBE/CMS-tPBEQ, and
there are a substantial amount of excitations with an unsigned
error >1.0 eV. Suprisingly, both XMS-PDFT and CMS-PDFT
are less sensitive to changing the functional from tPBE to
tPBEO as compared to MC- and L-PDFT (Figure 3). Though,
in the case of XMS-tPBEQ, it is likely that there is little
improvement to be made since the XMS-tPBE error is already
close to the tPBEOQ error.

Using a large database of previously converged wave
functions enabled by automated active space selection,® we
were able to efficiently benchmark L-PDFT on the QUESTDB
data set. We find that L-PDFT performs similarly to MC-
PDFT on a wide range of over 400 vertical excitations and
even on excitations between states of different spatial or spin
symmetry. As compared to other MS-PDFT methods, L-PDFT
performs the best across a wide range of systems on coméput'mg
vertical excitations (Figure 3 and Hennefarth et al’®) and
potential energy surfaces.”® Furthermore, L-PDFT scales as a

124 Multi-State Excitations
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Figure 3. Distribution of the unsigned error (top) and mean unsigned
error (bottom) for the vertical excitations in the multistate data set for
SA-CASSCF, NEVPT2, tPBE, tPBEO, L-tPBE, L-tPBE0, CMS-tPBE,
CMS-tPBEO, XMS-tPBE, and XMS-tPBE(. 958 confidence intervals
for each mean are shown in black. NEVPT2 data take from ref 34.

constant with the number of states in the model space: it
requires only a single DFT quadature calculation regardless of
the number of states. This makes L-PDFT an attractive
method for computing vertical excitation energies in general
over MC-PDFT.

In summary, we increasingly find L-PDFT to be a promising
new direction within the world of PDFT, the generalization of
MC-PDFT to an arbitrary number of states. It represents the
best compromise between speed and accuracy, being able to

https://doi.org/10.1021/acs.jctc.3c00863
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accurately predict vertical excitations when far from conical
intersections, in addition to generating the correct potential
energy surface topology near conical intersections and locally
avoided crossings. Finally, we note the ease at which this study
was performed due to the freely available converged wave
functions published in the Zenodo database® and we
encourage other groups to benchmark their post-SCF methods
on the database as well.

B COMPUTATIONAL METHODS

All calculations were performed in PySCF*** (version 2.2.1,
tag 8eea7e8cab) and PySCE-forge (tag 770a04b0f1).*'
Optimized SA-CASSCEF orbitals from our previous benchmark
study were used to calculate CASCI, XMS-PDFT, CMS-
PDFT, and L-PDFT energies within these active spaces; the
new SA-CASCI results were confirmed to be identical with our
previously reported SA-CASSCF results. Specifically, these
methods were benchmarked on the orbitals of the “Aug-
(12,12)” set of active spaces, which are active spaces of size
roughly (12,12) in the aug-cc-pVTZ*** basis chosen by the
automated approximate pair coefficient (APC)** scheme; we
refer the reader to our previous work for details.”* All PDFT
calculations utilized the default numerical quadrature grid size
of 3 (50/75 radial and 302/302 angular for atoms of period 1/
2 respectively) as this was found to be sufficient in our
previous study.** All MS-PDFT calculations used the model
space defined by the SA-CASSCF space. For L-PDFT, the
zero-order densities were taken as the state-average densities
within the model space.
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Discussion of alternative multistate PDFT methods;
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