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whose appearance we attribute to certain discrete 3-form fluxes in M-theory. Geometrically,
these theories are engineered in F-theory with non-Kéhler favorable K3 fibers. This geometric
origin leads us to propose that freezing fluxes are preserved across T-duality. Along the way,
we discuss various exotic models, including two inequivalent Spin(32)/Zs models that are
dual to the same Eg x Eg theory, and a family of self-T-dual models.
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1 Introduction

Recent advances in understanding generalized symmetries have substantially improved our
understanding of supersymmetric six-dimensional theories and their ultraviolet (UV) com-
pletions. These theories are special since they can have non-critical BPS strings in their
spectrum that become tensionless at certain loci of moduli space [1, 2]. Moreover, their gauge
sectors are strongly constrained by anomalies [3, 4].

The advent of F-theory and the geometrization of strongly coupled II1B backgrounds
lead to thorough explorations of 6D supergravities (SUGRAs) [5] (see [6] for a review) and
supersymmetric quantum field theories that flow to superconformal field theories (SCFTs) in
the UV (see [7] and references therein). In six dimensions however, there is a third class of UV



consistent theories, so called little string theories (LSTs) that stayed rather unexplored until
recently [8-15]. LSTs are an interesting intermediate case, since they combine characteristic
features of both SUGRAs and SCFTs. For example, they exhibit T-duality, but can also have
global symmetries. Furthermore, recent explorations of generalized symmetries [16] showed
that LSTs have a unique continuous 2-group symmetry [17-20] that is absent in SUGRAs and
SCFTs. Based on the seminal work by Aspinwall and Morrison [21], generalized symmetries
have renewed interest in geometric realizations of LSTs [13, 22-24], explorations of their
Higgs branches [25, 26], and an effort to map out their T-duality structures [23, 27].

Heterotic LSTs capture the degrees of freedom of the world-volume theories of stacks
of NS5-branes with flavor groups originating from the 10D Eg x Eg or Spin(32)/Zs gauge
sector probing a transverse C? /Ty singularity, with I'y € SU(2). This landscape of theories
is enriched by the possibility to include flat connection(s) at infinity that break the 10D
gauge groups to residual flavor groups Ggr. One expects 6D LSTs to inherit a duality map
Tp from their 10D origin, which reduces the two 6D theories on a circle and moves to a
common locus in the 5D moduli space.

To map out the space of 6D LSTs and their web of dualities, we should study Tp and
its action on the theories. For cases with trivial holonomies, T is well understood [12]. In
this paper, we explore the properties of T in the presence of non-trivial flavor holonomies.
To do so, we identify invariants of the 6D theories under Th. Two types of invariants that
have been discussed previously are the 5D Coulomb branch dimension, and the recently
proposed universal 2-group structure constants [19]

dim(CB) and (kg,kp). (1.1)

Compactifications to 5D come with an additional modulus that specifies the flavor holonomy
along the circle and can break the flavor algebra. Since this is part of the common 5D moduli
space of T-dual circle-reduced LSTs, the flavor algebras can differ but their rank

rk(GF) (1.2)

is expected to be invariant under Tp. However, matching flavor ranks across T-duals
is complicated by the presence of Abelian symmetries, which can be originate as linear
combinations of flavor, baryonic and E-string symmetries. Moreover, they can be broken
by ABJ anomalies [28, 29].

The geometric engineering approach using F-theory and its duality to M-theory provides
a powerful tool to study such theories. Beyond delivering a consistent construction of strongly
coupled and non-Lagrangian theories, T-duality simply corresponds to the existence of
inequivalent elliptic fibration structures within a single Calabi-Yau three-fold X3. While there
exist general theorems to determine inequivalent elliptic fibrations for compact threefolds [30-
33|, they do not say much about properties of Tp. However, once inequivalent fibrations have
been identified, one can use birational geometry arguments to show that the invariants (1.1)
are indeed preserved under Tp. The flavor group G, on the other hand, need not be fully
encoded in the geometry [34]. Furthermore, flavor symmetries may also include non-simply
laced algebra factors, as in the case of so-called frozen conformal matter [35], which further
obscures their geometric interpretation.



The paper is organized as follows: in section 2, we review basic properties of 6D LSTs
and their geometric engineering via F/M-theory. In section 3, we discuss the flavor algebra
of Heterotic little strings with emphasis on the Abelian parts required to show flavor rank
matching across T-duality. In section 4, we discuss models with non-simply laced flavor
groups, including their construction via toric geometry, their dualities, and their gravity
decoupling limits. We highlight some particular exotic models in section 5, before we conclude
in section 6. Table 4 summarizes novel T-dual families of Heterotic LSTs.

2 Review of Little String Theories and F-theory

This section provides a short review of 6D theories with eight supercharges and serves to
introduce the basic concepts and notations. Experts may skip this part, while readers who
are interested in more details can consult recent reviews [7, 23, 24, 36].

2.1 General properties of LSTs and their 2-group symmetries

Six-dimensional (minimally) supersymmetric Quantum Field Theories (6D SQFTs) admit
tensor multiplets in their spectrum. Parts of the bosonic field content of such multiplets are
self-dual 2-form fields b(?) that couples to 6D non-critical BPS strings. At high energies, these
strings can become tensionless and support new degrees freedom required for a UV completion
of the theory, i.e., in 6D one does not need gravity for a consistent UV completion [2, 37]. Two
kinds of such UV completions are known: 6D SCFTs and 6D LSTs [38, 39]. The difference
between the two is that SCFTs have no intrinsic scale, while LSTs have a scale proportional
to the tension of a string that does not trivialize under RG flow. This means that LSTs are
not like usual QFTs, since they cannot have RG flows to a point where the scale dependence
drops out. This intrinsic scale is known as the little string scale, Mg, and plays a similar
role to the Planck scale Mp in gravity theories. It is believed that every 6D supersymmetric
theory has a tensor branch, where some or all of the scalars in the tensor multiplets have
been given a non-zero vacuum expectation value (vev), rendering all BPS strings tensionful.

The data required to specify a minimal supersymmetric field theory with rank np
(number of tensor multiplets) is given by:

o The gauge algebra [[; g5.
e The flavor algebra HZi 1 e

« A symmetric matrix n’” of rank ny which encodes the Dirac self-pairings of the ny BPS
strings of the theory. The entries of this matrix are integers due to Dirac quantization.

The BPS strings source the corresponding 2-form gauge fields 652).

e A matrix ny; which encodes information about the flavor algebra f; associated to the
matter charged under a gauge algebra g;y. Matter representations have to be assigned
such that the pure and mixed quartic gauge anomalies cancel.

This data can be summarized neatly in a so-called quiver,

g1 g2 gk Onp
nyn2 o M Npg s, (2.1)
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where we defined n; = '/, and associate a flavor factor f4 (in square brackets) to the node
where 14 # 0. This is the notation we will follow throughout the paper. The shape of the
quiver is such that two nodes ny and n; are adjacent if 7777 = —1 and non-adjacent otherwise.
Other values of ny; are also possible [15, 40], but not relevant to our study here. The matter
content of the theory described by the quiver is not written explicitly but can be inferred
from demanding absence anomaly freedom, see [6, 36, 41] for reviews. Typically, one simply
has bifundamental matter between adjacent gauge algebras,but sometimes additional matter
is required to cancel the 6D anomalies, which leads to the flavor factors f4. Throughout this
paper, we will also suppress 74 on the flavor nodes. The geometric interpretation of these
quivers will become apparent when we consider the F-theory construction.

The difference between SCFTs and LSTs is encoded in properties of the matrix n’”; it is
positive definite for the former and positive semi-definite with exactly one zero eigenvalue for
the latter. Hence, when the matrix n’” does not have full rank and a null space of dimension
one, we get an LST. This means that when we write down the kinetic terms for the 2-form
fields, one linear combination vanishes and we have a non-dynamical background field left [42].
We will call this field BIEZS)T field and its associated string the little string. Hence

nr
Bidy = lusr b, (2.2)
=1

where nr is the number of tensor multiplets, and l;,g1 ; are the components of the unique null
vector of 7, also called the LST charge vector. This background field (and the associated

little string) generates an Abelian 1-form symmetry U(l)SS)T with lpgT,1 being the respective

charges of the strings that couple to the fields b§2). The presence of such a symmetry
is an important point of differentiation between LSTs and SCFTs. In more detail, the
two theories are distinguished by the structure of their 2-form defect group D(?) [17, 43],
which is determined by the intersection matrix n”: for LSTs, D has an extra U(1) factor
contributing to the higher form symmetry [18, 44]. This leads to the presence of continuous
2-group symmetries in LSTs.

The characteristic feature of 2-group symmetries is a mizing of a O-form and a 1-form
global symmetry. Physically, this mixing is characterized by the mixed anomaly coefficients
between the gauge fields corresponding to the gauge algebra g; and 0-form global symmetries in
our theory. In our case, we have the Poincare symmetry, R-symmetry, and the flavor symmetry
as global 0-form symmetries of the theory, so we have three anomaly coefficients which we
will call kp, kg, K5, . In 6D, the anomalies are encoded in the eight-form anomaly polynomial
Z®) | which involves products of topological quantities associated to the curvature forms
for gauge and background fields associated to the local and global symmetries, respectively.
We will denote these curvature forms by f;, and f,, where n € {P, R,f;}. A contribution
to the mixed anomaly of the gauge algebra g; with flavor symmetry fy, Ié?hmixe& is (up
to numerical factors) given by [18]

285, e = e2lfon) (0" ca(1) + Raycal i) + (' =2 (T) ) (2.3

where co(f) is the second Chern class of the associated vector bundle, p(7) is the first
Pontryagin class of the tangent bundle, and lvzg ; is dual Coxeter number of the gauge algebra



g7. This mixed anomaly indicates that the 6D effective action on the tensor branch is
no longer invariant under background gauge transformations corresponding to the global
symmetries, and that this non-invariance depends on the gauge algebra [18]. However, since
each gauge algebra factor has an associated BPS instanton string which couples to b?),
the Bianchi identity of the three-form field strength H}g) can be modified to cancel this
non-invariance of the action,

1 3 1 . 1
gdH; )= —1n1k02(ffk) + hg;c2(fr) — 1(77” =2)p(T). (2.4)
On the other hand, the background field B£2S)T modifies the Bianchi identity to

1. 1 1
gdHﬁs)T =7 > e fi) + Krea(fr) — 1rep(T) (2.5)
k=1
This modification mixes the 1-form and O-form symmetries of the theory, which is why the
anomaly coefficients are also called the 2-group structure constants. Using relation (2.2),
we can compute these constants:

nr nr . nr
R ==Y lstan,  kr==) lsrihg,  wp=-) lsti('-2). (2.6)
I=1 I=1 I=1

In the following sections, we will review how to compute them geometrically from Calabi-Yau
data using F-theory, focusing on the universal 2-group symmetry constants kr and xkp [19].
Before that, we would like to remark that such continuous 2-group structure constants do
not exist for 6D SCFTs, since the superconformal algebra in 6D prohibits the existence of
a conserved 2-form current (coming from the 1-form symmetry) [18], and so terms arising
in (2.3) would have to be cancelled by a dynamical Green-Schwarz mechanism in place of
the non-dynamical version in equation (2.5).

2.2 Heterotic LSTs

We focus our discussion on Heterotic LSTs, of which there are two kinds, associated to
the eg x eg and the soss Heterotic strings. We only review the essential ingredients of
these theories; a detailed description can be found in [27]. NS5 branes in the sozs LST are
perturbative and have been described in [45]. A rank N LST with minimal SUSY arises as
the worldvolume theory of N NS5 branes probing an ALE singularity C?/Ty in the Heterotic
string context, where I'y C SU(2) and g labels the resulting Lie algebra according to the
McKay correspondence [10, 11, 46]. From the point of view of the worldvolume theory, the
5032 algebra corresponds to the flavor symmetry of the LST. Since m1(53/Ty) = Ty (where
the lens space S3/ I'y is the boundary of the ALE space), one also has to specify a choice of
flat connection at infinity, which is encoded in the embedding morphism A:

A :mi(S?/Ty) =Ty < Spin(32)/Zos, (2.7)

where Spin(32)/Zs is the actual gauge group of the Heterotic string. We will denote the
corresponding LST by K ~(A;g). Furthermore, a non-trivial A means that the actual flavor
symmetry of this LST will be the commutant of A(I'g) in Spin(32)/Z, [10, 11, 46-48].



The eg x eg LST on the other hand can be described in M-theory via the Horava-Witten
setup [49]. In this picture, we have the two M9 branes as end-of-the-world branes of the 11D
M-theory interval, each of which carries an eg gauge algebra. The LST (of rank ) arises as
the worldvolume theory of N parallel M5 branes probing a C2/T singularity transverse to the
M9 branes [50]. Again, the eg X eg corresponds to the flavor symmetry of the LST. Due to
the presence of the singularity, the M5 branes fractionate. Each fraction is characterized by
(discrete) three-form flux, which breaks the gauge algebra g to a subalgebra. These fractions
were determined via F-theory in [51]. For this class of LSTs, we have two morphisms ,,
a = 1,2, that describe the flat connections at infinity for to the two eg factors as

fa s T (S3/Ty) 2Ty < Es. (2.8)

We denote this LST by Kn(u1, pe,g).

LSTs in 6D have N' = (1,0) tensor multiplets whose scalar vevs parameterize the tensor
branch and whose two-form fields couple to BPS strings. In the Horava-Witten setup for
eg X eg LSTs, these BPS strings are stretched between M9-M5 (Dirac self-pairing 1) and M5-M5
(Dirac self-pairing 2) branes. For a minimal 6D theory with N M5 branes, we get the quiver

es] 122 .2 3 1[e. (2.9)
=
In the quiver, each node corresponds to an M5 brane and the number on the node is the
Dirac self-pairing of the BPS string associated to it. The gauge algebra g is associated to
the singularity I'y. This is a special case of the quiver we introduced in (2.1), known as
the partial tensor branch. One obtains the full tensor branch by taking into account the
fractionalization of the respective branes, which can be determined via F-theory.

An eg x eg LST can also be obtained from fusing two orbi-instanton theories 7T (4, 8),
which are 6D SCFTs corresponding to an M9-M5 brane system in the presence of an ALE
singularity C2/T'y [35, 51-53] and flat eg connections p,. For N > 2, one has in addition
superconformal matter theories Ty_2(g, g) associated to the (N — 2) M5 branes probing the
singularity. The fusion of these theories can be thought of as a gauging of the diagonal global
symmetry algebras g of the two SCFTs (which we represent by ——), and then coupling
this (now local) algebra g to a tensor multiplet. This can be succinctly written as

Kon (11, 12, 8) = T (11, 8) —— Tiv—a(g,8) —— T (112, 9) - (2.10)

This picture is particularly useful since orbi-instanton quivers T (14, g)) have been classified
in [53] for any g.

A notion of T-duality for Heterotic LSTs was introduced in [11]. A theory Kn(p1, p2, 9)
may have a corresponding T-dual theory K ~N7(A; g) inherited from the usual T-duality between
the eg x eg and so3o 10D Heterotic string compactified on a circle. Wilson lines along the
circle can break each of the algebras to the common s01g X 5014 subalgebra, and hence reach a
common theory at that point in moduli space. This duality extends to Heterotic LSTs, where
one compactifies the corresponding LSTs on a circle, and moves in the Coulomb branch of
the resulting 5D theories until the same theory is reached. This means that for a given choice
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Figure 1. T-duality of an Eg x Eg and an Spin(32)/Zs Heterotic LST: the maps C' denote respective
circle reductions, followed by a flow in the Coulomb branch to a point where the become the identical
5D SQFT.

of flat connection on the eg x eg side (2.8), one expects a corresponding morphism (2.7) on
the so3o side. It is one of the main aims of this work to map out these dual theories. More
precisely, we can define the maps Cygxeq and Cso,, such that

Cesxes(ICN(:ulv/'LQ’g)) = Csog, (KN’()‘;Q)) (2.11)

i.e., these maps describe the respective circle reductions and flows of the corresponding LSTs
in the Coulomb branch to the point where they match, see figure 1. From this, one could
be tempted to define the T-duality map

Tp : Kn(p1, 2, 8) = Knv (X 9), Tp = Chor, © Cegres - (2.12)

There are, however subtleties in defining this map. First, it was oberved in [23] that Tp
is one-to-many. Secondly, in this paper, we find examples presented in section 5 for which
Cso4, cannot be uniquely inverted. Nevertheless, there are sets of necessary conditions that
can be checked to ensure that two given LSTs are T-dual.

First, the dimension of the 5D Coulomb branch, dim(CB), along with the rank of the
flavor algebra of the LST, should match on field-theoretic grounds. These are given by

dim(CB) = ny +1k(g),  dim(WL) = tk(gr) (2.13)

where g and gp are the 6D gauge and flavor algebras respectively, and dim(WL) denotes the
number of Wilson line parameters of the flavor algebra gy that one can turn on along the
circle. The expression for dim(CB) arises because the rank of the gauge algebra in 5D is
at least as large as the rank in 6D, since one gets extra Abelian gauge fields from reducing
the 2-form fields bgz) on a circle. Finally, it was conjectured in [19] that T-dual LSTs have
the same universal 2-group structure constants defined in (2.6).

2.3 F-theory construction and T-duality

The F-theory construction of 6D LSTs proceeds by compactifying F-Theory on a CY threefold
X, which is an elliptic fibration over a non-compact Kéhler surface,

T2 5 X
\Lﬂ'
B,.



Elliptic fibrations for which the fiber has complex dimension one are called flat; otherwise,
they are called non-flat (see e.g. [23] for a discussion in the context of LSTs). We will assume
the existence of a section, which implies that X is birational to a Weierstrass model of the form

p=Y*+X*+ fXZ'+g7°=0. (2.14)
Here, X,Y, Z are projective coordinates of IP%,&I, the holomorphic section is
so: [X:Y:Z]=[1:-1:0], (2.15)

and f, g are sections of line bundles of the anticanonical class of the base of degrees 4 and
6, respectively. If the discriminant A = 4f3 + 27¢? vanishes over some locus in the base,
the model becomes singular. The vanishing order of {f, g, A} over a base divisor encodes
the gauge algebra of the 6D theory according to Kodaira’s classification (the gauge theory
arises from D7 branes wrapping these divisors in the type IIB picture). In the base, one has
both compact and non-compact divisors, which gives rise to gauge and flavor symmetries,
respectively. Matter arises at codimension two in the base where two singular divisors
intersect. At these intersection points, one typically obtains bifundamental matter. If matter
appears to be charged under a single gauge algebra only, this signals field-theoretically that
there is additional matter that is charged under a flavor algebra, which may not realized
explicitly in the geometry.

For Heterotic LSTs, the base By is birational [15] to Brgr = P! x C. Moreover,
Heterotic/F-theory duality imposes that the CY threefold also has a K3 fibration

K3 =X

1 (2.16)
C.

Equipped with this, we can discuss how the LST data is encoded in the threefold geometry.
The BPS strings arise from D3 branes wrapping compact curves in the base, and the Dirac
pairing 7!/ is the (negative) intersection matrix of these curves,

77” = _(217 EJ) ) (217>

where X/ is a basis of Ho(Bs, 7). For an LST we have the LST curve, which is the unique
curve class in the base with self-intersection 0. This corresponds to the 0 eigenvalue of the
matrix n!7/. After circle compactification of the 6D LST as described in section 2.2, the
dimension of the 5D Coulomb branch is given in terms of the 6D geometric data by

dim(CB) = hb1(X). (2.18)

The 2-group structure constants can be computed from the quiver data via (2.6). Finally,
the (geometrically realized) rank of the flavor algebra is just the number of non-compact
divisors in the geometry.

If two different 6D LSTs are related by T-duality, they correspond to the same gauge
theory upon circle compactification to 5D. From a field theory point of view, the 5D theory



UV-completes to two different 6D LSTs. We construct such T-dual theories by identifying
different elliptic fibrations within the same CY threefold, which will give rise to different 6D
LSTs. This fits in nicely with M/F-theory duality: F-theory on a CY threefold X (times
an additional S') is dual to M-theory on X. Hence, if we compactify the two different
6D LSTs on a circle, integrate out the massive KK modes, and move on the Coulomb
branch, we should obtain the same 5D theory, corresponding to the 5D theory obtained
from compactifying M-theory on X.

To check whether two theories are T-dual, their data (2.6) and (2.13) has to match.
Since the Coulomb branch dimension is related to h'!, it cannot change under T-duality,
which simply corresponds to choosing different elliptic fibrations within the same CY. The
matching of the two-group structure constants is less obvious from the geometry, but we will
see that they indeed match. Since these invariants already match in 6D, one can view them
as necessary conditions for two LSTs to be T-dual. For Heterotic LSTs, xp is always 2, so the
non-trivial match will come from kg. Finally, since the number of non-compact curves also
does not change upon choosing different elliptic fibrations, the rank of the geometric realized
flavor algebra should be preserved as well. However, it is known that the full field-theoretic
flavor symmetry gr is not always realized in F-theory [34]. To establish a match of the
flavor ranks across T-duals, we carry out a careful field theory analysis that takes non-toric
flavor symmetries and ABJ anomalies into account.

2.4 Toric construction

In this section, we discuss the toric construction of CY threefolds underlying the engineering
of Heterotic LSTs in F-theory. We start by describing how to construct a compact threefold
with an elliptic fibration structure first, before moving on to the non-compact threefold X
that describes the LST. We then elaborate on the K3 fibration (2.16), as this is where the
flavor data of the LST is encoded in.

2.4.1 General construction

We construct a compact Calabi-Yau 3-fold X as the anti-canonical hypersurface in an ambient
toric variety A that is defined via a reflexive 4-dimensional lattice polytope Ay C Z* [54].
Reflexive polytopes can only have one internal point, which is conventionally taken to be
the origin in Z*. Every point vy, € Ay, p=1,..., Np, is associated to a complex coordinate
xp. The toric variety given by the points v, is in general singular, and one needs to pick a
(fine, regular, star) triangulation to fully resolve the singularities while keeping the manifold
Kahler. The existence of such a triangulation is guaranteed in our case, see for example [33].
We also require that X has an elliptic fibration structure. A sufficient (but very strong and
far from necessary [32, 55]) condition for this is that the ambient variety A admits a fibration
structure, from which the elliptic fibration of the Calabi-Yau hypersurface is inherited,

F— A

I (2.19)
By.



Here, By is the base and F' is a compact complex two-dimensional weak Fano variety whose
anti-canonical hypersurface is a CY 1-fold, i.e., a torus. If we arrange the lattice polytope
points v, in a 4 X Np matrix, the fibration will descend from the ambient space to the
CY if this matrix is of the form
F 0
Ay~ < > . (2.20)

T B

Since there are 16 reflexive 2D polytopes F, there are 16 different toric ambient spaces or
fiber types. Since T-dual LSTs arise from different elliptic fibrations of the same CY threefold,
T-duality correspond to a choice of which two coordinates we take as the fiber and which two
we take as the base. If this can be done in multiple ways such that the fiber coordinates over
the generic point form a 2D reflexive polytope, there are multiple elliptic fibration structures.

To obtain the hypersurface equation for X in A, we follow Batyrev’s construction [54],
which also requires the dual polytope A}

Ay ={m e My, | (v,m) > —1 for all v € A4}. (2.21)
If Ay is reflexive, so is Aj. The hypersurface describing a compact CY is then
p= Z H am xffp’mHl. (2.22)
mEA} vp €AY
Note that for non-compact LST bases, the polytope is only semi-convex, i.e., the origin
(0,0,0,0) € Z* is the unique point interior in a codimension-one face of A4. Due to the non-
compactness, some of the coordinates are invariant under the toric C* scalings. Hence, they
can appear with arbitrary powers in (2.22), which means that A} is an infinite prism [23, 56].
In practice, one truncates the polynomials at some order.
We consider Heterotic LSTs for which the base is birational to P! x C. We denote the
affine P! coordinates by vy, and v,,, and the C coordinate by vy,- The toric representation
of the base is, up to a SL(2,Z) transformation,

(2.23)
Vwgp Vwq

Since the vectors in the toric diagram for the base (2.23) do not span Z2, it is no longer
compact, leading to non-compact Calabi-Yau manifolds. In practice, we may always construct
the compact CY threefold first, and then take a decompactification limit which would
operationally correspond to removing a base ray in the toric variety; we will call the resulting
semi-convex polytope Ay4. The singularity structure of the fibers over the base would still be
encoded in the CY hypersurface equation (2.22), with the singularities over the curves vy,
and v, encoding flavor algebras instead of gauge algebras. If the hypersurface equation is
in Tate form, one can directly read off the singularities. Otherwise, one can map it to the
birational Weiersstrass form and then use Kodaira’s classification to read off the singularity
type. Equivalently, one can identify the toric tops [56] over the base rays of the lattice
polytope A, and read off the singularities from them. This makes it also easy to geometrically
engineer LSTs with a given gauge and flavor algebra.
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2.4.2 K3 fibration

The (geometric) flavor algebra of the Heterotic LST is encoded in a K3 fibration S of the
elliptically fibered CY threefold X. All non-compact fibral divisors of the threefold X pull
back to divisors of the K3 fiber S and therefore embed into the Picard lattice Pic(S). Since
the K3 fiber S of X is elliptically fibered, the Picard lattice of S is

Pic(S) =U e W, (2.24)

where U is the 2D hyperbolic lattice corresponding to the divisor class of the elliptic curve
and the base, and W is the so-called frame lattice. The latter is given in terms of divisors that
do not intersect the zero-section of the elliptic fibration and are hence shrinkable. According
to the Shioda-Tate formula, the frame lattice W splits into free Mordell-Weil generators
of the elliptic fiber and ADE divisors,

W =MW(S) & > gapE,i - (2.25)

These translate to Abelian and non-Abelian flavor algebra factors, respectively. We therefore
have rk(W) = rk(gp). Similar to the Ké&hler moduli of compact surfaces, volumes of the
curves in W correspond to Wilson lines w in the flavor algebra gy.

Switching on a non-trivial flavor Wilson line configuration w on the circle compactification
resolves a set of singularities in S and breaks the 6D flavor algebra g to its comutant sub-group

Clgg,w) ={f €gy:[f,w] =0} . (2:26)
The most generic configuration, therefore breaks the 6d flavor group to its Cartan subal-
gebra ufW,

K3 fibrations of X can be obtained in a similar way to elliptic fibrations, this time
ensuring that the reflexive polytope A4 contains a 3D reflexive sub-polytope Ag. This means
that the K3s we construct will be toric hypersurfaces in one of the 4319 reflexive 3D polytopes
Aj, which is completed to a semi-convex 4D polytope A4. We can determine the Picard
lattice Pic(S) of the K3 fiber from As and its dual Aj. A subtlety is that there are in general
non-toric contributions to the Picard lattice, which come from ambient space divisors that
intersect the K3 hypersurface more than once, and hence contribute a correction term to the
Picard rank. We split the total Picard lattice into a toric and a non-toric part,

PIC(S) = PiC(S)tor + PiC(S)Cor . (227)
The toric contribution comes from the one-dimensional rays and has rank
rk(Pic(S)tor) = 1(A3) — 3, (2.28)

where [ are points of the polytope As. The contribution of the non-toric part to the
Picard rank is

rk(Pic(S)eor) = Y U(01)1(6F) (2.29)
01,07
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where 6; and 67 are codimension 1 faces of A3 and their duals in Aj, respectively. The
presence of non-toric divisors means that a single ambient divisor class, whose volumes is
given by an ambient Kahler space modulus ¢;, descends to multiple independent divisor
classes on the K3 fiber S, whose volumes are all forced to be equal. In section 4 we will
exploit this construction to our advantage and use it to construct non-simply laced flavor
algebras, even though K3s only have an ADE classification.

3 Flavor rank matching

For any choice of ADE singularity I'y together with a trivial choice for the flat connection at
infinity, one finds the following form for the T-dual pair of LSTs [21]

5Py
ggg gg _ i 5P, sop, 50
les] 122 ... 21 [eg] -l igogy] 10 4" .. 4 L (3.1)

where the quiver on the sos2 side is made up of so, sp and su gauge algebras, arranged such
that the base satisfies fiber-base duality, i.e., the topology is that of the Dynkin diagram of g,
or foldings thereof [11] for choices of g = {su,, 50442, ¢6}. In such cases, the duality map Tp
appears to be an isomorphism between the two theories and all data, such as the flavor rank,
matches straight-forwardly.! Once we turn on non-trivial holonomies for the flavor group, the
situation however will become much less trivial and we will start finding more than one dual.

While the non-Abelian flavor algebras correspond to the degeneration of the fiber over
non-compact divisors in the base, u; flavor factors arise from the free part of the Mordell-Weil
group of the torus fiber [28]. This flavor data is encoded in the Picard lattice of the K3
fibration and hence invariant under T-duality. However, since the K3 does not necessarily
capture the full field-theoretic (FT) flavor algebra, the question remains whether the rank
of the full flavor algebra actually matches across the T-duality. Field-theoretically, one
would expect this to be the case. A subtlety in determining the rank of gr is that u; flavor
symmetries can have mixed anomalies with a gauge symmetry. Such a mixed anomaly does
not render the theory inconsistent, but breaks the u; flavor symmetry. In the presence of
multiple u; factors, all of which have mixed anomalies, some linear combinations might
actually be non-anomalous and survive. Once this is properly taken into account, we find that
the flavor ranks match for T-dual models. In fact, one may regard the match of flavor ranks
across duals as a consistency check of the methods developed in [29], which we review next.

3.1 Origins of u; symmetries in 6D theories

There are many sources for 1y flavor symmetries, arising from the various kinds of matter
representations in the 6D quiver theory [28, 29]. In particular, if one has matter in a complex
representation, the flavor symmetry is w, ~ su, X uy. For example, an su,, on a (—2)-curve
contributes 2n hypermultiplets [41] in the fundamental representation n of su,, and hence
leads to a ug, flavor symmetry.

In fact, for g = su,, we obtain an additional flavor contribution, which makes the match less trivial
than expected.
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g Matter Generic Flavor Symmetry
suy, mxmn (n>3) U,
kox M) (> 5) uy,
59,79 1xmn 509
5010 m X 16 U,
5011 1x 32 509
5019 1x 32 509
e m X 27 Uy,
e7 1 x 56 509
Sly>3 X SUg>3 m x (n, k) U,
SUp>3 X 5Pk /9> m x (n, k) U,

Table 1. Flavor symmetries with U(1) contributions for matter charged under one and two gauge
algebra factors. All hypermultiplets are full hypers.

Most of the u; symmetries in our theories will arise in this way, or in a similar way in the
case of bifundamental hypermultiplets or other complex representations of su,. Another source
for uy flavor factors are single hypermultiplets in pseudo-real representations, since these can
be split into two half-hypermultiplets that transform under an sos ~ u; flavor symmetry. We
summarize the possible representations that can contribute Abelian flavor factors in table 1.

Lastly, one can also obtain u; flavor factors from E-string theories, i.e., from a (—1)-
curve with no gauge algebra. This theory has a generic eg flavor symmetry that can be
partially gauged,

[oF]
BT .. (3.2)

where g, X gr C ¢g. The ungauged part, given by the commutant, contributes a global
symmetry gr = [gL X gR,e¢s]. This commutant can contain u; factors, for example when
g1, = ¢ and grp = sug, we get gr = .

3.2 ABJ anomalies

The naive Abelian flavor contributions discussed above are can be anomalous and hence
may not survive in the EFT. A hypermuliplet which transforms in a representation p of a
non-Abelian gauge algebra g and with charge ¢ under a global u; corresponds to a mixed
anomaly in the 6D anomaly polynomial Z(®) of the form

8 1
I/(\]%J ~ Equ1'I‘rpf§- (3.3)

This can be non-vanishing if the gauge algebra g has a non-trivial cubic Casimir, which only
occurs for g = su,, with n > 2. Each such su,, algebra imposes a non-trivial constraint for
the global uy flavor factors, such that typically only a few linear combinations of u; factors
remain non-anomalous and hence unbroken. Generically, the number of non-anomalous
uy factors is given by

#(uy factors) = #(naive u; factors) — #(suy, flavor algebras with n > 2), (3.4)

where the naive number of u; factors can be read off from table 1.
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Let us illustrate this in an example, where the LST is given by M M5 branes probing
a C?/Zy singularity with N > 2 in the Eg x Eg Heterotic string. This theory is described
by the quiver

left ramp plateau (M x suy) right ramp
su]  Sup  sus SUpN sun SUN su3z  Sug  SUp
es] 12 2 2 ... 2 .2 .. 2 o 2 2 21 [e] (3.5)
(T, 2)[)(5, 3)[) (m,N)g (N)N (N. N),l (N.N),l (N)N (N.N-l)o (572)0(57 1)()

where we also indicate the various matter representations and for later convenience already
their charge under the (single non-anomalous) 1y flavor symmetry. We use a convention
where suy = su; = (). Let us explain how to compute these charges. The number of u; flavor
symmetry factors can be counted as follows:

e There are (N — 3) flavor u; factors on the left ramp, which we label by £ =4,... N,
associated with the (N — 3) bifundamentals (¢ — 1, /). Note that the bifundamentals
(1,2) and (2, 3) are uncharged under flavor u; factors. Furthermore, we label the (N —1)
gauge factors by £ =1,..., N — 1.

e On the middle plateau, there are M supy factors which we label by p=N,..., N + M.
The ones on the left and right “edge” comes with a single fundamental in addition to
the bifundamentals, signaling the presence of an additional u; flavor factor. We thus get
(M —1) flavor uy factors from the plateau, with two extra contributions from the edges.

e The right ramp is identical to the left ramp and hence also contributes (N — 3) flavor
u; factors, which we label by r = N+ M +1,...,2N + M — 3; we label the (N — 1)
gauge factors by r=1,...,2N + M — 1.

The total number of naive u; factors from the quiver is then
(N-3)+1+(M—-1)+1+(N-3)=2N+M —5. (3.6)
Using the prescription in (3.4), the number of non-anomalous u; factors is
2N+M—-5)—(M+2(N-3)=1. (3.7)

Thus, a single u; flavor factor is expected to be non-anomalous and survive.

The u; charges ¢ in such a linear quiver of su, factors is fixed by the adjacent su,
groups. Choosing a normalization such that the smallest u; charge is 1, we can write the
ABJ anomaly (3.3) as

6Zny = O aefu, Te(fD) + Y apfu, U + Y g fur, Te(F2)

left plateau right
ramp ramp

N—-1
= > T(f3,) [~Cfur, + € Dy, | = Tl
(=3

N+M (3.8)
+ Z Tr(fgguNp) [_Nfulp + Nfu1p+1):|

p=N
2N+M-3

+ Z Tr(f?w) [Tfulr = (r+Dfun] = Tr(fguN+M)fu1N+M .
r=N+M+1
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This anomaly is non-vanishing. However, using a different u; basis, one can find exactly one
linear combination for which the anomaly vanishes, since the matrix of u; flavor charges
isa (M + 2N —6) x (M + 2N — 5) matrix, where the rows refer to the number of suy
algebras with N > 2 and the columns are the number naive u; factors in (3.8). This matrix
has a one-dimensional kernel

U(l)non-anomalous = {0707 e 707N7 _17 _17 T 7_17 _17N707 e 7070} (39>

left ramp plateau right ramp

As expected [29], all u; charges in the ramp regions are zero and only the plateau region
has matter charged under the flavor u;; we give the u; charges of this surviving flavor
symmetry in (3.5).

Let us now consider the Spin(32)/Zs T-dual of the above LST. It turns out that the
dual quivers depend on whether wee have an susy or susy i singularity. For susy with M
M5 branes probing the singularity, the T-dual LST quiver is

SPANFM—1 SUSN+2M—10 SUSN+2M —18 SUgp+6 SPM—1
[s030] 1 P 2 L2 1. (3.10)
(N—1) nodes

As expected from the Heterotic picture, we get an so3o flavor symmetry. Using table 1
and equation (3.4), we find that such a quiver has a single non-anomalous u;, and all
bifundamentals are charged under it. This shows that the total flavor rank is 17, matching the
flavor rank from the eg x eg dual. Following the procedure outlined above, we can compute
the non-anomalous u; flavor charges from the kernel of the associated charge matrix,

=0y ()

4

B (AN + M — 1)(4N + M — 5)
9= (4N —4a + M — 1)(4N — 4o + M + 3)

¢, 2<as<N-1 (3.11)

(M +7)(4N + M — 1)(4N + M — 5)
(M +3)(M — 1) a

gN =

for the N bifundamentals appearing in (3.10). In these expressions, (a), is the Pochham-
mer symbol

(@)n = ﬁ(a tE—1). (3.12)
k=1

Similarly, for sugny1 with M M5 branes probing the singularity, the T-dual LST quiver is

SPAN4M+1 SUSN42M—6 SUSN4+2M —14 SU2M+10 SU2M 42

50 1 2 9 4 = -
[ 32] (N—1) nodes [Na=1] ( )

The last curve has matter transforming in the two-fold antisymmetric irrep, which contributes
to the naive u; counting according to table 1. So we have a total of (N + 1) uy factors,

,15,



out of which a single non-anomalous u; combination survives. The charges can again be
written in terms of Pochhammer symbols,

M+5
Q= (_1)N+14N72<M+ 1)( ) ’
4 N-—2

B (4N + M — 3)(4N + M + 1)
o= (AN + M —4a + 1)(AN + M — da + 5)

@, 2<a<N, (3.14)

(2M + 10)(4N + M — 3)(4N + M + 1)
(M + 1)(M +5)

qA = q1,

where g4 is the charge of the anti-symmetric matter irrep. Hence, M M5 branes probing
a Zy singularity in either Eg x Eg or Spin(32)/Zsy Heterotic theory give rise to additional
u; flavor symmetry contributions. The flavor rank matches when ABJ flavor anomalies
are taken into account.

3.3 Flavor rank matching in D, models

In this section, we illustrate the construction of models with D,, singularities and non-trivial
choices of flat connection at infinity (i.e., different Higgs branches of the eg x eg theory).
To construct these theories, we can start with a theory with some gauge algebra on an
isolated curve. The generic FT flavor algebra of such theories has been computed in [34, 41].
Upon gauging a part of the flavor algebra, it becomes a gauge algebra on adjacent curves
in the quiver, and we can read off the remaining FT algebra from the commutant. If this
commutant contains u; factors, we compute the ABJ anomaly and find the non-anomalous
linear combinations of u; generators. The examples we describe here have more than one
dual theory whose flavor ranks match in a non-trivial way. A more exhaustive list of models
together with their field-theoretic flavor symmetries can be found in table 4.

Examples for a D, singularity. Consider the M NS5 branes in the Eg x Eg Heterotic
theory with a Dy singularity and holonomies (1, u2) that break the flavor algebra to eg.
This theory may be represented as a fusion of two orbi-instanton theories T (eg, s0g), with
an Tyr—o(s0g,508) conformal matter theory,

[Ul] Sug 507

] 1 2 3 1[s08] -8

[5u2]

08

50 5 50
501 41414 .1 [sog] -8
M-—2

[sos] ... [eq] s (3.15)

where the blue flavor factors are not realized in the toric geometry construction. This fusion
results in an LST with quiver

[u1] sup so7  sog 508 so7 sup [u1]

1 2 14 14 1 2 1 1
[66] [5‘5)2] [532] [26] ) (3 6)
x (M —3)

The little string charge vector Z_LST, defined in (2.2), is

Z_LST = (17 1’ 1,27 17 25 1 a2a 17 17 1) . (317)
N
x (M —3)
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A

QPO

Figure 2. Folding of the base quiver in (3.18). The affine node is in red, and the black node is the
central node that is invariant under the folding.

The torically realized flavor is e% x uy. The u; appears since we have realized the quiver with
an elliptic fibration given by the fiber polytope Fii, which has a non-trivial MW group [57].
The FT flavor is e% x u? x suZ, as indicated in the quiver, which means that the rank of all
FT flavor algebras is 16. This theory has two T-duals.

First dual. The first dual is given by the quiver

SUopns—2 SPapr—2 SUN46
[u1] x

2 1 2 [suw}), st = (1,2,1), (3.18)

where the u; factor on the right indicates a (non-toric) Abelian flavor factor under which all
bifundamental matter of the theory is charged. The elliptic fibration descends from an Fis
fiber polytope, which comes with Zy MW torsion. The topology of the base is that of an sog
Dynkin diagram folded along the central node as depicted in figure 2. We will frequently
encounter folded Dynkin diagrams under fiber-base-duality in models with MW torsion (see
table 4), in accordance with the discussion in [27].

The torically realized part of flavor algebra is sujs x su3, and all intersect the rightmost
suops+e node. The rank of the torically realized flavor algebras matches the torically realized
flavor rank of the T-dual (3.16). However, in both cases we also have flavor algebra factors
that are not torically realized. These include u; factors coming from the bifundamentals
in the quiver, cf. table 1.

To find the FT flavor, we first reconstruct the matter required on each curve by anomaly
freedom [41]. From these matter irreps, we can determine their flavor algebras. The gauge
algebras on the neighboring curves can be thought of as arising from gauging a part of this
flavor algebra, such that the remnant flavor algebra is given by the commutant of the full
flavor algebra and the adjacent gauge subalgebras. For the quiver (3.18), this procedure
plays out as follows:

SU20M+6
e The curvess 2 require (4M +12) hypermultiplets in the fundamental representation,
which transform in a usps412 ~ Suanr412 X g 4 flavor algebra. Upon gauging the spyj,_o

2

subalgebra of the adjacent curve,” we obtain suspr412 X1, 4 D SU16X85P5 5o XU A4 XU B.

SPonr—2
e The curves 1 require (4M + 4) hypermultiplets in the fundamental representation,
which have an sogp;g flavor algebra. Gauging the suopr16 and the susys—o subalgebras
on the adjacent curves gives s0gp748 D U5y, 6 X SU5 o X U B X Uy O

2We indicate which subalgebra we gauged by an asterisk.
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Hence, the total naive flavor symmetry algebra is sujg X 13 4 X u1, g X uy ¢. Carrying out the
ABJ anomaly analysis described in section 3.2, we find that only a single linear combination
of uy factors is anomaly-free. Hence, the actual F'T flavor symmetry is sujg X 1y with rank
16, matching that of the original model.

Second dual. The quiver of the other T-dual model is

SPar—3
SPAr+3 S04pr+4 SPA—1 o
[s094] 1 4 1 [sog], lpst=(1,1,1,1,1). (3.19)

SPpar—3

The elliptic fibration in this T-dual comes from an Fy fiber polytope, which has MW rank
2, as well as an suy and sog fiber. The rank of the torically realized flavor algebra is thus
13, just as the toric flavor ranks of the other two T-duals. To get the full flavor algebra,
we proceed as before:

SPar—1
e The curve 1 requires (2M + 6) hypers, which have an so4p7412 flavor algebra.

Gauging the so43744 subalgebra of the adjacent node gives soqpr412 D S0 0 14 X S08.
SPar43 . .
e The curve 1 requires (2M + 14) hypers, which have an so4y/498 flavor algebra.
Gauging the so043744 subalgebra of the adjacent nodes gives s04p7428 D §024 X 502‘1M+4.

Hence, the total flavor symmetry is sog X 024, which has again rank 16. This shows that
the FT flavor rank matches across all T-dual models. Besides the flavor rank, we can also
compute the Coulomb branch dimension and 2-group structure constants for M > 2, which
also match for all three duals,

Dim(CB) = 6M + 2, kp=8M+2. (3.20)

Examples for a Dg singularity. The other example that we will discuss in detail has
M M5 branes probing a Dg singularity. We choose flavor holonomies (u1, p2) that leave
an §013 X sup flavor symmetries on both eg sides. Similar to (3.15), we can obtain this
model by fusing SCFTs,

sp 5Py 5016 5P4 5016 5P4 S50 5p sp
l5012] 1 [s016] 1 [s016] 1 4 1 4° 1 4 ... 1 [s016] 2% [so16] 1 [s012].  (3.21)
M—2
This results in an LST with quiver
1 1
5P3 5016 SP4 5016 SPa 5016 SP3 -

[so12) 1 4 1 4 1 4 1 [s019], lpsT=(1,1,1,2, 1,2 [1,1,1). (3.22)

[sp4] ~—" [sp4] ~—

x(M—2) x(M—2)

In the toric description, we find that the elliptic fibration descends from the 2D toric Fig3.
The torically realized flavor algebra is 503, x sp;. The non-compact divisor over which we
have an sp; flavor algebra intersects two compact curves in the base, yielding the two sp;
flavor factors required by field theory on these quiver nodes. Hence, the full FT flavor algebra
is 5075 x sp} of rank 14. This model has again two T-duals.
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First dual. We find the first dual with an Fy fiber type, whose free part of the MW group
has rank 2 and an suyo fiber. The quiver is given by

SParr—6
1*
SU4M —4
o*
SU2)M 42 SU4AM 44 U248 -
[uLDl X u17D2] X ( : 2 | [51112]) , lLsT = (1, 2*, 2*, 2, 1) s (* : for M > 2)
S5U9
(3.23)

which has the topology of a folded so01g Dynkin diagram, cf. figure 2. The torically realized
flavor algebra has rank 13. To find the full FT flavor, we take into account that the presence
of bifundamentals of suy, algebras leads to u; factors and reconstruct the other algebra factors
as above from the matter content:

SU2M1+8
o The curve 2 requires (4M + 16) hypers in the fundamental representation, leading

to a ugpr416 ~ Suanr416 X U4 flavor algebra. Gauging the subalgebra of the adjacent
node induces a breaking uqps 16 D SU12 X SWy, 4 X Up A4 X Up B, -

SU4AM +4
o Thecurve 2 requires (8M+8) hypers in the fundamental representation, leading to a

ugnr+8 ~ Sugnr+s X up ¢ flavor algebra. Gauging the subalgebras of the adjacent nodes
induces a breaking ugns8 D SU5y,, o X Sl 4 X SU5 g X SUg X Uy gy X U B, X Up By X
XUuy,c-

SU4NT—4
e The curve 2  requires (8M — 8) hypermultiplets in the fundamental representation,

leading to a
ugpr—g ~ sugpr—g X ug p flavor algebra. Gauging the subalgebra of the adjacent node
induces a breaking ugp/—g D Sy, 4 X 5P5p ¢ X U1 B, X U E-

Out of these 6 naive u; factors, 2 linear combinations are non-anomalous. Hence, the FT
flavor is sup X su12 X Uy p, X Uy p,, which has rank 14, as expected from T-duality.
Second dual. The second dual is given by the quiver

SPar—s SPar—3

1* 1*

SPps—1 S94M+4 SPops 2 040144 SP2N—2 5°4Ai+4 SPar41

sos] 1 1 1 [soie],  lLst=(1,1%,1,2,1,2,1%,1,1).
5Po
(x:for M >2)
(3.24)

Since we only have so and sp gauge factors, there are no u; flavor factors. This is also true
from the geometric engineering perspective, since we have an Fis fiber polytope, which has
trivial free MW rank. The toric flavor rank 13 matches the toric flavor ranks of the other
duals. The FT flavor is sog X spy X 5016, which has rank 14, and hence the full FT flavor
rank of all duals matches as well. The Coulomb branch dimension and 2-group structure
constants also match, and are given for M > 2 by

Dim(CB) = 14M +4,  kp=24M. (3.25)
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3.4 Flavor and K3 polarizations in Heterotic LSTs

A feature of Heterotic LSTs is that their flavor group is described by the polarization of
an elliptic K3 fiber, which allows for a simple description of flavor enhancements. Consider
for example the affinization of the E-string theory, which results in a Heterotic LST given
by the quiver

11. (3.26)

The minimally polarized K3 over this base has at least one elliptic fibration, leading to
Pic(Sp) = U, but misses other flavor factors completely. At the same time, the transcendental
lattice is maximal, T'(Sy) = U & Eg @ Eg. This allows to describe more of the field-theoretic
flavor group in terms of the K3 geometry, as long as we do not change the LST quiver. In
terms of geometric realization of the flavor groups, we can rotate components from 7'(Sp)
into the Picard lattice. This is possible if:

1. All non-compact divisors/singularities pull back to the flavor K3 and intersect the
compact curves, i.e., no flavor group decouples.

2. The enhancement does not introduce new singularities that would require additional
compact divisors to fully resolve the threefold and hence modify the quiver.

This way, one can define a filtration of polarized K3 surfaces .S; with filtration parameter
the Picard rank. Along this filtration, the rank of the transcendental lattice decreases until
a maximal endpoint Spax is reached. For the example in (3.26), the endpoints are two eg
components that yield the familiar quiver

[28] 11 [68] . (327)

This choice of polarization describes the full field-theoretic flavor group geometrically, which is
reached by rotating the K3 lattice to obtain a polarization with Pic(Spax) = U @ Eg @ Eg. As
the rank of Pic(S) enhances, it becomes more and more likely to find extra elliptic fibration
structures® and consequently more T-dual models. In particular, for the familiar case where
Pic(Syv) = U @ Es @ Eg, there exists a second fibration with Pic(S) = U @ Spin(32) and
LST quiver

k2153
[5032] 0, (3.28)
which realizes the Eg x Eg <+ Spin(32)/Zs Heterotic duality.

3.5 Maximal common flavor symmetries

Generic volumes of the curves in the Picard lattice of the flavor K3 correspond to a generic
flavor Wilson line configurations w, which fully break the 5D flavor group to its Cartan
subalgebra. This locus represents the most generic point in the rk(Gg)-dimensional flavor
moduli space where T-dual 6D flavor symmetries match. However, often there are common

3For elliptic threefolds in toric ambient spaces, the number of elliptic fibrations increases with the number
of Kéhler moduli [31, 33].
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flavor subalgebras of T-dual theories that do not require a full breaking to the Cartan
subalgebras.

In the following we define the minimal Wilson line configuration wmn, that breaks the
flavor symmetry gm, 9r,, 0F;, --., 8Fy Of a set of N T-dual theories to their mazimal
common flavor symmetry (MCFS) gp,,,, defined by the commutant of all gg,,

C(wmina gFl) = C(wmina ng) = C(U/min, gFJ) = ... = C(wminy gFM) = 9Fnax - (329)

In the case of a T-dual pair of eg X eg and so03o flavor symmetries, the situation reduces
to the well-known Zso-valued Wilson line configuration which allows to match the two 10D
heterotic gauge groups in 9D, with

9 Fmax = 5016 X 5016 - (3.30)

In the following, we discuss how the K3 geometry can be used to conveniently read off
the MCFS.

Recall first that an LST and its flavor symmetry comes with the choice of an elliptic
fibration which fixes its section sp and base. The former gives the class of the KK-U(1), while
the latter dualizes to the 5D little string U(1). The flavor symmetry of the 5D KK-theory is
determined by all residual curves in Pic(S) that can be shrunk while keeping section and
base finite. To accommodate a second LST, we need to pick a second fibration and its section
s1 that must be kept at finite size. The MCFS gg, .. is then given by the set of curves that
can be shrunk while keeping both sg and s; finite. Similarly for N T-duals, one identifies
N sections that must be kept at finite size while shrinking all other curves. This structure
can be read off from the toric K3 geometry: recall that in the 3D reflexive polytope of the
polarized K3, an elliptic fibration can be given by a 2D reflexive sub-polytope spanned by
three* vertices. The MCFS gy .. is therefore given by the set of all toric rays that do not
lie on two (or more) choices of 2D sub-polytopes.

For the eg x eg and so32 K3 polytope, it can be easily checked that so16 X s01¢ is exactly
this maximal sub-set (see [58] figure 1, p.4). To illustrate the algorithm, we employ a
more intricate example in the following. Consider M Eg heterotic NS5 branes, probing a
g = ¢7 singularity and two non-trivial flavor holonomies that break the eg flavor symmetry,
resulting in the quiver

[5u2]
SP3 5012 SP1 s07 Sug e7 SlU2 §07 SU2 e7 Slp §07 5Py
LST;: [so16) 1 4 1 3 21812 3 21 & 12 3 1 [so19.
—_———

x(M-1)
The theory has an so3s2 T-dual given by the quiver

SPopr—3

SPAT+1 S04NT+8 SP3M—1 SO8M+4 SP3ps S04 +12 SPA+3
LST2 : [5012] 1 4 1 4 1 [ 4 | 1 [5016] s
5P

4More than three vertices in a 2D sub-polytope generically result in enhanced Mordell-Weil generators of
the fibration [57].
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Figure 3. Toric diagram of the rays of the K3 polytope As and the 2D sub-polytopes encoding the
elliuptic fibrations (highlighted in blue, red, gray). Points connected by lines intersect and the black
dot represents the unique interior point at the origin.

as well as a third dual, given by

S040M+6 SPaM —2 SUsM+1 SU4AM+6 SU2M+10
LST3 : [ulle X u17D2] X 1 2 2 51114] .

Note that the latter has two uy flavor symmetries, such that the flavor rank of all duals match.
For the matching of all other data see table 4. The three fibrations and their flavor symmetries
can be read off from the K3 polytope As, which is given by the convex hull of the vertices

vi: {(~1,-2,-2), (1,0,0), (—=1,2,2), (~1,2,0), (—1,-2,2), (—=1,0,-2)} . (3.31)

We give Ag in figure 3 and included all toric divisors as lattice points. Moreover, we have
shaded the three 2D sub-polytopes that correspond to the three inequivalent elliptic fibration
structures. THis allows us to determine the respective flavor groups: for example, the
vertices of the gray 2D sub-polytope define a toric top with an 50%) algebra (from the 4
vertices at height 1 and the 5 vertices at height 2), a toric bottom with an 50512) (from the
4 vertices at height 1 and the 3 vertices at height 2), as well as a single suy divisor (from
the divisor at height 0).

The diagram further allows to easily obtain gg,, by disregarding (shrinking) the rays
of two 2D sub-polytopes and reading off the flavor symmetries from the Dynkin diagrams
formed by the remaining points:

1. LST; U LSTy: although LST; and LSTy have the same 6D flavor algebras, they
correspond to different toric divisors, such that

O Fax(1U2) = SU2,q X §08 ¢ X 608 X §08 ¢ X SlUgp X SUg ¢, (3.32)
inherited from the flavor symmetry breaking

5016 — 508 q X §08p

(3.33)
§012 — 508 . X Sllgj X Sl ¢

LSTy : sup, X {
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and

5016 — $084 X 50
LST; : suy . X { 16 Ba 7 2T8e (3.34)
5012 — 508 X SUg q X SUgp
2. LST; U LSTj: similarly, the maximal common flavor symmetry is
OFmax,1:3 = Ul,a X U p X U X U X SUg (3.35)
which is obtained from the breaking pattern
Suy — Uyp
LST; : 5016 — SUg X Uy 4 (3.36)
5012 — SUg X U ¢
and
LST3 UL XUy X {51114 — SUg X U ¢ X SUg . (3.37)
3. LSTs U LSTj3: the maximal common flavor algebra is again
OFmax2:3 = ul’a X ul,b X ul’c X sug X Sug , (3.38)
but arises from a slightly different breaking and identification of u; factors,
SUy — Uy ¢
LSTsy : < s016 — sug X Uy q (339)

5012 — SUg X U p

4. LST; U LST> U LSTj: finally we can look at the rays left over when considering the
vertices of all three sub-polytopes, from which we can read off the maximal common
flavor algebra of all three LSTs:

5 3
OF, a0 1:2:3 = U] X SUy X SUy. (3.40)

This procedure also works for non-simply laced flavor symmetries, as we will discuss next.

4 Engineering non-simply laced flavor groups

6D SCFTs and LSTs can have non-simply laced flavor groups. Typical examples are the
“frozen” conformal matter theories discussed in [35]. A simple example is the SCFT quiver

g2 sug

[fa 13 2, (4.1)

which is an E-string attached to the “3 2” non-Higgsable cluster theory. The vanilla E-string
g2
comes with an eg flavor symmetry, but the adjacent 3 gauges a go subgroup, which leaves

a maximal fg = [go, eg] flavor subalgebra.

This raises the question of how these flavor symmetries are realized in IIB or F-theory
geometry. In the classical D7 brane picture, non-simply laced symmetries arise from a
monodromy action which acts as an outer automorphism on the world-volume gauge algebra

— 23 —



g, reducing it to a non-simply laced version. However, flavor groups can be thought of as D7
branes that wrap non-compact divisors and thus naively do not experience such monodromy
effects. Hence this could be another case where D7 branes or the F-theory geometry might
not be able to give the full field theory flavor algebra [34]. However, in the 6D SCFTs limit,
non-simply laced flavor algebras can be obtained from 3-form flux as part of a triple [59]
that freezes the flavor group to a non-simply laced one, and in the case of orbi-instanton
theories, as part of the holonomies acting at infinity [53]. As LSTs can be fused from such
SCF'Ts, such an effect should carry over, and one might ask whether such fluxes are mapped
across dualities, and how they are encoded in the K3 geometry. Geometrically, non-simply
laced subgroups can occur at special loci in moduli space where the volume of curves that
resolve an ADE resolution are related such that they can be folded on top of each other.
Such loci in moduli space can be enforced by choosing a description where some divisors
are non-toric and hence descend from the same ambient space divisor.

4.1 Non-simply laced flavor from freezing fluxes in 6D SCFTs
In the construction of 6D SCFTs, M M5 branes can fractionalize in the presence of a g-type

transverse singularity [51] given by the quiver

g

W22 .21 (4.2)

The g-singularity leads to a fractionalization of the M5 brane into p(g) fractions which can
be computed from F-theory [51] in terms of conformal matter insertions. Each M5 fraction
carries a unit of 1/p(g) M-theory three-form flux in the transverse M-theory direction C2/T,

n
/53/1“9 C3 = 3 mod 1. (4.3)

The fluxes freeze the original g-type singularity to a subgroup h [59]. This way, non-simply
laced groups naturally appear in superconformal matter chains probed by an ADE singularity.
For example, if g = eg, the M5 breaks into p(eg) = 12 fractions, described by the quiver

s g2 fa g2 Ssuo
es] 1 2 2 3 1 5 1 3 2 2 1 [eg], (4.4)
11 1 1 5 1 7 2 3 5 11 )
12 6 4 3 12 2 12 3 4 6 12

where the bottom line gives the number of fractional flux quanta. In table 2 we list the
flux fractions % that can lead to non-simply laced gauge algebras. In the above quiver, we
can take one of the tensor vevs to infinity, which effectively decompactifies the respective
curve and turns its gauge group into a flavor group. This process cuts the quiver at the
corresponding curve and leaves a discrete flux as given in (4.4). From this perspective, one
can interpret the residual flavor symmetry as a version of the original Eg symmetry that
got “frozen” due to the residual discrete flux. A second interpretation of the configuration
is that the discrete flux traps a fractional five-brane at the Eg wall, which partially breaks
the flavor symmetry as in a small instanton transition [60].

For example, upon decoupling (4.4) at the (—5)-curve, one is left with half a unit of
flux, which leads to

132 21 [es], (4.5)
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g 502k+8 | €6 e7 eg
d/n 2 2 2 3 2 3 4

b Spp | sus 507  Sug | f4 g2 Sup

Table 2. The unbroken subalgebra § of g upon turning on d/n fractional freezing flux units [61].

realizing a non-simply laced flavor algebra. Similarly, when decoupling (4.4) at the (—3)-
curve, one obtains the quiver

fa g2 sup
[02) 1513 2 21 [eg], (4.6)
which leaves a residual flux of 1/3 that freezes the go flavor group.
As can be seen from table 2, this freezing mechanism does not work for constructing
50941 flavor symmetries with k£ > 3. Instead, these can be obtained by starting with a
T (e, 5095+8) matter theory [51],

su3 509 SP1 s011 SP2 5073 5019 SP
Tleg,s000):  [eg] 1 3 14 1 4 1 4" ... 4" 1 [sos),
sup s07 5Py so1q1 SP2 so 5021 5P
T(er,s00):  [e7]1 2 3 1 4 1 4 ... 4 1 [s00)], (4.7)
Sup g2 S09 5Py so11 SP2 s0q3 5023 SPg
T(€8,5022)2 [28] 122314 1 4 1 4 ...4 1 [5024],

and decoupling the chain at an appropriate so or sp flavor point.

4.2 Non-simply laced LSTs from fusion

Using the SCFT building blocks discussed above, we can start with an Iy (Eg, Eg, eg) the-
ory [23, 24, 27] obtained by fusing two 7 (eg, eg) theories. The associated quiver is

suz g2 f4 g2 sua e suz g2 f4 g2 suz
[28]122 31513 221[e8] [eg]...12...[e8] [e8]122 31513 221[e8],
N=2

(4.8)

where N is the number of eg gauge algebra factors. Subsequently, we decompactify the
(—5)-curve in the left SCFT block (highlighted in red), resulting in a frozen conformal matter
theory.> Upon adding E-string matter at the gluing eg algebras, one obtains the LST quiver

1 1
g2 sug e suz g2 fa g2 suo e eg suz g2 f4 g2 sus
[f4]13221121223151322112...1212231513221[e8]. (4.9)
1 (N=2)

Note that the rank of the flavor groups is rk(Gr) = 12. The T-dual quiver is

[Np=3]
SP3N -5
SPN+6 S04N+15 SP3N+1 S08N+5 SP5N—1 S012N—5 SP4N—4 SO4N+4
qlsoos] 1 4 1 4 1 4 1 4. (4.10)

[Nrp=3]

The quiver has the expected shape of an affine eg algebra, as well as a flavor algebra that is
broken from the primordial soss algebra to the non-simply laced rank 12 subalgebra soos.

5Note that frozen conformal matter theories can also be obtained from orbi-instanton theories with
non-trivial holonomy [53].
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K/ B

Figure 4. A K3 hypersurface (blue) with an eg fiber in a 3D ambient space 4. The two ambient
divisors D, an D,, (red and pink) intersect the K3 twice, each providing two resolution curves of
the eg singularity.

4.3 Non-simply laced LSTs from non-favorable K3s

To obtain non-simply laced flavor algebras from folding ADE algebras, we need a symmetry
group o, corresponding to the corresponding outer automorphism of the Dynkin diagram.
Curves that correspond to nodes that are folded onto one another need to have the same
volume, which requires restricting the K3 moduli space to loci that are compatible with o,,.
We can enforce this relation among divisor volumes by taking a toric ambient space divisor
that intersects the K3 hypersurface n times.® This is illustrated for a K3 inside a toric ambient
space A, which is a T2 fibration over By with a Kodaira singularity of type IV* in figure 4.

We demonstrate this construction for the flavor K3 of the LST given in (4.9). The toric
rays of the K3 surface S with f4 X eg flavor group are given in table 3. Using (2.28) and (2.29),
the dimension of the toric and non-toric Picard lattices of S are

rk(Pic(S)) = rk(Pic(S)tor) + rk(Pic(S)cor) = 14 + 2. (4.11)

The K3 has two reducible fibers at the two poles of the base P} Upon resolution, the

zo,T1"
base divisors are replaced by

(Oéi) — Iy = ]i[()ci_v(oﬁ)3 , (ﬁj’ Bk) - = Hﬁ”(ﬁj):% HBU(Bk)B 7 (4.12>

7 J k

where v(a;)s is the third component of the vector that defines to toric ambient space divisor
a;, and similarly for v(3)3 and v(8;)3. Over the divisor D,, = {1 = 0}, we find a Kodaira
type II* fiber corresponding to an eg algebra. Over D,, = {xo = 0}, we expect a type [V*
fiber, i.e., an eg algebra. However, since there are only 14 — 2 = 12 toric resolution divisors
(we need to subtract one for the fiber and one for the base), eight of which correspond to

For compact CY threefolds, such contributions are called non-Kéhler favorable [31].
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eg Fiber
2, -3,

A1
" f4 " fiber 62

(=
(=
Generic fiber ap|(=2,-3,-1)| |Bs|(—
X| (1,0,0) ar| (0-1,-1) Ba|(—
(-
(-

I

I

1
2,-3,2
2,-3,3
2,-3,4
2,-3,5
2,-3,6

Y (0,1,0) 042( 1, 2,—2) ﬁ5 y y
A (—2, —3,0) Qs (—2, —3, —3) ﬂ6 y N
o4|(=2,-3,-2)| |B1| (0,—1,2)
/32 (_17 _173)
/33 (_17 _274)

Table 3. Toric rays of the K3 fiber for the quiver (4.9). The “f,” rays a7 and «agy intersect the
K3 hypersurface twice, splitting the f4 into an e¢g fiber. The 3D reflexive polytope and the two 2D
sub-polytopes are given on the right.

resolution divisors for eg, only 4 are left for the type IV* singularity. The missing two are
the non-toric divisors. They descend from D,, = {a; = 0} and D,, = {a2 = 0}, which split
into two on the K3. We can see this from the hypersurface equation
= BoV? + afasfifsX?® + [[ e [[ 8 [1 Bk XY Z + Bus [[ o2 T B2 B X222
i j k i J k
+ é1(wo, x1)odauBoBs [[ B3 ] Be Y Z° + ci(zo, m1)adouls [[ e [[ 87 1] 52 X 2*
j k i j k
+ ea(wo, 1) agad By B2 B3 8185 Z2°
(4.13)

where the ¢; are homogeneous polynomials of degree i in [zg : 21]. We can use this to show
that the divisors D,, and D,, both descend from the ambient space divisor D,,, along
which the hypersurface becomes reducible,

D, ﬂp:Da2ﬂp=Y2+C1Y—i—C3: [Y—;(C:s-i- Dz,x)} {Y— % (63— \/D2,X>] )
(4.14)

where we have used the toric scalings to set coordinates to one, and we introduced Dj x :=
c3(zo, 1) + 4c1(z0, 71), which is some complex number. Hence, the toric realization of the eg
fiber forces the two outer eg fibral curves to have exactly the same volume, as expected for f4.

Following the algorithm outlined in section 3.5. we can again read off the maximal
common 5D flavor algebra of the two T-dual LSTs given in (4.9) and (4.10) from the 3D toric
polytope and its 2D sub-polytopes, cf. table 3. Disregarding the vertices of each of the shaded
2D sub-polytopes separately, we readily read off the respective flavor symmetry factors. The
rays that are indicated by green dots correspond to two curves that are identified as discussed
above. In order to find the maximal common flavor symmetry of both polytopes, we can only
shrink the vertices that are not part of either polytope, from which we find

9Fmax = 5016 X 8§09, (4.15)
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which is inherited from the breaking
LST1 1eg — 5016, f4 — §09, LST2 165095 — 5016 X §09 . (4.16)

4.4 Non-simply laced LSTs from decoupling gravity

In this section we discuss the appearance of non-simply laced flavor group from a gravity
decoupling perspective. We take the flavor K3 and fiber it over a compact P! base to obtain a
compact threefold X. To keep the discussion as simple as possible, we will have no additional
curves that stay compact in the LST limit. As an example, we take an elliptic fibration over
a Hirzebruch IFio base. This means that we add the rays

v =(—2,-3,12,1), vg = (—2,-3,0,—1) (4.17)

to the K3 polytope Az in table 3 which is schematically completed to the 4D rays (As,0),
resulting in a CY threefold with Hodge numbers

A (X) =15,  h*Y(X)=135. (4.18)

The corresponding quiver is

b B (4.19)

The 0 curve is in the class of the P! fiber [F] and the f4 and eg sit over the classes [H] and
[E] = [H — 12F], respectively. The intersection ring is

H- F=E-F=1, H*=-E*=12, F’=E-H=0. (4.20)
The Kahler form of the base 1o is
J=uvF+uvH, (4.21)
where v; are Kahler moduli. With this, the overall volume of the IF;5 base is

Vol(B) = ; JNJ = 2vivg + 1203, (4.22)
12

and the volumes of the respective curves are
Vol(F) :/ J = vy, Vol(H) :/ J = v + 120, Vol(E) = / J=wv. (4.23)
F H E

From this, we see that there are two gravity decoupling limits: we can take vy — o0,
which sends the fiber F' to infinite volume and only leaves the shrinkable (—12)-curve that
flows to an SCFT, or we can take v; — oo while keeping the P! with volume vy finite, which
is the little string limit [62]. In the latter case, we find that both H and E decompactify
and become flavor divisors that intersect the finite curve F'. From this perspective, we may
also discuss the role of the monodromy divisor D x,

[De.x] =6(2F + H+ E), (4.24)
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which is the branching locus in the base B of the two-section {X = 0} in the Tate model.
This divisor interchanges the two fibral P!’s of the local eg resolutions, which results in an §4
resolution. This means that the two divisors Dy, and D,, are reducible on the K3 but not in
the compact threefold. From its homology class (4.24), we see that the divisor Dy x intersects
D, in 84 points. In the gravity decoupling limit where the divisor D,, becomes non-compact,
these intersections are send to infinity. While the monodromy is technically gone, the K3
itself is still forced to be at a special locus in moduli space where only the toric Picard group
is realized as flavor holonomies, giving rise to the f4 subgroup of the ¢g singularity.

4.5 Non-simply laced flavor algebras and T-duality

In the previous sections we have argued that the Picard group, if non-Kéhler favorable, can
enforce the appearance of non-simply laced subgroups g C g of the geometric K3 singularity.
This is not changed by choosing different (toric) fibrations and should hence be preserved in M-
Theory, where we identify the toric Picard group of the K3 with the flavor holonomies/Wilson
lines under circle compactification.

Let us exemplify this using the T-dual of the quiver (4.5) given by (4.10). The flavor
group is given by the K3 in table 3. The base of the second fibration is specified by projecting
the toric ambient rays v = (z,y, z) onto the x coordinate. The generic fiber ambient space is
given by the rays v; = (0, y;, 2;), corresponding to the coordinates Y, a1, Bg in table 3. It is
easy to see that this toric ambient space is IP%Q’?). We can identify the tops that restrict to
D, and D,, of the IPQIEO”,E1 base. While D,, has a trivial top, we find for Dy,

2

Trog — 042,3433 Za0a3a4 Hﬁj . (4.25)
J
Mapping this to the singular Weierstrass model reveals an I fiber corresponding to an sogg
algebra. However, in the toric description we only have 13 independent fibral divisors in Dy,
and in particular only three multiplicity one nodes («yg, Bg, 34). The divisor D,, intersects
the K3 hypersurface twice and resolved both the spinor and co-spinor root of sosg, which
allows to identify the two and results in an sos5 C so0o¢ subalgebra. The second non-toric
divisor is D, , which maps to the two sections X = 0 in the typical Tate-model nomenclature.
Since D, intersects the K3 twice, the two-section splits into two rational sections, which
enhances the Mordell-Weil group of the toric fiber of the K3. However, this enhanced u
flavor algebra is absent in the 6D LST (both in this model and its T-dual). As for the
divisor D,,, the volume of the additional section that would give rise to the flavor u; is
linked to that of the generic elliptic fiber, which in field theory terms is the inverse radius
of the 6D circle that is decompactified.
Finally we remark that all T-duality considerations respect the 6D SUGRA compactifi-
cation discussed in section 4.4. When embedding the K3 in an elliptic threefold by adding
the rays (4.17), the T-dual configuration has an IF4 base with quiver

0
5025

4 4. (4.26)
0
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In this compact model, the gauge group is indeed just sos;5. The enhancement to so9q is
absent due to the monodromy around the additional compact P! direction.

4.6 Examples of non-simply laced flavor constructions

Consider an LST that is obtained by fusing two orbi-instanton theories 7 (s013, ¢7) with an
Tar—2(e7, e7) conformal matter theory [53],

5Paso11 SP1 so7sus e7  S5lo 5075l €7

[5013}1 4 1 3 21[67] [27]...812 3 218...[27]
[Ny=1/2] o

[67] .. [5013] (4.27)

which results in the LST quiver

5Po 5011 5Py 507 Sug e7 SuUg §07 Su e7 Sug S07 5Py 5011 SP2
[so3] 1 4 1 3218123218123 1 4 1 [soy3]. (4.28)
[Ny=1/2] —'—’X(M_l) [Np=1/2]

The flavor K3 is given by the vertices

(—2, -3, —2)
(1, 0, 2)

Az=1| (1, 0,-2) |,  rk(Pic(S)or) =14,  rk(Pic(S)cor) = 3. (4.29)
0, 1, 0)
(-2, =3, 2)

The toric part of the Picard group is 14, which matches the rank 12 flavor group. There is
again a correction term which is attributed to the toric rays z; : (1,0,-1),(1,0,0),(1,0,1)
for i = 1,2,3. Each of these ambient divisors intersects the K3 hypersurface S twice.

The LST with quiver (4.28) is realized for a choice of elliptic fibration where the K3 base
is given by projection onto the last coordinate. The elliptic fiber is a Tate model with I3
fibers at north and south pole of the P! base. Within those fibers, z; and x3 resolve both
the spinor and co-spinor node, fixing their volumes to the same values, such that only an
5013 C 5014 subalgebra is realized. The other toric divisor x5 is identified with the two-section
X = 0 of the Tate model. On the K3, this two-section intersects the hypersurface twice,
resulting in another section with a non-toric Mordell-Weil contribution. As the class of this
1y is the same as of the generic fiber, it does not give rise to an additional flavor holonomy
or a uy flavor factor in the quiver.

The polytope As has a second toric fibration structure given by projecting onto the first
coordinate. The elliptic fiber descends from an Fi3 fiber polytope with Zs MW torsion. In
addition, one finds an I} and Ig fiber over the base rays. Three of the eight divisors in the
Ig fiber are given by the double intersection of the x;, meaning that the fiber only realizes
an sp, C sug flavor subalgebra. The full T-dual LST is then

SPar—1 SPanr—2
5040 +125P30M +1 SO8AM+8 SP3A+1 $04M+12 SPAr+3
[spy] 4 1 4 1 4 1 [so016]. (4.30)

Both models have the same Coulomb branch dimension and two-group structure constants,
which for M > 2 read

Dim(CB) = 18M +25, kg =48M + 46. (4.31)
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Note that by choosing the singularity type to be g = sog we can construct another LST
with the same flavor group. This amounts to fusing two 7T (s013,80g) [53] with Ta/—3(s0s, s08)
in (4.27), which gives

TELT T 18T 4.32
[s013] [s013] . (4.32)
x (M—-3)

Since we only changed the gauged part of the quiver (4.27) but not the so0;3 X so13 flavor
algebras, the K3 remains the same. In particular, we already know that this K3 has a second
fibration with flavor group so16 X sp, as in (4.30). The corresponding quiver is

SPar—3 SPar—3
1
SO04M+4

(o] (4.33)

SPar—3 SPAr+1

[5016]

This means that we have engineered two morphisms
p1 X po s I'g — Eg x Eg with gF = §013 X 5013, (4.34)

for g = ¢7 and sog that lead to the same flavor group breaking. These must then have
two identical dual morphisms

A Fg — Spln(32)/Z2 with gF = 5016 X 5Py . (435)

Geometrically, this arises since the Picard group of the flavor K3 is identical in both models.

5 Exotic models

In this section we will discuss certain curiosities arising for LSTs and their duals. The first one
includes a model that has two distinct Spin(32)/Zy duals with the same base quiver shape,
which occurs for g = ¢g singularities. This model is a counterexample to a conjecture made
in [27] that the base quiver shape, the 2-group structure constants, and the Coulomb branch
data uniquely determines a pair of Eg x Eg <+ Spin(32)/Zsy duals. As a second curiosity, we
discuss an example where exceptional gauge algebras appear in both Heterotic models, which
obscures a type I dual picture. As a third curiosity, we construct a family of self-dual models.

5.1 Different duals with same base topology

In all our examples, the eg x eg LST with an eg singularity always has an so3s dual where
the topology of the base is that of an affine f4 Dynkin diagram, i.e., a ¢g folded by its Zo
outer automorphism. This was already predicted in [11] and explicit models were constructed
in [27] due to properties of the representation theory of I',,. However, in all cases where we
find a third dual, this is due to the affine extension having an additional Zy automorphism
that acts non-trivial on the affine node. Indeed, affine e¢g also admits such an enhanced
automorphism, but due to its triality symmetry, the action of this Zs is equivalent to the Zo
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T-dual
ua

Figure 5. Two Zs automorphisms of affine e¢g highlighted with black and red arrows respectively.
The former one is only present in the affine extension. Both lead to an affine f4-shaped quiver with
inequivalent s035 models.

symmetry that does not involve the affine node, cf. figure 5. Hence, although both Z, actions
on affine ¢g lead to an equivalent affine f4 shape, they give rise to inequivalent models.
Let us illustrate this explicitly in the model Kpz(p1, p12, ¢¢) with M > 2 and holonomies

(p1, 2) that lead to a flavor algebra of 502, x u?,

spy so7 suz 1] eg  suz  eg [W1] sup sor Py

[so12] 1 32 161316 1 2 3 1 [so19], lpsT=1(1,1,2,3,13,2,3,1,3,2,1,1).
x(M-1) x(M—1)

We find the following two duals:

SPAr_3 504044 SP3M—1 SU4N 4 SUDNI4S -
[ul,Dlxul,DQ]x< [ B S A [51112]), her=(1,1,321).  (5.1)

[suz]

SPAT+3 50407 +12 SP3M—1 Sugps SU2M+2

[s04]

w1, p] X ([5016] [5u4]> . lst=(1,1,3,2,1) (5.2)
Indeed, in both cases, the base topology is that of affine f4, but the number of 5-branes and
the flavor algebra are different. Thus, the base topology, 2-group structures and Coulomb

branch dimension are not enough to determine an LST. Indeed, this data is for all three
models (for M > 2)

tk(Gp) =14,  Dim(CB) = 12M + 12,  kp=24M +16. (5.3)

Thus, from the perspective of the soss Heterotic string on an eg singularity, there are
two models

Kn(\, e6) and Kar( N, e6), (5.4)

with different A and number of NS5 branes, both of which are dual to the same Heterotic
egs X eg theory.

5.2 Duals with exceptional gauge algebras

Instantons or NS5 branes in the so3s Heterotic theory are typically perturbative and can
be dualized to type I theories with orientifolds (see e.g. [27]). Thus the appearing gauge
algebra factors on such theories are of ortho-symplectic type such sp,,, so,, and in special
cases su,, gauge algebras while exceptional algebras are absent. However, we find a class of
isolated models (with M = 1) that seem to have an e7 gauge algebra in the dual. Consider for
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example the theory Ki (1, pe, eg) with flavor holonomies (p1, u12) that lead to flavor algebras
¢g X 5015. The quiver of this theory is

Uz g2 S09 SPy s011 SP2 s013 SP3

suz g2 fa g2 sus eg s
[e8]1223151322112122314 1 4 1 4 1[5015],

- (5.5)
lisT = (1, 1,1,1,2,1,3,2,3,4,5,1,7,6,5,4,7,3,5,2,3, 1, 1)] .

The dual theory is given by I€1(A; g) with flavor holonomy A that leads to an s07 X s024
flavor algebra with the quiver

Sug ey SUz 507 5Py 5012 SP3 5016 SP5 S020 SP7

so7] 21812 3 1 4 1 4 1 4 1 [soo], lsr=(1,2,1,6,54,7,3,52,3,1,1).

The 6D anomalies cancel in both models, so these are consistent 6D gauge theories. Further-
more, the dimension of the Coulomb branch, the flavor rank, and xr match,

rk(Gp) =15,  Dim(CB) =64,  rkp=194, (5.6)

indicating that both theories are indeed dual LSTs. As mentioned earlier, the appearance
of an ey singularity seems puzzling from the perspective of the perturbative soso Heterotic
string. It would be interesting to understand the origin of such a singularity.

5.3 A self-dual model

In this section we construct a self-dual model, i,.e., an LST such that

Tp(Kn(p1, p2,9) = /€N'()\79) = Kn(u1, 2, 9), (5.7)

i.e. the Eg x Eg model is ezactly the same as its Spin(32)/Zs counterpart, even though the
duality map Tp is non-trivial (the theories sit at different loci in the 5D moduli space).

In order to do so, we choose the flavor holonomies such that we break eg x eg and s030
to the maximal so1g x 5016 subalgebra.” Next, we have to choose some singularity g that
has the chance to lead to the same quiver and gauge algebras in both Heterotic models. As
there are typically no exceptional gauge algebras on the so032 side, we restrict our search to
A and D type singularities. Since A, and Da,,11 singularities usually lead to a folding on
the Spin(32)/Zs side, we are left with Dyy. Indeed, for a g = so4n singularity (with N > 2)
and M NS5 branes on the Eg x Eg side we obtain

SPN—4 SPN—4

Spn so4nN SP2N—4 soun SP2N-—4 Soun SPN

[5016] 1 4 1 4 1 4 1 [5016] (5.8)
x (M —2)

which dualizes to the Spin(32)/Zy quiver

SPar—3 SPar—3

SPAr41 S04M 44 SP2nmr—2 S04M44 SPanv—2 SO4nr4+4 SPAI4+1

[5016] 1 4 1 4 1 4 1 [5016] (59)
—_———
xN—3

"The full flavor group is in fact (Spin(16) x Spin(16))/Z.

— 33 —



There also exists a third Spin(32)/Zsy dual, which is not of relevance here but can be found
in table 4. Evidently, upon choosing M = N — 1, the two quivers (5.9) and (5.8) become
identical theories and their invariants are

rk(Gr) =16,  Dim(CB) =4N? -4, kg =8N?—16N +10. (5.10)

While the two models are identical as six-dimensional theories, it is important remark that
their 10D origin as well as the T-duality, and hence the duality map Tp, between the two
is non-trivial. The two theories are not just trivially the same upon circle reductions, but
sit at different points of their 5D Coulomb branch moduli space. Phrased differently, when
starting from either quiver and compactifying on a circle, one can move in the 5D moduli
space to a different locus and find the exact same theory there.® This can also be seen from
the underlying fiber /base duality: upon compactifying LST (5.8), all gauge algebra factors —
including the so4n factors on the —4 curves — are shrunk to a singular point. However, these
curves are precisely those that assemble the dual base quiver on the Spin(32)/Zs side. Thus,
from the perspective of the Eg x Eg LST reduced on a circle, the Spin(32)/Zy appears to have a
shrunken so4y base and vice versa. The most generic point at which both theories are identical
as 5D theories is on their maximal Coulomb branch, where all singularities are resolved.

6 Conclusions and outlook

In this work, we construct Heterotic LSTs with more general flavor breaking on the Eg x Eg
side, and construct their T-duals on the Spin(32)/Zs side. We determine the 5D Coulomb
branch dimensions, universal 2-group structure constants and full flavor algebra. In addition
to the former two, we show that the rank of the flavor algebra also always matches, providing
another non-trivial invariant of LSTs that related by T-duality. This requires to carefully
take into account u; ABJ flavor anomalies and finding non-anomalous linear combinations.

We discuss in detail the construction of Heterotic LSTs with so and non-simply laced
flavor symmetries. For the latter, we observe that T-duality preserves non-simply laced flavor
algebras, suggesting a type of conserved freezing flux contribution in the M-theory description.
Geometrically, T-dual heterotic LSTs can be constructed from non-compact K3-fibered CY
threefolds with multiple elliptic fibrations. Different choices of elliptic fibrations correspond
to different 6D LSTs, which become the same model in the 5D M-theory picture. The K3
fibers encode the flavor algebras. By exploiting non-Kéhler favorable divisors, we engineer
models that are forced to sit at special loci in the K3 moduli space, at which the volumes of
several curves that resolve the ADE fiber singularity have the same volume, which allows
modding out an outer automorphism to obtain non-simply laced subgroups. This procedure
is inherent to a choice of polarization for the flavor K3 Picard lattice and preserved upon
choosing different elliptic fibration structures, which means it is invariant under T-duality.
This explains why the flavor algebra is also always reduced in T-dual theories of such models.

We use the geometric engineering procedure to construct LSTs with three T-dual theories.
For these to appear, the flavor group on the Eg x Eg side must be broken. Moreover, a
singularity g whose affine extension has an additional Zs automorphism that involves the

8We expect that this symmetry is reflected in the 5D moduli space of these theories.
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affine node is needed, which happens for g = {soay, ¢, ¢7}. When these conditions are met,
one obtains two Heterotic Spin(32)/Zs duals where the base quivers of one theory is in the
shape of the affine g algebra and the other is of the same shape with the outer automorphism
modded out. We highlight this for the special case of an ¢g singularity, whose affinization
has two inequivalent Zs symmetries, both of which fold the Dynkin diagram to an affine
fs-shaped quiver, but with different flavor and gauge algebra factors. The T-duality map
Tp thus provides multiple Spin(32)/Zs group homomorphisms for a single Eg x Eg theory
and can therefore not be an isomorphism.

Finally, we construct a family of Eg x Eg <> Spin(32)/Zs self-T-dual models. These
two LSTs have exactly the same Doy type of singularity and Spin(16)2/Zs flavor group.
However, these theories are at different loci in the 5D Coulomb branch moduli space upon
circle compactification to 5D. This suggests that the 5D moduli space has a Zy symmetry.

While this work continues to carve out the large landscape of Heterotic little string
theories, there are still several open problems. First, it would be interesting to understand
how the duality map T acts on the homomorphisms (1, u2) and A from first principles. For
this, one should study the map of the nilpotent deformations in the Eg x Eg theory to the
Spin(32)/Zs theory, akin to the analysis of [53] for the orbi-instanton theories.

There are also two more LST type of structures that have not yet been discussed: the first
ones are LSTs with twisted T-duals that are related by discrete holonomy reductions [19, 63, 64].
Geometrically, these can be engineered from genus-one fibered Calabi-Yau threefolds [65-67].
Second, it would be interesting to extend our explorations to IIB compactifications with O7"
planes, which correspond to frozen phases of F-theory [40, 59, 61, 68].

Lastly, the perturbative Heterotic string is a part of the string spectrum of any 6D
SUGRA theory with np > 0 tensor multiplets, which are precisely the LST sectors we
studied here. A general perspective of T-duality for Heterotic LSTs could therefore potentially
elucidate properties of BPS strings across dualities when gravity is included. In particular,
one may ask whether T-dualities of such SUGRA theories are captured completely by the
T-dualities of their respective LST subsectors.
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