ON THE MULTIPLICATIVITY OF THE EULER
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ABSTRACT. We give two proofs that the Euler characteristic is
multiplicative, for fiber sequences of finitely dominated spaces.
This is equivalent to proving that the Becker-Gottlieb transfer is
functorial on 7.
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1. INTRODUCTION

The Euler characteristic x(X) € Z is among the oldest and simplest
invariants of topological spaces. It is defined when X is homotopy
equivalent to a finite cell complex, as the alternating sum of the num-
bers of cells of X, or equivalently as the alternating sum of the ranks
of the homology groups H;(X).

It is well-known that the Euler characteristic is multiplicative in the
sense that y(X x Y) = x(X)x(Y) for finite cell complexes X and Y.
More generally, given a fibration sequence

F—-F—B
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in which F' and B are finite cell complexes, E is also equivalent to a
finite cell complex and we have that x(E) = x(F)x(B).

In this paper, we prove that this multiplicativity holds in the more
general case that ' and B are finitely dominated. Recall that a finitely
dominated space is one that is a retract up to homotopy of a finite cell
complex. If B is finitely dominated, its integral Euler characteristic
X(B) € Z can be defined in several equivalent ways, for instance:

e the alternating sum of the ranks of the homology groups, with
coefficients in any field H;(B; k),

e the Euler characteristic of any finite complex homotopy equiv-
alent to X2,

e the class in K((Z) = Z defined by the perfect chain complex
C.(B), etc.

Theorem A. For every fiber sequence of spaces
F—F—DB

where F' and B (and therefore E) are finitely dominated,

X(E) = x(F)x(B).
Remark 1.1. Although the statement of Theorem A looks elementary,
its proof is not, and as far as we can tell it does not appear previously
in the literature. While in the case of a finite cell complex B, one
can induct over cells, in the finitely dominated case, this induction

procedure breaks. Both of the proofs in this paper rely on nontrivial
theorems concerning Ky of group rings.

Our interest in this comes from the question of functoriality for the
Becker-Gottlieb transfer. Suppose that p: X — Y is a fibration with
finitely dominated fibers. The Becker-Gottlieb transfer p' is a stable
map

P ITY — XX,
defined as the trace of the fiberwise diagonal X — X xy X in parametrized
spectra over X, pushed forward from X to x.

We say the Becker-Gottlieb transfer is functorial if for fibrations
p: X =Y and ¢: Y — Z with finitely dominated fibers, the composite
of transfer maps p' o ¢' and the transfer of the composite (q o p)' agree
in the stable homotopy category. This is known to hold in some cases,
for instance for smooth bundles with compact manifold fiber, but is
not known in general. The first two authors offered a general proof in
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[KM18], but a mistake in that proof was recently found by Bastiaan
Cnossen and Shachar Carmeli [KM]. As a result, the question is open.

To search for possible counterexamples, we work one homotopy group
at a time. We say the Becker-Gottlieb transfer is functorial on 7 if for
any such p and ¢, the maps p' o ¢' and (g o p)' agree after applying 7.
In other words, the diagram

(gop)'

To(2PX) +2— 1(2FY) +—— 1o (BT Z)
commutes.
Theorem B. The Becker-Gottlieb transfer is functorial on 7.

As a result, any obstruction to functoriality will have to appear
above the level of .

Theorems A and B are closely related. There is a short argument
that each one implies the other, see Proposition 2.5. Therefore, in
giving two unrelated proofs of Theorems A and B, we are in fact giving
two proofs for each. Our first proof uses a result of Swan on K, of
group rings. Our second proof uses current work of the third author
and collaborators [CCRY22], and a result of Linnell on the Hattori-
Stallings trace for group rings.

Conventions. All maps of spaces and spectra in this paper are con-
sidered as morphisms in the homotopy category. All functors on spaces
and spectra, such as the smash product of two spectra, are derived so
that the functor is defined on the homotopy category.
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The authors would like to thank them for finding this error and bringing
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2. PRELIMINARIES

We begin by recalling some properties of finitely dominated spaces
and of the Becker-Gottlieb transfer. We use these to show that Theo-
rems A and B are equivalent.

As in the introduction, a finitely dominated space is one that is a
retract up to homotopy of a finite cell complex. The following well
known result (see e.g. [Lal68, Thm 1]) is needed for the statement of
Theorem A to make sense.

Theorem 2.1. If FF — E — B is a fiber sequence in which F' and B
are finitely dominated then so is E.

Suppose p: X — Y is a fibration whose fibers X, are finitely domi-
nated. Then the fiberwise suspension spectrum 55X over Y is dualiz-
able in the symmetric monoidal category of parametrized spectra over
Y, defined in e.g. [CJ98, MS06, Mall9] . The pretransfer is defined to
be the trace of its fiberwise diagonal map §: X — X xy X. Concretely,
in the fiber over each point y € Y, this is the composite of coevaluation,
diagonal, and evaluation maps:

(2.2) S = IPX, A (EX,)Y = DX, ATTX, A (EPX,)Y = 57X,

This forms a parametrized stable map from Y to X. Pushing forward
along the collapse map Y — * gives a stable map

P ITY = XX
called the Becker-Gottlieb transfer. See e.g. [BGT76] [MS06, 15.2.1],
[Mall9, 7.1.5], [KM18, §4], [LM19], or [CCRY22, §6] for more details.
The additivity of traces from e.g. ([May01, PS16, CCRY22]) implies
that the Becker-Gottlieb transfer is additive over components in the
following sense. Let Y = [] Y, and X = [], ; Xas be any decom-

position so that each Y, has as its preimage those terms of the form
Xap. Note that for each a, there are only finitely many values of S.
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Let pag: Xop — Yo be the restriction of p to X,3. The transfer P is
then a map of corproducts

V E2Ye = \/ 52 X,
« a,f

so it is determined by its restriction to XY, for each a.

Proposition 2.3. The restriction of p' to XY, equal to the sum over
the terms X,z of the the transfers p!aﬁ.

The transfer can be computed on 7y by restricting to a single fiber,
where it becomes the composite (2.2) followed by the inclusion ¥° X, —
¥ X. Taking rational homology turns the smash products in (2.2) into
tensor products. If X and Y are connected, this simplifies further to
the trace of the identity for H,(X,;Q), in other words the Euler char-
acteristic of the fiber. This proves another standard fact:

Proposition 2.4. For X and Y connected, the transfer p' on m, is the
map Z — 7 that multiplies by the Euler characteristic x(X,).

Now we may show that Theorems A and B are equivalent.

Proposition 2.5. The Becker-Gottlieb transfer is functorial on my iff
the Euler characteristic is multiplicative for all fiber sequences of finitely
dominated spaces.

Proof. We first prove “«<=.” Let p: X — Y and ¢: Y — Z be fibrations
with finitely dominated fibers. Since the transfer is additive over com-
ponents of both the base and total space (Proposition 2.3), without loss
of generality X, Y and Z are connected. Let F', E, and B be defined
as pullbacks of X, Y, and Z as follows:

By Proposition 2.4, on 7y, ¢’ multiplies by x(B), p' multiplies by x(F),
and (q o p)' multiplies by x(F). So if the Euler characteristic is multi-
plicative, then the transfer is functorial on 7.
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Now we prove “=.” Let FF — E — B be a fiber sequence of
finitely dominated spaces. The Euler characteristic is also additive
over components, so without loss of generality B and E are connected.
Let p be the map £ — B and ¢ the projection B — *. Then all
three of their suspension spectra have my = Z. By Proposition 2.4,
¢' multiplies by x(B), p' multiplies by x(F), and (g o p)' multiplies by
X(E). So if the transfer is functorial on 7y, then the Euler characteristic
is multiplicative. 0

3. FIRST PROOF

In this section we give a proof of Theorem A. By Proposition 2.5,
this also proves Theorem B. We start by reducing to the case of an
n-sheeted cover {1,...,n} - F — B.

Proposition 3.1. The Fuler characteristic is multiplicative for all fiber
sequences if it is multiplicative for all fiber sequences with F discrete
(i.e. n-sheeted covers of finitely dominated spaces).

Proof. Let F — E — B be any fiber sequence with B, E, and F’ finitely
dominated. The monodromy of the fibration defines a homomorphism

m(B) — GL(H.(F;Z/2))

into a finite group. Its kernel is a finite index subgroup, which deter-
mines a finite covering space B — B.
The base change (pullback) of the fibration £ — B to B yields a

new fibration £ — B with fiber F'. This new fibration is orientable in
the sense that the action of m(B) on H,.(F;Z/2) is trivial. Therefore
the E? page of its Serre spectral sequence is HP(B; H,(F;Z/2)), where
the coefficients are untwisted.

By Theorem 2.1 applied to n-sheeted covers, the spaces E and B
are again finitely dominated, so they have Euler characteristics. As
mentioned in the introduction, these Euler characteristics can be com-
puted from the homology with mod 2 coefficients. It follows by a
standard spectral sequence argument (see e.g. [Spa66, p.481]) that
X(E) = x(B)x(F).

If we have multiplicativity for n-sheeted covers, then the two n-
sheeted covers E — E and B — B give

X(E) =nx(E), x(B)=nx(B).
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We conclude that
1 -
X(E) = —x(E) = —x(B)x(F) = x(B)x(F). O

We next recall some algebraic constructions. Let m be any dis-
crete group and let Z[r] be the corresponding group ring. Recall that
Ky(Z[r]) is the group completion of the set of isomorphism classes of
finitely generated projective Z[r]-modules P under direct sum.

Equivalently, Ky(Z[r]) is the free abelian group on the set of quasi-
isomorphism classes of perfect chain complexes over Z[r|, modulo the
relation [A] 4+ [C] = [B] for any exact triangle A — B — C in the
derived category of perfect chain complexes. A chain complex is perfect
if it is a retract up to quasi-isomorphism of a bounded chain complex of
finitely generated free modules. Equivalently, if it is quasi-isomorphic
to a bounded complex of finitely generated projective modules. See e.g.
[Weil3] for more details.

We adopt the convention that all modules and chain complexes have
right action by Z[r].

The groups Koy(Z[r]) define a functor in 7, by extension of scalars.
The homomorphisms 1 — m — 1 make Ky(Z) = Z into a retract of
Ko(Z[r]) corresponding to the free Z[r]-modules. We let Ky(Z[r]) be
the complementary summand.

Definition 3.2. We define the rank of a perfect Z-chain complex P to
be its image in K¢(Z) = Z.

For bounded complexes of finitely generated projective modules, this
is computed by taking the alternating sum of the ranks.

Lemma 3.3. If B is any finitely dominated space, the rank of the
singular chain complex C,(B), as a chain complex of abelian groups,
equals the Euler characteristic x(B).

Proof. This can be proven in several ways — for instance, suspending
B twice makes it finite without changing the rank of C.(B), and then
it is equivalent to a bounded chain complex of finitely generated free
modules, so its rank is equal to x(B). O

We next recall a result of Swan from [Swa70], and a corollary of this
result suggested by Oscar Randall-Williams.

Theorem 3.4 (Swan). If 7 is finite then Ko(Z[r]) is torsion.
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Let F be any finite set with left m-action. Let F' denote the same
finite set with trivial m-action. Note that 7 does not have to be finite.

Proposition 3.5. For each perfect Z|m|-chain complex P, the perfect
Z-chain complexes

P ®Z[ﬂ-] Z[F] and P ®Z[ﬂ.] Z[Ft]
have the same rank.

Proof. Let 11 = iso(F), the automorphisms of the set F. Then II is
finite, and the m-action on F' defines homomorphism 7 — II. We get
isomorphisms of chain complexes

P @y ZIF] = (P Qi) Z[1]) Oz Z[F],
P @zix) Z[F'] = (P @z Z[]) @z Z[F].
It therefore suffices to prove the theorem for the finite group II and the
perfect Z[II]-chain complex P @z Z[I1].
Without loss of generality, therefore, 7 is finite. We next observe
that the two complexes P ®zr) Z[F] and P ®zr) Z[F'] clearly have the
same rank when P is a bounded complex of free Z[r]-modules, so it

suffices to extend this to P perfect. To do this we write the operations
as homomorphisms

p, 0" Ko(Zlr])) — Ko(Z)

defined by p(P) = P ®zx Z[F], and p'(P) = P Qg Z[F"].

These homomorphisms are of the form Z & A — Z with A a torsion
group, by Theorem 3.4. We have checked that they agree on Z. Since
A is torsion, it follows that they agree on all of Z @& A. Therefore
P ®gzjx) Z[F] and P ®gzjx Z[F'] have the same rank for any perfect
complex P. 0

Remark 3.6. We could also prove Proposition 3.5 from a more elemen-
tary result of Swan: if 7 is finite and P is any projective Z[r|-module,
then the rationalization P ® Q is a free Q[r]-module [Swa70, Theo-
rem 4.2]. It follows that the homomorphisms p and p' in the proof
of Proposition 3.5 become equal after rationalization. But the map
Ko(Z) — Ko(Q) is an isomorphism, so p and p' are equal before ratio-
nalization as well.

Finally, suppose FF — E — B is a fiber sequence with B finitely
dominated and connected, and F' a discrete set of cardinality n. We
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want to show that x(E) = nx(B). Without loss of generality, E is
connected as well.

Let m = m(B), which acts on the fiber F' on the left and on the
universal cover B on the right. Let " be the same set as F' but with
trivial G-action. Then we have identifications

E=Bx,F, B x F =B x, F".

Taking chains, we have identifications

(3.7) Cu(E) 2 Cu(B) ®zm ZIF),

(3.8) O*(B X F) =~ C*(B) ®zn] Z[Ft].

Theorem 3.9. The finitely dominated spaces E and B x F have the
same Euler characteristic.

Proof. The chain complex of Z[r]-modules C,(B) is perfect and there-
fore defines a class in Ky(Z[r]). By Proposition 3.5, the chain complexes
(3.7) and (3.8) have the same rank. By Lemma 3.3, these ranks are the
Euler characteristics of £ and B x F', respectively. 0

Since F'is a finite set, this immediately implies that x(E) = x(F)x(B),
proving Theorem A.

4. SECOND PROOF

In this section we give a second, independent proof of Theorem B.
By Proposition 2.5, this also proves Theorem A.

This second proof is based on the results of [CCRY 22|, more precisely
on the following formula for the Becker-Gottlieb transfer of a composite.
For a space A, let LA = map(S!, A) denote the free loop space. Denote
the inclusion of constant loops and the evaluation at 1 € S! by

AS LASS A

Theorem 4.1 ([CCRY22, Prop 6.7, Cor 6.10]). Let p : X — Y and
q:Y — Z be fibrations with finitely dominated fibers. Then (q o p) is
the composite

Y7 S YPLZ 5 NTLY 55X
where

o 7:XXLZ — XLY is the free loop space transfer, also known
as the THH-transfer ([LM19]), and
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e \ is a twisted version of the Becker-Gottlieb transfer of p.

On the other hand, p' o ¢' is the same composite, except with
EPLY &5 2YY 5 BPLY
inserted before the final map in the composition.

We will only need to recall from [CCRY22] how x acts on 7. Let
be a loop in Y, based at y, and let X, := p~*(y) denote the fiber of p
at y. The loop v induces a monodromy self-equivalence v, : X, — X,
well-defined up to homotopy. This map has a trace in the symmetric
monoidal category of spectra, defined as in (2.2) as the composite of
coevaluation, ,, and an evaluation map:

(4.2) S = IFX, A (BFX,) = IFX, A (BFX,) —S.
On 7, this returns an integer L(7y), the Lefschetz number of the mon-

odromy action of . The action of x on v is very close to this:

Proposition 4.3 ([CCRY22, Prop 5.7]). x(v) € mo(X2X) is the trace
of the map
(1,7): Xy > X x X,

in the symmetric monoidal category of spectra.

In general, if we have a symmetric monoidal category with unit I,
and a dualizable object A with dual A*, the trace of a map f: A —
B ® A is defined to be the composite of coevaluation, f, and evaluation

I AR A" > BRARA" - BRI=B,
see e.g. [BG76, DP8O0].
So, the trace from Proposition 4.3 is the composite
(44) S—=ETX,A(ETX,)Y = X ADTX, A (E7X,) = E°X
of coevaluation, the map (1,7,), and evaluation.
Remark 4.5. The map x can also be described above 7y in essentially

the same way, by phrasing this description more coherently and thus
defining a map of spaces LY — Q*YXFX.

By Proposition 2.3, we can assume without loss of generality that
X, Y, and Z are connected, so that their suspension spectra all have
mo = Z. Then the composite (4.4) on 7y simplifies to the Lefschetz
number (4.2). Applying Theorem 4.1, the transfer (¢ o p)' on 7 takes
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the generator 1 € Z to an element in Hy(LY"), which is a weighted sum
of free loops

(4.6) > ami, ai #0,
and then to the corresponding weighted sum of Lefschetz numbers
Z a; L(7:)-

On the other hand, p' o ¢' replaces all the loops v; by constant loops,
and then takes their monodromy, giving

Z:mL0®::§:amC@)

To show these agree, it suffices to show that L(v;) = L(id) for each
of the loops 7; that appear in the sum (4.6).
By [LM19, 7.12], we have a commutative diagram

X7

|

| A(Z) — A(Y)

[

Y®LZ s XFLY,

where A(—) denotes Waldhausen’s A-theory ([Wal85]), and the vertical
maps are the Dennis trace. In particular, on 7, the image of the
composite

X7 —» XTLZ — XTLY

is included in the image of A(Y") — 35°LY". This is well-known to agree
on my with the image of the Dennis trace map

(4.7) Ko(Z[m1(Y)]) — HHo(Z[m (Y))).

To be specific, A(Y) can be identified with the K-theory of the ring
spectrum X5°QY", and X5 LY is identified with its topological Hochschild
homology (THH). The map of ring spectra XQY — H(Z[m(Y)]) is
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1-connected, and so induces an isomorphism on m, for both K-theory
and THH. This gives a commuting diagram

To(A(Y)) —— Ko(520Y) ——— Ko(Z[m (Y)])

| l | =

T0(SPLY ) «— THH,(E0QY) —— THH(Z[m (Y)]) — HHo(Z[m (Y))])

where the diagonal map and the vertical maps are all variants of the
Dennis trace. See for example [EKMM97, 1.6 and 7.1].

Therefore the loops ~; that appear in (4.6) are those conjugacy
classes in 7 (Y') that are in the image of (4.7), in the sense that some
element of Ky has image whose coefficient in that conjugacy class is
nonzero. The following theorem of Linnell characterizes which such
loops ; can appear.

Theorem 4.8 ([Lin83|, [BH15]). For any group G and any element g €
G, if some element of Ky has image whose coefficient in the conjugacy
class of g is nonzero, then there exists an integer m > 1 such that for
any integer s > 1, g is conjugate to g°" .

In particular, if g has this property and has finite order n, it must
be trivial, since g is conjugate to ¢g"" = 1, and therefore g = 1.

Corollary 4.9. If~; appears in the sum (4.6), then ~; acts trivially on
H.(X,; k) for any finite field k.

Proof. Since X, is finitely dominated, H,(X,; k) is a finite dimensional
k-vector space. So if k is a finite field, GL(H.(X,;k)) is finite. If v
appears in the sum, then by Theorem 4.8 there is an m such that ~; is
conjugate to 3 for any s > 1. The same is true of the image of 7; in
the finite group GL(H,.(Xy;k)). Therefore this image is trivial. O

Therefore each 7; in (4.6) acts trivially on H,(X,;F,) for each prime
p. It follows that the Lefschetz number L(7;) mod p, which can be
computed from this action on H,(X,;F,), agrees with L(id) = x(X,).
But this is true for every prime, so L(v;) = x(X,) integrally.

In summary, each v; has the same Lefschetz number as the identity
map of X,. Therefore the image of 1 € Z under the two maps (q o p)'

and p' o ¢ agree,
D ail(y) =) aix(X,).

7 7
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This concludes the proof of Theorem B.

Remark 4.10. The result [LM19, Thm 1.2] could be used in the place
of Theorem 4.1 from [CCRY22] in this proof, if we also know that m(Y")
satisfies Bass’ trace conjecture, because then the only loop v; that can
appear in (4.6) is the trivial loop. See also [LM19, Rmk 8.10].
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