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Safe Motion Control of Autonomous Vehicle
Ski-Stunt Maneuvers
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Abstract—A ski-stunt maneuver is a type of aggressive
vehicle motions in which a four-wheel vehicle runs on two
wheels on one side, and the other two wheels are lifted
in the air. It is a challenging task even for skilled car
drivers to perform a ski-stunt maneuver. We present the
safety-guaranteed motion control of autonomous ski-stunt
maneuvers. Inspired by bicycle dynamics, a vehicle dy-
namic model is first built for ski-stunt motion. To prevent
possible rollovers, a control barrier function is used in a
model predictive control formulation to plan a safe motion
trajectory. A motion controller is then designed to follow
the safe trajectory with guaranteed balance. Ski-stunt ma-
neuver initiation and switching strategies are also analyzed
and designed. Extensive experiments are conducted using
a scaled truck platform to demonstrate the control design.
The experimental results confirm that the vehicle can suc-
cessfully initiate the ski-stunt maneuver to safely navigate
among obstacles and narrow passes and then switch back
to normal driving.

Index Terms—Aggressive maneuvers, control barrier
function (CBF), ski-stunt maneuver, vehicle dynamics and
control.

I. INTRODUCTION

A SKI-STUNT maneuver is an aggressive vehicle motion
in which a four-wheel vehicle moves on only two wheels

on one side, with the other two wheels lifted in the air. Similar
to other aggressive driving skills [1], [2], [3], the ski-stunt ma-
neuver is usually performed by professional drivers. To initiate a
ski-stunt maneuver, one can drive the vehicle on a ramp to lift one
side and continue maintaining the balance of the tilted vehicle
body by controlling the steering and velocity. For vehicles with
a high center of gravity (e.g., sport utility vehicles and trucks),
a ski-stunt maneuver can also be initiated by rapidly changing
steering angle, but this strategy would likely lead to rollover
incident [4].
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Autonomous ski-stunt maneuvers can potentially be used as
an active safety feature for obstacle avoidance, narrow-road
passage, and other emergency procedures [4], [5]. A vehicle
undergoing a ski-stunt maneuver experiences a large roll angle in
a highly controlled fashion [6], [7]. Vehicle motion in a ski-stunt
maneuver must be under safe control with rollover prevention
guaranteed. Extensive research has been reported for vehicle
rollover prevention [6], [8], [9]. Restriction of a large roll angle
is the main goal of motion control in these designs. In contrast,
when running on two wheels on one side, the vehicle displays
single-track motion that is similar to bicycles. The motion and
balance control of autonomous bicycles have been successfully
developed under steering and velocity actuation (e.g., [10], [11],
[12], [13], [14]). However, unlike bicycle dynamics, large tire
camber angle in ski-stunt maneuver results in limited actuation
and brings additional challenges for motion control design.

Without using ramps, it is challenging to initiate a ski-stunt
maneuver and maintain balance only by steering actuation. In
particular, a safety-guaranteed motion control design is needed
for vehicle rollover prevention. The control barrier function
(CBF) method is one approach to incorporate safety-critical re-
quirements. In robot and vehicle control applications (e.g., [15],
[16], [17]), CBF has been used as a dynamic constraint to filter
the nominal control for a safety-guaranteed design. For motion
control of ski-stunt maneuver, the CBF-based method has to
deal with underactuated, nonminimum-phase vehicle dynamics,
i.e., the vehicle motion has three degrees of freedom (DOFs)
but with only steering and velocity actuation as two control
inputs. In [10], an external and internal convertible (EIC) control
method was presented for underactuated balance robots. We
extend the EIC control design to incorporate CBFs.

We present a safety-guaranteed motion control for au-
tonomous ski-stunt maneuvers. Kinematic and dynamic models
are used for four- and two-wheel planar motion in ski-stunt
maneuvers. To cope with the underactuated robot dynamics and
balance requirements, we formulate a model predictive control
(MPC)-based trajectory planning design, with consideration of
CBF constraints for rollover prevention and collision avoidance.
The balance control is guaranteed by stabilizing the roll motion
on balance equilibrium manifold [10], [18]. Under the proposed
control, closed-loop stability and motion safety are analyzed and
guaranteed. We demonstrate motion control performance with
extensive experiments using a scaled truck testbed.

The main contribution of this work is the novel safety-and-
balance-guaranteed control for ski-stunt maneuvers. To our best
knowledge, there has been no reported work on autonomous
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Fig. 1. (a) Ski-stunt maneuver. (b) Side- and back- views of the kine-
matics of vehicle motion in a ski-stunt maneuver.

vehicle ski-stunt maneuvers and this is the first study to success-
fully demonstrate the safety-guaranteed control for the highly
agile motion. Compared to the previous conference presenta-
tion [19], we demonstrate a motion control design with guar-
anteed safety. The closed-loop stability and motion control
switching strategies are new. Finally, mechatronic design and ex-
tensive experiments are demonstrated in this work. The proposed
control method can further be extended to other underactuated
robots and vehicles [14], [20], [21]. The main purpose of this
work is to demonstrate the feasibility of autonomous ski-stunt
maneuvers by a motion control design and application to a scaled
vehicle. Further developments still remain to be implemented on
a full-size vehicle.

The rest of this article is organized as follows. In Section II, we
present the vehicle dynamics model for ski-stunt maneuvers. The
safe trajectory planning and control are presented in Section III.
We discuss motion control switching strategies in Section IV.
The experiments are presented in Section V. Finally, Section VI
concludes this article.

II. VEHICLE DYNAMICS MODELS

A. System Configuration and Problem Statement

Fig. 1(a) shows a snapshot of the experimental platform per-
forming a ski-stunt maneuver. Fig. 1(b) illustrates the kinematics
of the vehicle from side and back views. We denote the front-
and rear-wheel ground contact points asC1 andC2, respectively.
Two coordinate frames are set up: 1) the inertial frame I that
is fixed on the ground with the Z-axis upward; and 2) the body
frame B that is fixed at the center of mass (CoM) of the vehicle

with the zb-axis upward. The vehicle is assumed to move only
on a flat ground surface.

The planar motion of the vehicle is captured by pointC2 and its
position is denoted as r = [x y]T in I. The vehicle’s wheelbase
and width are denoted as l1 = C1C2 and l2, respectively. The
distances between the CoM andC2 along thexb-, yb-, and zb-axis
directions in B are denoted as xG, yG, and zG, respectively. The
vehicle’s yaw, roll, and steering angles are denoted as ψ, ϕ, and
φ, respectively. The zero roll angle ϕ = 0 is defined at the static
equilibrium point, i.e., the CoM projection point on the ground
is located on the C1C2 line. It is clear from Fig. 1(b) that the
position of ϕ = 0 corresponds to rotating the vehicle by angle
ϕG = tan−1(yG

zG
) along the X-axis from the four-wheel driving

position. The vehicle rolling angle from the horizontal plane is
denoted as ϕr = ϕ+ ϕG and it is straightforward to obtain that
ϕr = 0 at four-wheel driving condition.

Vehicle velocity and steering angle are the two control actu-
ations, while the vehicle has three DOFs (i.e., r and ϕ) during
ski-stunt motion. We consider the following motion control
problem.

Problem Statement: For a given desired trajectory rd, the
goal of motion controller is to initiate and maintain a ski-stunt
maneuver from a four-wheel driving condition by velocity and
steering actuation such that r follows rd closely, while the roll
motion is kept balanced when vehicle running on two wheels.

B. Vehicle Motion Models

The vehicle is assumed to operate on high-friction ground
such that the contact point C2 has zero lateral velocity, i.e., non-
holonomic constraint at C2. To simplify the modeling method,
we take a kinematic model for the planar motion and a dynamic
model for the roll motion. We denote the longitudinal velocity
of point C2 as v, and the vehicle kinematic model is written
as ẋ = v cosψ and ẏ = v sinψ. Taking the derivative of ṙ, we
obtain

r̈ =

[
ẍ

ÿ

]
=

[
cosψ −v sinψ

sinψ v cosψ

]
︸ ︷︷ ︸

gr

[
v̇

ψ̇

]
= gru (1)

where control input u = [uv uψ]
T , uv = v̇ and uψ = ψ̇. The

relationship between steering and yaw motion is given as [14]

ψ̇ =
v

l1 cosϕr
tanφ. (2)

The kinematic model (1) is used for both four- and two-wheel
planar motion control of the vehicle.

During a ski-stunt maneuver, the roll motion is modeled as an
inverted pendulum and a dynamics model is obtained. The total
vehicle mass and mass moments of inertia about the CoM along
the xb, yb, and zb-axis directions are denoted as m and Jx, Jy ,
and Jz , respectively. Similar to the bicycle dynamics in [14],
using the Lagrangian method, we obtain the equation of motion
for roll motion as

Jtϕ̈−mglG sinϕ = mlGxGψ̈ cosψ +ml2Gψ̇
2 sinϕ cosϕ

+
(
Jz cos

2 ϕ+ Jy sin
2 ϕ

)
ψ̇2 − (mlGxGϕ̇ sinϕ
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− vlGm cosϕ)ψ̇ (3)

where Jt = ml2G + Jx and lG =
√

y2
G + z2

G. Noting that v �
|ψ̇|, |ϕ̇|, we simplify (3) by neglecting the higher-order terms
and obtain

ϕ̈ = fϕ + gϕuψ + fu (4)

where fϕ = 1
Jt
mglG sinϕ, gϕ = 1

Jt
mvlG cosϕ, and fu is a

bounded term to account for the torque approximation errors
and uncertainties.

Letting x = [rT ϕ ṙT ϕ̇]T ∈ R6, the system models (1)
and (4) are rewritten as

ẋ = F +Gu+ F u (5)

where F = [01×5 fϕ]
T , F u = [01×5 fu]

T , G = [02×3 gT
r

gT
ϕ ]

T , gϕ = [0 gϕ], and 0p×q represents zero matrix with
dimension p× q, p, q ∈ N.

III. MOTION CONTROL OF SKI-STUNT MANEUVER

In this section, we first introduce the exponential CBF
(ECBF), and then present the safe motion control and analysis
for ski-stunt maneuvers.

A. Safety Criteria and ECBF

The following safety criteria are considered.
1) Rollover prevention: When conducting ski-stunt maneu-

vers, any rollovers should be prevented, i.e., ϕ < ϕmax,
where ϕmax is the allowable maximum roll angle.

2) Roll balance: The vehicle should be dynamically bal-
anced around equilibrium points when navigating on two
wheels.

3) Collision avoidance: Any possible collision with obsta-
cles (if present) should be avoided.

Safety and balance are two major control objectives. Since roll
and planar motions are tightly coupled, rollovers may happen
due to either sharply turning at high speed or following unsafe
roll-angle profiles. The safety set is defined by CBF h(x) as

S = {x : h(x) ≥ 0}. (6)

Function h(x) is assumed to have the relative degree p ∈
N, i.e., the control input u appears in the pth derivative of
h(x) explicitly. To define the ECBF for (5), we introduce
q = [h(x) h′(x) · · · h(p−1)(x)]T ∈ Rp and obtain

q̇ = Aq +Buh + uδ (7)

and output h(x) = Cq with C = [1 0T
p−1]

A =

[
0 Ip−1

0 0

]
,B =

[
0p−1

1

]
,uδ =

[
0p−1
∂h
∂xF u

]
,

Ip−1 and 0p−1 are the identity matrix and zero (column)
vector with dimension p− 1, respectively, uh = Lp

Fh(x) +

LGL
p−1
F h(x)u, Lp

Fh(x) is the pth order Lie derivative of h(x)
along vector field F , and LGL

p−1
F h(x) is assumed to be invert-

ible.

We take a state feedback control uh = −γq, γT ∈ Rp, such
that under uh the system (7) with uδ = 0 is asymptotically
stable. The closed-loop solution is then obtained as

h(x) = Ce−(A−Bγ)tq(0)︸ ︷︷ ︸
hu(x)

+

∫ t

0
Ce−(A−Bγ)τuδ(t− τ)dτ︸ ︷︷ ︸

hδ(x)

= hu(x) + hδ(x). (8)

If the system model is precise, namely hδ(x) = 0, h(x) is
referred as the ECBF. When uh > −γq, hu(x) ≥ Ce(A−Bγ)t

q(0) for t > 0. Ifhu(x) > 0 at t = 0, the system remains safe for
hu > 0 [15], [22]. Given bounded F u, we obtain that hδ(x) is
bounded |hδ| ≤ hmax

δ for t > 0 and h(x) ≥ −hmax
δ . Compared

with the conventional CBF, h(x) in (8) might reach a negative
value due to model accuracy. To avoid this, we estimate the value
of hmax

δ and add a safety buffer as a conservative measure.
The control input set for x ∈ S is defined as

Us = {u ∈ U : Lp
Fh(x) + LGL

p−1
F h(x)u ≥ −γq(x)}. (9)

Safe control can be obtained through a safety-critical de-
sign [15]. The safety-critical control does not explicitly design
the control input. Instead, the CBF is employed as a constraint
to modify the nominal control [23].

B. Safe Ski-Stunt Maneuver Planning and Control

We first use the CBF method as an online motion planner to
obtain a safe trajectory and then design a controller to follow
the planned safe trajectory. The approach is summarized into
the following steps: 1) conduct the nominal control design;
2) modify nominal control and plan the safe trajectory; and 3)
calculate roll balance equilibrium manifold (BEM) and design
the controller to follow the safety trajectory and the BEM.
The CBF is integrated with the motion planning and vehicle
dynamics are considered in the last step of feedback controller
design.

The nominal control un is designed such that the planar
motion converges to rd. Using the kinematic model (1), we
design the nominal control

un = g−1
r (v, ψ)unr, unr = r̈d − kp1er − kd1ėr (10)

where er = r − rd and kp1, kd1 > 0 are constant gains. We
design the roll motion CBF hϕ(x) as

hϕ(x) = ϕ2
1 − (ϕ− ϕ2)

2 (11)

where ϕ1 and ϕ2 are constant. When hϕ(x) > 0, the roll angle
is confined in a tube around ϕ2 with the radius of ϕ1 to prevent a
rollover. The allowable maximum roll angle isϕmax = ϕ1 + ϕ2.
For collision avoidance, the following CBF is used to evaluate
the distance to an obstacle at (xo, yo):

hr(x) = R2 − (x− xo)
2 − (y − yo)

2 (12)

where R is the allowed safety distance.
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To obtain a safe trajectory, we formulate an MPC-based online
planner as

min
uH

∫ t+HΔt

t

(
eTsdW 1esd + eTuW 2eu

)
dτ (13a)

subject to : ẋs = F +Gus (13b)

Lp
Fhr(xs) + LGL

p−1
F hr(xs)us ≥ −γrq(xs), (13c)

Lp
Fhϕ(xs) + LGL

p−1
F hϕ(xs)us ≥ −γϕq(xs) (13d)

where uH = {us1, . . . ,usH} is the predictive control input
set, Δt is the step length, H ∈ N is the predictive horizon,
and W 1,W 2 are positive definite diagonal matrices. Term
eu = us − un, us ∈ Us, is the input difference between us

and normal control un. Error esd = xs − xd is the difference
between the safe trajectoryxs and the desired trajectoryxd. The
desired roll angleϕe and its derivative ϕ̇e ofxd are approximated
by the BEM that will be given later in this section. The optimiza-
tion in (13) is solved online in real time via sequential quadratic
programming. The nominal control is used as the initial guess.

Under the solution u∗
s of (13), the predicted safe trajectory

is rs, which is computed by (13b). With safe trajectory rs, the
control input is obtained similar to (10) as

usn = [usv usψ]
T = g−1

r (v, ψ)ur, ur = r̈s − kp1es − kd1ės
(14)

wherees = r − rs. To guarantee balance of roll motion, we first
compute the BEM and then update the steering control input for
roll motion stabilization. Given usψ in (14), the BEM is defined
as the instantaneous roll angle equilibrium, i.e.,

E = {ϕe : fϕ(ϕe) + gϕ(ϕe)usψ = 0}. (15)

To stabilize ϕ onto E , we update the steering control input

uϕψ = g−1
ϕ (−fϕ + ϕ̈e − kp2eϕ − kd2ėϕ) (16)

where eϕ = ϕ− ϕe and kp2, kd2 > 0 are feedback gains. The
final control becomes uf = [usv uϕψ].

Algorithm 1 illustrates the overall motion control for the ski-
stunt maneuver. In the algorithm, lines 2 to 7 are interpreted
as an online CBF-based trajectory planning, where a family of
safety-involved CBFs are considered as dynamic constraints for
both the planar and roll motion. Finally, lines 8 to 10 represent
the control design for the autonomous ski-stunt maneuver.

Defining error vector ex = [eTs eϕ ėTs ėϕ]
T , we assume that

the model perturbation error of the closed-loop system by using
the BEM (15) is affine with ex. The stability and convergence of
the control design are then summarized in the following lemma
with proof given in Appendix.

Lemma 1: For (5) under the controlleruf , safe criteriax ∈ S ,
balance condition ϕ ∈ E , and exponentially trajectory tracking
to a neighborhood of rd are simultaneously achieved.

IV. MOTION CONTROL SWITCHING STRATEGY

In this section, we discuss how to switch motions between
regular four-wheel driving and ski-stunt maneuver. The initi-
ation of a ski-stunt maneuver is challenging, and the highest
priority should be given to rollover prevention. To systematically

Algorithm 1: Safe Control Design for Ski-Stunt Maneuver.

Fig. 2. Schematic of the design flowchart for initiation of the ski-stunt
maneuver, and motion-control switching strategies. The blocks with
dashed lines indicate the four-wheel driving condition.

design an initiation strategy, we consider a three-stage process:
1) maneuver preparation; 2) motion transition from on four- to
two-wheel modes; and 3) fully ski-stunt maneuvering. Fig. 2
illustrates the flowchart of the three-stage process as well as the
corresponding control strategies.

1) Stage 1: This stage serves as a preparation phase. A
sharp turn (i.e., a large steering angle change) is required to
generate the turning torque, while at the same time, the steering
angle should be kept within a limit, i.e., φ < φmax, where φmax

denotes the maximum allowable steering angle.
To help generate enough torque for initiation, the

vehicle velocity should increase to reach a threshold
value, vc. The steering-induced torque τs = mvlG cosϕuψ =
mv2lG cosϕ
l1 cosϕr

tanφ is proportional to vehicle velocity square.
When the vehicle starts to tilt its body,ϕr = 0 (orϕ = −ϕG), the
steering-induced turning torque τs is equal to the gravitational
torque (i.e., mglG sinϕ). From this observation, we obtain the
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Fig. 3. Modified truck platform. (a) Embedded system on top of a plate. (b) Rear drive motor. (c) Custom-installed velocity encoder. (d) Custom-
installed steering encoder.

critical steering angle

φc = tan−1

(
gl1 tanϕG

v2

)
. (17)

The above relationship implies that a large velocity is re-
quired to initiate ski-stunt maneuvers at a reasonable steering
angle. From (17), the critical velocity is determined as vc =√

gl1 tanϕG

tanφmax
by assuming that the maximum allowable steering

angle φmax is reached. Once the vehicle body is tilted, the
required steering-induced torque is reduced.

1) Stage 2: In this stage, the rolling motion has been initiated
and the vehicle enters a transition phase. The vehicle makes a
sharp turn with a large steering angle and a roll angle profile
ϕe is given by the BEM calculation. The primary concern is
rollover prevention. Therefore, we use a similar design as (13)
with a simplified object function and constraint as

min
uH

∫ t+HΔt

t

e2
ϕdτ

subj. to : ẋs = F +Gus, hϕ(xs) > 0 (18)

where hϕ(xs) > 0 denotes the rollover prevention-related CBF
in (13d). The solution to (18) is obtained to generate the safe
reference profile for xs and control input uf is still applied by
using xs.

1) Stage 3: Once the roll angle error is less than a small
threshold value, i.e., |eϕ| ≤ ε, we recognize that the vehicle
has finished the transition phase and is moving to the ski-stunt
maneuver. With safety guaranteed, the primary concern be-
comes trajectory-tracking accuracy. The rollover constraint is
still applied and (13) is directly used for motion planning. The
controller design in Section III-B is used in this stage.

The above three-stage process deals with initiation and transi-
tion from four-wheel operating condition to ski-stunt maneuver.
To move back to four-wheel driving mode, the vehicle velocity is
reduced to a small value v2 < vc and a small (opposite direction)
steering angle φ2 < φmax is maintained for a short period of
time. The nominal control (10) is used. The entire maneuver
switching and control strategy is illustrated and summarized
in Fig. 2. The switching conditions from Stages 1 to 2 and
2 to 3 are specified by vehicle velocity v > vc and roll-angle
error |eϕ| ≤ ε, respectively. Once in Stage 3, the MPC-CBF

TABLE I
VALUES FOR THE MODEL PARAMETERS OF THE SCALED TRUCK

Fig. 4. Schematic of the interconnection of the onboard vehicle
mechatronic systems in experiments.

based motion planner computes the safe trajectory rs, and then
balance-enforced control is then used to follow rd as shown in
Algorithm 1.

V. EXPERIMENTAL RESULTS

A. Test Vehicle and Experimental Setup

As shown in Fig. 3(a), the scaled vehicle was built by modify-
ing a radio controlled (RC) truck platform (https://traxxas.com/
products/landing/x-maxx/model X-Maxx racing truck from
Traxxas). Table I lists the values of the main physical model
parameters for the vehicle. The platform is a front-steering,
rear-driving scaled truck; see Fig. 3(b). Four encoders and one
potentiometer (from US Digital) were installed to measure the
front- and rear-wheel angular velocities and the steering angle,
respectively; see Fig. 3(c) and (d). The encoders (1024 pulses
per each round) were connected to wheel shaft through 3-D
printed gears and belts (gear ratio 1:1). One inertia measurement
unit (model BNO055 from Adafruit, 9-DOF absolute orien-
tation IMU) was installed to measure the vehicle’s roll and
yaw angles. The IMU measurement was tested and used for
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Fig. 5. (a) Indoor experiment setup. (b) Vehicle runs on a narrow bridge by performing a ski-stunt maneuver. (c) Snapshots of ski-stunt maneuver
initiation process by steering. The labels in (c) illustrate the stages in four-wheel to two-wheel transition process.

Fig. 6. Onboard sensor-based localization comparison results with the ground truth. (a) Vehicle x and y trajectory comparison. (b) Localization
errors. (c) Vehicle roll angle comparison. The initial position and yaw angle were set as zero for sensor-based localization design in experiments.

outdoor tests only. A Jetson TX2 computer (from NVIDIA
Inc.) and Teensy 4.0 microcontroller were used for onboard
computational sources and also for real-time motion control.
The IMU, microcontroller, and TX2 computer were mounted
on a flat plate on top of the vehicle.

Fig. 4 shows the schematic of the onboard electronic, actua-
tors, embedded systems, and the rest of the experimental setup.
We set up a high-speed wireless local network (5 GHz) and
a remote laptop computer was used to communicate with the
onboard computing devices. As shown in Fig. 1(a), a training
wheel was added and mounted on one side to protect the vehicle
from any damage by possible rollover incidents. When the
training wheel touched down on the ground, it was found that
ϕ = 8◦ and equivalently ϕr = 48◦.

The sensor data collection and motion control were imple-
mented in the Robot Operating System with a frequency of
100 Hz (i.e., Δt = 10 ms). The MPC prediction horizon was
set as H = 10. The values of the other control parameters
used in experiments are: W 1 = diag(1, 1, 1, 1, 10, 10),W 2 =
diag(10, 10), γr = [3 3 20 20]T , γϕ = [5.5 30.5]T , kp1 = 6,
kd1 = 12.5, kp2 = 14.5, kd2 = 38, φmax = 15◦, φ2 = −10◦,
and vc = 2.5 m/s. Given the control input uf = [usv uϕψ]

T ,
the velocity was updated by usv and the steering angle was
calculated as φ = tan−1(

uϕψl1 cosϕr

v ). The steering angle and

velocity commands were sent to the microcontroller for low-
level proportional-integral controller implementation.

We ran experiments primarily in the indoor setup. Limited
outdoor experiments were also conducted due to the constrained
indoor space for certain runs. Fig. 5(a) shows the indoor exper-
imental setup. The vehicle ran within a 5 × 5 m2 space and a
motion capture system (9 Vantage cameras from Vicon Ltd.)
was used to provide the vehicle’s position and orientation in
real time. Optical markers were attached to the vehicle; see
Fig. 3(a). For long-distance motion, the experiments were con-
ducted outdoors and the onboard sensing suite (e.g., encoders
and IMU) was used to provide localization and orientation of
the vehicle since no global positioning system was installed on
the vehicle. To validate the performance of the onboard sensor-
based localization scheme, we conducted indoor experiments
to compare the position and orientation estimation from the
onboard sensors with the ground truth from the motion-capture
system. Fig. 6 shows the comparison results. Fig. 6(a) shows
the vehicle position estimation comparison and Fig. 6(c) for
the roll-angle comparison results. The position estimation er-
rors are less than 0.1 m as shown in Fig. 6(b) and the roll-
angle-estimation error is also small. Therefore, onboard sensor-
based localization measurements are accurate for outdoor
experiments.
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Fig. 7. Experimental results for performing a ski-stunt maneuver to follow a straight-line trajectory on a narrow bridge. (a) Vehicle trajectory.
(b) Vehicle longitudinal and lateral velocities. (c) Vehicle roll angle. We added the bias ϕG to the BEM in (c) as the roll angle is in the form of ϕr .
The black horizontal line indicates the roll angle ϕr = 48◦ when the training wheel touched the ground.

B. Experimental Results

We first present the results when the roll angle was initially
in the neighborhood of the equilibrium point. The purpose is
to validate the system model and the results of simultaneous
trajectory tracking and safe roll balance. To compare the con-
trol performance, the vehicle reference velocity was set at a
constant value. Fig. 7 shows the results of the vehicle moving
on a narrow wooden deck; see Fig. 5(b) for the experimental
setup. The width of the bridge deck was 0.4 m, which was
less than the vehicle width (l2 = 0.54 m). The vehicle per-
formed the ski-stunt maneuver to go through the bridge deck
in a two-wheeled straight-line trajectory xd = 1.2 t and yd = 0.
Fig. 7(a)–(c) show the vehicle trajectory, velocity, and roll
angle profiles, respectively. The trajectory tracking error was
within around 0.15 m and the vehicle roll angle followed the
equilibrium manifold value closely. One main reason for the
position error was due to vibrational disturbances brought on
by the flexible training wheel structure installed on the robotic
vehicle.

Fig. 8(a)–(c) and (d)–(f) show the trajectory tracking results
for straight-line and circular trajectories, respectively. At differ-
ent moving velocities, the trajectory errors were less than 0.2 m
for both types of trajectory profiles. The roll angle displayed
small oscillations around the static equilibrium (i.e., ϕer =
ϕe + ϕG = 40◦). One benefit of maintaining a fast-moving
velocity is that the steering-induced balance torque is large.
As shown in Fig. 8(d), the vehicle cannot maintain balance at
low velocity (i.e., v = 0.8 m/s). Compared with the straight-line
motion, tracking a circular trajectory required a larger balance
torque. With a small radius and large velocity, the roll angle
becomes small, i.e., farther away from the static equilibrium;
see Fig. 8(e). A similar observation can be found when one is
riding a bicycle and takes a sharp turn at high speed.

We further show the results for collision avoidance and
rollover prevention with the CBF-based constraint-enforced
control. Fig. 9(a) shows the vehicle trajectories under ski-stunt
maneuver with an obstacle. In the experiment, the obstacle
had a circular shape with a radius R = 1 m and its center

at (xo, yo) = (5, 0) m. The vehicle should avoid the obsta-
cle and perform a ski-stunt maneuver when moving from the
origin to the target position at (10, 0) m. We used the CBF
hr(x) in (12). It is not a surprise that in Fig. 9(d) the vehicle
would hit the obstacle when the CBF-related constraint was not
used. With the CBF constraint enforced, the vehicle passed the
obstacle and maintained its balance. Fig. 9(b) and (c) shows
the vehicle roll angle ϕr and its error during the maneuver.
It is interesting to note that with a large velocity, the safe
distance from the vehicle to the obstacle became larger, as shown
in Fig. 9(d). A fast velocity implies an aggressive, high-risk
motion and therefore, the conservative control was taken by
the design.

Fig. 10 shows the ski-stunt maneuver initiation results. The
trajectory tracking task was not enforced in this experiment.
The vehicle speed was set as 2.5 m/s. At t = 2 s, a sharp
turn was taken to initiate the ski-stunt maneuver. The CBF was
constructed withϕ1 = 22 andϕ2 = 20◦ and therefore, the maxi-
mum allowed roll angle was set atϕmax = 42◦. The targeted roll
angles were commanded at ϕc

r = 20◦ and 30◦ (ϕ = −20◦ and
−10◦, equivalently). As shown in Fig. 10(a) and (c), the vehicle
safely tilted its body without exceeding the boundary and the
roll angle errors were within 5◦. In contrast, rollover happened
(rotation angle is beyond ϕr = 48◦) when the CBF constraint
was not applied. To prevent rollover, the roll angle dropped back
to 10◦ at t = 4.5 s immediately when reaching 40◦, shown in
Fig. 10(a). The ϕc

r = 20◦ reference was farther away from the
static equilibrium and thus, required a large balance torque. The
steering angle for ϕc

r = 20◦ was larger than that of ϕc
r = 30◦, as

shown in Fig. 10(b). Fig. 5(c) shows a snapshot of one initiation
experiment run.

We next demonstrate the autonomous ski-stunt maneuver and
motion-switching results. Fig. 11(a) shows the vehicle trajectory
during the experiment. The vehicle started from the origin and
followed a circular trajectory with a radius of 1.2 m in four-wheel
driving mode. It started at Stage 1 of the ski-stunt maneuver
initiation process and accelerated to velocity v = 2.5 m/s at
t = 1.5 s. Then, the initiation process transitioned to Stage 2 with
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Fig. 8. Comparison results of ski-stunt maneuvers for following a straight-line (outdoor experiments) and circular trajectories with different
velocities. Vehicle trajectory, roll angle, and roll angle error: (a)–(c) for straight-line trajectory; (d)–(f) for circular trajectory. The black horizontal
lines in (b) and (e) indicate the roll angle ϕr = 48◦ when the training wheel touched the ground.

Fig. 9. Outdoor experiments for obstacle avoidance in ski-stunt maneuver. (a) Vehicle trajectory. (b) Vehicle roll angle. The black horizontal line
indicates the roll angle ϕr = 48◦ when the training wheel touched the ground. (c) Roll angle error. (d) CBF function hr(x).

steering angle φmax = 15◦. The calculated BEM ϕe = −18◦

was used as the reference roll angle. We selected the rollover
prevention CBF with ϕ1 = 22◦ and ϕ2 = 20◦. The vehicle
smoothly entered the ski-stunt motion without large rolling
oscillation. Starting from t = 3 s, the vehicle performed the
ski-stunt maneuver (i.e., Stage 3) and the roll angle followed
the desired angle with trajectory tracking error around 0.3 m, as
shown in Fig. 11(b). At t = 10 s, the vehicle velocity reduced to
v = 1.5 m/s (Fig. 11(c)) and a steering angle was commanded to
exit the ski-stunt maneuver and move back to four-wheel driving
to follow a large circular trajectory with a radius of 1.5 m (for
10 s).

The vehicle initiated the second ski-stunt maneuver at t = 20 s
to follow an elliptical trajectory (long and short semiaxes of
2.25 m and 1.5 m, respectively). The calculated BEM was
around ϕe = −5◦ (i.e., ϕer = 35◦; see Fig. 11(d)). The ve-
hicle velocity increased to around v = 2.9 m/s to take the
sharp turn. The steering angle was first set to the right direc-
tion (i.e., around φ = −10◦) for a short time and then turned
back to around φ = 8◦ to start Stage 1 of the ski-stunt ma-
neuver initiation process. As shown in Fig. 11(e), this stage
lasted for about 3 s, and then moved to Stage 2 for another
2 s to enter the steady ski-stunt maneuver. The vehicle fol-
lowed the BEM ϕer = 35◦ along the elliptical trajectory. The
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Fig. 10. Experimental results for ski-stunt maneuver initiation with various control designs. (a) Vehicle roll angle. The black horizontal line indicates
the roll angle ϕr = 48◦ when the training wheel touched the ground. (b) Vehicle steering angle. (c) CBF function value hϕ(x). The light blue and
pink colors indicate the four- and two-wheel driving modes, respectively.

Fig. 11. Experimental demonstration of switching strategies between regular four-wheel driving and a ski-stunt maneuver. (a) Vehicle actual and
reference trajectories. (b) Trajectory tracking error. (c) Vehicle velocity magnitude. (d) Roll angle ϕ. (e) Steering angle φ. (f) Rollover prevention CBF
hϕ(x). The colors in (c)–(f) indicate the different stages of the ski-stunt maneuver initiation process.

CBF was designed with ϕ1 = 35◦ and ϕ2 = 30◦. Fig. 11(f)
shows the CBF values during the entire experimental run. It
is clear to see that the roll angle followed the targeted pro-
files without overshooting and the CBF also confirmed the
safety of the vehicle maneuver. The results verified that under
the proposed control algorithm, the vehicle performed safe
ski-stunt maneuvers.

C. Discussion

In experiments, the roll angles showed some oscillations. This
was partially due to the effect of the flexible suspension design
of the RC truck. The installed training wheel structure also
caused additional roll-motion oscillation when the vehicle was
performing ski-stunt maneuvers. To initiate the ski-stunt motion,
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it is preferable for a vehicle to have a high CoM. However, a
high CoM requires a large balance torque to maintain balance.
This tradeoff feature adds difficulty in designing the motion
controller for ski-stunt maneuvers. Starting from four-wheel
driving conditions, a sharp turn is required to generate significant
steering-induced torque to initiate and keep tilting the vehicle
body, while rollover prevention is necessary. For most human-
performed ski-stunt maneuvers, a ramp is used to first tilt the
vehicle body so that the steering angle can be kept at around
zero. In our work, we did not use any ramps to help initiate
ski-stunt maneuvers. To avoid the large change of the steering
angle after the maneuver initialization, the BEM was used for
the roll-balance profile. Meanwhile, the vehicle velocity was
selected by using the calculation in (17). These considerations
enhanced the control performance.

In this work, the planar motion of the scaled vehicle was built
on the kinematics model (with the nonholonomic constraint),
while the roll motion was based on a dynamics model. The
tire–road friction in the experiment setup was high and the
kinematic model was accurate enough to capture the vehicle’s
planar motion. We can additionally consider dynamics model for
the vehicle motion, along with the tire–road interactions that are
important for planning of aggressive motions. However, obtain-
ing the friction model parameters would add further complexity
to the systems modeling and control design. Furthermore, the
model and control parameters have to be tuned to physical
system variations wear of the tires, among other factors [24],
[25].

We can use tire–road interaction models to analyze the effect
of large tire-slip and camber angles in ski-stunt maneuver on
tire friction forces. The front-tire slip angle is given as αf =

tan−1(l1ψ̇/v)− φ and the lateral force of the front tire at four-
wheel driving condition is calculated as [26]

Fy = Dy sin
(
Cy tan

−1 (Byαf )
)

(19)

whereDy, Cy , andBy are the model parameters. When initiating
a ski-stunt maneuver, a sharp turn was used to increase αf , and
therefore lateral force Fy . A large force Fy created significant
turning torques to tilt the vehicle body. Fig. 12 shows the αf

profile for the experiment run with ϕc
r = 20◦ (Fig. 10). Clearly,

a large slip angle (in magnitude) occurred at t = 2 s when the
ski-stunt initiation started. Once the vehicle body was tilted, the
support tire experienced a large camber angle ϕr and the lateral
force is then modeled as [27]

Fy =
Dy

1 + a1ϕ2
r

sin

(
Cy tan

−1 Byαf

1 + a2ϕ2
r

)
where a1, a2 ≥ 0 are tire model parameters. Compared to (19),
with the same slip angle αf , the lateral force Fy is significantly
reduced under large camber angle (i.e., ϕr). This implies that
steering actuation becomes much less effective during ski-stunt
maneuvers than that in regular four-wheel driving condition.

We can further improve ski-stunt maneuver performance in
several aspects. The use of training wheels in experiments
brought oscillations in roll angles and position errors and we
should improve the design to increase the structural rigidity of
the vehicle system. Due to the large tilt angle, wear and tear

Fig. 12. Front wheel slip angle in ski-stunt initiation experiment with
ϕr = 20◦.

significantly damaged the tires and changed the tire–road inter-
action properties. This also affected the steering actuation effec-
tiveness and the control designs had to adapt to those changes.
We only tested the control method on even and flat ground
surfaces with high friction coefficient. The control design might
need to be revised for high-speed ski-stunt maneuver on rough,
off-road terrain. Towards to this goal, dynamics model must be
used for the vehicle motion control and tire–road interactions
should be incorporated into the motion planning. Moreover, it is
desirable to conduct full-size vehicle implementation and testing
for autonomous ski-stunt maneuvers. Full-size vehicles display
multibody dynamics properties and the motion model used in the
article might no longer apply. System identification and machine
learning-based methods can be further considered [26], [28],
[29]. This work mainly focuses on the motion-control task and
motion planning for the ski-stunt maneuver is not fully explored.
To achieve higher-performance autonomous maneuvers, an ef-
fective motion planner still needs to be developed and integrated
with the motion control [30].

VI. CONCLUSION

This article has presented a motion-control design for au-
tonomous vehicle ski-stunt maneuvers. The vehicle motion
under ski-stunt maneuvers shares similar dynamic behavior
with rollovers, but the rolling motion was stabilized around an
(unknown) dynamic equilibrium. We designed the CBF-based
dynamic constraint for online safe roll-trajectory planning and
incorporated it into an MPC approach. The external and internal
convertible form-based control was used for trajectory track-
ing with safety-guaranteed roll motion. We further presented
a motion-switching strategy between the autonomous ski-stunt
maneuver and regular four-wheel driving control. Under the
proposed design, the ski-stunt maneuver was proved to be stable
and safe. The motion control strategies were validated and
demonstrated extensively through experiments on a scaled vehi-
cle platform. As a future research direction, the model accuracy
should be improved to enhance the performance. Development
of machine learning-based motion control is another ongoing
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research direction for both the motion-planning and control
tasks.

APPENDIX

We first show that under control uf , error ex =
[eTs eϕ ėTs ėϕ]

T converges a small ball around the origin ex-
ponentially. From (15), we obtain usψ = −g−1

ϕ fϕ under the
condition ϕ = ϕe. We rewrite the updated control uϕψ around
ϕ = ϕe, ϕ̇ = ϕ̈ = 0 as

uϕψ = g−1
ϕ (−fϕ + ϕ̈e − kp2eϕ − kd2ėϕ)

= usψ +O(eϕ) + g−1
ϕ (ϕ̈e − kp2eϕ − kd2ėϕ)

= usψ +O(eϕ) + g−1
ϕ vϕ (20)

where O(eϕ) denotes the higher order terms. Under control
uf , the error dynamics with respect to the safe trajectory rs
is obtained by using (20)

ës = −kp1es − kd1ės + pr, ëϕ = −kp2eϕ − kd2ėϕ + pϕ
(21)

where pr = gr(v, ψ)[0 O(eϕ) + g−1
ϕ vϕ]

T and pϕ are perturba-
tion terms due to the coupling between the planar and roll motion
with the BEM. The closed-loop dynamics (21) is then rewritten
as a compact form as

ėx = Dex + p

where matrix D is composed of the feedback gains kp1, kd1,
kp2, and kd2, and perturbation term p = [0T

2 0 pT
r pϕ]

T .
We introduce the Lyapunov function V1 = 1

2e
T
x ex. By as-

sumption of the perturbation term is affine of error ex, there
exists c1, c2 > 0 such that ‖p‖ ≤ c1‖ex‖+ c2. Under this con-
dition, we obtain

V̇1 = eTx (Dex + p) ≤ eTxDex + ‖ex‖ (c1 ‖ex‖+ c2)

≤ [λmax(D) + c1] ‖ex‖2 + c2 ‖ex‖ .
Let the control gains be properly selected such that λmax(D) +
c1 < 0, where λmax(D) is the greatest eigenvalue of D. Thus,
the error ex converges to zero until enters a small ball.

We denote the safe control input after the CBF filtering as
u∗
s = un + e∗u, wheree∗u is the CBF modification to the nominal

control. The planning error becomes

ë1 = r̈s − r̈d = g−1
r (un + e∗u)− r̈d

= −kd1ėr − kp1er + g−1
r e∗u

= −kd1(ė1 + ės)− kp1(e1 + es) + g−1
r e∗u. (22)

Combining with the es dynamics in (21), we have planar mo-
tion error relative the reference is er = r − rd = (r − rs) +
(rs − rd) = es + e1, where e1 = rs − rd, and its dynamics is
calculated as

ër = −kd1(ės + ė1)− kp1(es + e1) + pr + g−1
r e∗u.

Note that the total control error er = es + e1 consists of control
error es and the planning error e1 is captured by (22). The
convergence of error has been shown above and now we need to
prove the convergence of error e1.

SinceV1 converges to a ball near zero exponentially regardless
of the error e1, we assume that after finite time under the control
uf , es is small enough, i.e., ‖[eTs ėTs ]

T ‖ ≤ εs with εs > 0.
The e1 dynamics then becomes ė1 = −kd1ė1 − kp1e1 + ps,
where ps = pr + g−1

r e∗u + ([kp1 kd1]
T εs). The convergence of

e1 can be shown by taking the Lyapunov function candidate
V2 = 1

2e
T
d ed, where ed = [eT1 ėT1 ]

T . The time derivative of V2

is

V̇2 = eTd

[
02×2 I2

−kp1I2 −kd1I2

]
︸ ︷︷ ︸

Λ

ed + ėT1 ps

≤ −eTd Λed + ‖ed‖‖ps‖.
Withkp1, kd1 > 0,Λ is negative definite. Since ‖ps‖ is bounded,
e1 converges to a small ball around zero. Therefore, under uf ,
the trajectory r converges to a neighborhood of rd and x ∈ S ,
and ϕ ∈ E are achieved. This completes the proof.
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