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ABSTRACT

We assess the possibility of detecting both eccentricity and gas effects (migration and accretion) in the gravitational wave (GW)
signal from LISA massive black hole binaries at redshift z = 1. Gas induces a phase correction to the GW signal with an effective
amplitude (Cy) and a semimajor axis dependence (assumed to follow a power-law with slope n,). We use a complete model
of the LISA response and employ a gas-corrected post-Newtonian inspiral-only waveform model TAYLORF2ECC. By using the
Fisher formalism and Bayesian inference, we constrain C, together with the initial eccentricity ey, the total redshifted mass M,
the primary-to-secondary mass ratio ¢, the dimensionless spins x; » of both component BHs, and the time of coalescence #.. We
find that simultaneously constraining C, and eq leads to worse constraints on both parameters with respect to when considered
individually. For a standard thin viscous accretion disc around M, = 103 Mp.q =8, x12 =0.9,and t, = 4 years MBHB, we can
confidently measure (with a relative error of < 50 per cent) an Eddington ratio fggg ~ 0.1 for a circular binary and fggg ~ 1 for an
eccentric system assuming O(10) stronger gas torque near-merger than at the currently explored much-wider binary separations.
The minimum measurable eccentricity is ey = 10727 in vacuum and ey > 1072 in gas. A weak environmental perturbation
(feaa < 1) to a circular binary can be mimicked by an orbital eccentricity during inspiral, implying that an electromagnetic
counterpart would be required to confirm the presence of an accretion disc.

Key words: accretion, accretion discs —black hole physics — gravitational waves — methods: data analysis —methods: statistical.

1 INTRODUCTION

The prospect of the observation of gravitational waves (GWs) in the
mHz band in the 2030s looks promising following the adoption by
ESA of the Laser Interferometer Space Antenna (LISA; Amaro-
Seoane et al. 2017; Barack et al. 2019; Colpi et al. 2024) and
with other projects, such as TianQin (Wang et al. 2019) and
Taiji (Gong et al. 2021), being developed. One of the primary
expected extragalactic sources for LISA are massive black hole
binaries (MBHBs) with primary-to-secondary mass ratios g < 10
and total masses between 10* Mg and 10° M, which LISA will
be able to observe up to redshift z ~ 20 (Amaro-Seoane et al.
2017). Another expected source are intermediate/extreme mass ratio
inspirals (I/EMRIs; Babak et al. 2017; Amaro-Seoane 2018) with
g > 102, which can be observed up to z < 2. MBHBs, with their high
signal-to-noise ratios (SNRs; Amaro-Seoane et al. 2017), provide
exciting opportunities to not only measure source properties with
high accuracy but also place constraints on the properties of their
environments.

* E-mail: mudit.garg@uzh.ch

The main formation channel for MBHBs is via galaxy mergers
(Begelman, Blandford & Rees 1980). To shrink these binaries from
a large scale to the coalescence phase within a Hubble time requires
an environmental perturbation that could come from either gas
or stars (see e.g. Amaro-Seoane et al. 2023). In this paper, we
will be primarily concerned with the dynamical effects of gas,
as they can non-negligibly perturb both the semimajor axis and
eccentricity of MBHBSs in the LISA regime more strongly than stellar
interactions, given the tight separations. Therefore, when we refer to
an environment we will always mean a gas accretion disc. MBHs are
often observed to be accompanied by an accretion disc at the center
of active galactic nuclei (AGNs) galaxies, especially beyond z 2 1
and up to z < 7 (Padovani et al. 2017). Therefore, as galaxy mergers
trigger gas inflow and AGN activity (Mayer 2013), MBHBs can be
driven to coalescence by a surrounding gas reservoir. For the near-
equal mass MBHBs considered here, we expect the accretion disc to
take the form of a circumbinary disc (CBD; D’Orazio et al. 2016).

GWs can be an important tool to not only measure the source
properties but also probe imprints of the environment in which the
binary is evolving. In the coalescence phase, gas mainly affects the
binary via migration torques and mass accretion. The detectability
of the imprint on the emitted waveform of these effects (see e.g.
Barausse, Cardoso & Pani 2014; Caputo et al. 2020; Garg et al.
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2022) is dependent on the details of the gas inflow. While most of the
works on environmental measurements from GWs have focused on
I/EMRIs (Levin 2007; Barausse et al. 2014; Derdzinski et al. 2019,
2021; Cole et al. 2023; Speri et al. 2023), recent works have indicated
that measurements of gas effects on more equal-mass MBHBs are
also possible (Garg et al. 2022; Dittmann, Ryan & Miller 2023; Tiede
et al. 2024). However, these studies for MBHBs have focused on
the detectable accumulated dephasing in the GW waveform caused
by gas, modelled using only Newtonian-order terms. This makes it
optimistic as well as impossible to confidently pin down gas as a sole
cause for this dephasing in the absence of an electromagnetic (EM)
counterpart, since either higher-order post-Newtonian (PN) terms,
eccentricity, or other environmental effects can also produce similar
dephasings (see e.g. Zwick, Capelo & Mayer 2023). Therefore, it
becomes crucial to identify the region of parameter space in which
we could confidently identify a gas accretion disc as the environment
of a MBHB, utilizing only the observed emitted GWs.

While shrinking the MBHB from a large scale, gas can also
excite eccentricity that can be measurable up to ~ 107273 in the
LISA band one year before the merger (Garg et al. 2024b), despite
partial circularization due to GWs (Peters & Mathews 1963; Peters
1964). Depending on whether the CBD is prograde or retrograde
and extremely or moderately thin, and whether the binary is equal-
mass or unequal-mass, we can expect different eccentricities in the
LISA band. Therefore, measurement of eccentricities can provide
evidence towards certain disc configurations even if gas effects
themselves become negligible near coalescence. However, if there
are measurable gas effects, then there can be an interplay between
them and the eccentricity when performing parameter estimation.

This work considers eccentric binaries of two aligned spinning
MBHs embedded in a CBD. We aim to consider eccentricity as
well as gas parameters during parameter estimation for either a 1-yr
or 4-yr observation window. To be close to realistic data analysis
methodologies, we use high-order PN eccentric waveforms with
aligned spin corrections to the circular part, we model LISA’s
motion and use the time delay interferometry (TDI) response model,
which will be needed to cancel the laser noise, and we consider
both analytical and numerical techniques to assess the achievable
constraints on the parameters of interest.

The paper is structured as follows. In Section 2, we explain our
methodology to include gas-induced corrections in the GW phase
for eccentric MBHBs. Section 3 studies modelling of environmental
effects from CBD simulations to get the leading-order dephasing
from different gas effects. We summarize our parameters of interest
and waveform model in Section 4. In Section 5, we analytically
compute errors on different parameters using the Fisher matrix
formalism. We summarize our results from Bayesian inference in
Section 6. In Section 7, we study if a wrong template can mimic an
injected signal. We discuss our findings in Section 8 and summarize
the key takeaways of this work in Section 9.

2 THE STATIONARY PHASE APPROXIMATION

Let us consider two spinning BHs in vacuum at redshift z, with a
redshifted total binary mass M, and a primary-to-secondary mass
ratio ¢ > 1, revolving around each other in an eccentric orbit with
their dimensionless spins! x; , aligned to the angular momentum of

The dimensionless spin of a BH of mass m and spin angular momentum J
is x = ¢J/Gm?, where G is the gravitational constant and ¢ is the speed of
light.
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the binary. This is equivalent to the motion of a BH of reduced
mass nM_, where n = q/(1 + ¢)? is the symmetric mass ratio, in an
elliptical orbit around a black hole of mass M., fixed at the focus.?
This orbit has a detector frame semimajor axis a, eccentricity e, and
orbital angular frequency 2.

Due to the quadrupole nature of GW emission, the GW emission
from a small eccentricity (< 0.1) and near-equal mass system is
dominated by the n = 2 eccentric harmonic, which is twice the orbital
frequency:

1 [GM.\?
Z;(a3), )

In the small-eccentricity limit, we can also approximate the orbital
angular frequency as 2 = 7 f at all PN orders.

At the Newtonian-order,® the orbital averaged GW-driven semi-
major axis decay rate is (Peters & Mathews 1963; Peters 1964)

64 G nM?
-(0) z
dgw = —?F P F(e), 2)
where
73 37
Fle) = (1 + ﬁez + %e4) (1—e*) 2. 3)

The stationary phase approximation (SPA), which holds for slowly
varying phase and amplitude over an orbital period (Cutler &
Flanagan 1994), is valid for the inspiral part of the GW signal. The
SPA phase can be expressed as

d d
w(f)=2nfrc—¢c+znf/af“ fzn/faf“, 4

where 7. and ¢, are the time and phase of coalescence, respectively.

For simplicity, we only consider circular Newtonian-order am-
plitude with the quadrupole mode [i.e. (2,2) mode] for all cases.
The phase is more sensitive than the amplitude to minor corrections
arising from small eccentricity (e < 0.1; Moore et al. 2016), and the
same should be true for weak environmental effects.

Since both eccentricity and environmental interactions affect the
phase evolution of the source, we describe the cumulative phase
of an event by its individual contributions: g, is the phase a
circular inspiral will accumulate in vacuum, solely due to emission
of GWs; Avrrmgc represents the phase correction to an event’s
waveform when orbital eccentricity alters its GW emission; and
Avrg,s represents the phase correction that is a consequence of
environmental interaction, which further speeds up or slows down the
inspiral. For the latter, we adopt the interaction with a gas disc as our
fiducial environmental effect. As we discuss later on, AvYrrge. and
Ay, have negligible cross-terms. We consider terms up to 3.5PN
order (Buonanno et al. 2009) for ¥rrp, with aligned spin corrections
also up to 3.5PN order (Arun et al. 2009; Mishra et al. 2016), 3PN and
O(e?) order for Avrrege. (Moore et al. 2016), and the leading-order
correction from gas in A,,. The total SPA phase can be expressed
as

VY =27 ft. — e + Yrr2 + AVrR2ECe + APgas- Q)]

The overall semimajor axis evolution rate can be written down
assuming no cross-term between GWs and gas effects:*

@ = agw + Ggas- (6)

2See Tables 1 and A1 for definitions of commonly used variables and terms.
3Newtonian-order terms are denoted by the superscript (0).

4Thus far, most hydrodynamical simulations show that the gas torques and
accretion rates are not strongly affected by GW-inspiral (Tang, Haiman &
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Given expected traditional disc model properties, we assume
Qgas K dgw in the near-coalescence phase. Therefore, equation (4)
can be expanded to separate the different contributions (all the
integration constants are absorbed into 7. and ¢.):

Yrr + A¥regee =270 f | — —2m / f— @)
aGW
Atrgs = —271f/ gﬂs —|—27r/da f- gas. ®)
GW

The GR phasing contrlbutlons, Ve and AvYrege. are well known
in the literature. The gas contribution, Av,,, appears here in its
current form for the first time, although different forms of the same
expressions do exist in the literature (see e.g. Yunes et al. 2011).

In the next section, we consider the evolution of an MBHB in the
presence of an accretion disc to get an estimate of Ag,.

3 MODELLING EFFECTS FROM A
CIRCUMBINARY DISC

The torque exerted by a near-equal mass MBHB typically carves
out a central cavity in the inner accretion disc that leads to the
formation of a CBD (D’Orazio et al. 2016). However, streams of gas
still flow into this cavity, feeding mini-discs that accrete on to the
binary as well as adding an additional torque component apart from
an outer CBD (Farris et al. 2014). Non-axisymmetric features in this
gas configuration exert a gravitational torque on the binary, which
can lead to inspiral or outspiral of the MBHB depending on various
disc-binary parameters. Typically a binary shrinks before GWs take
over to drive it to merger, if we have a retrograde system (Tiede &
D’Orazio 2024), or a prograde disc with an unequal mass binary
(Duffell et al. 2020), a sufficiently thin disc (Tiede et al. 2020), or
a moderately eccentric system (D’Orazio & Duffell 2021; Siwek,
Weinberger & Hernquist 2023). In 2D CBD studies, this gas torque
is usually expressed as a function of the accretion rate onto the
binary® (M.) and in the circular limit® as [cgp = £ M,a’Q, where
the fudge factor £ depends upon the disc parameters and binary
mass ratio (Duffell et al. 2020; Garg et al. 2022). This expression
is consistent with the viscous torque estimate (Lin & Papaloizou
1986). Furthermore, £ tends to be positive (expand binary) for an
equal-mass binary (D’Orazio & Duffell 2021) and negative (shrink
binary) for ¢ 2 10 (Cuadra et al. 2009; Moody, Shi & Stone 2019;
Muiioz, Miranda & Lai 2019; Duffell et al. 2020; Muiioz et al. 2020;
Tiede et al. 2020; Dittmann et al. 2023; Tiede & D’Orazio 2024).
However, depending on the thermodynamic assumptions, we can
also have a negative torque for a circular near-equal mass system
(Bourne et al. 2023). Therefore, in this work, we will survey & values
that cover all realistic possibilities.

We consider the impact of both migration and mass accretion on
the MBHB evolution in the following sections.

3.1 Migration

Studying the influence of gas-induced migration on the GW inspiral
of the MBHB near merger has a lot of challenges. Gas effects

MacFadyen 2018; Derdzinski et al. 2019, 2021). However, there may be
exceptions within the parameter space, which is yet to be fully explored.
SWe can express M, = fgqaM. /T, where frqq is the Eddington ratio, and
T ~ 50Myr is the Salpeter time-scale for our fiducial radiative efficiency of
0.1.

6 All quantities in the circular limit have bar on the top.

MNRAS 532, 4060-4074 (2024)

on a tight near-equal mass circular MBHB have been simulated
extensively, but only in the regime where GW inspiral is not
important. Therefore, extrapolating results from these studies to near
coalescence (g < dgw) could potentially lead to errors. A few
studies on circular extreme-mass ratio BHBs embedded in a gas
disc by Tang et al. (2018); Derdzinski et al. (2019, 2021) find that
gas effects do not change due to GW emission near the merger.
However, they only consider Newtonian-order terms (Peters 1964)
without including higher-order relativistic corrections. The inclusion
of eccentricity could further exacerbate these problems. Hence, to
encompass modelling uncertainties regarding gas migration effects
on the embedded eccentric MBHB in the LISA band, we can write
down a generic power law’

i a e
Amig = A (W) .(30\),«, 9
where dimensionless A and n, are assumed to be constants for the
duration of the binary coalescence time, .. Effectively, gas correc-
tions to the SPA phase due to migration will enter at the —n, PN order
in this parametrization. Given that gas effects become increasingly
negligible compared to GW emission towards the merger, we can
safely assume n, > 0. Moreover, we will only consider Newtonian-
order hydrodynamical simulations® to study dpig.

For dgas = Gmig and assuming dgw = aé\),v in equation (8), we get
the leading-order dephasing from migration (Yunes et al. 2011)

o 204
T2 (ng + 4)(2ng + 5)

Assuming a thin CBD torque fiducial model, the torque on the
binary in the circular limit is given by:

AYimig = — v, (10)

_ . d 2
Fepp = §Ma™Q2 = E(ﬂMza Q),

:amlg—gif ’ (11)

M n
where in the first line we have ignored the mass accretion term when
taking the time-derivative (see Section 3.2). Therefore, equating
equations (9) and (11) gives us

o-1s & fraa 0.1 (L)’z M,
1.01.0 € \0.1/ 10°Mg’
ng = 4. 12)

A=-540x1

Plugging A and n, into equation (10) gives us

0 -8
A'(,bmig = 1p”i"F)szigv s

15 & fraa 0.1 -2 M,
Crmig = 1.04 x 1070 2 =2 ‘< 13
e 1010 € (01) 105Mg, (13

wherev = (GM,m f/ c3)% is the characteristic velocity of the binary,

#22 (3/128n)v =3 is the leading-order phase term.

3.2 Mass accretion

The increase in mass of either BH due to mass accretion can also
affect the binary evolution. Heavier BHs will coalesce faster due

"We found any cross-terms between gas and eccentricity to be heavily
suppressed in the phase, see Appendix B.

8We note that relativistic corrections to the gas and binary motion can result in
changes to the gas dynamics and resulting torque (Berentzen et al. 2009; Liu
2021), but here we focus on detecting gas with a more generic parametrization.
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to stronger GW emission as per equation (2). Preferential accretion
on to one of the BHs will change the centre-of-mass equilibrium,
and accretion of gas with linear or angular momentum will change
a BH’s momentum and spin, respectively. Each of these effects
produces an additional effective torque, which can be comparable
to or much weaker than the gravitational component discussed in
Section 3.1. We neglect these components in this study, given that
we only consider accretion on to the total binary and not on to its
individual components, nor its small-scale gas configuration. We
note, however, that the inclusion of these effects may justify an
increase in the torque amplitude Cy,; in equation (13).

The accretion rate on to the binary for ¢ = 0.1 can be expressed
as

Mz = fraaM. /7,

Measure eccentricity & gas from GWs of MBHBs 4063
Table 1. Parameters of interest in the detector frame.
0 Definition Units
M. Total redshifted mass Mg
q Mass ratio Dimensionless
X1.2 Spin parameters of both BHs Dimensionless
tc Time of coalescence year
e Initial eccentricity Dimensionless
Cy Environmental amplitude Dimensionless
ng Environmental semimajor axis Dimensionless

power-law relative to GWs

Dy, Luminosity distance Mpc
be Phase at coalescence Radian
1 Inclination Radian
A Ecliptic latitude Radian
B Ecliptic longitude Radian
v Initial polarization angle Radian

= M. = M_oexp(fpaat /7). (14)
The phase contribution due to mass accretion in the circular limit
can be expressed as (Caputo et al. 2020):

(0) 25 fEdd GMZn*I (1 -8 15 78)

Awacc = (15)

26"
where we have absorbed terms independent of f into ¢, and terms
proportional to f in .. We have replaced M., with M, after
computations, since the LISA observation duration we consider is at
maximum 4 years, implying fgqa? /7 < 1 in equation (14). First term
in Ay, can be re-expressed as

fpaa M ap ¢
0 — z
Alﬁiclc) ~ w'?F)Z x 10 167 105M® (GM/62> ’

™56t & \3° 26

where a( is the initial separation, which cannot be more than
~ O(100GM./c?) to have the MBHB merge within the LISA
observation window. Therefore, Ay{) is at maximum O(10~)y{%,
even for optimistic accretion rates (fggq S 100) for near equal-mass
MBHBs. Hence, the first term in equation (15) can be dropped due
to being negligible with respect to the leading-order SPA phase

contribution W%(l):)z and we get the effective accretion dephasing
0 -8
A'l/,acc = w”i"F)zcaccU )

Cace = —1.96 x 10~

ofkas 0L 0y M (16)

10 € \0.1) 10Mg"

3.3 Effective dephasing due to gas

Both phasing terms from migration and accretion have the same v—3

frequency dependence with respect to the vacuum GW phase, which
implies that gas corrections to the SPA phase enter at the —4PN
order. The amplitudes (Cpiz and Cy..) of both effects have similar
dependencies on the binary-disc parameters. However, Cpig/Cacc ~
(0.25/n) implies that dephasing due to migration is only comparable
to accretion dephasing for equal-mass and becomes increasingly
weaker for higher mass ratio binaries.

The overall phasing contribution from gas from both migration
and accretion can be expressed as

©)  —2n n\?* M,
AVrgas = Cotpppv " (0*1) 10°Mg (17)

where C, and n, depend on the underlying gas model. For our CBD
torque fiducial model, we have:
£ e 01

1.01.0 €’

ng =4. (19)

Co=10"" (18)

We model Ay, based on the migration dephasing in equation
(13) and any uncertainties about the dependence on the binary-disc
parameters are folded into £, which can either be positive or negative.

4 PARAMETER SPACE, LISA RESPONSE, AND
TIME DELAY INTERFEROMETRY

To study the evolution of a MBHB embedded in an accretion disc, we
mainly consider the binary-disc parameters summarized in Table 1,
which are defined in the detector frame. There are eight intrinsic
parameters (first eight rows of Table 1) and six extrinsic parameters
(last six rows of Table 1). We further divide the intrinsic parameters
into five intrinsic-merger {M,, q, x1, x2,t.} and three intrinsic-
inspiral {eg, C,, ng} parameters, due to their relative importance in
different phases of the GW source evolution.

We add the gas-induced phasing term in equation (17) to the
TAYLORF2EcC (Moore et al. 2016) phase and then modify LISABETA
(Marsat, Baker & Canton 2021) to incorporate this waveform model.
LISABETA takes into account LISA’s motion and computes the TDI
response of the detector. We use the LISA sensitivity curve including
galactic confusion noise from Marsat et al. (2021).

Based on realistic astrophysical expectations for the different
parameters in Table 1, we generate waveforms until the innermost
stable circular orbit over these parameter grids:

M, € {10*%,10°, 10°7, 10°} M,
q €(8,1.2) &= ne{0.1,0.25},
x1,2 € {0.9},
e € {0, 1073’ 1072.75, 107245’ 1072.25’ 1072’ 1071475’
107145’ 107125’ 0.1},
t. € {1 year, 4 years},
C[107"] € {—10%, —10%, —10",
10%, 10},
ng € {4). (20)

—10°,-0.1,0,0.1, 10°, 10",

The extrinsic fiducial parameters are z = 1, which corresponds to
Dy = 6791.3 Mpc for the best-fitting Planck Collaboration (2020)
cosmology, and all angles are set to 0.5 radians. The systems we
consider here spend at least 4 years in the LISA band before merging.
We limit ey > 1073, since eccentricities below that are unmeasurable
for MBHBs (Garg et al. 2024b). Considering that BHs in gas are
expected to be highly spinning (see e.g. Reynolds 2021), we chose
x1.2 = 0.9 as our fiducial case. However, we find that our constraints

MNRAS 532, 40604074 (2024)
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Table 2. The relative uncertainties, computed using the Fisher formalism,
on the intrinsic-merger parameters and eccentricity for a vacuum system
with M, = 10° M@, g =38.0, x12 =0.9, and . = 4 years between three
eccentricities: eg = 0, ¢g = 0.01 and eg = 0.1.

80[per cent] Circular ep = 0.01 ep =0.1
SM,[%]/1072 3.41 3.97 3.97
5q[%]/1072 7.30 8.51 8.52
8x1[%1/1072 6.52 6.58 6.56
5x2[%]1/107! 9.04 9.56 9.51
81:[%])/1077 2.67 3.08 3.05
Seg[%]/10° - 1.41 0.01

on intrinsic-inspiral parameters are almost independent of the exact
spin magnitude. The SNRs of the sources in the grid specified in (20)
range from ~ 150 to ~ 2500 at z = 1 with tiny differences for the
two times of coalescence.’ In the next section, we compute relative
errors on the measurement of parameters.

5 FISHER FORMALISM

5.1 Fisher matrix measurement of parameters for a
M, =10° Mg and ¢ = 8.0 MBHB with ¢, = 4 years

Using the Fisher formalism (Vallisneri 2008), we compute the
expected error (of*"") on each parameter 6 and set a threshold
on the relative error 86[%] = 100 * o /|9| < 50 to define when
a parameter is considered to be measured. We use 50 percent as
a threshold since we are interested in determining whether the
parameter differs from zero, i.e. whether an effect is present, rather
than wanting an accurate measurement of a large effect. We can
use the Savage—Dickey ratio (Dickey 1971) to convert our Fisher-
based error threshold to the more customary Bayes factor (53). For a
recovered value ko away from zero assuming a Gaussian posterior
with standard deviation o and a uniform prior of width /o on the
parameter of interest, implies a Bayes factor of (Dickey 1971; Garg
et al. 2024b)

2 o 2
B= ix/27rcr2exp (1(1«7) ) = ﬂexp <k—) . @201
lo 2 o? l 2

For a 50 per cent threshold, i.e. k =2 and assuming / = 5, which
ensures the prior is just big enough to contain the entire region of high
likelihood support and hence is the largest Bayes factor that would
not be prior-dominated, gives In B & 1.3, which has a substantial
strength (Taylor 2021). To get decisive strength (In B > 5), we would
need a relative error below 30 percent or k 2 3.3.

We first consider a MBHB with M, = 10° Mg and ¢ = 8.0
and with a coalescence time of 7. = 4 years, which has an SNR
of 377.85 and generates 19 159 GW cycles in the LISA band. We
study both circular and eccentric (with ¢y = 0.01 or ¢y = 0.1) cases.
In this section, we always keep the intrinsic-merger parameters
{M,,q, x1, x2, t.} free and we show relative errors in vacuum in
Table 2. Unsurprisingly, including eccentricity as a free parameter
increases the uncertainties on all the intrinsic-merger parameters.
Furthermore, given that we expect our fiducial CBD system to have
the environmental power-law n, =4 and n, has a non-Gaussian
posterior, based on Fig. 6 discussed in Section 6, we always keep it
fixed to its fiducial value.

9See fig. 2 of Garg et al. (2024b) for SNRs measured in a 1-yr observation
for our systems of interest at different redshifts.

MNRAS 532, 4060-4074 (2024)
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Figure 1. The relative error on the measurement of the environmental
effective amplitude §Cy[%] as a function of Cg, denoted by a red * + ’
symbol, assuming zero eccentricity and fixed environmental power-law n,.
The dashed line represents the circular case. The Cy = 0 case is computed
using Cg = 108 for numerical reasons. We denote the 50 percent well-
measured threshold by a solid grey line.

5.1.1 Circular MBHB

We compute relative errors in the presence of an environment for
a circular system. In Fig. 1, we show results for 6C,[%] as a
function of C,. We find that §C,[%] &~ 5.34 x 10%/|10'3C,|, almost
independently of the sign of the environmental amplitude. The
absolute error agi;he' is independent of the value of Cg, as expected
due to the phase correction from the gas being linearly dependent on
Cy. Moreover, we can well-measure |Cy| 2 1074,

The relative errors on the intrinsic-merger parameters with the
inclusion of gas are higher than the values in vacuum given in Table 2,
but are independent of the magnitude of C,. Therefore, the change in
uncertainties is due to having an extra free parameter in the model.

5.1.2 Eccentric MBHB

In the presence of an environment, we compute relative uncertainties
for injected signals with eccentricities ¢y = 0.01 and ¢y = 0.1. In
Fig. 2, we show results for §Cg[%] and Sep[%] as a function of
C,. We find that §C,[%] ~ 6.35 x 10°/|10'°C,|, irrespective of the
eccentricity value, as expected, but higher than the circular case
shown in Fig. 1. The eccentricity uncertainty, 8eg[%], is nearly
independent of the environmental amplitude, but reaches higher
values than for the vacuum case shown in Table. 2. Both increases
can be attributed to having an extra free intrinsic-inspiral parameter.
|Cq| 2 107" is well-measured for our fiducial system.

The relative errors on intrinsic-merger parameters are again almost
independent of the magnitude of C, but are higher than the values
for eccentric vacuum systems shown in Table 2 because of the extra
free parameter in the model.

5.1.3 Summary
The major conclusions that can be drawn from this section are:

(1) All relative errors are nearly independent of the sign of the
environmental amplitude C,.

(i) The relative errors on the intrinsic-merger parameters,
{M., q, x1, x2, t.}, and eccentricity, e, are independent of the value
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they only increase slightly with respect to their values in vacuum
when the environmental effect is included in the model. This is
mainly because of the inclusion of an extra free parameter.

(iii) The relative errors on C, are higher in the eccentric case
than in the circular case. However, the change is the same for both
eo = 0.01 and ¢y = 0.1. Again, this is because of the inclusion of an
extra degree of freedom in the eccentric environmental model with
respect to the circular environmental one.

(iv) For all the scenarios explored here, amplitudes less than Cg] <
10~'* are not well measured.

In the next section, we will extend the Fisher results to cover the
full parameter space defined in (20). Based on the results in this
section, we will only consider C, > 107" and choose Cy = 107"
and ey = 0.1 as our fiducial intrinsic-inspiral parameters.

5.2 Fisher matrix measurement of parameters for systems of
interest

We would now like to explore the parameter space of equation (20).
For this, we will make matrix plots for the environmental amplitude
C, and the initial orbital eccentricity ey by always considering a
fixed environmental power-law n, = 4. We are again keeping the
intrinsic-merger parameters {M,, q, x1, X2, t.} free.

5.2.1 §Cq[%]

We want to study the uncertainty in the environmental amplitude C,
as a function of C, for both circular and eccentric systems. Based on
the findings of Section 5.1, we only need to consider positive values of
C, € {1072, 1013, 10~'%, 10~} and choose one eccentricity (here
ep = 0.1). In Fig. 3, we show 8C,[%] for various different choices
of the intrinsic-merger parameters and strength of the environmental
effect. Since M, defines if the inspiral part of the signal is in the
low or high-sensitivity region of the LISA frequency band, it affects
the uncertainty on C,. Moreover, g and f. set the number of GW
cycle and so they also affect the measurement of the environmental
amplitude. Based on the parameter dependence in equation (18), for

Figure 3. Therelative Fisher errors on the environmental amplitude, § Cg[ %],
as a function of |Cyq| and the total mass M. The environmental power-law
ng is fixed to 4 in all panels. In all eight panels, we vary M, from 10*3 to
100 Mg and Cg from 107'2 to 10~'3. For all the left-hand panels, we set
t. = 1 year and assume f, = 4 years for all the right-hand panels. We have
either ¢ = 1.2 (in the first and third rows) or ¢ = 8.0 (in the second and fourth
rows). In the top four panels, we assume circular orbits and in the bottom
four panels we set ¢g = 0.1 and allow the initial eccentricity eq to also be a
free parameter. We draw a red dashed line and a solid blue line to identify
the region of well-measured parameters that have relative errors below 30 per
cent and 50 per cent, respectively. Moreover, we suppress all errors beyond
100 per cent. We can at best well measure Cy 2 10~14 for circular binaries
with ¢ = 8 and #. = 4 years and are only able to constrain Cg = 1012 for
an eccentric system with g = 1.2 and 7. = 1 year.

M, = 10° M@,q =8.00orn = 0.1,and & = 100, we can confidently
measure fgqq 2 0.1 for circular systems and fggq 2 1 for eccentric
MBHBs. These constraints on fggq depend upon setting £ = 100,
assuming that gas torques become O(10) stronger near-merger than
at the currently explored wider separations where GWs are not
important and extrapolating of the simulation results of Dittmann &
Ryan (2022), who found increasingly strong torques on binaries for
thinner discs (see their fig. 3).

5.2.2 dep[%]

Now we want to compute the relative errors on the initial eccentricity,
e, as a function of ¢y, with or without the environmental effect.
In Fig. 4, we show 8ep[%] in vacuum and in the presence of an
environment with C, = 1073, The measurement on e strongly
depends upon M. for a similar reason to the dependence of §C,[%]
upon M, . Italso varies weakly with g and #., since limited information
is contained in the GW cycles observed from the very early inspiral.
For t. = 1 year we find a higher minimum measurable eccentricity
in vacuum than what is reported in Garg et al. (2024b) because of
the extra number of free intrinsic-merger parameters {x;, x2, .} in
the analysis.

MNRAS 532, 4060-4074 (2024)
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Figure 4. The relative error on the initial eccentricity, §ep[%], as a function
of e and M. . In all eight panels we vary eccentricities from 10~3 to 0.1 and
masses from 10*3 to 10° M@. In the top four panels, we assume vacuum
and in the bottom four panels we have Cy, = 10~13 and fixed ng =4. All
other parameter choices are the same as in Fig. 3. In vacuum, we are able to
measure at minimum eq 2, 107275, While in the presence of an environment,
at best we can measure eg > 1072,

In the next section, we will carry out Bayesian inference to verify
the results of this section and demonstrate the validity of our Fisher
analysis.

6 BAYESIAN INFERENCE

We use the exact same Bayesian setup outlined in Section 4 of Garg
et al. (2024b) to find posterior distributions for a few systems of
interest. Salient features include a zero noise realization and the
Fisher initialization'® to accelerate the parallel tempering Markov-
chain Monte Carlo (PTMCMC) runs using the PTMCMC!! sampler.
We set uniform priors for all parameters. The resulting posteriors
can be used to cross-verify the Fisher matrix results reported in
Section 5.

First, we show posteriors for our fiducial system in Fig. 5.'> We
can infer that all the parameters are well-recovered and the posteriors
almost overlap with the Fisher matrix predictions. We conclude that
our Fisher results in Section 5 are robust.'*> Moreover, the degeneracy
between e and Cy is due to both being inspiral-only effects that decay
as the separation decreases. The eccentricity decreases because of the
GW-induced circularization and environmental perturbation decays

10starting walkers inside a multivariate Gaussian with its mean given by the
injected values and covariance by the Fisher matrix.
https://github.com/JohnGBaker/ptmeme

12The posterior for . = 1 year is similarly Gaussian as in Fig. 5, although
with higher covariances as expected.

13We also show how posteriors on C, change for different eccentricities in
Fig. D1.

MNRAS 532, 4060-4074 (2024)

due to entering phase at the —4PN order. Over the time that these
effects are significant, the orbital velocity does not evolve very much,
which allows effects with different PN orders to compensate for
each other. This means that very similar waveforms are produced
for different combinations of ey and C,. For instance, increasing
environmental amplitude to a higher positive value can be offset by
having a higher eccentricity.

Next, in Fig. 6, we show posteriors for the intrinsic-inspiral
parameters when the environmental power-law exponent (n,) is also
a free variable together with all the other intrinsic parameters. We
find that keeping n, free leads to non-Gaussian posteriors for ey, C,,
and ng, and causes apparent biases in the 1D marginal posteriors
for both the power-law exponent and the environmental amplitude.
We are using zero noise injections which means that the maximum
value of the log-likelihood, i.e. zero, is at the injected parameters.
However, this does not mean that there can not be other local
maxima in the posterior. There is a degeneracy between C, and ng
in the environmental phase correction Arg, in equation (17). This
degeneracy occupies a much larger prior volume around ng ~ 3.2
in Fig. 6 than the true peak of the likelihood, which means that
even if the likelihood there is lower than at the injected values,
the total weight in the evidence could be comparable to that of the
true peak. This would mean that the marginal distributions could
favour the secondary mode, which is what we are seeing here.
Moreover, Fig. 6 implies that a small change in the initial eccentricity
can allow a particular value of ny to absorb a large environmental
amplitude.

The low SNR in the early inspiral of the signal, where gas
dephasing is significant, coupled with the fact that a small variation
in the other intrinsic parameters can compensate for relatively larger
variations in C, and ng, leads to this behaviour. We further illustrate
this degeneracy in Appendix C. If we bring the source to a redshift
z = 0.01, rather than z = 1, in order to increase the SNR, then all
posteriors become Gaussian as shown in Fig. D2, illustrating that
the low SNR in the inspiral phase of the signal is one of the issues.
Future high-resolution hydrodynamical simulations of binary-disc
interaction with more physics would allow for the identification of
richer features and higher-order environmental phase terms, which
may help to break this degeneracy at lower SNRs.

Lastly, we compare ¢, and C, posteriors between fixed intrinsic-
merger parameters, free intrinsic-merger parameters, and free
intrinsic-merger and extrinsic parameters in Fig. 7.'* We find that all
posteriors peak around the injected values with smallest uncertainties
for the fixed intrinsic-merger variables and largest uncertainties
for the free extrinsic variables. These results can be attributed to
having fewer or more free parameters. For fixed intrinsic-merger
parameters, we have no support for C, = 0. Also, the errors on the
intrinsic parameters are almost independent of the inclusion or not
of extrinsic parameters in the model. The case with fixed intrinsic-
merger parameters arises when we have independent information
on those parameters from either merger-ringdown of the same GW
signal or EM counterparts. In reality, we will have narrow priors
instead of fixed values for {M_, q, x1.2, t.} and posteriors on ¢, and
C, will be somewhere between the black lines and the red dashed
lines in Fig. 7.

In the next section, we compute biases and Bayes factors to
compare different templates when fitting a given data.

14See fig. E2 of Garg et al. (2024b) for posteriors of the extrinsic parameters.
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Figure 5. Posterior distributions (solid black) for a gas-embedded eccentric MBHB with parameters M, = 10° M@, q = 8.0, x1,2 = 0.9,and 1. = 4 years with
an initial orbital eccentricity ep = 0.1, an effective gas-amplitude Cg = 1013, and a fixed environmental power-law ng = 4. The blue lines mark the injected
values, the middle dashed line shows the median of the distribution, and the two extreme vertical dashed lines indicate the 90 per cent symmetric credible
interval. The two-dimensional contours of the posteriors indicate 68 per cent, 95 per cent, and 99 per cent credible intervals. We also show the Fisher matrix

predictions (dashed red) for comparison.

7 FITTING A WRONG TEMPLATE

In this section, we examine the consequences of fitting a wrong
template to an injected signal. We compute Bayes factors of the
correct template with respect to the wrong template. We always set
{M.,q, x1, x2, t.} to their fiducial values.

We evaluate Bayes factors by taking the ratio between the evidence
(Z) of fitting a true template and a false template to a given

signal:

Zirue
B=—. (22)
Zfalse

To reduce statistical variance during PTMCMC, we take the average
of Bayes factors from two sets of independent runs, while we report
the recovered parameter from the first set of runs. Moreover, we

MNRAS 532, 40604074 (2024)
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Figure 6. Posteriors for e, Cg, and ng, when the environmental power-law
is a free parameter (black solid). Posteriors for intrinsic-merger parameters
are almost the same as in Fig. 5. For comparison, we also show e and Cg
posteriors for our fiducial case where ng is kept fixed (dashed red).
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Figure 7. Cg and e( posteriors’ comparison for three cases: fixed intrinsic-
merger parameters (solid black), free intrinsic-merger parameters (our fiducial
case; dashed red) or varying all parameters (dot—dashed green) in Table 1
except ng.

report errors on the Bayes factors by dividing the absolute difference
between the Bayes factors from the independent runs by two. The
estimated errors on In B suggest small variance between different
Bayesian runs.

MNRAS 532, 4060-4074 (2024)

Table 3. The injected environmental amplitude Cy inj, recovered eq, Bayes
factor In 3 with errors, and the strength of evidence for the true model when
fitting an eccentric vacuum model to a circular environmental signal. Here
InB 2 5 (green) represents definitive evidence in favour of the true model,
1 <InB < 3 (lime) means the true model is weakly preferred, and —3 <
In B < —1 (pink) implies the false model is weakly preferred (Taylor 2021).
We term —3 < In B < 3 asinconclusive and In B 2 5 as decisive. We recover
negligible eccentricities for positive migration (Cy > 0) since any significant
ep cannot explain slower inspiral.

‘ Co,ini[107"°]

logo €o ‘ InB ‘ Strength ‘

-10? —-1.6 - Decisive

-10° -2.0 3.5%07 Inconclusive

—10* —-2.5 —2.3%02 | Inconclusive
10! —4.4 1145 Inconclusive
10? -3.8 Decisive
10° —4.0 Decisive

Table 4. Results obtained when analysing an injected eccentric vacuum
signal with a circular environmental template. The columns show the injected
eccentricity, eg,inj, recovered Cq, Bayes factor In B, and the strength of
evidence in favour of the true model.

log,o €0,inj | Cg[107°] | InB ‘ Strength
—-2.5 —12.8 3.3705 | Inconclusive
—-2.0 —121.1 Decisive
—-1.5 —1441.9 Decisive

7.1 Injecting either only eccentricity or only gas perturbation

We fit an eccentric template to a gas-perturbed circular injected signal
to recover ey, and a gas-perturbed circular template (fixed n,) to an
injected eccentric signal to recover Cy.

In Table 3, we show the recovered values of ¢y and Bayes factors
when analysing an injected environmental circular signal for positive
and negative values of C, with an eccentric template. The stronger
the negative Cy, the higher the recovered eccentricity from its peaked
Gaussian posterior. There are also larger biases on the intrinsic-
merger parameters (see Appendix E). Since eccentricity can not
explain an effect that slows down the inspiral caused by positive Cgq
(an outward torque), it is restricting eo to small values < 1073 with
again large biases and one-sided Gaussian posteriors for eccentricity.
For weak environmental effects, C,[107'°] € {—10?, —10', 10"}, the
Bayes factors are inconclusive. However, for strong environmental
effects we can confidently accept the true template. Therefore, an
EM counterpart or a population-based inference (Garg, Tiede &
D’Orazio 2024a) will be crucial to be sure about the presence of a
weak environmental effect. Furthermore, errors on Bayes factor do
not change the conclusion about their decisiveness.

In Table 4, we show the recovered value of C, and Bayes
factors, when fitting a gas perturbed circular template to an injected
eccentric signal for various small eccentricities. We get narrow-
peaked Gaussian posteriors for Cy. Even for e, = 10723, we find
Bayes factor in favour of the true model, which becomes stronger for
higher eccentricity.
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Table 5. The injected eq,inj and Cy inj, recovered eg, Bayes factor, and the
strength of evidence in favour of the true model, when fitting an injected
eccentric environmental signal with a vacuum eccentric template.

‘ €0,inj ‘ C, ,;.,j[IO‘l"’] ‘ log, €o ‘ InB ‘ Strength
1072 -10° —-1.6 | 40.610% Decisive
1072 —10? -1.9 1.2712 | Inconclusive
1072 10? —2.4 | —1.27%% | Inconclusive
1072 10° -2.3 | 238.000% Decisive

Table 6. Results obtained when analysing an injected eccentric environmen-
tal signal with a circular environmental template. The columns show the
injected eg,inj and Cg inj, recovered Cg, Bayes factors In 3, and the strength
of evidence in favour of the true model.

| coms | Comil107%] | Cel10%%] | mB | Strength
1072 —-10° —1122.6 | 2.6797 | Inconclusive
1072 —10? —220.5 1.7711 | Inconclusive
1072 10? -19.9 2.3%598 | Inconclusive
1072 10? 881.2 1.670% | Inconclusive

7.2 Injecting both eccentricity and gas perturbation

In this section, we fit either only a vacuum eccentric or an environ-
mental circular template to a gas-perturbed eccentric injected signal.
Therefore, recovering e in the former case and C, in the latter case,
respectively.

In Table 5, we show the recovered value of ¢y when fitting a vacuum
eccentric signal to an injected eccentric environmental signal. The
posteriors for ¢y are narrow-peaked Gaussians. We find that for a
strong environmental perturbation (|Cy| = 107'2) PTMCMC heavily
favours the true model, while the results are inconclusive for (|Cq| =
107'3). This again emphasizes the need to have a complementary
EM signal to have definite proof of an environment.

In Table 6, we show the recovered value of C, when studying an
injected eccentric environmental signal with a gas-perturbed circular
template and find that while the true model is preferred over the false
model, the Bayes factors are not decisive.

8 DISCUSSION

The LISA Red Book (Colpi et al. 2024), which reflects the current
science objectives of the community, does not consider eccentricity
and gas effects in the analysis of future MBHB data. However, recent
suites of high-resolution hydrodynamical simulations that embed an
eccentric MBHB in a thin accretion disc (D’Orazio & Duffell 2021;
Zrake et al. 2021; Siwek et al. 2023; Tiede & D’Orazio 2024) suggest
measurable eccentricities epsp 2 10727 (Garg et al. 2024b) in the
LISA band despite partial circularization due to GW emission (Peters
1964). These studies also emphasize that a gaseous environment
can non-negligibly alter the inspiral GW waveform of MBHBs via
observable gas-induced dephasing (Garg et al. 2022; Dittmann et al.
2023). Therefore, neglecting eccentricity and gas imprints in the GW
waveform could induce bias as shown in Appendix E. This work can
help to motivate the community to consider both gas and eccentricity
as essential parameters for future data analysis.

4069

Usually gas perturbations for MBHBs are measured in terms of a
cumulative phase shift in the GW phase using Newtonian waveforms
(Garg et al. 2022; Dittmann et al. 2023). While this is a good first
step to estimate if gas could leave an observable imprint, it makes
it impossible to relate this phase shift unequivocally to the presence
of a CBD disc. This is because either higher PN corrections, a small
eccentricity, or other environmental influences such as a dark matter
spike or third-body interaction can mimic this effect (Zwick et al.
2023). To be confident that this phase shift is most likely from
gas, we need to measure both its effective amplitude (Cy) and its
power-law slope (7). Since gas, via either migration or accretion,
induces a phase correction at the —4PN order, we not only need
high SNR but also numerous cycles in the inspiral phase to detect it.
This is why EMRISs are traditionally preferred for this kind of study
(e.g. by Speri et al. 2023), as a ¢ > 10* circular system spends
~10° GW cycles in band during a four-year LISA observation
window, which allows for constraints on both C, and ng even for
a moderate Eddington ratio of fggg = 0.1. However, what MBHBs
lack in the number of cycles, they make up some of it by having
high SNRs to allow us to measure disc properties within reasonable
limits.

Estimating the strength of a gas torque (£) on the MBHB near-
merger is challenging, since most simulations study the system in the
regime where GWs are not dominant. Current simulations for non-
inspiraling MBHBs predict & < 1 for a moderately thin disc. There
have been studies of the effects of gas on the GW phase of an EMRI
in the LISA band (Derdzinski et al. 2019, 2021; Nouri & Janiuk
2024), albeit using Newtonian-order approximations, but nothing
yet for measuring gas torques on coalescing MBHBs aside from
Dittmann et al. (2023)."> Many of the simulations with MBHBs
that focus on the long-term evolution of the binary neglect magnetic
fields and radiative transfer, further increasing the uncertainty in
the estimated torques on realistic systems. Therefore, it is not
clear whether £ becomes stronger, weaker, or remains the same
as a binary approaches merger. For this reason, in this study we
have remained agnostic about the torque strength, and considered
a wide range of & which allows for a |C,| as high as 1072, in
the case that future studies find stronger gas torques in the LISA
regime.

Our parametrization in equation (18) implies that a super-
Eddington accretion rate may be responsible for a high value of C,as
well as a nonlinear dependence of the torque strength £ in the regime
of extremely thin accretion discs, which remains poorly explored.
In other words, a degeneracy exists between the disc parameters (in
addition to fggg and radiative efficiency) and the resulting torque
(&). This can be broken by future simulations of these systems that
explore more representative parameters for luminous AGN systems.
Furthermore, inspiraling MBHBs are naturally expected to produce
bright EM counterparts, which can provide valuable constraints
on fggg and binary eccentricity. The presence of gas allows for a
characteristic X-ray emission during the inspiral (see e.g. Haiman
2017; Dal Canton et al. 2019; Mangiagli et al. 2022; Cocchiararo
et al. 2024). Detection of such counterparts will not only confirm the
presence of an accretion disc, but also provide a narrower prior on the
disc parameters from an independent channel. The observation of an
EM counterpart will trigger the search for environmental deviations

15There are interesting studies on the relativistic accretion flows onto merging
MBHBSs, which show complex accretion flows, however these are typically
not evolved for long enough to measure accurate torques (see e.g. Gutiérrez
et al. 2022; Avara et al. 2023; Ennoggi et al. 2023).
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and justify the assumption of fixing ny = 4, thus allowing us to
break the degeneracies between disc parameters such as fgqq, £, and
the radiative efficiency. The combination of this knowledge with
measurements of environmental parameters from the GW signal
will provide the strongest constraints on accretion disc structure and
binary—disc interaction.

Section 7 emphasizes the importance of finding an EM counterpart
or performing a population-based inference for moderate C, to
conclusively determine that an accretion disc is present. Otherwise,
the parameters estimated from the inspiral part of the phase will
include biases which can not be completely mitigated by information
from the merger-ringdown part of the GW signal. A wrong analysis of
the inspiral phase could thus lead to a false detection of eccentricity,
and it could even possibly mimic a deviation from GR (Gair et al.
2013). This can have far-reaching consequences, such as raising
doubts on the validity of GR, or leading to a biased distribution
of MBHB parameters, which would be used to disentangle MBH
formation and growth channels.

There are a number of caveats in the current work. The TAY-
LORF2Ecc model does not include spin-eccentricity cross-terms in
the phase, which should be negligible for the small eccentricities
we study here. Moreover, we only consider the Newtonian GW
amplitude without eccentric and gas-induced corrections. However,
the inclusion of higher PN orders and eccentric-environmental
cross-terms should only help to improve the measurements of the
parameters. While the accuracy of TAYLORF2ECC reduces towards
our cutoff at the innermost stable circular orbit, we expect the results
will not change if an earlier cutoff is used (Garg et al. 2024b). From
the astrophysical perspective, the phase correction due to the gas
perturbation given by equation (17) is a relatively simple model. It
ignores any gas torque fluctuations during the binary orbit (Zwick
et al. 2022) that, in the very early inspiral phase, produce a secular
phase shift that mimics our model and can deviate from our fiducial
CBD torque (= £ M Qr?) even if torque fluctuations themselves are
negligible after orbital average. Moreover, once the orbital averaged
value of dg,5 does not well-approximate the semimajor axis decay rate
towards the merger, these fluctuations can not be ignored. However,
this time-domain effect is cumbersome to include consistently in the
frequency-domain waveforms considered here, and we leave this to
future work. Also, including higher PN terms in the gas phase would
require even higher resolution hydrodynamical simulations so that
we could go beyond the Newtonian equations of motion, whose rich
features may help us find additional terms. Finally, we have always
kept the radiative efficiency € as 0.1 even for our highly spinning
MBHs. Even if the dependence of gas torque on € remains the
same near merger, it can vary for the same spin magnitude between
prograde or retrograde. We have kept it fixed, and assume that any
uncertainty is folded into &.

9 CONCLUSION

In this paper, we considered GWs from eccentric MBHBs embedded
in a CBD to estimate if both eccentricity and gas imprints (migration
and accretion) could be concurrently measured from the emitted
gravitational waves observed by LISA. We study systems of interest
at redshift z = 1 with highly spinning (x;, = 0.9) individual BH
masses, M., between 10*-10° Mg and a primary-to-secondary mass
ratio, g € [1.2, 8], such that the MBHBs spend at least four years in
the LISA band before merging. We considered both one-year and
four-year times of coalescence (f.) to study the measurability of
the parameters for systems with initial eccentricity, ey, from 1073 to
107" and effective gas amplitude, Cg, between —10~' and 1072, We
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assumed that the power-law (n) scaling of the environmental effect
with semimajor axis is n, =4, as expected from both migration
and accretion (see Section 3). Due to the high expected SNRs,
~ 150-2500, we found that LISA observations should be able to
place constraints on the intrinsic-inspiral variables, ey and C, as
well as on the intrinsic-merger binary parameters, {M,, q, x1.2, t.}.
To account for LISA’s motion around the Sun and model the time
delay interferometry response, we used the LISABETA software, and
included the dephasing due to gas described by equation (17) into
the TAYLORF2EcC waveform model. We surveyed the parameter
space analytically using the Fisher formalism and then studied a
few cases using Bayesian inference. Finally, we assessed whether
a weak environmental imprint could be confused with a small
eccentric signal using GW data alone. We itemize our main findings
below.

(i) Since the gas correction to the GW phase depends linearly on
C, in equation (17), the absolute error on C, is independent of its
magnitude (see Fig. 1 and Section 5.1).

(ii) The cross-terms between eccentricity and gas are negligible
(see Appendix B). Therefore, when constraining C, and e, simulta-
neously, the relative uncertainties on ey and C, are independent of
their exact magnitude (see Fig. 2).

(iii) Using the Fisher formalism, we found that the relative errors
on ¢y and C, are almost independent of the exact spin magnitude
but have the strongest dependence on M, out of the intrinsic-merger
parameters (see Figs 3 and 4). The constraints on C, and ey depend
upon g and 7. (which set the number of GW cycles) strongly and
weakly, respectively. This is due to the rapid versus slow evolution
in the very early inspiral of C, and e, respectively.

@iv) Cg 2 10~ is constrained to < 50 per cent relative error for
circular binaries and C, 2> 107" for eccentric systems. This trans-
lates to confidently measuring fgqq to around 0.1 and 1, respectively
in a 4-yr observation window for a M, = 10° Mg and ¢ = 8.0
MBHB embedded in an extremely thin disc and stronger gas torque
near-merger (see Fig. 3 and the connection between Cg and accretion
properties in equation (18)).

(v) We should be able to measure eccentricities as low as 1
in vacuum and as low as 1072 in the presence of an accretion disc
(see Fig. 4).

(vi) Bayesian inference verifies the results of the Fisher formalism,
i.e. posteriors overlapped with the prediction from the Fisher matrix
(see Fig. 5) and peaked at the same value of C, with or without
including eccentricity (see Fig. D1).

(vii) Sampling extrinsic parameters does not affect the recovery
of C, and e (see Fig. 7).

(viii) Keeping the environmental power-law exponent n, free
leads to non-Gaussian and biased posteriors for {eg, Cq, ng} due to
degeneracy between C, and ng, and low SNR in the early inspiral
(see Fig. 6 and Appendix C).

(ix) An eccentric vacuum template can mimic a circular environ-
mental signal for a weak injected gas amplitude, |Cy | < 10714,
However, vice versa does not hold for small egj = 107> (see
Tables 3 and 4).

(x) An injected eccentric environmental signal could be confused
with a vacuum eccentric signal for |Cg il < 1071 and e =
0.01. Similarly, the same signal could be mimicked by a circu-
lar gas-perturbed template even for |Cg il ~ 107'% (see Tables 5
and 6).

(xi) A stronger environmental perturbation or a higher eccentricity
leads to proportionally large biases on the intrinsic-merger parame-
ters if fitted with a wrong model (see Appendix E).

0—2475
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Table Al. Definition of different variables and terms in the main text.

Terms Definition

n Symmetric mass ratio ¢ /(1 + ¢)?

v Characteristic velocity (GM f/c3)%

1//%);)2 Leading-order circular phase contribution
(3/128n)v =

Argas Leading-order gas-induced phasing correction in

equation (17)
Intrinsic-merger (M, q, x1, x2, tc}
parameters
Intrinsic-inspiral
parameters
Extrinsic parameters {Dy,, 1, ¢¢, A, B, ¥}
Fiducial parameters M, = 10° Mp,g =28, x12=09,1t =
in the LISA frame 4 years,eg = 0.1,Cy = 10713, n, =4, Dy =
6791.3 Mpc, {1, ¢¢, A, B, ¥} = 0.5 radians

{eo, Cg, ng}

APPENDIX B: GAS-ECCENTRICITY
CROSS-TERMS?

To consider cross-terms between gas and eccentricity, we can modify
nig in equation (9) and add terms up to O(e?):

N a " -
g = AL + Are + Aze?) (W> agw (BI)

where the dimensionless parameters {A, A, A,, n,} are assumed
to be constants for the observation window and this parametrization
should be valid in the low-eccentricity limit.

There are only a few high-resolution hydrodynamical studies
which have considered both gas and eccentricity in the case of near-
equal mass binary systems embedded in a CBD. Muiioz et al. (2019),
Muiioz et al. (2020), D’Orazio & Duffell (2021), Zrake et al. (2021),
Siwek et al. (2023) study prograde orbits, and Tiede & D’Orazio
(2024) focus on retrograde orbits. A recent study by Siwek et al.
(2023) has focused on the eccentricity evolution of unequal-mass
binaries. They all assume that the binary is accreting at the Eddington
rate (i.e. fggg = 1) and with a radiative efficiency € = 0.1, and
Shakura & Sunyaev (1973) viscosity coefficient @ = 0.1. However,
the works listed here do not focus on the GW-dominated regime
(i.e. agw > dygas), Which adds further uncertainty about how valid
their results are in the LISA band. Still, we include their results
here as a starting point for understanding binary semimajor axis and
eccentricity coupling in gas. The values of {£, A, A,} inferred from
simulations are given in Table B1.

For the gas-induced migration torque described by the
parametrized form in equation (B1), the leading-order phase con-

Table B1. Coefficients for dg,s in equation (B1), from D’Orazio & Duffell
(2021; DD21), Siwek et al. (2023; SWH23), and Tiede & D’Orazio (2024,
TD23) for fgaq = 1.0, € = 0.1, and o« = 0.1. These approximations are valid
fore < 0.15.

From Motion q & A Ay
DD21 pro 1.0 0.31 —13.61 87.07
SWH23 pro 1.0 0.22 —22.07 66.76
SWH23 pro 2.0 0.16 —24.13 93.01
SWH23 pro 10.0 —0.05 —68.09 385.55

TD23 retro 1.0 —1.25 0 0

MNRAS 532, 4060-4074 (2024)

tribution can be computed assuming dgw = ag’g, in equation (7):

1
(ng +4)(2ng +5)
N Aseg (@)%
(ng+4+P)2ng+5+2) \v

+<.A 157) el (v())¥:|
P2 ) gt d+ D +5+ DH\w /]

(B2)

AVmig = — P20 Av™ 2" {

Note that even if there is no eccentricity-dependent term in dp;g
(i.e. A; = Ay = 0), Ay still has an e} dependence due to a3y, in
the denominator of equation (8).

Both A, and A, are suppressed by powers of ey(vy/ v)1%¢ and
multiplied by A, which is itself extremely small (~ O(10~'%)) as per
equation (12). Therefore, measurements of A; and A, either requires
them to be extremely large, or we need to observe the signal at a much
lower frequency than what LISA can measure. Current simulations
suggest that A, and A, are at most O(10?) as per Table B1.'6 Hence,
we drop the cross-terms in equation (13) with ey(vy/ )%/ to recover
the circular limit in equation (13).

APPENDIX C: Cg-ng DEGENERACY

In Fig. 6, we saw that the marginal posteriors on both environmental
amplitude and power-law did not peak at their injected values, despite
using a zero noise realization. This is due to a degeneracy between the
two environmental parameters, C, and n,, coupled with the fact that
the SNR at z = 1 is insufficient to break it. To illustrate these points
more clearly, we compute mismatches between two waveforms in
Fig. C1: an injected waveform (fij) with €y inj = 0.1, Cginj = 107",
and ny i, = 4, and a template waveform (hyp) With Cyg ymp = 1.5 x
107"% and varying € mp and 7 ump, With the rest of the parameters
set to their fiducial values for both waveforms. Cg mp is the same as
the recovered value in Fig. 6.

The minimum SNR for which LISA could distinguish between
these waveforms with more than 90 percent confidence can be
computed based on the following criterion for eight free intrinsic
parameters (Baird et al. 2013):

5 6.68

SNRZ,, = : cl
e Mismatch(Ring, Amp) b

Given that the event SNR for our fiducial parameters is ~ 378,
equation (C1) implies that a mismatch of > 10733 is required to
distinguish between the injected and template waveforms at z = 1.
However, we find a few combinations of ey, ump and ng imp, Where the
mismatch is lower than that, especially for e mp > 0.1 and ng imp <
3.5 in Fig. C1. This implies that the SNR at z = 1 is not enough to
distinguish between the two waveforms for those combinations. As
the prior volume occupied by the secondary modes is comparatively
larger, the PTMCMC sampler correctly preferred those template
values over the injected parameters, which led to the wrong recovered
values. This behaviour is not there if we have a higher SNR, as shown
in Fig. D2.

16T this work, we focus only on the orbital-averaged value of the torque and
neglect fluctuations that can have a higher magnitude (Zwick et al. 2022).
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Figure C1. Mismatches between injected and template waveforms as a
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Cyinj = 10713, and n ginj =4 and a template environmental amplitude
Co,tmp = 1.5 x 10712, We vary eq,ump in the range [0.0995,0.1005] and ng (mp
between [3,5], and mark the injected values with a red cross marker.

APPENDIX D: SOME INTERESTING
POSTERIORS

We compare posteriors on the environmental amplitude for a circular
system to those for two eccentric systems in Fig. D1. The C,
posteriors in all cases peak around the injected value of 10~'3. Also,
as expected from Fig. 2, the shape of the posteriors for both non-zero
eccentricities are almost the same. In the circular case, we have no
support for C; = 0. The broadening of the posterior is dominated
by the extra degree of freedom in the model, rather than by the the
presence of eccentricity in the signal itself.

Injected i
Circular ! i
3 oep=0.01 '
2 e=0.1

M, =10° Mg, ¢=8.0
X12 = 0.9, t. = 4 years

100 150 200 250 300
—15
Cy[1077]

Figure D1. The environmental amplitude posteriors for three eccentricities:
eo = 0 (solid black), eg = 0.01 (dashed red), and ey = 0.1 (dot—dashed
green). In all cases, we use the same template to inject the signal and recover
it.

Figure D2. Same as in Fig. 6 but at z = 0.01 instead of z = 1.

In Fig. D2, we show posteriors for ey, Cg, and ngy at z = 0.01 to
show that high SNR leads to Gaussian posteriors in comparison to
non-Gaussian ones in Fig. 6.

APPENDIX E: BIAS DUE TO IGNORING
GAS-PERTURBATION OR ECCENTRICITY

Our goal in this section is to quantify the potential shift in the
measured intrinsic-merger parameters (bias) in case that either
eccentricity or environment is neglected during analysis of a detected
signal. To compute the bias (denoted by A) induced on merger
parameters due to fitting a wrong template, we take a difference
of maximum likelihood values (denoted by“on top) when recovering
an injected signal between a wrong template (denoted by false) and
a right template (denoted by true) and divide it by the standard
deviation of the given parameter when recovering with the true
template.

AO = éfalse - étrue ) (El)

Ofue

This way of computation should also minimize statistical uncer-
tainties in the two models during PTMCMC. Moreover, we take
average of biases from two sets of independent runs to reduce
statistical variance even further. We show results in the following

Table E1. The injected environmental amplitude Cginj and biases on
intrinsic-merger parameters due to fitting an vacuum eccentric template to
a circular environmental signal.

Cein[1071] AM; Aq Ax Axa At

—103 -58 -59 0.1 1.7 -39
—102 -1.7 -1.8 -0.3 0.8 -13
—10! -0.1 -0.1 0.1 —0.0 0.0

10! —-15 -15 -0.5 0.8 -12
102 -5.1 -52 -15 2.7 —42
103 —226 -22.8 -92 14.7 —20.7
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Table E2. The injected eccentricity eg,inj and biases on intrinsic-merger
parameters due to fitting a circular environmental template to a vacuum
eccentric signal.

Table E4. The injected eccentricity eqi,j and environmental amplitude
Cy.inj» and biases on intrinsic-merger parameters due to fitting a circular
environmental template to an eccentric environmental signal.

log €0,inj AM; Ag Axy Axz At, €0, inj Ceinj[1071] AM, Ag Axi Ay At
-25 0.0 0.0 0.0 —0.0 0.0 1072 -10° 1.8 1.9 0.5 -1.0 1.6
-2 2.1 2.1 0.3 —0.9 1.6 1072 —102 1.9 1.9 0.2 -0.9 1.5
-15 9.2 9.3 0.3 -3.1 6.4 1072 10? 1.7 1.7 0.3 —0.8 1.3

1072 103 1.7 1.7 0.1 —0.7 1.3

Table E3. The injected eccentricity eqi,j and environmental amplitude
Cg.inj» and biases on intrinsic-merger parameters due to fitting a vacuum
eccentric template to an eccentric environmental signal.

€0,inj Coin[107151  AM, Ag Axi Ax At
1072 -103 —45 —45 0.2 1.5 -32
1072 —10? —12 -12 -0.3 0.7 -1.0
1072 102 1.4 14 0.3 -0.8 1.2
1072 103 -9.7 -9.8 -2.0 5.2 —82

Tables E1-E4 for the same systems of interest that were used in
Tables 3-6, respectively. The stronger that either gas-amplitude or
initial eccentricity are, the larger the bias induced in the intrinsic-
merger parameters.

This paper has been typeset from a TEX/IZTEX file prepared by the author.
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